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BOUNDARY BEHAVIOUR OF EXTREMAL
PLURISUBHARMONIC FUNCTIONS

STANLEY M. EINSTEIN-MATTHEWS™

1. Introduction

In [Mo.1], S. Momm studied the boundary behaviour of extremal plurisubhar-
monic functions by using the pluricomplex Green function g, of a bounded convex
domain £ in C" to exhaust the domain by a family of sublevel sets. Let £2 be a
bounded convex domain in C” containing the origin 0 € C” in its interior. The
pluricomplex green function of £ with a pole 0 € £ is defined by

(1.1) g,(z,0) :=supuz), z€ 2,

where the supremum is taken over all plurisubharmonic functions u:— [— oo, OI,
<0 on 2 with u(z) <log|z|+ 0(1) as z— 0. This function is plurisubhar-
monic and continuous on £2\ {0} if its restriction to the boundary 02 of 2 is
identically zero. It is clear that in this definition the point 0 € £ can be replaced
by any fixed point w € £.

The sublevel sets

(1.2) R,:={z2€ 02;4,2,0 <2, 2z<0,x€R

are convex sets by results of Lempert [Lem.l1]. Next consider the supporting
functions

(1.3) H,(2) = H, (2) := sup{Re<z, w>; go(w, 0) <z}, £ <0,z € C",

of {Q,},<o where <z, w> = z-w:=2"_ zw, and | z|| = <z, 2" is a norm on
C”. Consider a type of directional Lelong number defined by

. H,(O — H, (D
(1.4) 4,0 = lim _OC___}x_C

zTo

€ 10, + oo],
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where { € S:= {z€ C"; | z| = 1}. This Lelong number is used to measure the
rate of approximation of the boundary 92 of £ by the boundaries {982,},, of the
family of sublevel sets {£,},., in the direction of the vector { € S. Momm
showed that this lower semi-continuous function is connected with the boundary
behaviour of the Siciak extremal plurisubharmonic functions [Si.1]. Set H := H,
and consider

(1.5) Vyi=supu(z), z€ (",

where the supremum is taken over all plurisubharmonic functions # < H on C”
with

#(2) <loglz|+ 0Q) as z— co.

This is a continuous plurisubharmonic function and attains the value H on a com-
pact star-shaped set

1
= . < <
(1.6) Py, {RC,O-]_(gH(C), CES},
where the numbers €,({) € [0, + oo]. He then proved the following results.

THEOREM 1.1 [Mo.1]. Let  be a bounded convex domain in C” containing the

origin and with supporting function H defined in (1.4). Then there is a constant
C 21 such that 65 < A, < CEy.

THEOREM 1.2 [Mo.1]. For 2 a bounded comvex domain in C" containing the ovi-
gin and with supporting function H, the following statements ave equivalent:
(i) A, (or ) is bounded.
(ii) There is a constant C > 0 with 2 € 2, + C(— 2B, x < 0 where B:= {z €
C";z < 1} is the unit ball in C”.
(iii) There is a plurisubharmonic function v < H with v(z) <log|zll + 01) as
z— 20 yhich coincides with H on a neighbourhood of zero.

In this article we generalize S. Momm’s results to the larger class of bounded
linearly convex domains £ C c (see Section 2 for definitions) and use pluricom-
plex Green functions with a single pole w € £ to exhaust the domains. We also
consider bounded linearly convex domains having pluricomplex Green functions
with finite singularities. Here one should recall that linear convexity is a notion of

convexity which is intermediate between classical convexity and pseudoconvexity
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for bounded domains in C". These domains are defined using the linear structure
of C" and as such are not holomorphically invariant. Nevertheless, they have cer-
tain remarkable analytic and geometric properties (see [Lem. 2,4,5,6,7]). Their
complements can be represented as the union of complex hyperplanes.

First we give some relevant definitions and notations and then state the main
results of this paper. Let £ C C” be a bounded linearly convex domain with
boundary 0£. Consider for £ a pluricomplex Green function g,(*, w) with a pole
w € 2, wF 0 given by

(1.7 8oz, w) i=supu(2), z € Q,

where the supremum is taken over all # € PSH(®), # <0 on £ with
u(2) <loglz— w|+ OQ), as z— w and PSH(R) is the cone of plurisubharmo-
nic functions on £. This is a plurisubharmonic and continuous function when
go(z, w) restricted to 32 is identically zero. Lempert’s results [Lem.2] imply that
in this case the sublevel sets 2,:= {z € 2;g,(z, w) <z}, for <0,z € R
are linearly convex sets. Clearly £, € 2 for all x < 0 and each contains the ori-

gin 0 € C” in its interior. We define the supporting functions of the family
{Q,} <o by

(1.8) W, 2 =hy (0 :=sup(— log| ¢, + 2,6+ - + 2,0, <0, LeC™.

2€0,

This supporting function will be shown later to be a plurisubharmonic function
for all (¢, 2) € C" X C. Here we take { = ({,, ) € C™*" with ¢, € C\ {0} and
¢’ € C". Next we generalize to the case of finite singularities. Let W = {w;; w, €
2},1<j<m< o be a finite set of singularities with weights the numbers
vi={v(w) =y, >0},1<j<m<o. We define a pluricomplex multipole
Green function g,(z, W, v) by

(1.9) g0z, W, v) ' =supu2), z€ Q,

where the supremum is taken over all # € PSH(Q), # <0.on £ with
u(2) < X7 v loglz— w,; | + O(), as z— w,. The sublevel sets of g,(z, W, v)
are given by Q,:={z2€ Q;g,(z, W,v) <a}, x<0. It is clear that for all
<0, £2,C 8 and £, = Q for x = 0. However, for very small values of x <0,
the members of the family {£,},., may be disconnected. But since we are only in-
terested in those sublevel sets for which x is near O rather than near — © we
can overcome this difficulty by considering

(1.10) — oo < inf(x < 0; £, is connected) # 0.



68 STANLEY M. EINSTEIN-MATTHEWS

We call this infimum x,. For the purpose of this study, we restrict our attention
to the sublevel sets 2,:={z € Q; g,(z, W, v) < x}, for which the values of x
satisfy x, < 2 < 0, such that {QI}Z*Q(O is a family of connected sets. For this
family of sets we define the supporting functions as in (1.8) i.e.,

(1.11) A€, 2 = hy (O :=sup(—log| {,+z,{ + - + 2,4, 8.z, W, v) <),

for all 2, < 2 <0, { € C™ with { = (§, {) where £’ € C*, {, € C\ {0} and
each member of the family {2,}, .., contains the origin 0 € C” in its interior.
h(C, x) is again shown to be a plurisubharmonic function in all (£, x). To each of
the supporting functions there is associated a directional Lelong number given by

h(, 0 —h(, 2
-

(1.12) D,(0) := lim

x10

€ ]0, <],

where { € Q*:i={z e C"; h,(2) < o0},
Finally, for £ a bounded linearly convex domain in C" with supporting func-
tion h, we define the function ¥V : C" X 10, + 0] = R,, a > 0 by

V(0 =V, o) = supleQ); ¢ € a¥, ¢ < hy),

(for definition of the class £ see (5.0)).
With the notations above we can now state our main results

THEOREM 1.3. Let 82 be a bounded linearly convex domain in C”" which contains
the ovigin with boundary 082. Let hg, = hy: C"—= R U {0}, £ L0, be the support-
ing functions of the linearly comvex sublevel sets Q,'= {2z € Q; g,(2) < x} of the
pluricomplex Green function g, of 2 with a pole at the ovigin. If V,,: C"—=R,, a > 0,
are Siciak functions for hy = h, with respect to the class a¥, define for all { €
R :i={ze C"; hy(2) < o0}, the functions

a, :C" x 10, ©] >R,

by
a, (0 = inf(a; V(O = hy(0), a €10, ],
and
D,(0) = limM e [0, oo].
z,0

Then
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@, (0 =1¢19' (e, (€ 2

where D, denotes the directional derivative in the case of the supporting functions for
the pluricomplex Green function go(z, 0) at the point z = 2({) which minimizes |1+
C 2| for a given { € QF. This is unique if the boundary 02 is of class C* and the
hyperplane {-z = 1 is the tangent hyperplane to 082 at the point z.

The following theorems are corollaries of Theorem 1.3.

THEOREM 1.4. Let £ be a bounded linearly convex domain in C* containing the
origin with supporting function h defined in (1.8). Then theve exists a constant C = 1
such that a, () < Dge"” < Ca, (0, L€ Q*c C™ ="

THEOREM 1.5.  For a bounded linearly convex domain £ in c” containing the ori-
gin and with supporting function h defined in (1.8), the following statements are
equivalent
(i) Dg (or @) is bounded,

(i) There is a constant C > 0 with 2 € 2, + C(— x2)B, where B = {z€ C";
lz] <1},

(iii) There is a plurisubharmonic function v on C™*\ Q% with v(0 <log| | +
0(1) as {— 0, v < hy, on a neighbourhood of the boundary 82" of 2 and coin-
cides with hy on Q% € PX(C)\#,, where H, ts the complex hyperplane dual to
wE Q.

The organization of the paper is as follows. Section 2 gives a quick survey of
the necessary preliminary material on linear convexity often without proofs. Sec-
tion 3 is devoted to consideration of pluricomplex Green functions having several
singularities with Lelong numbers as weights. Section 4 gives background material
on complex Monge-Ampére operators and their relationship to pluricomplex Green
functions. Section 5 introduces the Siciak and Lempert extremal functions and dis-
cusses their properties. Sections 6 and 7 are the core of the paper devoted to con-
structions leading to the proofs of our main results.

2. Linear convexity

In this section we give a brief résumé of some of the important properties of
linearly convex sets which are a subclass of pseudoconvex sets, first introduced in
[Be-P.1]. Their definitions are modelled on the definition of convex sets by sup-
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porting planes. Linear convexity is a notion of convexity which is stronger than
pseudoconvexity and yet weaker than the traditional concept of convexity. Since
the concept of linear convexity is more natural in projective spaces than in C”, we
begin by reviewing some properties of the complex projective space P,(C) of com-
plex dimension # and its dual space P}(C). We shall first consider a general
situation. Let V be a vector space of finite dimension over C and let P(V) denote
the projective space of V, defined as the set of all equivalence classes Lz] of z €
V\ {0} with the equivalence relation z ~ w if and only if z = Aw for some A €
C\ {0}. The space P(V) has a natural quotient topology induced by the projection
II: V\N{0} = P(V), z— [2]. We call a subset W of P(V) of the form W :=
II(U\{0}), where U is a subspace of V of dimension k + 1, a projective subspace
of dimension k. W is a hyperplane if Kk =# — 1 and a projective line if kK = 1.
The natural pairing <-,*>: VX V*—= C: (z, ) — {z, { between V and its dual
space V™ establishes a bijection between the hyperplanes in V and the points of
V* Thus every hyperplane U in V containing the origin has the form U := {z €
V <z, © =0} for some £ € V*\{0}} where { is determined up to a non-zero
multiple of a complex number. As a consequence we can identify the class [{] €
P (V™) with the projection of U\ {0} and write [{] = {[z] € P(V); {z, & = 0}.
By duality there is a one to one correspondence between the points of P(V™) and
the projective planes in P(V). For every E C P(V) we define the dual comple-
ment E¥ € P(V™) of E by

(2.1) E*:={0 €P(V*;{, O #0, for all z€ E},

in other words, E™ is the set of all hyperplanes in P(V) which do not intersect E.
It can be easily shown (see [A-P-S.1]), that if £ < P(V) is an open set, then the
dual complement E* < PV is compact, and if it is compact, then E*is open.

DEFINITION 2.1, A subset E of P(V) is said to be linearly convex if its com-
plement P(V) \ E can be represented as a union of projective hyperplanes, or
. Kk
equivalently E°" = E.

Therefore, a linearly convex set is determined by its dual complement. Pre-
cisely, it is the dual complement of its dual complement. Here it is clear that we
should identify the hyperplanes in the space of all hyperplanes with the points of
the original space. This establishes the duality mentioned above. The dual comple-
ment is often called the projective complement. Indeed in [Ma.1l], it was called le
complémentaire projectif. The term dual complement was first used in this connection
in [A-P-S.1].
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If we choose [7*] € P(V™) we can in a natural way (see [A-P-S.1]), define a
unique affine structure on P(V) \ [] which is independent of the choice of [1*].
We call this ["] the hyperplane at infinity in P(V). If we now fix a point
[n] € P\ [5™], we obtain a linear structure on P(V) \ [5*] with [5] as the

: w T ° * g *
z,n > Lw,m > Ly,
way by a fixed choice of [n] € P(V) we can define a unique affine structure on
P(V*\ 5] and a choice of [7*] gives P(V*)\ [n] a linear structure with
[n*] as the origin. Next we set P,(C) := P(C™") and its dual P:(C) 1=
P(C"™™). We identify C” with an open set in P,(C) := P(C"® C) by mapping z
€ C” to the class [(z,1)]. If 2 is an open set in P,(C), we define 2 the compact
dual complement set in P:(C) as the set of all points, which viewed as hyper-
planes in P,(C), do not intersect 2. When 0 € £ then every hyperplane # with
AN Q=@ has a representation of the form #:={z€C";<{z, O —1=
0} so that we can identify 2 with {{ € C"™; (2, O # 1, Vz€ Q). It can be
seen as demonstrated in [Ki.3], that the concept of dual complement defined in

origin, by the rule [z] + [w] = [ ] In a similar

P,(C) can be realized from a similar notion for certain subsets of C'*"\ {0} or of
subsets of C" by simply adding the hyperplane at infinity and considering C" as
an open subset of P,(C). In the former case, let 2 be a subset of C'*"\ {0}. We
say that 2 is a homogeneous subset of C™"\ {0} if Az € Q whenever z € £ and
2 € C\{0}. To any homogeneous subset £2 of C'*™"
plement Q% to be the set of all hyperplanes # passing through the origin which
do not intersect &£. Since any such hyperplane has the form # := <z, {0 = {2,
+ Gz + -0 + Lz, = 0 for some £ € C\ {0} we can define

\ {0}, we define its dual com-

(2.2) Q%= {e C""\{0};<C, 2> # 0 for every z € Q.

2\ {0} is called linearly convex if C'*"\ 2 is a union

A homogeneous set £ in C
of complex hyperplanes # passing through the origin. Observe that a dual comple-
ment 2% is always linearly convex, and we always have Q%> 0 If a set Qs
linearly convex, then £ D Q¥ 11 9o Q**, then £ is linearly convex. Thus
linearly convex sets are characterized by £ D Q** as well as by 2 = Q.

We shall write z = (2, 2) = (25, 2,, . . ., 2,) for points in C"""\ {0} with
2, €C and 2 =1{z, ... ,z) €C" The homogenecous sets in C "\ {0}
correspond to subsets of the projective #-space P,(C) and so we can transfer the
concepts of dual complement and linear convexity to P,(C). In the open set where
2, # 0 we can use 2’ as the coordinates in P,(C).

Since every real hyperplane contains a complex hyperplane, it is clear that
every convex open set £ C C"is linearly convex. Recall that the complement of a
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complex hyperplane is connected. This makes linear convexity a much weaker con-
dition on open subsets £2 of C" than the usual notion of convexity.

THEOREM 2.2 [A-P-S.1]. Let 2 € C”" be a linearly convex set and assume that
Q% is conmected.
(i) If £ is compact, then it is polynomially convex.
(ii) If 82 is open, then it is a Runge domain.

DerFINITION 2.3. An open subset £ of P,(C) is said to be weakly linearly
convex if for every z € 08 there exists a complex hyperplane #, through z not
intersecting £2. A compact subset K of P,(C) is said to be weakly linearly convex
if it can be represented as K = ﬂ;l £, for some decreasing sequence of open
weakly linearly convex sets {2,}7,.

DEFINITION 2.4. An open subset £ of P,(C) is said to be locally weakly
linearly convex if for every z € 0% there exists a complex hyperplane through z
that does not intersect U, N & for some neighbourhood U, of the point z.

THEOREM 2.5 [Ho.]. If R is an open set in C, then the union I of all the com-
plex hyperplanes # < C"\ 2 is a closed set and C*\ T is linearly convex. It is the
smallest linearly convex open set containing 2. The components of C'\T are weakly
linearly convex, and if 2 is weakly linearly convex, then each component of £2 is a com-

ponent of C*\ T

PROPOSITION 2.6 [Ho.1].  Every locally weakly linearly convex open set 2 < C” is
pseudoconvex.

Pseudoconvexity is a local property. In general, weak linear or linear convex-
ity is not a local property. However, for sets with c' boundary weak linear or
linear convexity is a local property. Recall that at any boundary point the tangent
plane is then defined and it contains a unique affine complex hyperplane which is
the only possible candidate for the plane # in the definition of weak linear con-
vexity. We call this plane # the complex tangent plane.

ProposITION 2.7 [Ho.1). Let 2 € C", m > 1, be a bounded conmected open set
with a C' boundary, and assume that §2 is locally weakly linearly convex in the sense
that for every z € 08 there is a neighbourhood w, such that w, N X, N = @, if
H, is the complex tangent plane of 082 at the point z ; then Q is weakly linearly convex.
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Moreover, if € is any affine complex line contained n C", then € N 8 is connected

and simply connected, and ¥ intersects 052 transversally.

Let 2 € C" be a bounded domain with C’ boundary 082 and assume that £ is
given as 2:={z€C"; p(2) <0} where p is a C® function defined in a
oo 00

neighbourhood 2" of 2; p(z2) = 0 and do = (g ey ﬁ) # 0 on 082. Then the
1 n

complex tangent plane at z € 082 has the form

0p(2) 0, = 0}.

C . n, <o
1569 = {u e ¢ 1, 7

We let Hess(p, 2) denote the Hessian form of p,

o 0@ " 5%(2)
(2.4) Hess(p, 2) 1= 2 j’kszl 52,07, w;w, + 2 Re (}El 52,02, ijk>.

COROLLARY 2.8. Let 2 be a weakly linearly convex open subset of C* with C°
boundary 08. Suppose o € CH(C") is a defining function such that 2 = {p < 0},
0=0 and do # 0 on 309. Then it follows that the second differential d p(-) 1=
Hess(p, ') of p is a positive semi-definite quadratic form in the complex tangent plane
TZC (08 :=H, at z € 082. Conversely, if Q is open, bounded and connected set and
Hess(p, 2) is positive definite in TZC (082) for every z € 08, then Q2 is weakly linearly

convex.

Proof. 1f 2 is weakly linearly convex then p =2 0 in a neighbourhood of
z € 0L in TZC(&Q) for every z € 08, and since p(2) = 0 on 0%, it follows that
d’p is positive semi-definite. Conversely, if d’p is positive definite in TZC(6.Q) at
Cthen p( >0ifz# { € TZC(GQ) and | { — z| is sufficiently small, so that the
statement follows from the preceding proposition. L]

Remark 2.9. Observe that the condition in the corollary involves the full
second differential d’0 = Hess(p, *) of o. Compare this with the following condi-
tion for pseudoconvexity: £ € C” is an open set with a c? boundary 082. Let p €
C*(C") be a defining function for 2, where 2 := {z € C"; p(2) < 0}, p = 0 and
do # 0 on 0£. Then £ is pseudoconvex if and only if

n 2

oo
(2.5) > mijk >0,

jk=1
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0, ..
when z € 002 and 27_; %wj =0, w= (w;) € C". Recall that this condition for
j
pseudoconvexity is holomorphically invariant. This stands in sharp contrast to the
non holomorphically invariant condition (2.4).
Note that every open set in C is linearly convex. If £, € C™, and 2, < C™

. +
are open linearly convex sets, then 2, X Q, € C"™

is a linearly convex set.
DeFINITION 2.10. A bounded domain 2 in C* with C* boundary 08 is said to
be strictly linearly convex if its small C? perturbations are linearly convex and
for each boundary point z € 08 the holomorphic tangent space TZC(B.Q) to 082
through z is disjoint from 2\ {2) and has precisely first-order contact with 082 at
z, in the sense that with some constant ¢ > 0, S(w, TZC(HQ)) > Bi(w, 2),
w € 2, where B(-,-) :=dist(-, -). In addition, there is a C? defining function
o € CHC™) with 2 = {p(2) < 0} such that for all z € 3R the inequality
2 9°0(2) 2 5%0(2)
4 w, > | 2 ol

—w, w,w
= 02,0z, "k = 0z;,0z, k|
j.k=1 7 k Jk=1 j k

(2.6)

holds for any nonzero vector w = (w,) in the holomorphic tangent space
T to 99 at z.

In particular, strictly convex domains are strictly linearly convex, and any
strictly linearly convex domain is strictly pseudoconvex.
The following theorems are C" versions of L. Lempert's C’ theorems in [Lem. 7].

TueoreM 2.11. If < C” is a strictly linearly convex domain with a C? bound-
ary 092 and w € C"\ 2, then theve is a complex affine hyperplane ¥, through w
which is disjoint from Q.

Proof. For the proof in the case when # = 2 see Lempert [Lem.7]. The gener-

al case for n > 2 follows from some modification of the arguments presented
there. ]

TreoreM 2.12, If 2 © C" is a strictly linearly conves domain with a C* bound-

ary 39, then Q% Pj: (C) is also a strictly linealy convex domain with C* boundary
0™,

Proof. The C® mapping ¢ : 02— 02™ which sends the point w € 92 to the
complex hyperplane w*i= #,, tangent to 082 at w is clearly a one to one mapping
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and onto 92%. To see that 32" is a C? hypersurface we shall construct a C* left
inverse of ¢ as follows: Let p € C*(C") be a defining function of £. Then for
w € 082, p(w) = w™ implies that the restriction of 0 to the complex hyperplane
w* = #, assumes its minimum in w. Strict linear convexity then implies that this
minimum is nondegenerate. Thus if ¥, varies in a small neighbourhood of the
boundary 32, there will be a unique point ¢(w™*) € #, < P,(C) where the res-
triction p[%w assumes its minimum. Furthermore, this minimum point depends con-
tinuously on #,. Since ¢ ° ¢ = id,o, 02" is indeed C* The strict linear convexity

of 3Q2™ follows from Lemma 5.2 in [Lem.2] see also [E-M.1]. 0

3. Pluricomplex multipole Green function

Let £2 be a bounded linearly convex domain in C”*, # > 1, with boundary 0.
In [Lem.1], and later in a more general setting in [K1.2], [Po-Sh.1], and [Za.1], the
concept of pluricomplex Green function g,(z, w) was introduced for every
2z € , with a logarithmic pole at a point w € £. A point w € £ is said to be a
logarithmic pole of a plurisubharmonic function # defined in a neighbourhood w,,
of wif u(z) —loglz—wl < 0Q) as z— w, or equivalently if there exists a
positive number C € R with the property that

(3.1) logllz—w|—C<ulz, w) <logllz—w|+C, vVze Q.

Let us assume that £2 contains the origin 0 € C” in its interior. This means on the
one hand that the complex hyperplane at infinity is in the interior of the projec-
tive complement 2 € P (C), and on the other hand that all the complex hyper-
planes in P,(C) that do not intersect £ can be written as {z€ C"; {2z, + -+ +
¢,z, = 1} with a unique (&,,..., {,) € C".

The extremal function

(3.2) g0z, w) ‘= supu(z), z € 2,

where the supremum 1is taken over all # € PSH(Q), # <0, in £, with
u(z) <log|z—wl| + OQ), as z— w is called the pluricomplex Green function
of £ with a singularity concentrated on a single point w € £.

DermviTion 3.1, A set E C C” is pluripolar if for every point w € E there is
an open set U containing w and a # € PSH(U), u is not identically equal to
minus infinity such that E N U C {y = — oo},
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Observe that the definition of pluripolarity is local i.e. a set is pluripolar if it
is locally pluripolar. However, it can in fact be shown that a pluripolar set is glo-
bally pluripolar in the sense that if E is pluripolar, then there exists a pluri-
subharmonic function # on C” such that E C {u = — oo},

Let 2 be an open subset of C”, and #: 2— R a plurisubharmonic function.
Following Sadullaev, [Sd.1], we say that # is maximal (or extremal) if for every re-
latively compact open subset # of £, and for each upper semi-continuous func-
tion » on W such that v € PSH(#) and v < u on 0%, we have v < u in W. We
denote the family of all maximal plurisubharmonic functions on 2 by 4 PSH(£).

The pluricomplex Green function has important properties which are formu-
lated in the following well-known result, (see [Lem.1], [K1.1], [De.1}),

ProposSITION 3.2. If 2 and 8’ are linearly convex domains in C" and w € 8,
then the following statements hold.
() If2€ Q2 and Q2 C ', then go(z, w) = gy (2, w).
(i) Ifz € 2, 2 T 2 and '\ Q is pluripolar, then go(z, w) = gy (2, w),
(iii) If R> 7> 0 and B(w, ») € 2 € B(w, R), then log(|z — w||/R) < g,(z, w)
<log(lz—wl/»,
(iv) If 2 is bounded, then z = g,(2z, w) is a negative plurisubharmonic function with
a logarithmic pole at w € Q.
) If F : — Q' is a holomorphic mapping, then g, (F(2), F(w)) < go(z, w), z €
Q,
(vi) If 2 is bounded, then z — go(z, w) € MPSH(Q\{0}) and is the generalized
solution of the homogeneous complex Monge- Ampére equation (ddu)” = 0 in 2\ {0}.
(vii) If {Q},cy is an increasing sequence of linearly convex domains in C" and Q =
U1 2, then go(z, w) = lim;_..g, (2, ), (z, w € 2)).
(viii) If 2 is a bounded linearly convex domain in C", then for each w € Q and
z € 02, lim,_, g,(z, w) =0 for z € Q.
(ix) If 2 is a bounded linearly convex domain in C", then z — g,(z, w) is lower
semi-continuous m 2\ {w} and hence continuous.
(x) Let 2 € C" be a bounded linearly convex domain and let w € Q. Then for each
€ > 0 and for each neighbourhood U, < 8 of w, there exists a neighbourhood V,, of w
such that V,, is a relatively compact subset of U, and

go(z,

(3.3) Q1+e < PR

<(1+e),

for all (z, x), (z,y) € (R\U,) x V,.

(xi) If 2 € C" is a bounded linearly convex domain, then the pluricomplex Green func-
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tion 2 X Q— [— oo, 0[ is continuous where g,]02 X 2 = 0.

In [Le.1], P. Lelong, generalized the construction of pluricomplex Green func-
tion in C" given in [K1.2], and [De.1], to bounded hyperconvex domains £ in infi-
nite dimensional complex Banach space E. Recall that an open bounded set 2 C E
is hyperconvex if it is connected and there is a continuous plurisubharmonic func-
tion p: 2— [— oo, O[ such that the set {z € 2; p(2) < a} is a relatively com-
pact subset of £, for each @ € ] — oo, O[. Lelong did this by considering arbit-
rary singularities {w; € 2 € E}, 1 <j < m < o with specified weights or de-
nsities which are positive numbers {v(w;) = v; > 0}. The pluricomplex Green
functions for bounded hyperconvex domains £ in E were defined as the upper en-
velopes of a family of plurisubharmonic functions # € PSH(), # < 0 in £ with
the poles {w,, ..., w,} satisfying lim infhw,m%ﬂ =p(w) =y, > 0. In
this section, we adapt his techniques to bounded linearly convex domains £ in c’,
n > 1. First we introduce a finite set of singularities W = {w, € 2}, for 1 <j
< m < % with weights, the numbers v = {v(w) :=p, >0}, 1 <j<m < oo,
Then the extremal function

(3.4) 8oz, W, ) :=supu2), z € 2,

where the supremum is taken over all plurisubharmonic functions #(z), # < 0 in
£ such that

(3.5) u(@) — Zylogllz —w, | < 0Q) as z— w,.
J=1

with the points w; satisfying

(3.6) v(u, w;) ‘= v(w,) ‘= vy, = lim infl—"uz(z_)—w” < + o and
J

e, 108
y,>0,1<j<m< + oo,

is called the pluricomplex multipole Green function or Green function of order m
if #{W} = m, relative to the finite set of singularities W = {w; € 2} with
weights, the numbers v = {v(w,) 1=y, >0}, 1 <j<m < oo, If ¢ € PSH(Q),
recall that the Lelong number of ¢ at a point w € £ is given by

(2

logllz—w <t

(3.7) v(¢, w) := lim inf

2—=w
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More generally if T is a closed positive current of bidegree (p, p) defined in the
neighbourhood U, of a point w € 2 € C", n > 1 then the positive measure v =
1

W TA (ddlogllz—w D""* having a finite mass and v(w) = 0 at w is the
T

Lelong number of T at w. If ¢ € PSH(Q), we set T = 2n) 'dd‘p. If v=
log|l F|, for any holomorphic mapping F, then v(w) is an integer which is the
multiplicity of the zeros of F at the points w. From condition (3.6) and definition
(3.7) we see that the weights in the definition of the pluricomplex multipole Green
function are in fact Lelong numbers.

The Lelong number v (¢, *) is a functional which applied to plurisubharmonic
functions ¢ measures the size of the singularities of these functions at certain
points of their domains. It also measures the densities of closed positive currents.
We say that w is a pole of ¢ if ¢(w) = — o0 and that it is a logarithmic pole of ¢
if in addition v(¢, w) > 0. The study of the singularities (logarithmic poles) of
plurisubharmonic functions is of interest because the singularities represent com-
plex varieties and these can often be defined as the superlevel sets of the Lelong
numbers, see for instance [Siu.1], [Ki.2,4] and [De.2,3]. We shall see later that plur-
icomplex Green functions having several poles represent a remarkable connection
with a highly non-linear differential operator—the Complex Monge-Ampére Oper-
ator.

THEOREM 3.3. Let 2 € C” be a bounded linearly convex domain with C* bound-
ary 0. Let W= {w, € Q} be a finite set of points with the w,’s endowed with the
e u(2)
numbers v(u, w,-) =y = lim lnfz_,wjm < 4 o, v, >0, ue PSH(Q),
1 <7< m <+ oo, which are called weights. Then the family N (2, W, v) of plur-
isubharmonic functions, u € PSH(R2), u < 0 in Q, such that

(3.8) u(z) < Zl v,logllz —wll + 0Q) as z— w,,
=

contains a maximal element go(z, W, V), so that the restriction g,(z, W, V)[;0 =0
and §,(z, W, v) :=exp g,(z, W, v) is uniformly continuous on Q2. Moreover, if W
consists of only a single point w € Q with v(w) = 1, then the pluricomplex Green
function g,(z, W, v) is the same as the pluricomplex Green function defined in [Lem.
1], with go(,+,*) continuous on 2\ {w} when g,[,, = 0.

To prove this existence theorem for pluricomplex multipole Green functions,
we use the following
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ProposiTION 3.4 [Le.l]. The family N (2, W, v) of functions v:Q2—[— oo, 0]
defined by the conditions;
(i) vE€EPSHQ), v<0 in 2, v(2) < X7 v logllz— w, ||+ O) as z— w,, w,
€ 0,157 mand
. ) . v(2) ,
(i) v(w) :=p; = lim 1nfz_,wim <+, >0 at the points of the
singularities W= {w, € @}, 1 <j<m or equivalently v(w,) 1= inf v(w,, n) =
sup, v(w, + nre”)

log

inf, lim,_, ,n € C'\{0},0<60<2r,0<r<R(w,) where

R(w,) is the radius for the finite majorization of v, has the same upper envelope
go(, W, v) as the family M(Q, W, v) of functions v:R2— [— o, Ol satisfying
m addition to the condition (1) above the condition

(i) 1(2) < v < V(2), where we set

_ o loglz—uwl

(3.9 1(z) = El R T

and

(3.10) V(z) = inf [inf(O, v, w)]'
i 2

with dIQ] = diameter (2) and 7, = dist(Wly], 02), where Wlv] := (W, v).
We now have the following,

ProposiTION 3.5 [Le.l].  The family N(2, W, v) has a maximal element.

Proof of Theorem 3.3. The theorem follows from Proposition 3.4, Proposition
3.5, