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DISTRIBUTIONS WITH AUTOMORPHY AND
DIRICHLET SERIES

TOSHIAKI SUZUKI

Introduction

In [1], Maass proved that the Dirichlet series associated with Siegel
modular form satisfies a function equation. In this paper, we try to
generalize the above fact to the indefinite case.

Denote by V, the vector space of real symmetric matrices of size
n =3 and let V, be the subset of V, consisting of matrices with ¢
positive and n — ¢ negative eigenvalues (0 < ¢ < n). Let L (resp. L*)
be lattices in V, consisting of integral (resp. half-integral) symmetric
matrices, Set L¥ = L* NV, (0 <7< n) and denote by L/~ the set of
SL(n, Z)-equivalence classes in LF under the action T — gT'g (T e L¥,
geSL(n,Z)). In [3], T. Shintani introduced “zeta functions associated
with the vector space of quadratic forms”

2, HD|detT|*  (0=i=n),
T€L’;/~

and proved that they have functional equations.

We call F(X) a distribution with automorphy of weight &, if F(X)
is a distributions on V, — S = {X e V,;det X & 0} and satisfies the fol-
lowing conditions:

1) If we take dv = |det X|""*"2dx (dx = [[icicjsn d%;;) as a volume
element of V, — S, then we can write

FX) = Z* o(T) exp Crv/ —1Tr XT) ,
i.e., F(X) is the mapping
f— f FX)f(X)dv = Z* o(T) j exp 2ry —1Tr XT)f(X)dAV ,

where f is a smooth function with compact support on V, — S.
2) F(—X") = (X>F(X), where (X is given by
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(X> = b;|det X|¥ if XeV, (k,b,eC, 0515 n).
Here, the distribution F(—X"') is the mapping

I IF(X)f(—X“‘)dv ,

where f is a smooth function with compact support on V, — S.
B) F(gX'g) = F(X) for any g e SL(n,Z),

i.e., a(gTtg) = a(T) for any g e SL(n, Z).

(4) There exist positive constants e, and e, such that

[a(T)| < e |det T[> .
We associate with F(X) the Dirichlet series
1

§(s) = (2z)-nsr(s)r(s _ %) . p(s _n—

. )Te T D) |det TT

1

=<1 n).

Then, we can prove the following theorem (§1).

THEOREM 1. Dirichlet series £,s) (0 <1 <n) have analytic con-
tinuations to meromorphic functions in the whole complex plane sat-
isfying the following functional equations:

’“ m=ln g Z I XOC)

=b; expn— ‘;n(

k— ) z: &k — sy, (k — s)

(U )
(For u,; 4(s), see §1 or [3].)

We show an example of FI(X) related to (non-holomorphic) Eisenstein
series on the Siegel upper half plane (§2). By Theorem 1, we obtain
the corresponding Dirichlet series with functional equations, which are
previously obtained by T. Arakawa ([4]) in a different way.

We can also show examples of F(X) by taking boundary values of
Siegel modular forms, which correspond to the results of Maass [1].
It is easy to see that, if we can take boundary values of (non-holomor-
phic) Siegel modular forms, then the boundary values are Distributions
with automorphy. In §3, we consider a class of functions on the Siegel
upper half plane with the above property.
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Notation

M(n,Q): the set of rational matrices of size =

P (Ve : the space of rapidly decreasing functions on a vector
space Vp
“(M) : the space of smooth functions with compact support on
a smooth manifold M
Re(x) : the real part of a complex number x

For real symmetric matrix 7, T > 0 and T = 0 mean T is positive-
definite and semi-positive-definite, respectively.
e[x] = exp @rnv —1x) (x e C)

§1. Dirichlet series and distributions with automorphy

Let G be GL(n,C), let V be the vector space of complex symmetric
matrices of size n = 3, and let p be the representation of G on V de-
fined by o(9)X = gX‘9 (9 G, XeV). Then it is easy to see that the
triple (G, p, V) is a prehomogeneous vector space (see [2],[3]) whose set
of singular points S is the irreducible hypersurface given by S = {X e V;
det X = 0}. Put y(9) = (det 9)?, then det (p(9)X) = y(9) det X. In the
following, we identify V with its dual via the symmetric bilinear form
Tr XY. The triple (G, p, V) has a natural R-structure such that G, is
GL(n,R) and Vp is the set of real symmetric matrices of size n. Let
V, be the set of real symmetric matrices with 7 positive and n — ¢
negative eigenvalues (0 <i¢<n). Then Vp—S=V,U ... UV, is the
decomposition of Vp — S into its connected components. Let dv be the
Gr-invariant volume element of V, defined by dv = |det X|"**V/dX,
where dX is given by dX = [[ici<cj<. d%;;.

