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DISTRIBUTIONS WITH AUTOMORPHY AND
DIRICHLET SERIES

TOSHIAKI SUZUKI

Introduction

In [1], Maass proved that the Dirichlet series associated with Siegel
modular form satisfies a function equation. In this paper, we try to
generalize the above fact to the indefinite case.

Denote by VR the vector space of real symmetric matrices of size
n ;> 3 and let Vt be the subset of VR consisting of matrices with i
positive and n — i negative eigenvalues (0 <; ί <. n). Let L (resp. L*)
be lattices in VR consisting of integral (resp. half-integral) symmetric
matrices, Set Lf = L* Π Vt (0 <; i ^ n) and denote by Lf/~ the set of
SL(n, Z)-equivalence classes in Lf under the action T ι-> gTιg (TeLf,
g e SL(n,Z)). In [3], T. Shintani introduced "zeta functions associated
with the vector space of quadratic forms"

Σ μ(T)\detT\-s (O^i^n),
τeL*/~

and proved that they have functional equations.
We call F(X) a distribution with automorphy of weight k, if F(X)

is a distributions on VR — S = {X e VR det X Φ 0} and satisfies the fol-
lowing conditions:
(1) If we take dv = \detX\~(n+ι)/2dx (dx = Π ^ ί ^ « ^ % ) a s a volume
element of VR — S, then we can write

F(X) = Σ ^(Γ) e χ P (^V^l Tr XT) ,
reL*

i.e., F(X) is the mapping

/ -> f F(X)f(X)dv = Σ α(T) f exp (27ΓΛΠ1 Tr XT)f(X)dV ,

where / is a smooth function with compact support on VR — S.
(2) F(-X-λ) = <X}F(X), where <Z> is given by
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= &«|detX|* if XeV, fe^eC, 0 ^ i ^ n) .

Here, the distribution F(—X'1) is the mapping

where / is a smooth function with compact support on VR — S.

(3) F(gX'g) = F(X) for any g e SL(n, Z),

i.e., a(gΓg) = α(Γ) for any geSL(n,Z).

(4) There exist positive constants ex and e2 such that

We associate with F{X) the Dirichlet series

?,(*) - (2π)-nsΓ(s)r(s - 1

\ 2
^ ) Σ
2 /τeL*./~

Then, we can prove the following theorem (§ 1).

THEOREM 1. Dirichlet series ξi(s) (0 ^ i ^ n) have analytic con-

tinuations to meromorphίc functions in the whole complex plane sat-

isfying the following functional equations:

exp

= 6j exp πV^ln{k -s).± Uk - s)utjk - β) ,
2 ίo

(For Uij(s), see § 1 or [3].)

We show an example of F(X) related to (non-holomorphic) Eisenstein

series on the Siegel upper half plane (§2). By Theorem 1, we obtain

the corresponding Dirichlet series with functional equations, which are

previously obtained by T. Arakawa ([4]) in a different way.

We can also show examples of F{X) by taking boundary values of

Siegel modular forms, which correspond to the results of Maass [1].

It is easy to see that, if we can take boundary values of (non-holomor-

phic) Siegel modular forms, then the boundary values are Distributions

with automorphy. In § 3, we consider a class of functions on the Siegel

upper half plane with the above property.
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Notation

M(n, Q) : the set of rational matrices of size n
: the space of rapidly decreasing functions on a vector

space VR

: the space of smooth functions with compact support on
a smooth manifold M

Re (x) : the real part of a complex number x
For real symmetric matrix T, T > 0 and T ^> 0 mean T is positive-

definite and semi-positive-definite, respectively.
e[χ] = exp (2TTV — lx) (x e C)

§ 1 . Dirichlet series and distributions with automorphy

Let G be GL(n, C), let V be the vector space of complex symmetric
matrices of size n >̂ 3, and let p be the representation of G on V de-
fined by p(g)X = gXιg (g eG, X e V). Then it is easy to see that the
triple (G, p, V) is a prehomogeneous vector space (see [2], [3]) whose set
of singular points S is the irreducible hypersurface given by S = {X e V
d e t Z - 0 } . Put χ(g) = (det g)\ then det (p(g)X) = χ(g) det X. In the
following, we identify V with its dual via the symmetric bilinear form
Tr XY. The triple (G, p, V) has a natural 2?-structure such that GR is
GL(n,R) and VR is the set of real symmetric matrices of size n. Let
Vt be the set of real symmetric matrices with i positive and n — %
negative eigenvalues (0 ^ i <̂  n). Then VR — S = VQ U Ό Vn is the
decomposition of VR — S into its connected components. Let dv be the
Gjj-invariant volume element of VR defined by dv = \detX\~(n+1)/2dX,
where dX is given by dX = Uiύiύj^ndXij.

