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ON SEGRE PRODUCTS OF AFFINE SEMIGROUP RINGS
LE TUAN HOA

§0. Introduction

Let N denote the set of non-negative integers. An affine semigroup
is a finitely generated submonoid S of the additive monoid N™ for some
positive integer m. Let k[S] denote the semigroup ring of S over a field
k. Then one can identify A[S] with the subring of a polynomial ring
k[t, -, t,] generated by the monomials ¢* = .- .o, x = (x,, - - -, x,,) € S.

Let @ denote the field of rational numbers. Let ¢: @™ — @ be a linear
functional such that ¢(S)SN and o(x) = 0, x € S, implies x = 0. Then one
can define an N-grading on k[S] by setting deg ¢ = o(x) for all xe S.
Such a procedure is called specializing to an N-grading [13, p. 190].

If TCN" is another affine semigroup and E[T] is specialized to an
N-grading by a linear functional r: Q" — @, then one can define a new
affine semigroup WCN™ X N* by setting

where F denotes the set of all elements (x, y) € @™ X Q™ with a(x) = <(y).
We call k[W] the Segre product of the N-graded rings k[S] and k[T] with
respect to ¢ and r (cf. [9, p.125]). The class of rings of the form k[W]
includes, for example, the usual Segre product of polynomial rings, the
Segre-Veronese graded algebra and the Rees algebras of certain rings
generated by monomials. Several authors have been dealt with the
Cohen-Macaulayness and the Gorensteiness of Segre products of special
classes of affine semigroup rings [1], [2], [3], [4], [16].

The main result of this paper is a combinatorial criterion for k[W]
to be a Cohen-Macaulay (res. Gorenstein) in terms of S and T (Theorem
2.1). It is based on a combinatorial criterion of [16] for an affine semi-
group ring to be Cohen-Macaulay (res. Gorenstein) which uses certain
simplicial complexes associated with the affine semigroup (see Section 1).
We shall see that the associated simplicial complexes of W are the joins
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of the associated simplicial complexes of S and 7. This fact gives a
topological meaning to the Segre product of affine semigroups and will
play an essential role in the proof of the main result of this paper. If
one of the rings k[S] and k[T] is Cohen-Macaulay and ¢(S) = «(T) = N,
the conditions of our criterion turn out to be rather simple (Theorem
3.1). From these conditions one can easily derive the results of [1], [2],
[4], [16] on the Cohen-Macaulayness and Gorensteiness of Segre products
of certain affine semigroup rings. Moreover, as a by-product of our in-
vestigation, we can also show that the Buchsbaumness of affine semigroup
rings is dependent upon the characteristic of the basic field (Proposition
4.1). This is of some interest because only polynomial rings modulo ideals
generated by square-free monomials were known to possess the same
property [11]. (Cf. [10] and [16] for the Cohen-Macaulay case).

§1. Preliminaries

In this section, we recall some basic facts on affine semigroup rings.

Let Z denote the set of integers. Let G(S) denote the additive group
in Z™ generated by S and put r = rank, G(S). In this paper, we always
assume that r>2.

If A and B are subsets of G(S), A + B denotes the set of all elements
of the forms e + f with ec A, f¢ B, respectively. Consider the elements
of S as points in the space Q™. Let %, denote the convex rational poly-
hedral cone spanned by S in @™ Then %, is r-dimensional. Suppose
that P,, ---, P, are the facets of ¥, i.e. the (r—1)-dimensional faces of
%s. Set

S, =S —SNP,,
s =AS8,.
=1

Further, let [1, p] denote the set of the integers 1, -.., p. For every
subset J of [1, pl, set

;= ﬂ Sz\U Si,
1ed ied
and let z5 denote the simplicial complex of non-empty subsets I of J
with the property (M),e; SN P, = (0). Note that z¥ is called acyclic if the
reduced homology group ﬁq(n§; k) vanishes for all g > 0.
There is the following criterion for an affine semigroup ring to be
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Cohen-Macaulay.

Lemma 1.1 [16, Main Theorem]. Let S be an arbitrary affine semi-
group. Then k[S] is a Cohen-Macaulay (res. Gorenstein) ring iff the following
conditions are satisfied:

(i) S’ = S (res. there exists an element x ¢ G(S) such that Gf ,; = x
— 8).

(i) For every non-empty proper subset J of [1,p]l, G5 = & or =5 is
acyclic.

