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WHITE NOISE ANALYSIS AND TANAKA FORMULA FOR
INTERSECTIONS OF PLANAR BROWNIAN MOTION

NARN-RUEIH SHIEH

§1. Introduction

In this paper, we shall use Hida’s [5, 7, 9] theory of generalized
Brownian functionals (or named white noise analysis) to establish a
stochastic integral formula concerning the multiple intersection local
times of planar Brownian motion B(t). First, we review some basic facts.
It is well-known that, for each r > 2, a.s. B(¢) has points of multiplicity
r, see Dvoretzky-Erdés-Kakutani [1] and Geman-Horowitz-Rosen [4]. A
formal measure on such r-fold self-intersections is

(1'1) J‘.Dj‘a(B(tZ) - B(tl)) v 5(B(tr) - B(tr-l))dtl cee dtr ’

where D C {(t, ---,t)|0 <t << -+ <t < o} Rosen [15] proved that
(a.s.) there exists measurable a,(x, D), xe R'"-Y, called the r-fold inter-
section local time, such that for all bounded measurable g(x) on R~V

j.l.). f 2(Bt) — B, - -, B(t) — B, )dt, - - dt,
= J‘R‘Hf—l). . .fg(x)ar(x, D)dx .

In case D = [[iila;, b, 0<a, < b, <a, < b, < -+ <b, (the off-diagonal
case), Rosen [15, 17] proved that (a version of) «,(x, D) can be chosen so
that it is (a.s.) jointly continuous in x, a,, b,. Thus, (1.1) is represented as
a0, D) in this case. However, in case D = Dy = {(¢, - - -, ¢,)|0 < ¢, < - - -
t, < T} (the diagonal case), then a,(x, T') = a,(x, D;) can only be contin-
uous on (RA\{0})’-!. To study the asymptotics of a(x, T') as x—0, it is
intended to find that after substracting off certain explicit “infinite part”
from «,(x, T) the remainder &,(x, T'), called the renormalized intersection
local time, admits a jointly continuous extension to all (x, T') ¢ R**-Y X R,.
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The research was initiated by Varadhan [22] and has been studied inten-
sively by Dynkin, LeGall, Rosen and Yor, see Dynkin [2]. In the inves-
tigations Tanaka type formulae for «, and &,, analogous to the classical
Tanaka’s formula for one-dimensional Brownian local time, play an
important role. In the off-diagonal case, let a,(x, a,, - - -, a,, dt,), t, € [a,, b,],
denote the Borel measure induced by ¢, —«,(- - -, t,) and «,(dt,) = dt,, the
Lebesgue measure on R'. The Tanaka formulae relating «,,; and «, were
studied by Rosen [16, 17] and Yor [23]. Then, the formulae were used
by them [18, 20, 23] to find the explicit forms of &, and &,.

In this paper, we shall prove the following formula, which is an
extension of Yor [23] from r =1 to general r > 1. It corresponds also
to Rosen [17], who used the potential kernel for the killed Brownian
motion instead of log|x]|.

THEOREM 1.1. Assume that 0<aq, < b, <a,,, <b,,i=1,---,r. For
each x = (x,, -+, x,.,) € B**V and x, e R* the following equality holds al-
most surely.

(1.2) f " log|B(b,.)) — B(t,) — %,|a(x, au, - - -, @, dt,)

- J.br long(ar+1) - B(tr) - xrlar(xa Qyy * o0y Ay, dtr)

_ J‘br+1 (J’br l-BB((ttr-yl)) —ggta) _;TIZ ar(x’ a, -, Qy, dtr)) 'dB(tr+l)
ar+1 ar r+1) — 7) T Ao

+ ”ar-yl((x, xr)3 Ay 00y Qryns br+l);

in the above, the integrand for the (Ito’s) stochastic integral will be proved
to be the LXdt,,. X dP) limit of certain approximation sequence.

Our formula will suggest an explicit form for &,, which is an exten-
sion of Yor [23, r = 2] and Rosen-Yor [20, r = 3] to general r. See §5.