For any / e £f(VR), set

/*(Y) = f /(X)e[Tr ZY]dt;

and

φ.(/, s) = f(X) I det Z| s dv , (Re (s) > —tJL, 0 ^ i ^ ^ ) .

Let Aίw = det X det (3/3JS0 where det(d/dX) is the differential operator
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with constant coefficients on VR which satisfies the following equality:

det (-<L) exp Tr XY = det Y exp Tr XY .

It is shown that Mn is a GΛ-invariant differential operator on VR — S
and

MJdet X\s = b(β) I det X\s , (X e VR - S, s e C) ,

where b(s) = s(s + £) (s + (n - l)/2)) (see [3]).
Set

and

uiS(β) = v

Λ = : :

X jraΛ_j i_r exp ^A^T

2( ^/2 \
\mβ)

0

/
m/2/

(£,m even) ,

{£ even, m odd) ,

{£ odd, m even) ,

{£, m odd) .
(m —

LEMMA 1-1. As analytic functions of s, Φt(f, s) (0 <.i <.ny f e
have analytic continuations to meromorphίc functions in the whole
complex plane satisfying the following functional equations:

Ά±λ )e[n8/4\ ± , -s) .

Proof. See Lemma 15 of [3].

The prehomogeneous vector space (G, p, V) has a natural Q-structure
such that GQ = GL(n, Q) and VQ = M(n, Q) Π V. Set G+ = {ge GL(n, R)
det g > 0}. For any X eV, denote by Gx the isotropy subgroup of X
in G. Further, let dg be a Haar measure on G+ defined by

dg = (άetg)-71 Π d9υ
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For every X eVQ — S and any bounded domain Ux such that X e Ux c Ux

CVR~ S, let Wx = {g e G+ /o(flr)Z € [/*} and let (Wz\ be a fundamental
domain of Wx with respect to SL(n,Z) Π Gx. Then the ratio

μ(X)= f dg/[ dv

is independent of the choice of Ux and finite (see [3]).
We call X,Y eVR equivalent if they lie on the same SL(n, Z)-orbit.

For any SL(n, Z)-invariant set M in VR, denote Mj~ the complete
system of SL(n, Z)-equivalence classes in M. Let L (resp. L*) be the
set of integral (resp. half-integral) symmetric matrices.

Let F(X) be a mapping defined by the following (in formal) :

F(X): f -> Σ a(T)f*m - Σ a(T) [ f(X)e[Ύr XT]dv ,
* T* j

where / e %Q(VR — S) and a(T) e C. Under some conditions on {a(T)}τeL*,
F(X) may be considered a distribution on VR — S. We may write
F(X) = ΣτeL*a(T)e[Tr XT]. In particular, using X instead of -X'\
we call F(X) the distribution with automorphy of weight k, if F(X)
satisfies the following conditions:

(1-1) F(X) = F(-X~ι) = <Z>F(Z), where <Z> is given by

== 6€ |det X\k if Z e 7, (6,, Jk e C, 0 ^ i ^ n) .

(1-2) F0>(flr)X) - F(X) for any ^ e SL(n, Z).
(1-3) There exist positive constants eι and e2 such that

^ βjdet T|β2 .

We associate with F(X) the Dirichlet series

Dt(s) = Σ a(T)μ(T) |det Γ | " , (0 ^ ϊ ^

where Lf = Yi Π L*. It is shown that, if Re (s) > (n + l)/2 + β2,
(0 ^ ΐ ^ n) are absolutely convergent (see [3]).

Set Z(/,{α(Γ)},s)= f χ ^ ) s Σ a(T)f(P(g)T)dg, (f
J G + /SL(n,Z) TG(L*)'

(L*)/ - L* Π (7Λ - S)).

LEMMA 1-2. ΓΛe integral Z(f9 {a(T)}> s) converges absolutely, when
Re (s) is sufficiently large, and is equal to
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Σ

Proof. This is a similar calculation to Lemma lβ of [3]. (Q.E.D.)