For any feS(Vg), set

FHY) = j F(X)e[Tr XYdv
VR

and

oif,9) = [ FONdetXpdo,  (Re® > Ll osizn).

Let M, = det X det (9/0X) where det (9/0X) is the differential operator
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with constant coefficients on V, which satisfies the following equality :

det (38—) exp Tr XY = det Y-exp Tr XY .
x

It is shown that M, is a Gg-invariant differential operator on V, — S
and
M,|det X|* = b(s)|det X|*, XeVyg—S,5¢€0),

where b6(s) =s(s + %) --- (s + (n — 1)/2)) (see [3]).
Set

7(s) = j[j: F(s +1— é-)

and
’LL“(S) — 4/ = Trrna+i=mz( )= n=grby

Min (i,4)
X > (=D " Va0, ;;_,exXpayv—1s@r — i —j),

r=Max (0,i+j-n)

__1\-m)2 E/Z
(-1 (m/z) (¢, m even) ,
0 (¢ even, m odd) ,
-1 e, :4(~1)(“1—7'L>/2((5 - 1)/2> (4 odd, m even) ,
m/2
_—1)¢-m)/2 (ﬂ - 1)/2 .
(=D ((m _ 5 /2) (¢, m odd) .

LEMMA 1-1. As analytic functions of s,0,(f,8) 0 <1< n, fe L (V)
have analytic continuations to meromorphic functions in the whole
complex plane satisfying the following functional equations:

O,(f*,8) = 7tn(n—1)/4(2n.)—sﬂ7,<s _n ‘2*’ 1>e[ns/4] i} u;,(8)D,;(f, —s) .

Proof. See Lemma 15 of [3].

The prehomogeneous vector space (G, p, V) has a natural @-structure
such that G, = GL(n,Q) and V, = M, Q NV. SetG, ={9eGLn,R);
det g > 0}. For any X eV, denote by Gy the isotropy subgroup of X
in G. Further, let dg be a Haar measure on G, defined by

dg =(@detg)™ [] dgi -

1=, j=n
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For every X e V, — S and any bounded domain Uy such that X e U, C U,
CVe—3S8, let Wy={9eG,;p(@X ecUy} and let (W), be a fundamental
domain of W with respect to SL(n,Z) N Gy. Then the ratio

=], 0/,

is independent of the choice of U, and finite (see [3]).

We call X,Y eV, equivalent if they lie on the same SL(n, Z)-orbit.
For any SL(n,Z)-invariant set M in V,, denote M/~ the complete
system of SL(n,Z)-equivalence classes in M. Let L (resp. L*) be the
set of integral (resp. half-integral) symmetric matrices.

Let F(X) be a mapping defined by the following (in formal):

FX):f = 3 af*0) = 3 oD [ FXelTr XTIdo,

where fe®%y(Ve — S) and a(T) € C. Under some conditions on {a(T)}rc 1+
F(X) may be considered a distribution on V, —S. We may write
FX) =3 re-a(Me[Tr XT]. In particular, using X instead of —X,
we call F(X) the distribution with automorphy of weight %, if F(X)
satisfies the following conditions:

(1-1) FX) = F(—=X"") = (X>F(X), where (X) is given by
(X>=b;|det X|F if XeV, (b,keC, 0<i<n).

1-2) F(p(¢)X) = F(X) for any g e SL(n, Z).
(1-3) There exist positive constants e, and ¢, such that

la(T)| < e,|det T .
We associate with F(X) the Dirichlet series
Dy(s)= >, a(MwT)|det T, o=sigsw,
T€L§/~
where L¥ =V, N L*. It is shown that, if Re(s) > (n + 1)/2 + e,, D,(s)
(0 <1 < n) are absolutely convergent (see [3]).
Set  Z(f, {a(T)}, s) :I 29 > aD)fle(T)dg, (feS (Vp),
G+/SL(n,Z) Te (L%’
(L*Y =L*N (Vg —3)).

LEMMA 1-2. The integral Z(f,{a(T)},s) converges absolutely, when
Re (s) is sufficiently large, and is equal to
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z DD (S, ) .

Proof. This is a similar calculation to Lemma 16 of [3]. (Q.E.D.)