We explain our viewpoint on using white noise analysis to derive
(1.2). Kubo [11] established an Ito formula for generalized Brownian
functionals and indicated briefly to view the classical Tanaka’s formula
as a case of his result [11, Remark 4.1]. Thus, we are motivated to derive
(1.2) from Kubo’s formula. The crucial point is that Kubo’s formula holds
in Hida’s space (L*)-, while our (1.2) is an a.s. equality. Therefore, in
order to achieve our formula we must “realize” a Brownian functional
from generalized one to ordinary one. Our procedure in based on or-
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thogonal series expansions of generalized Brownian functionals. The
expansions are known to hold in Hida’s space (L?)~, and we carry out
precise computations to show that the expansions are in fact convergent
in L? sense. In a previous work Kuo-Sheih [13], Yor’s result (i.e. (1.2)
with r = 1) was reproved by using realization techniques. However, the
setting in [13, §4] is improper, because of the doubtful definition f(B(Z, 0), )
given there.

The remaining part of this paper will be devided into four sections.
In §2, we shall summarize briefly Hida’s theory. In §3, we shall prove
two realization results of generalized Brownian functionals. Then, we
shall prove a Tanaka type formula in §4 and derive Theorem 1.1. In
the final §5, we shall discuss how to apply (1.2) to obtain an explicit
form of the renormalized &,.

The present work was initiated while the author visited Nagoya
University in August, 1988. The hospitality of the Mathematical Depart-
ment and the inspiring discussions with Professor T. Hida are deeply
appreciated.

§ 2. Summary on generalized Brownian functionals

Let EC L(R) C E* be a Gel'fand triplet and g be the standard
Gaussian measure on E*, i.e. its characteristic functional is given by
C(&) = exp [—||&]F/2)], || - || being the L*(R) norm. Let K,, K™, K{™™ consist
respectively of the multiple Wiener integrals of symmetric functions in
Hilbert space LXR"), Sobolev space H ™*9/*(R*) and negative Sobolev space
H-®+/%(R™); see Hida [6]. By Wiener-Ito decomposition theorem, we have

(LY = INE*, p) = 5 ®K,.
Hida [5, 7, 9] introduced the following two spaces
Ly =S eKP,
L) =T OKL™,

and established the continuous inclusions (L*)* = (L?) = (L?)~. Mem-
bers in these three spaces are called respectively test, ordinary and gener-
alized Brownian functionals. A calculus has been developed on (L?%-
which is usually referred to white noise analysis or Hida’s calculus. To
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visualize an element ¢ e (L*)~, we consider its #-transform (or say %-
functional):

9@ = exp (— SN0 90y, e B

{-, ) being the pairing between (L?)* and (L*)-.

Note that B(t, 0) = ({o, 1,1, (@, 1;_;,0)), t = 0 and w € E*, is a planar
Brownian motion. For 0< ¢, < ¢, < .- <t, and uy, - - -, u,_, € L*(R?), the
space of tempered distributions on R?, the formal product

(2.1) 1T uBlte.) — Bt
can be defined as a member of (L?); its S-transform is given by
(11 uBt..) — Be))©

= :lj:y(ui(B(tin) - B(Q))(S)

= :]:[11 (ui*gziu—tt)(_ri“ g(s)dS,f i

§)ds)
see Kubo [11], Kuo [12] and Kallianpur-Kuo [10]. Moreover, the ortho-
gonal series expansion of (2.1) in (L?)~ is given by
r~1 r—1
€2 @t -t 5 {1

mi=np=0,0 i=1 \ m,!n,! 2m2"
i=1, r—1

, G ) )
exp( 2(tt+l -_ ti) >(x1,1‘2)
) 1 t > <(l), 1. - >
X Hm,( <w [teste+1] )HM< [—te41,=2t4] )} .
V2t — 1) V2t —t)
In the above, {u(x, x,), ¥(x;, %,)>(,,..» denotes the pairing between ue
F*(RY) and e P(RY), and H,(x), xe R, is the Hermite polynomial of

degree n.

For 0 < ¢t <t, and ue ¥*(R?), Kubo [11] established the following
formula in (L»)-:

@3 wBE) - uB®) = [ orrwEO+ 3 [ dwEo.

In the above 3% = (3%, 8%,,) is the adjoint of B(f)-differentiation operator
(@15 0¢s,), see Kubo [11] and Hida [8].
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§3. Realization of generalized Brownian functionals
Assuming 0< g, < b, < 2, < b, < -+ < b,_, < a, < b,, we shall prove

ProrosiTioN 3.1. Let u;,, i =1, ---,r — 1, be positive tempered distri-
butions on R? (or equivalently, they are positive tempered Radon measures
on RY). Then

(3.1) [ [ T wB. — Benas - at,

is in (L?).