The condition (1-1) of F(X) implies that, for any / e &o(VR - S),

(1-4) Σ α(D(/)*(D - Σ α(T)«X>/)*(T)

where /(X) = /(X).
Let iίfn be the G^-invariant differential operator on VR — S defined by
MJ{X) = {MJ(£)}Z^±. Since the differential operators (XyMn<Xy and
Mn are both (^-invariant, (XyMn(Xy commutes with Mn (see § 5 of [1]).
Further we can show

Nln = (_i)« I det Z|< +»/« det (-AΛ
\ dX I

i.e., $„ is the adjoint operator of Mn with respect to dv (see §6 of

Let ,0* be the representation of G on V denned by p*(g)X = ιg~ιXg~ι

(geG, XeV).

LEMMA 1-3. For any f e W ^ ) (0 ̂  i ^ n), we

o(Γ) det Γ {det X<X>Mn<,X>f}*(p*(g)T)

Σ α(T)detΓ.{detZ<X>MI1/}*(/0(flr)T).

Proo/. In (1-4), we put <Z>M/Z>M7!/(io*(^)Z) instead of /(Z).
By the facts mentioned above, we have

= KXyMnφMnf(p*(g)Xψ(T)

= f <XyMn(XyMJ{p*{g)X)e[Ίv XT]dv

= f il^XZ^X^/ί^^^etTrZΓ]^
J VR

= (2^7^!)" det Γ f det Z<Z>MB<X>/(/o*(ί?)X)e[Tr XΓ](Zv
J VR

= (2ττVr :rΐ)7i det Γχ(^)" 1 ί

- (2^vΛ=Ί) 7 2 det 3
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and

= bjbn.j f Mn<XyMJ(p%g)X)eVΐv XT]dv
JVR

= (2πJ=ΐr det Tbjbn_jX(gr+1 f det Z<Z>Mκ/(Z)e[Tr Xp(g)T]dv
J VR

= (2π^/^ϊrbjbn_j det T.χ(gy+1{detX<X)Mnf}*(p(g)T) . (Q.E.D.)

Set f4(s) = (2;r)-ns

r(s - (n + l)/2))D,(β) (0 ̂  i ^ w).

LEMMA 1-4. For any / e ^(Vj) (0 ^ j ^ n), we

i * , {a(T) det Γ},s + 1)
= (2π)-1bjbn_J(-V^Ϊ)nπn'n-l)'ie[ns/4:]b(-s)b(s - fc)

and

ί,,/}*, {a(Γ) det Γ}, s + 1)

- k)

Proof. By Lemma 1-1 and 1-2, we have

Z({detX<_X}Mχxyf}*, {a(T) det T}, s + 1)

D/4]

l > / , -s -

χΦπ_j(detX(X}Mn{Xyf, -s - 1)

and

Φn_j(detX<X>MΛ<X>f, -s - 1)

= Φ; (det Xixyύn<xyf, s + l)
f,s - k)
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Similarly, by Lemma 1-1 and 1-2, we have

Z({detX<X)MJ}*, {a(T) det T), s + 1)

= Σ AteX-D-Wίdet x^xyMJ}*, s + 1)
ΐ 0

χΦ/detZ<Z>Mn/, - s - 1)

and

j , -s + k)
-s + k). (Q.E.D.)

THEOREM 1. Dirichlet series ξi(s) (0 <; i gΞ ») Mve analytic con-
tinuations to meromorphic functions in the whole complex plane satisfy-
ing the following functional equations:

e[ns/4] Σ Us)uUn_j(s) = bje[n(k - β)/4] Σ U* - s)uυ{k - s) ,
t-0 ί=0

Proof. For / e ^(Vj) and sufficiently large Jle (s), we have

f *(0)s+1 Σ a(T) det T{detX<XyMn<Xyf}*(P(g)T)dg

= I. ^ + I dg .
J G + /SL(n,Z)χ(g)^l J G + /SL(n,Z)χ(g)^l

It is easy to see that, in the latter member, the first integral is con-
tinued to holomorphic function on s. For the second integral, using
Lemma 1-3, we calculate

f χ(g)s+1 Σ α(T) det Γ{det
jG + /SL(n,Z)χ(g)^l T

= ί X(&ys'1 Σ om det Γ{det X<X)Mn<X>f}*(p*(g)T)dg
J G + /SL(n,Z)χ(g)^l T

= bjbn.j f χ(gY-s+i Σ am det T{det X<XyMJ}*(P(g)T)dg .
J G + /SL{n,Z)χ(g)^l T

So, the second integral is also continued to meromorphic function on s.
Furthermore, we have
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, {α(Γ)detΓ}, s + 1)