The condition (1-1) of F(X) implies that, for any fe %y (Vyp — S),
(1-4) aTYH*T) = 3 (DX )*(T)

TeL* TeL*

where f(X) = f(X).
Let M, be the Gg-invariant differential operator on V, — S defined by
M,f(X) = {M,f(X)}x.s. Since the differential operators (X>M,(X> and
M, are both Gg-invariant, (X>M,(X> commutes with M, (see §5 of [1]).
Further we can show

3, = (=D det X[+ det (2 - ) det X |det X |-cre0r,

ie., M,, is the adjoint operator of M, with respect to dv (see §6 of

[1D.
Let p* be the representation of G on V defined by p*(9)X = ‘g~'Xg~!
(9ge @G, XeV).

LEMMA 1-3. For any fe€y(Vy) (0 <7 < n), we have
> a(T) det T-{det X{X)M, (X[ Y(o*(9)T)

Te(L*!

=0, 3 olT) det T-{det XXOM, /Y (eo(@)T) -

Proof. In (1-4), we put (X>M(X>M,f(p*(¢)X) instead of f(X).
By the facts mentioned above, we have

/f\
{(OMLXOM, 1 (0¥ () XDP(T)
= (XOMLXOM,f(o*(@)X)}*(T)

= f ML, f(o* @ X)elTr XT1dv
VR
= L MLXO>M XS f(o*(9)X)elTr XT1dv
R
= Qry/—1)"det T jV det XXM (X>f(o*(g)X)elTr XT1dv
R

= @V =1)" det Ty(g)™* L det X(XOM,{X>F (X)elTr Xp*(g)Tldw
R
= 2zv/—=1)" det T-y(g) {det X(XDOM L X>f1*(o*(9)T)
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and
(XK EOMLXM,. (X (@) X)}H(T)

= b,b,., LR MK XM, f(o*(@)X)elTr XT1dv

= @ry/=1)"det Tb,b,_(g)** jVR det X<{X>M,f(X)e[Tr Xp(g)TIdv

= @ny/=1)"b;b,_; det T-3(g)**{det X{XOM,f}*(o()T) . (Q.E.D.)
Set £.(8) = @) "p(s — (0 + D/2)Dy(s) (0 < i < n).

LEMMA 1-4. For any fe%s(Vy) (0 <7 =< n), we have

Z({det X{XOM (XD 1Y, {a(T) det T}, s + 1)
= @)7'b,b,_(— v/ =Dz D[ ns | 41b(—s)b(s — k)

IO OR FE)
and

Z({det X(XOM, f}*, {a(T) det T}, s + 1)
= (20)71b,(— v/ = D"z Ve[ ns 41b(— 8)b(s — k)

X zﬂ £.8)s(8)- By(f, ke — 5) .
Proof. By Lemma 1-1 and 1-2, we have
Z({det X{XOM (XS}, {a(T) det T}, s + 1)
= 32 D)= 1" O{det XXOM XY f Vs + 1

n+1
2

- nnm—vﬂ(zn)—wﬂmr(s +1— )e[n(s + 1)/4]

32 D=1 2ty (8 + 1@, (det XXOMLRDF, —s — 1

= z" " V2x) (= = D"b(—9) Z:(}) §i(DU; 1 (8)(=1)7
X ®D,_(det X(XSMLX>f, —s — 1)
and
?,_,(det X(XOM L X>f, —s — 1)
= @,(det XXSMLXDf,s + 1)
= (=1)7b;b,_;-O,(M,|det X|* f,s — k)
= (=1b,_;-b(s — BD,(f,s) .
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Similarly, by Lemma 1-1 and 1-2, we have
Z({det XXXOM,f}*, {a(T) det T}, s + 1)
= i}) D,(s)(—1)"‘Q,({det XXXO>M,.f}*, s + 1)

= An-DA2r)(— A/ Z1)h(—s) zé £.(5)(— )", (s)
x @,(det X{XOM,f, —s — 1)
and

@,(det X{XDM, f, —s — 1)
= (= 1)"0,(X>M,f, —s)
=(=D""'0,9,(M.f, —s + k)
= (=1)"b,b(s — k)D,(f, —s + k) . (Q.E.D.)

THEOREM 1. Dirichlet series &,(s) (0 < ¢ < n) have analytic con-
tinuations to meromorphic functions in the whole complex plane satisfy-
ing the following functional equations:

elns/4] é £()U;,,_5(5) = beln(k — s)/4] EZZO Ek — Sk — 9,
O=sj=n.