If S = S’, there is even a description of the local cohomology modules
of k[S] in terms of G5 and =#5. To formulate it we need some more

notations:
Given two Z™-graded modules M, and M, over k[S], one can define

the Z™-graded Segre product
Ml @ MZ: = g—%m [Ml]:c ®k [M2]z )

where [M,], and [M,], denote the x-graded piece of M, and M,. Obviously,
M, ® M, can be considered as a Z™-graded module over E[S] = £[S]QE[S].
Note that if A, B are arbitrary subsets of G(S) such that A + SC A,
B 4+ S C B, then k[A] and k[B] can be considered as Z™-graded modules
over k[S] and

R[A] @ k[B] = k[ANB].

Let Dy, denote the complex

d
0——> D ,—> Dy, 0,

where D% ,:= E[G(S)], Dk,,:= k[G(S)\S,], and d is the canonical map
from k[G(S)] to E[G(S)\S,] = k[G(S)]/k[S,], i=1, ---,p. Put

Ds:= D5, ® -+ ®Ds,,,
which consists of the terms

Di= @ Ds;= @ k[GISNUS].
e e

For simplicity, set z5 = zf ,;. Let Ds denote the subcomplex of Dy con-
sisting of the terms
Dis:= @ Ds .,

I¢zS
#I=7
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j>0. Then we have

Lemma 1.2 [16, Lemma 3.2]. Suppose that S’ = S. Put my,:= k[S\(0)].
Then

Hi(k[S]) = H'(D;s)
for all j > 0.

In particular, one can express the graded piece [H](E[S])], in terms
of some simplicial subcomplexes =5 of z° as follows.

Lemma 1.3 [16, Theorem 3.3]. For every xe G(S), set
Joo={iell,pl; xeS}.
Suppose that S’ = S. Then
(Hi(RISD). = H,o(x5,; k)
for all j > 0.

Note that the set of all elements x € G(S) such that J, = J for some
fixed subset J C [1, p] is just the set G5 (cf. [16, Corollary 3.7]).

§2. Main result

Using the notations of the preceding sections, the main result of this
paper may be formulated as follows.

THEOREM 2.1. Let p and q are the numbers of facets of €5 and %,
res.. Then k[W] is a Cohen-Macaulay (res. Gorenstein) ring iff the follow-
ing conditions are satisfied:

1) oS \S)N(T) = @ and «(T'\T)No(S") = & (res. there exist ele-
ments x ¢ Gf ,; and ye Gf ,; with o(x) = =(y) such that

ao(Gim\(x — NNe(Gh) = @,  «(Ghg\(y — THN(GE ) = D).

(1) For every pair of subsets I<[1,pl, JZ (1, q] such that (I,J) +
(2, ), (11,p], [1, q)) and

o(GHN(GD) + D,

either =% or =% is acylic.

To prove Theorem 2.1, we need some auxiliary considerations.

Let P,, ---,P, and @, ---, @, denote the facets of ¥; and %, respec-
tively. Since:
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(ng(ng(gT)ﬂF,
%w has the following p + g facets:

{(Pix(gT)ﬂF’ i=1,"'9p$
' ((gsti—p)ﬂF, I’=p+19,p+Q'

LemmA 22. Put W, =W —-WNE,i=1,---,p+q. Then

_{(SixG(T))nF, i=1 ...p,
p (G(S)XTi_p)ﬂF, i=p+1..-,p+q.

Proof. We only need to prove that
W, = (S, X G(T)) N F.

The conclusion C is obvious. Conversely, each element of (S, X G(T))
N F has the form (s —s, t — ), with seS, s,eSNP, ¢, *e¢T and
o(s —s) = ot — ). We may assume that s, 0, ' 0, Then u = o(s,)
>1and v=¢(¢) > 1. Hence

(s—s,t—t)=(6+@W—1Ds, —vs, t + (u— Dt/ — ut))
= (S + (U - 1)817 t+ (u - l)t,) - (USI, ut/) € Wl ’

as required.

LeEmMA 2.3. Let K be an arbitrary subset of [1,p + q]. SetI =K N
[1,p]l and J ={i — p; i€ K, i >p}. Then

(1) G%¥ =(Gf X GH N F,

(1) =% = =t «a? (the join of =5 and =% (see [12])).