= &A_, Z({detX<X>Mκ/}*, {am det T], k - s + 1)

which is holomorphic on s.
Here, we apply Lemma 1-4, then we have

b(-s)b(s - jj

= bjb(-s)b(s - k)e[n(k - β)/4] Σ Uk - s)uυ(k - s) Φj(f, s) .
i = 0

For any s eC, we can find / e ̂ (Vj) such that Φj(f, s) Φ 0. So, we
obtain our desired results.

Remark. By the above arguments, b(s — k)J^l=0(—l)ίDί(s)uί^n_j(s
+ l)γ(s + 1 — (n + l)/2) (0 rg y ̂  n) are holomorphic on s. Then, we
see that b(s — k)Di(8)/γ(l — s) (0 <L i <-n) are holomorphic on s. On
the other hand, D^s) (0 ̂  i <; n) are holomorphic on s if Re (s) is
sufficiently large. So, A(^) (0 ̂  i ^ ?z) have only finite poles.

§2. Fourier coefficients of Eisenstein series

In this section, we construct distributions with automorphy which
are related to Eisenstein series on the Siegel upper half plane.

For any X e VQ, let v(X) be the product of the denominators of the
elementary divisors of the symmetric X. It is known that, for any
X e VQ, there uniquely exists a coprime symmetric pair {C, D], up to
left-multiplications by unimodular matrices, such that X = C~ιD (see
[1]). Then, we have v(X) = |detC|. We define the mapping F by

f» Σ ^R)-kfW) (fe<?(VR),keC).
RevQ

In other words, F(X) = ΣRevQv(R)~kδ(X - R) where δ(X) is the Dirac

function on VR, i.e., f δ(X)f(X)dX = /(0) (fe^(VR)).
JvR

LEMMA 2-1. When Re(fc) > n + 1,F is a tempered distribution on

vR.
Proof. We show the convergence of ΣRevQv(R)~kf(R)» Since

fey(VR), there exists a constant K such that

f{X)\ ^ K\ά%t{^Γ-ΪI + X)|-Re<*> (/: the unite matrix) .
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Then, using the fact R = C~ιD, we have

\v(R)~kf(R)\ ^ p(β)-*|det(/=l/

= |det C\

Other parts follow from the convergence of Eisenstein series on the
Siegel upper half plane. (Q.E.D.)

In the following, we assume that Re (k) > n + 1. Let F be con-
sidered a distribution on VR — S. In other words, we assume that

LEMMA 2-2. As a distribution on VR — S, F satisfies the following
equation:

F(X) = \detX\n+1~kF(X) .

Proof. Since we have

JF(Z)/(Z)|detX\— 1 dX (f e^{VR - S)) ,

we only show that

Σ v(R)-kf(ίϊ)\detR\-n-ι= Σ IdetΛr^MΛrVCΛ).

This follow from the fact v(R-ψv(R)k = |deti?Γfc. (Q.E.D.)

Remark. It is easy to see that, even if we consider F(X) the
mapping

/ -> J F(X)f(X)dv , (/ e ^0~(yΛ - S) ,

the above equation F ( l ) = \detX\n+1~kF(X) holds, too.

For any ΓeL*, set

2 mod 1

We can show that there exists a constant β, depending only on k, such
that |S(fc,Γ)|< β (see [4]).

LEMMA 2-3. We have

= Σ S(k,T)e[ΎrXT] .
TGL*
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Proof. By Poisson's summation formula

Σ ( Σ
RβL TQL*

= Σ e[TrXT],

we have

Σ v(RY*δ{X - R) = Σ »(£)"* Σ
ReVq i2rαodl R'eL

= Σ v(β)-*Σ

= Σ S(k, T)e[Ύr XT] . (Q.E.D.)
ΓSL*

Here, we regard F as the mapping

/ ~ f F(X)f(X)dv = Σ S(fc, Γ)/*(T) , (/ e ^0«(yΛ - S)) ,
J Γ6L*

then the distribution F satisfies the conditions (1-1), (1-2) and (1-3)
(bi — 1 for all i). So, F(X) is a distribution with automorphy of weight
n + l — k.

Set

Sfc) = (2π)-nsγ(s - ^4^-) Σ S(k, T)μ(T) |det Γ|"» .
\ 2 / rez,|/~

THEOREM 2. Dirichlet series Ξi(s) (0 <^ i ^ ri) have analytic con-
tinuations to meromorphic functions in the whole complex plane satisfy-
ing the following functional equations:

e[ns/4] Σ
ί = 0

= e[n(n + 1 - k - s)/4] Σ 3t(n + 1 - k - s)uiό(n + 1 - k - s) ,

(0 ^ j ^ w)

Set

f ^U) , Γ) |det Γ|*-(n

(0 ^ i <: ti), then, using the facts (utj(s))(Uitn_j((n + l)/2 — s))) = / and
^,w-j(s) = un-i,j(s)> Theorem 2 is changed into the following:

THEOREM 2'.

e[ns/4](φ), "

= e[n(k -
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The above result is consistent with that of [4].

§ 3 . Boundary values of Siegel modular forms

In this section, we introduce functions on the Siegel upper half
plane satisfying several conditions, and consider their boundary values
which is distributions with automorphy. Specially, by the distributions
with automorphy derived from Siegel modular forms, we obtain the
Dirichlet series corresponding to the case of Maass.

Set Z = X + V ^ Ϊ Γ and Z = X - V=IY, where X,YeVR and
Y > 0. Let F(Z,Z) be a real-analytic function on the Siegel upper
half plane H, satisfying the following conditions:

(3-1) F{M(Zy, M<Z» = det (CZ + D)a det (CZ + DyF(Z, Z)

where M = ( A B)eSp(n,Z), M(Zy = (AZ + B)(CZ + D)~ι and a,

βeC (a- βeZ).

(3-2) There exist positive numbers eλ and e2 such that

|F(Z, Z)\^e11 det Y\'e* when Y -> 0

and

\F(Z, Z) ^ eι I det ΓΓ2 when Y -> oo .

(3-3) lim ί F(Z,Z)e[-TrXT]dX < oo (for any ΓeL*).
F-0 J FΛ/I

By (3-1), F(Z, Z) has the Fourier expansion

F(Z,Z)= Σ α(Γ,Y)β[TrZΓ]
rex*

where α(Γ, Y) = f F(Z, Z)e[Tr XT]dX .
J VR/L

We set a(T) = limF_0 α(Γ, Y), which exist owing to (3-3). It is easily

shown that a(T,Y)/a(T) depend only on WYTΛ/T. We can set α(Γ, Y)

= a(T)W(WΫTVT). Then, by (3-2), we have

^ ex |det YΓ2 when Y -> 0 .

So, there exists a constant e such that

\a{T)\ ^ e|detΓ|e 2 .

Now, it is easy to see that F(Z,Z) tends to the distribution
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F(X) = Σ α(Γ)e[Tr XT]
TβL*

when Y —> 0, and F(X) satisfies the equation

F(X) = det (X + v ^ O ) * det (X - V=ϊθyF(X) on VR - S ,

where det(X + V^ΪO) = limF^0det (X + ΛΓ-ΪY) and det (X - v ^ O )
= limr_0 det (Z — V —10). So, F(Z) is a distribution with automorphy
of weight a + β.

It is clear that a Siegel modular form F{Z) = X ^ o α(T)e[Tr ̂ Γ] of
weight fc (even integer) satisfies the above conditions (3-1), (3-2) and
(3-3). Set £00 - (2π)-ns

r(s - in + l)/2)) ΣΓ6L*/~ α(Γ)^(Γ) |det Γ|-. Then,
by Theorem 1, we have

e[ns/4]ξ(s)un,n_j(s) = e[n(k - s)/4]ξ(k - s)unJ(k - s) ίO^j^ri).

Using the fact e[ws/4]wntΛ_/s) — ( — l)nlc/2e[n(k — s)/A]unJ(k — s), we have

which is the result of Maass [1].

Added in proof. The formulation and the arguments in § 3 are not
adequate. The author noticed that the Fourier transform of the boundary
value for an automorphic form is a generalized Poisson's summation
formula. For details, see the author's paper "Weil type representations
and automorphic forms" (to appear in Nagoya Math. J.). (Feb. 1979)
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