Proof. For fe¥y(V,;) and sufficiently large Re (s), we have

(9" 3 a(T) det T{det X<X)M,( X f}*(o(9)T)dg

.[G+/SL(n,Z) Te (L%

dg + dg

J‘G+/SL(7L,Z)1(0)§1 jGJr/SL(n,Z)x(ﬂ)él

It is easy to see that, in the latter member, the first integral is con-
tinued to holomorphic function on s. For the second integral, using
Lemma 1-3, we calculate

x(g)* ; a(T) det T{det X{X>M(X>f}*(o(9)T)dg

j\G.;./SL(n,Z)x(g)él

2(g)~ Zj o(T) det T{det X<XX>M (X7 (0*(9)T)dyg

Ia+/sL(n,Z)x(g)gl
= bj bn—] J

So, the second integral is also continued to meromorphic function on s.
Furthermore, we have

x(g)t—s+! ; a(T) det T{det X<XXDM,, f}*(o(g)T)dg .

G+/SL(n,Z)x(g9)21
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Z({det X(XOMLXSF 1, {a(T) det T}, s + 1)
= b,b,_,Z({det X(XOM, f}*, {o(T) det T}, k& — s + 1)

which is holomorphic on s.
Here, we apply Lemma 1-4, then we have

b(—8)b(s — k)e[ns/4] Zo O OR X6
= b,b(—3)b(s — k)eln(k — 5)/4] zo £k — Suy(k — 8)-B,(f, ) .

For any seC, we can find fe®y(V,;) such that &,(f,s) = 0. So, we
obtain our desired results.

Remark. By the above arguments, b(s — k) 27, (—1)'D()u; ,_;(s
+Dy(s+1—(m+ 1/2) (0<j<n) are holomorphic on s. Then, we
see that b(s — k)Dy(s)/y(1 —s) (0 < i< m) are holomorphic on s. On
the other hand, D,s) (0 <i<mn) are holomorphic on s if Re(s) is
sufficiently large. So, D,(s) (0 < ¢ < n) have only finite poles.

§2. Fourier coeflicients of Eisenstein series

In this section, we construct distributions with automorphy which
are related to Eisenstein series on the Siegel upper half plane.

For any X e V,, let u(X) be the product of the denominators of the
elementary divisors of the symmetric X. It is known that, for any
X eV,, there uniquely exists a coprime symmetric pair {C,D}, up to
left-multiplications by unimodular matrices, such that X = C'D (see
[1]). Then, we have v(X) = |det C|. We define the mapping F by

fe 2 B (R FelVp,keC).

ReVg

In other words, FI(X) = ZRer v(R)"*9(X — R) where §(X) is the Dirac
function on Vj, i.e., f 3X)f(X)AX = F(0) (f € (V).
VR

LEMMA 2-1. When Re(k) > n + 1, F is a tempered distribution on
V.

Proof. We show the convergence of ZRGVQ v(R) *f(R). Since
fe#(Vy), there exists a constant K such that

| /(X)) £ Kldet (W —1I 4+ X)|™F® (I: the unite matrix) .
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Then, using the fact B = C-'D, we have

[WR)*f(R)| < w(R) *|det (W —1I 4+ R)|R®
= |det C|"® @ |det (V=11 + C'D)| % ®
= |det (W =1C + D)|"®® ,

Other parts follow from the convergence of Eisenstein series on the
Siegel upper half plane. (Q.E.D.)

In the following, we assume that Re(k) > n + 1. Let F be con-
sidered a distribution on V; — S. In other words, we assume that
S e;(Ve —9S).

LEMMA 2-2. As a distribution on Vy — S, F satisfies the following
equation :

F(X) = |det X|**1-*F(X) .

Proof. Since we have
fF(X)f(X)dX = j FXOFRD) |det X[ dX  (fe@(Ve— ),

we only show that
> v(R)"‘f(R)|det R|» 1t = 3> |det R[**"'""*(R)*f(R) .
RGVQ RGVQ
This follow from the fact v(R™)*u(R)* = |det R|™*. (Q.E.D.)
Remark. It is easy to see that, even if we consider F(X) the
mapping

fe j FX/Xdv, (febr(Ve—2S5),

the above equation F(X) = |det X**'-*F(X) holds, too.
For any T e L*, set
Sk, T) = >, v(R) *e[Tr RT] .
1

R mod

We can show that there exists a constant e, depending only on %, such
that |S(k, T)| < e (see [4]).

LEMMA 2-3. We have
FX) = > Sk, T)e[Tr XT1.
TeL*
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Proof. By Poisson’s summation formula

>, 06X — R) = TZL* elTr XT1,

Fet
we have
RGZV]Q v(R)*(X — R) =Rn§il v(R)™* RZeL X —-R—-R)
= 2 v®)* 3 fTr (X — R)T]
= Té. S(k, T)e[Tr XTT] . (Q.E.D.)