Remark. From the arguments in Kallianpur-Kuo [10], it is not diffi-
cult to see that

(k- t)e ] [a 0] - TT w(Blt.) — B e L)

is continuous. Thus, (3.1) exists as a generalized Brownian functional.
Proposition 3.1 asserts that it can be ‘‘realized” as an ordinary one.
To prove Proposition 3.1, we write the summund in (2.2) as

l—]jgbi(mi, N, 6y te), my,n, >0 and ¢ ela,;, b,].
LemmA 3.1. (i) If (m,, n,) #= (m), nl) for some i, then
E n i, 1, by £, )u(mly 1l £ £,) = 0.
(i) E T $u0me 1o b e )ims s £ 8)
< const. ( i=im ln,! )
Crzim)! Gzt n) (1172 myn,)

r—1 t~ /\ tl — t \/ t/ mi+ng
X n ( T+1 41 i T
Vo — )G -t/

where a A\ b = min (a, b) and a\/ b = max (a, ).

i=1

Proof. We prove (ii) first. Since u, is positive, [{u;, 8> < {(u;, > 1€l
for all f,ge #(R*) and f > 0. Thus

[t 22, b owey ) v owey ) e (- z(f+_xt—)>|
< ((ut, ex (‘74(5,. ch'f:t;y>>x=u,.m>
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e"p( a )\ )\ Ve l

The first term in the above product is less than a constant. This is
because t,,, — t, > a;,, — b, >0 >0 and the mapping te [T}, T\] — {u;(-),
exp (—| - [}/4t)> is continuous, hence is bounded, on each [T}, 7], 0 < Ty <
T, < oo. The second term is O((m;n,2™:2")"(m,n;)~"**), according to Szegd
[21, (8.91.10)]. Thus, the expectation in (ii) is not greater than a constant

Ssu
X 5P

r1,72€ R

multiple of

(3.2)
(om0 B (G (25)

where

X0) = {0 looerd) | Xt(w) = Sw_hz__+_3>_

\/t1+1 - t \/tz+l -
’ 1 > / <(l), ]' —t3 >
Y(0) = S“’ “etirnotd) Yiw) = [=tisn—ts1)
‘ VG —t) V. — 1)

Since X; and X/ are independent of Y, and Y/, the expectation in (3.2)
is equal to the product of (3.3) and (3.4) below, and (ii) will follow from
these two displays once they have been proved.

ity X, X
w s ()
— ( r]:;ll(mi P 222;%,) ﬁl< s ANt — LV E )m”
(3oizimy)! S\ V(G — )E.— )]
g (Y, ;
64  ET H(ﬁ)H(ﬁ>
(ﬂ L, 2) ﬂ( i ANt — )
(Z ni)' '\/(tn»l - ti)(t7,+1 i)
We prove (3.3), and (8.4) is proved in the same way. Each X, and X/ is
N(0, 1) distributed. In case r = 2, we apply the ready formula in Hida
[7, p.139] and the covariance

La Nty — 6V T
E XX; = §+1 i+1 i i
( ' ) \/(ti-n - ti)(t;+1 - l:)

In case r > 2, we appeal to the diagram formula listed in (for example)

Major [14, p. 51]. Note that, in our case, the summation in the diagram
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formula is reduced to only one term, namely the right-handed side of
(3.3). This is due to the covariances E(X,X’) and

E}(}(+ (1,+1—'t;+1)+ , + — ’0 R
X =t =y ¢ T @0
( a1 ;) (ti+1 - t'i,+l)

B 4/(ti+2 - tz‘+1)(t;+1 - t:) ’

and that all other X, and X’ have zero correlations. In the above, we
rely on the relation ¢,,,, t/,, > ¢, t.

The diagram formula also asserts the validity of (i), thus, the proof
of Lemma 3.1 is completed. O

Now, we prove Proposition 3.1. By (2.2), the series expansion of (3.1)

is
J j rl; 11¢ (mn ni’ i+l) dtl d r .
(27r)’ b m) (G — t)
Let the integral in the above summation be denoted by +(m,, n,, - -+, m,_,,

n,.;). By Lemma 3.1 (i), ¥(m,, n,)’s are orthogonal in (L*). By Lemma 3.1
(i), the square of the (L*) norm of +(m,, n;) is not greater than a constant
multiple of

r—1 1 1 by b1
OB T Mool
(Zf oL m; )'(Zz 1 ni)'(ﬂg:ll m;n )%/ Jinti=or titp=ay

r~1 s AL
X n (tz+l A tv.+l tv, vV tz) ’ dt1 e dttdt; e dl; .

i=1 (b, — t)(Hl, — L))mirnosin

(1) r =2, That (3.5) is reduced to

1 t/\t,_t\/tlﬂL+n 2 4
(3.6) -m ftz " Ll u ((t(2 2__ t,)z(t; __‘ £)) 7177.)+n)/2+1 dt,dt,dt;dt; .
The integration domain of ¢, &, &, t; is split into four parts. On ¢ < ¢
< t, < tj, we integrate in the order of ¢, i, &, ¢, and find that the result-
ant is < const. /(m + n)>. On t, < <t <, we integrate in the order
of t], &, t,, t, and find that the same dominating factor 1/(m + n)* appears.
The other two parts are treated similarly. We conclude that (3.6) is
dominated by a constant multiple of

1 1
(m+ nyf ¥Ymn  4mny©
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Therefore, the series expansion of (3.7), for r = 2, converges in (L?), and
thus (8.1), for r = 2, is in (IY).

(i) r> 2. The integration domain of ¢, £, - .-, ¢, . is split into 27
parts. On t, < <t <t < .- <, < t,, we integrate in the order of ¢,
t,_y, -+, ¢t and in the meantime drop the terms involving (¢, — &,_)/(¢t, — t,_.),
the resultant < const./(m,_, + n,_,) --- (m; + n,) (Compare with (i); we
have no (m; + n;)* here). We treat all other parts similarly, and conclude
that (3.5) is dominated by a constant multiple of

[Tizim;!n,!

(Z: llmi)'(Zz iny)! 15z (m; + ny) g/mini ’

Using m; + n; > 2¢/m,n;, and Stirling formula, we see that the above is
not greater than a constant multiple of

( (52t mpe e 1

(Z:;l mi)1/2+2m¢(z;(=—ll ni)l/hzni ) (T15=2 mini)1/6

Since the quantity in the parenthesis above is < 1, we have shown again
that the series expansion of (3.1) converges in (L?). This completes the
proof. O

Remark. The above proof depends on the off-diagonal assumption
a; > b;_,. In the diagonal case {t, < t, < --- < T}, we even cannot assert
that (8.1) is in (L), since the limiting case lim,,, u(B(¢) — B(s)) is in
general unknown. Thus, it seems challenging to “renormalize” (3.1) in
this case.

Let f(x) be a measurable function on R?, which is locally square-
integrable and is slowly increasing as |x| — oo. That log|x| is such a
function. Then, for 0 < s < ¢,

Ef*(B(t) — B(s)) =

Fx)exp (- )z < co.

1
2r(t — s) jm m

ProposITION 3.2. Assume that a, < b, < a,<<b,---, u, are given in
Proposition 3.1 and f(x) is the function mentioned above. Then, for each

te [ar+l) br+l]9
@8 [ ["FBO - Be) T wB.) - Beyds - dt

is in (LY.
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Proof. As in the proof of Proposition 3.1, the series expansion of
(3.8) is

1 br b1 ﬂ dmy, ng, t, b, .0
(3.9) J\ i=1%¢ 4y "V Vi V41 dt . dt,.,
(275)1 ("‘i (o Hz 1(ti+1 —t,) '

where ¢,., = ¢ and ¢.(m,, n,, ¢, ¢,.,) is the term corresponding to f(B(f,,,
— B(t,)). To estimate the squares of (L*) norms of the above summunds
and their sum, we note that

—_ m,n.,t,t
2ﬂ(t1+1~t)m§r¢( 4 7y Y7 r+1)

is the series expansion of f(B(t,,,) — B(t,)) in (L?). Thus,

o Mo by b )P(my, na, 8, 840)
(3.10) E ¢i(m1. Toyy Uyy Ly 1)Q\Myy Mgy Ly Uy
7"'27:" H (ti+l - ti)(t;'ﬂ - tz)

=BT |- uarELrBO — BenfBO — BE)

<|z. ][(ti_ﬁb)jf(x) e"p(‘?fT,))dx]'

Therefore, the arguments in the proof of Proposition 3.1 show that (3.9)
converges in (L?). ! O

4
sy iy =ty =01,

< o
[
e

i

§4. A Tanaka type formula and the proof of Theorem 1.1

Let 0<a,<b<a,<b,< - -<a,,,<b,,, and u, -+, u,_, € SR
be positive, we shall prove

THEOREM 4.1. Let f(x), x = (x,, x,) € R?, be a measurable function such
that f(x) itself and its distributional derivatives df[ox,, af/ox, are all locally
square-integrable and slowly increasing as |x| — co. Let Af be the distri-
butional Liplacian of f. Assume also that Af ¢ #*(R?) is positive. Then
the following equality holds in (L?).

@) [T [P 1B, - B ] wiB.) - Bep)ds, - di,
— [ {Blan) — BN T] Bt — Bt - dt
a1 (IR I P

X n w(Blt,..) — BE)|dt - -~ dt,)dBt,..)

T+ 1) B(tr))
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" _12_ J ” .. I ” {(Af)(B(tm) — B(t,)

r—1
x [T u(B,.) — B(ti))}dt1 .t
In the above, the first term on the right-handed side is an Ito’s integral.

Proof. For each t,, ---,t,, fixed, we have the following Kubo’s for-
mula in (L?)-

{FBt,.) - Bt) [T w(Bt.) — Be))

d
dtr+1
= 0. {NB,.) — Be) T w(Bt..) — Bt

+ 5 {@rB.) - By TT wB.) — Be).

The above equality can be proved by calculating the &-transform of each
term, as Kubo did. Now, integrating in ¢, - - -, t,,,, we have the following
equality in (L) :

4.2) f’ » r {f(B(br+1) — B(t,) n w,(B(t,,,) — }_;(ti))}dt1 .. dt.
_ I”', ) f: {f(B(am) — B(t,)) :E]: u,(B(@,,,) — B(t,))}dtl .. dt,

br+1

- .ﬂ{mwmmmo—mw

ar+1

X T wBlt.) — B }dt, - did, .

n % f " , f ” {(Af)(B(tH,) — B(t,)

% T w(Blt,.) — Be)}dt, - dbt, ..
=1
Propositions 3.1 and 3.2 assert respectively that the last term and the
left-handed side of (4.2) are in (L?). Therefore, the first term on the

right-handed side is also in (L?) and (4.2) becomes an a.s. eauality. By
Proposition 3.2,

tr+l € [arﬂ’ r+1]

_,r' f {af (B(t,..) — B(t,) n w,(B(t,,) — B(ti))}dtl .dt,

is an nonanticipating (L?) process. Thus, according to Kubo [11, Theorem
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2.1] or Hida [8, the concluding statement], the two first terms on the
right-handed sides of (4.1) and (4.2) must be equal a.s., and (4.1) has been
proved. O

To derive Theorem 1.1, we need the following lemma.

LEMMA 4.2. The following equalities hold in (L?).

@ 7 [T e - Beya - at,

ar ay 1=

= OCT(x, a, b, -, a,b,), X = (xl, N xr_l) e R-v
o br b1 re1
(i) f v J fB) = B) [T 0.(Blte) — BE)dh -+ dt,

= Jbrf(B(t) — B(t.)a(x, a;, by, - -+, a,, dt,),
where tela,,,, b,,,] and f(y) is the function in Proposition 3.2.

Proof. By Propositions 3.1 and 3.2, the left-handed sides of (i) and
(i) are in (L?. Set

a;(x9 Qyy -y br) = fbr' : J‘

IB:‘(x! Qyy -0y br)
= [ 1By - Be) 1T pdBlt) — Be) — x)dts - at,,

by r—1
lpe(B(tiH) - B(ti) - x,)dt1 LA dtr,

ay 1=

where p.(y) is the standard planar N(0, ¢) density function. On one hand,
by computing the #-transforms we see that «: and f: converge respec-
tively in (L?)- to the left-handed sides of (i) and (ii). On the other hand,
by Rosen [17, Lemma 1 and p. 135] we see that «:. converges in (L?) to
the right-handed side of (i) and 8: converges pathwise to the right-handed
side of (ii). This proves the assertion. O

We cannot derive (1.2) directly from Theorem 4.1, since (x,, x,) —
x,/(x} + x2) is merely in L} (R?) not in L2, (R?. However, we can prove
(1.2) as follows. Let fu(y) = 1/2n)log(yf+ )}, 0<e< 1 and ye R.
For each x = (x,, - - -, x,,,) € R**~" and x, € R?, by Theorem 4.1 and Lemma
4.2 the following equality holds in (L?).

(4'3) IZ' fs(B(br+1) - B(tr) - x,)ot,(x, Qyy + vy Aoy dtr)

- jhr fs(B(arH) - B(tr) - xr)ar(x’ Qyy + -0y Ay dtr)
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br+1

(" wfoBe,.) — Be) - x)ats, -+, 0, dt)-dBLE,.)

ar41

+§j Uy — )t s, 3), @, - - b, )dy,
YE R2

where the last term is due to the definition of «,,, and the fact that 4f,
is a positive continuous function. Since

f (fe(y —Xx,) — 1 logly — x,\)z exp(——ﬂ)dy—) 0 for all s> 0,
yeR? or 2s

by Lemma 4.2 and (3.10) in the proof of Proposition 3.2 the left-handed
side of (4.3) converges in (L?) to that of (1.2) as ¢} 0. Since (4f.)(y) =
(oA« + &), 0 <e< 1, is an approximation to the identity on R? by
Rosen [17, Lemma 1 and its proof], the last term of (4.3) converges in
(¥ to «,,.((x, x,), a, -+, b,,,) as ¢ | 0. Therefore, the stochastic integral
term of (4.3) must also converge in (L?}). By the isometry property of
stochastic integrals, the limit must be of the form

T bty @)-dBE, 1, 0)

where ¢,(,.,, ») is the L¥dt,, X dP) limit of
br B(tr+l) - B(tf) - X

ar (271')(‘ B(tr+1) - B(tr) - xrlz + 82)

since (Ff.)0(y) = y/@Cr)(y* + ). Note that 1/(yP + ¢ 1 1/|y}. Thus, by
the monotone convergence, for a.e. ,,,

o B(tr+h (‘)) - B(tn (0) — X
ar (2”)|B(tr+1’ 0)) - B(tn w) - er

= ¢,(t,,,, ), which is of finite value for a.s. w.

a,(x, Ayy ~ 0y Qyy dtr)

ar(xa Qo0 8y dtr’ 0))

Hence, we have proved that the integrand of the stochastic integral in
(1.2) is well-defined and that (1.2) holds in (LY. O

§5. An explicit form of &.(x, T)

We have mentioned in §1 that, in the diagonal case, we intend to
substract off certain “infinite part” from «.(x, T) so that the remainder
&,(x, T) will have a jointly continuous extension to all (x, T)e R*"""X R,.
In this section, we shall discuss how (1.2) suggests an explicit form of
such a “cut-off’. We shall show that the explicit forms in Yor [23, r = 2]
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and Rosen-Yor [20, r = 3] can be extended to general r. Recall that

1
x|’

Renormalization of «,. For each r > 3, suppose that a,, - - -, &,_, have
been constructed. Set

xe R and x + 0.

af(x, T) = ay(x, T) —

N(x) = llog L, x#R* and x +# 0.
4 x|

Then, we can construct &, as follows.

(5'2) &r(xl’ ey X T) - ar(xl’ Ty Xy T)

- Zr: N(xi)&r—l(xly crry Xy T)

1=1
&y J

r P e W
Z N(xi)N(xj)ar 2(x19 R xr—-b T)
G=

iy 1

, i 4k
Z N(xi)N(xj)N(xk)&r—s(xh ] xr—-l’ T)

zjkl

(xx) - N(x,_)T;

. /‘J\-‘_\ . . .
in the above, x,, ---, x,_, indicates that the i-th one has been deleted.
etc.

Thus, in case r = 3, we have

5.3 &y, % T) = ey, 2 T) — l log lll a2, T)
Xy
1o L ae, ) = Taog L 101
T |, ? | %] lle

which is consistant with the one obtained by Rosen-Yor [20]. We show
in the below how to obtain &, from &, and & by using Theorem 1.1 (it
is in the same way to obtain &, from &,). First, we may rewrite (1.2) as
follows. For each T > 0, each x,, %,, x,€ R? and x, = 0, with probability
one

(5.4) r log | B(T) — B(t) — %|as(x,, %y, dt)

— LT log | B(f) — B(t) — x| (2, %, di)

B(u) B(t) X,
j I » 1B(w) — B() — x| oty(%y, %y, dB)-dB(u) + wo (%, Xg, %5, T).
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The proof of the above equality is parallel to that of (1.2), with the simple
observation that lim,,(1/f) exp (—a?/2t) = 0 for all a 0. Now, we write
ay(xy, %y, dt) = ay(xy, x,, dt) — Ny(x,, x,, df), where N, denotes the “infinite
part”. Thus, we have, by (5.4),

(5.5) j: log | B(T) — B(t) — x| @y, %, dt)

— r f" B(u) — B(t) — %
0o [B(u) — B(t) — x|

2 l’:i,.'i(xl’ Xy dt) 'dB(u)

= na(x;, Xy, %3, T) — log

L ] &3(x17 X, T) - ].Og 1

X3 £

—{[" 1081 BT — B®) - 2N, %, i)

7 (v B(u) — B(t) — x, |
o Jo [B(w) — BGt) — x,f Ni(,, x,, dt) dB(u)}_

l N3(xl, x27 T)

Since
1 1 .
Ns(xu X, dt) = — 10g 052(x2, dt)
i EA
+ Liog L ayx, d
77-' [ X,
+ 1 log 1 log Ldt ,
4 [ X1 | 2, |
and

G =a—N, N dt)=LlogLdt,
m | x|
we see that the last term of (5.5) is equal to

1 10g L{LT log | B(T) — B(t) — x|y, di)

T EA
_ f f B(w) — B(#) — x,
o Jo 1B(w) — Bt) — x|
+ Liog {j “log | B(T) — B(t) — x| ax(x,, df)
T |2,| Wo

_ J‘TJ‘“ B(u) — B(t) — x,
o Jo 1Bw) — BO) — x|
1

+Ltog L 1og- 1 {rlong(T)—B(t)—x3|dt
* | 24| |x,] Wo

_ I g J " B — B®) — x, dt-dB(u)}
oJo |B(u) — B(t) — x5

o, dt).dB(u)}
1 1

s dt)-dB(u)}
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— L log - {rau(w, w, T) — log —*—anfx,, T))
™ x| EA
+ "1— log 1 {ﬂas(xn x5, T) — log ! oy, T)}
T | x| [ X
+ —}2— log 1 log {mxz(x,,, T) — log —LT} ,
T [x| | %, X3

by (5.4) with @, and «, being replaced by «, and a,.
Substituting  a,(x;, ., T) = @(x,, %, T) + Ny(x,, x,, T) etc. into the
above display, we see that the right-handed side of (5.5) is equal to

mor (%, %Xy, %5, T) — log 1 I é5(25, %, T) — log Il (2, X, T)
1 2
— log L (%, X, T) — 1 logw1~ log 1 (%, T)
X, T |2 | 2, ,
—Liog L 1og 1 am, ) — Liog- L log 1 oax, T)
T [ EA T [ 2, | %,
— lz log 1 log 1 log 1 T,
T EA | X, | [ Xs ]

which we shall denote by ra,(x,, x,, x;,, T). This is just the form &, which
we intend to find.

Now, we consider the left-handed side of (5.5). The following two
multiparameter functionals are well-defined for 77>0, 0<e< 1 and
x, e R

0T, &, %, 3, ) = [ log (B(T) — BO) — i + &), %o di)

. (. Bw-BO-—x ,
0T e, 5, 2 0) = | [ By B iy s 5 40 B

According to Rosen [17], to show that the left-handed side of (5.5) is
jointly continuous in T and x,, x,, x; it suffices to show that for any even
integer m

/
E|¢i(Ty €, Xy, xZ? xs) - d)i(TI: 6,, x{y x;7 x3) lm
< Cm,al(Tr €, xly x2y xa) - (T/7 8,, x;’ x;’ x;)‘ma’
where « is some positive real number independent on m. However, since

the above display involves the higher moments of random variables, it
seems that we cannot establish it by merely using white noises analysis,
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although the latter does have helped us to prove (1.2).
Finally, we mention that the renormalizations of «,(x, T') have also
been investigated by Dynkin [3] and Rosen [19]. We do not know

whether these seemingly different renormalizations are in fact mutually
inducible.

Add in the proof. It has been found that the arguments for prov-
ing Proposition 8.1, especially Lemma 3.1, are not perfectly right. The
corrections together with some improvements will appear in “A W.N.C.
Viewpoint on Intersection Local Times” (Proceedings on Gaussian Random
Fields Conference, World Scientific 1991).
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