Proof. (i) Straightforward.
(ii) By the definition of z¥, #$, and z7, it suffices to show that

N WnNE,+(0) iffﬂISﬂPiq&(O)
1€EK 1€

and (N;e, T'N Q; # (0). First note that

NWnNE, =((@sn P) X rn Q) NF.

1EK
Suppose that (,cx W N E, contains an element (x,y) # 0, x€ (e, SN P,
and y e (M;es TN Q; with g(x) = z(y). Then x + 0 and y + 0 because o(x)
=2(y) =0 iff x =y =0. Conversely, if (;c;,SN P, and (,e, TN Q;
contain elements x = 0 and y = 0, then (z(»)x, ¢(x)y) is a non-zero element
of Miex WN E,.
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Proof of Theorem 2.1. Note that S’ = G5, T = G;. Then, by Lemma
2.3(1),

W = (S/ X T/) N F’ Ggl’,pw] = (Gfglyp] X Gg‘l,p]) ﬂ F'

Hence it is easy to check that W/ = W (ves. Gf{ ,,,; = (x,y) — W for some
element (x, y) € G(W)) iff condition (i) of Theorem 2.1 is satisfied. Let K
be an arbitrary non-empty proper subset of [1, p + q] and I, J as in Lemma
2.3. Then, by Lemma 2.3(31), G¥ = @ iff o(G5) N «(G%) = @. Moreover,
using Lemma 2.3(i1) we get
H(f k) = 3 Hixis k)@ H xls k)
i+ j=5—

for all s > 0 by [5, p.126]. Therefore, ny is acyclic iff z§ or #7 is acyclic.
Now, we can conclude that condition (ii) of Lemma 1.1 formulated for W
is equivalent to condition (ii) of Theorem 2.1. Hence, the statement fol-
lows from Lemma 1.1.

Remark. The canonical module of 2[W] can be expressed in terms
of the ones of k[S] and R[T] as follows. By Lemma 2.3 and [16, Corollary
3.8].

ng(k[W]) = k[(G[Sl,p] X val,q]) n F = k[G[i,p]] @k[GE‘l,q]] s
where d = dim E[W], m, = E[W\(0)]. Hence
Kk[W] - Kk[s] @ Kk[TJ )

where Ky, Kys, and Ky, denote the canonical Z-graded modules of
k[W], k[S], and k[T1], respectively.

The following example show that k[S] and k[T'] needn’t to be Cohen-
Macaulay and even Buchsbaum rings if their Segre product with respect
to some Z-gradings is a Cohen-Macaulay ring.

ExampLE 2.4. Let S < N*® be generated by four elements (5, 0), (4,1),
(1, 4), and (0,5). Then E[S] = k[, tit,, t,t:, £5] is the homogeneous coordi-
nate ring of a double projection of a Veronese variety. It is easy to see
that k[S] is not Cohen-Macaulay. By [15], R[S] is even not Buchsbaum.
Let k[S] be specialized to and N-grading by the linear functional ¢: Q"
— @, a(x,, x,) = (x, + x,)/5. Then we have

o(S\S) ={1,2}, 0(G5)=9(S)=N,
0(Giy) ={seZ; s< —1}.
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Let T = N? and let k[T'] = k[t t;] be specialized to an N-grading by the
linear functional z: @* — @, z(x,, x,) = 3(x; + %;). Then T’ = T and

o(T") = «(GF) = {0,3,6, -},
T(G[T;,zj) = {——- 3, —6, - } .

Hence, by Theorem 2.1, the Segre product of 2[S] and £[7T] is a Cohen-
Macauly ring.

Now it is natural to ask about properties of N-graded affine semi-
group rings whose Segre products are Cohen-Macaulay rings.

To give a partial answer to this question, we shall need the notation
of generalized Cohen-Macaulay rings (see [6]). Let(A4, m) be a Noetherial
local ring. Then A is called a generalized Cohen-Macaulay ring if
(HYA)) < oo for i =0, --., dim A — 1. This notation is a generalization
of that of Buchsbaum rings and many interesting properties were known
above them. An affine semigroup ring £[S] is called a generalized Cohen-
Macaulay ring if the localization of k[S] at the maximal ideal m, =
k[S\(0)] is a generalized Cohen-Macaulay ring.

CoroLLARY 2.5. Suppose that ¢(S) = «(T) = N. If k[W] is a Cohen-
Macaulay ring, k[S] and k[T] are generalized Cohen-Macaulay rings.

Proof. By the definition of S’ and 7" one knows that every element
of S’ res. T” lies in the rational convex cone % res. €r. Hence ¢(S’)
= N res. 7(T") = N if 6(S) = N res. «(T) = N. From this and by condi-
tion (i) of Theorem 2.1 one easily gets S = 8’ and T = T’. Hence, by
Lemma 2.3, H} (k[S]) is concentrated in degrees o(x), x € G7 for some I <
(1, p] with H, (z5; k) # 0, i < dim k[S]. Since =¥ and =" are not acyclic
[16, Corollary 3.6], from condition (ii) of Theorem 2.1 we get

U(GIS) ﬂ T(GS,([] = @ .

Note that if y is an arbitrary element of Gf ,, = G(T)\UL, T, then
y — z also belongs to Gf,,; for all ze T. Since «(T) = N, we can find an
integer s such that (G, contains the set of integers <s. Hence o¢(G?)
contains only integers >s. By [17, Lemma 2.2] we can conclude that
i (R[S]) is finitely generated. Hence k[S] is a generalized Cohen-Macaulay
ring. Similarly, one can also show that E[T] is a generalized Cohen-
Macaulay ring.
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§3. The case one ring being Cohen-Macaulay
In this section we will consider the case k[T'] being a Cohen-Macaulay

ring with #(T) = N. We shall see that the conditions of Theorem 2.1 can
be simplified by means of the following invariants of S and T:

a(8): = maxa(Gf,,) ,

a(T) := max «(Gf, ) -

TueoreM 3.1. Suppose that k[T] is a Cohen-Macaulay (res. Gorenstein)
ring with «(T) = N (res. ¢(S) = o(T) = Nor «(T N Q,) = N for all ic[1, q]).
Then Ek[W] is a Cohen-Macaulay (res. Gorenstein) ring iff the following

conditions are satisfied:

(i) 8" =8 (res. G, = x — S for some element x e G(S) such that
a(x) = o(T)),

(ii) a(S) <0,

(i) «T) <0,

(iv) For every non-empty proper subset I of [1,p], o(G?) < [a(T) + 1,
— 1] or =¥ is acyclic.

We shall need the following consequences of the condition z(7T) = N.

LEmmA 3.2. Suppose that =(T) = N. Then
(i) a(S"\S)N«(TY=@ iff S’ =8S.

(ii) «(Gh,p) ={seZ; s< a(T)}.

(ili) For an element x € Gf, ,; with o(x) < a(T),

a(Gi\(x — S) N «(GlL.) = @
iff G5, =x— 8.

Proof. To (i). See the proof of Corollary 2.5.
To (ii). Let xe Gf,,; such that z(x) = a(T). Since

ha = GONU (T — TN Q),

x —yeGh,, for all ye T. Since z(y) can be any non-negative integer,
we see that (Gl ) = {se€Z; s < a(T)}.

To (iii). We only need to prove the implication =>. Since x ¢ Gf
x — S C Gf,,; as shown above. It remains to show that G ,,\(x — S) = &.
If ue Gi ,\(x — S), then o(u) > a(T) because of (ii) and (G, ,\(x — S))
N «(Gi,y) = @. For eachi =1, ---, p, one can choose a non-zero element
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s, in SN P,. Replacing s, by ns, for n sufficienlty large, we may assume
that a(s,) > — a(T) 4+ o(v). Then u — s,€ Gf,; and o(u — s,) < a(T) for
al i=1, ..., p. From this and by (i1) it follows that u — s,e x — S for
all i =1, ---, p because

o(GS o\ — ) N =(Gh ) = @ .
Hence

x—ue(S—SNP)=5.
i=1

Hence o(x — u) = o(x) — o(u) > 0 because ¢(S’) T N. Since o(x) < a(T),
a(u) < a(T), a contradiction.

Proof of Theorem 3.1. First we will prove that condition (i) is equi-
valent to condition (i) of Theorem 2.1. By Lemma 1.1, 7" = T res. G ,
= y* — T for some y* e G}, ,; (note that z(y*) = a(T)). Hence the neces-
sary part of the statement is trivial. For the proof of the sufficient part
of the statement, we note that the Cohen-Macaulay case follows from
Lemma 3.2(1). Concerning the Gorenstein case, let x € Gf ,; and y e Gf, ,,
such that ¢(x) = z(y),

o(Gi.o\(x — 8) N «(GL,) = T,

and

W(Gha\(y — 1) No(Gi ) = D -

Since g(x) = =(y) < o(T), by Lemma 3.2(iii) we have G ,; = x — S.

If ¢(S) = N, then again by Lemma 3.2(iii), Gf,,; =y — T. From this
it follows that z(y) = a(T). Since d(x) = (), o(x) = a(T).

If«(TNQ)=Nforalli=1, .., q, we also have o(x) = =(y) = o(T).
Indeed, by Lemma 1.1, G}, = y* — T for some y* e G(T) (z(y*) = a(T)).
We shall show that y = y*. Write y = y* — ¢ for some ¢ ¢ T, and assume,
without restriction, that T is a standard affine semigroup, ie. TN @, =
{xeT; x,=0} for i =1, ---, q [16, Section 1]. If ¢ == 0, there is an index
ie[l, g] such that ¢, >0. Then TN N ¢+ T)=@. Hence (y* — T
NQR)N(y—T) = . That implies

V=TNR W —TNy—-T)=GL,\uy—T).
Note that z(y*) = a(T). Then

(GL N —TN2e(y* —TNQ)=al) —=«(TNAK)
={meZ,m<a(T).
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On the other hand, since Gf ,; = x — S, 0(G§;;) contains sufficiently small
negative integers. Therefore,

o(Gip) N o(GL N\ — T) # O,

a contradiction. So we must have y = y*, as required. Thus, we have
proved that (i) is equivalent to condition (i) of Theorem 2.1.

Further, by Lemma 1.1, for every non-empty proper subset J of
[1,q], GY = @ or z% is acyclic. Hence it remains to check condition (ii)
of Theorem 2.1 for every subset K of [1, p + q] such that KN [p + 1,
p+agl=CorKD[p+1L,p+gql. Pt I=KnNI[L,pl. IfI= g orll,pl
one has to check the conditions

G(Gﬁ,p]) m T(T,) = @ ’
o(S) N «(Ghp) = T .

Since «(T") = N and (Gf,,) = {s€ Z; s < a(T)}, these conditions are equi-
valent to (ii) and (iii), respectively. If I is a non-empty proper subset of
[1, p], one has to check the condition

cGHN(T"UGhL ) =0,
which is equivalent to (iv).

Remark. One can not delete the assumption o(S) =(T) =N or
(TN Q)= Nfori=1, .-, qin the Gorenstein case of Theorem 3.1. For
example, let S = T < N* be the affine semigroups generated by (4, 0), (0, 4),
(1,1) and let R[S] (res. E[T']) be specialized to an N-grading by the linear
functional ¢: (x, x,) — x, + x, (ves. z: (x;, x;) — (x;, + x)/2). Then «(T) = N
and ¢(S) = (TN Q) = (TN @,) = 2N. By Theorem 2.1, one can easily
check that the Segre product kE[W] of k[S] and k[T] is a Gorenstein ring,
although Gfy=(—1,—1) —Sand o((— 1, - 1)) = a(S) = —2<a(T) =
— 1.

CoroOLLARY 3.3. Suppose that k[S] and k[T] are Cohen-Macaulay (res.
Gorenstein) rings with ¢(S) = «(T) = N. Then k[W] is a Cohen-Macaulay
(res. Gorenstein) ring iff a(S) <0 and a(T) <0 (res. a(S) = a(T) < 0).

Proof. The proof immediately follows from Theorem 3.1 and Lemma
1.1.

To illustrate the use of Corollary 3.3 we conisder the so-called
Segre-Veronese graded algebras [2]. First, recall that the Veronese k-
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algebra of type (n, d) is the ring generated by all monomials of degree d
in n variables over k. It is the semigroup ring of the affine semigroup

S(n, d) = {xe N*; %, + --- 4+ x, = 0 modulo d}.

It is well known that k[S(n,d)] is a Cohen-Macaulay ring. %gsu.q
has n facets and it is easy to see that

Gy ={xeZ"; x,+ -+ + x, =0 modulo d and x, <0, i=1, ---, n}.

Hence, using Lemma 1.1, one can check that k[S(n, d)] is Gorenstein iff
n = 0 modulo d (see also [2], [8]). k[S(n, d)] has a natural N-graded struc-
ture corresponding to the linear functional x — (x, + --- + x,)/d.

A Segre-Veronese graded algebra is the Segre product of Veronese
algebras [2] with respect to this natural N-graded structure.

CoroLLARY 3.4 ([1], [2]). The Segre product k[W] of the Veronese al-
gebras k[S(n, d)], ---, k[S(n,, d,)] is a Cohen-Macaulay ring. It is
Gorenstein iff

nd, = --- =n,/d,eN.

Proof. The proof immediately follows from Corollary 3.3 and Lemma
2.3 (i) by induction on r.

Note that the statement that Segre products of polynomial rings are
Cohen-Macaulay [4] is only a consequence of Corollary 3.4.

One can also use Theorem 3.1 to study the arithmetically Cohen-
Macaulayness res. Gorensteiness of the blowing-up of a projective mono-
mial variety. For every affine semigroup S < N™ such that E[S] can be
specialized to an N-grading by a linear functional ¢, one can introduce
the following affine semigroup

S,:={(x,))e N**'; xe S and o(x) > i}.

k[S,] is isomorphic to the graded algebra @;.,I, where I, denotes the
ideal of k[S] generated by elements of degree >i. Especially, if S is
generated by elements of degree one, then E[S,] is the Rees algebra of
k[S].

It is not hard to see that k[S,] is isomorphic to the Segre product of
k[S] and k[¢, t,] = k[N?] (with the natural N-graded structure). Hence one
can apply Theorem 3.1 to give a criterion for £[S,] to be Cohen-Macaulay
(res. Gorenstein) in terms of S.

CoroLLARY 3.5 [16, Lemma 4.8]. Let S, be as above. Then k[S,] is a
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Cohen-Macaulay (res. Gorenstein) ring iff the following conditions are
satisfied:

(i) S’ =8 (res. G, = x — S for some x e G(S) with o(x) = — 2),

(ii) a(S) <0,

(iii) For every non-empty proper subset I of [1, pl, o(G?) < {— 1} or
7§ is acyclic.

Proof. Put T = N’ and let ¢ denote the linear functional (x,, x,) —
x, + x,. Then it is esay to see that

TNQ, ={0,x); e N},
TN Q, = {(x,0); x,e N},
GE;J] = {(xh zZ)GZZ; Xy < 0 and Xy < O} = (_— 1, — 1) . T.

Thus k[T] is a Gorenstein ring with a(T) = — 2 and «(T) = «(T' N Q,)
=7(TN Q) =N. Hence the statement follows from Theorem 3.1.

§4. Buchsbaumness of affine semigroup rings

In 1976 Reisner [10] obtained the surprising result that the Cohen-
Macaulayness of polynomial rings modulo ideals generated by square-free
monomials is dependent upon the characteristic of the ground field. Later,
Solcan [11] showed the same phenomenon for the Buchsbaumness of such
rings. By [16] we also know that the Cohen-Macaulayness of affine semi-
group rings is dependent upon the characteristic of the ground field.
However, one was unable to establish the same phenomenon for the
Buchsbaumness of such rings. Now, it will be done by applying results
of the preceding sections.

Recall that a local ring A with maximal ideal m is called a Buchsbaum
ring if for every system of parameters x,, ---,x,(d =dim A > 0) of A

(o, oy X)X = (X, -0, X)) M,

fori=1, ...,d.

Here, we will need the following properties of Buchsbaum rings:

(i) Let (A, m) be a Buchsbaum ring of dimension d > 0. Then
mH}(A) =0 for all 0 < 1 < d [14].

(i) Let %k be a field, A = ®,.,[A], a Noetherian N-graded ring with
A, =k and m = @,.,[4],. Suppose that there is an integer n such that
for 0<i<d=dim A and for every j = n

[Hi(A));, =0.
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Then A, is Buchsbaum [7]. In this case, we will also say, for short, that
A is a Buchsbaum ring.

ProrpositioN 4.1. There exists an affine semigroup ring such that it
is non-Cohen-Macaulay Buchsbaum if char (k) == 2, but it is non-Buchsbaum
if char (k) = 2.

For the proof, we consider the following two examples.

ExampLE 4.2. Let 4 be the simplicial complex associated with the
minimal triangulation of the projective plane:

Then 4 can be considered as a subcomplex of the simplicial complex 4, ;
of non-empty subsets of [1,6]. 4, ,\4 has the following 10 minimal
simplexes: {1,2,3}, {1,2,4}, {1,3,5}, {1,4,6}, {1,5,6}, {2, 3, 6}, {2,4,5},
{2, 5, 6}, {3,4,5}, {3,4,6}. Consider the system of linear equations

6(x, + x; + x)) = x, + x5 + x; + 15x;
6(x; + 2% + %) = %, + x5 + % + 15x,

6(xs + x, + %) = X, + X 4+ x5 + 15x,

where the i-th equation corresponds to the i-th minimal simplex of 4, \4
in the above order. Let S be the affine semigroup of solutions x € N'® of
this system of linear equations with x, = x, modulo 16 for all ,j e [1, 16]
and x, = 1, 3 for all ie[1,6].

Similary as in [16, Section 5], one sees that dim S =6, S’ = §, G 4
={1, --,1, 3, ---,3)}, i,y = 4 and that for every non-empty proper
subset J == [1, 6] of [1,16], G5 = @& or #§ is acyclic. Note that

0 if g1,

I:IA;Z =
o ) {Z2 ifqg=1,
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and that
H(d; k) = (H(4; Z) @, k) @ Tor, (H,((4; Z); k)
for all g > 0 (the universal coefficient theorem [12]). Then, by Lemma 1.3,
Hi(k[S] =0
for i + 3,4, 6 and

if h = h, or h,,

[H: (RIS, = [H(RISD], = {Zz®z oo
0 if h = hy, h,,

where h;:= (1, ---,1) and h,:= (3, ---, 8) are elements of G(S). Thus,
k[S] is a Cohen-Macaulay ring if char (k) &= 2.
If char (k) = 2, let h, denote the element (2, ---,2) of S. Since

EifICTL6],

DSIthSIh: :
L ,]1 L ']3 {O if I¢I[1,6],

the multiplication by A, induces an isomorphism of complexes:

[D:d,, > (Disl,, -
Since by Lemma 1.2,
[(H,(k[SD]. = H([D;sl.)
for every element x e G(S), we get
h[H (kIS]),, = [His(R[SD],, -

In particular, h,-[H:(R[SD],, # 0. Therefore, E[S] is a non-Buchsbaum
ring.

ExampLE 4.3. Let S be as in Example 4.2, and let ¢ denote the linear
functional

(% -y X)) > (2, + -+ x,0)/16.
Then o(G§) = 0(S’) = N and o(G§) = {1, 3}. Moreover, since

16
Gfgl,w] = G(S)\}:Jl Si

={xeG(S); x, <0 or x,=1,3 for i e[1, 6], x, <O for j e [7, 16]
and x;, = x; modulo 16},

it is easy to see that o(Gfl ) = {meZ; m < — 1}
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Now let T'S N* be the affine semigroup generated by (3,0), (2, 1),
(0, 3). Let E[T] be specialized to an N-grading by the linear functional
7: (%5, %) = (%, + %,)/38. Then by Lemma 1.1, it is easy to see that R[T] is
a Cohen-Macaulay ring and «(T) = N and «(Gf,) = {meZ; m < 0}.

Let kE[W] denote the Segre product of k[S] and k[T] with respect to
the functionals ¢ and r. By Lemma 2.3, Example 4.2, and the above
formulas, there are only two non-empty proper subsets K of [1,18] such
that G¥ # @ and 7Y is not acyclic. They are [1, 6] and [17, 18]. We have

Gg’,e] = {(hh x), (hy, %55 %y, %€ T, o(x,) = 1 and z(x,) = 3},
GE)IVY,IBJ = {(07 Ty 0> 1’ - 1)} .

where h,, h, are as in Example 4.2.
Since W = W/, by Lemma 1.3 and [16, Corollary 3.6] we ger

H; (k[W]) =0
for i ~ 2,3,4,7 and

[‘HH?W'(k[W])]w = {k I w= (0’ ot ',O: 19 - 1)’
0 ifwi(oy"'yovl’—l)’

Z, R,k if weGllg,

(2, (KW D], = [H,:,,,<k[W1>]w:{ I
[1,6] *

From this it follows that k[W] is a non-Cohen-Macaulay Buchsbaum ring
if char (k) # 2. If char (k) = 2 one can see, similarly as in Example 4.2,
that k[W] is non-Buchsbaum.
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