Here, we regard F' as the mapping
ro [FGOr@ay = 5 8t DD, (fe5(Va—8),

then the distribution F' satisfies the conditions (1-1), (1-2) and (1-3)
(b; =1 for all 9). So, F(X) is a distribution with automorphy of weight
n+1—kFk

Set

Es) = (27r)"”r(s _nt 1) S Sk, T)i(T) |det T|* .
2 TELH/~

THEOREM 2. Dirichlet series H,(s) (0 <t < n) have analytic con-
tinuations to meromorphic functions in the whole complex plane satisfy-
ing the following functional equations:

e[ns/4] 2} E.(8)u; n_;(8)

=e[n(n+1——lc—s)/4]i]5’i(n+l—k—s)u“(n—}ol—k——s),
0=sj=n.

Set

pi(s) = (Zn)‘”sr(s _nt 1) >, S(k, T)|det T ==+ u(T) | det T|-*

2 Y57

(0 <7 < n), then, using the facts (u; (), (0 + 1)/2 — 8))) =1 and
U o i(8) = U,_; j(8), Theorem 2 is changed into the following:

THEOREM 2’.

e[ns/41(,(s), - - -, () (u; (& — 8)7*
= e[n(k — 8)/41(p(k — 8), - - -, e — 8 (uy;())7' .
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The above result is consistent with that of [4].

§3. Boundary values of Siegel modular forms

In this section, we introduce functions on the Siegel upper half
plane satisfying several conditions, and consider their boundary values
which is distributions with automorphy. Specially, by the distributions
with automorphy derived from Siegel modular forms, we obtain the
Dirichlet series corresponding to the case of Maass.

Set Z=X++—=1Y and Z=X — +V/—1Y, where X,Y eV, and
Y > 0. Let F(Z,Z) be a real-analytic function on the Siegel upper
half plane H, satisfying the following conditions:

(B-1) FM{Zy,M{Z})) = det (CZ + D)*det(CZ + D)*F(Z, Z)

where M:(A B
C D

BeC (o« — BeZ).

)es,,(n, Z), M{Z>=(AZ +B)(CZ+ D)~ and a,

(8-2) There exist positive numbers e, and e, such that

|\F(Z,Z)| < e,|detY|"**  when ¥ -0
and
\F(Z,Z) < e,|det Y| when Y — o .

(3-3) lim F(Z,Z)e[ -Tr XT1dX < oo (for any T e L*).

Y0 JVR/L

By (8-1), F(Z,Z) has the Fourier expansion
F(Z,Z)= Y oT,Y)e[Tr XT]
TeL*

where o(T,Y) = J F(Z, Z)e[Tr XT1dX .
/L

VR
We set a(T) = limy_,a(T,Y), which exist owing to (3-3). It is easily
shown that a(7, Y)/a(T) depend only on ‘4/YT+Y. We can set a(T,Y)
= a(T)W(EVYTVY). Then, by (3-2), we have

l(T)YW(EVYTVY )| < e, |det Y|  when Y —0.
So, there exists a constant e such that

la(T)| < eldet T .

Now, it is easy to see that F(Z,Z) tends to the distribution
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FX) = > a(De[Tr XT]
TeL*

when Y — 0, and F(X) satisfies the equation
FX) = det (X + v—=10)*det (X — v=10’F(X) on Vp— S,

where det (X + v—10) = limy_,det (X + ¥/ —1Y) and det (X — +/—=10)
= limy_,det (X — v =10). So, F(X) is a distribution with automorphy
of weight « + §.

It is clear that a Siegel modular form F(Z) = 3 ;.. a(T)e[Tr ZT] of
weight k& (even integer) satisfies the above conditions (3-1), (3-2) and
(3-3). Set &(s) = @) ™y(s — (n + 1)/2)) 2rers/n a(T)(T)|det T|~*. Then,
by Theorem 1, we have

e[ns[416(8)ty - ;(8) = e[n(k — 8)/416(k — )u,, ;(k — s) O=s7j=n.
Using the fact elns/4lu, ,_;(s) = (=) e[k — s)/4lu, (k — s), we have
§(k — s) = (—=1)"*(s)
which is the result of Maass [1].

Added in proof. The formulation and the arguments in §3 are not
adequate. The author noticed that the Fourier transform of the boundary
value for an automorphic form is a generalized Poisson’s summation
formula. For details, see the author’s paper “Weil type representations
and automorphic forms” (to appear in Nagoya Math. J.). (Feb. 1979)
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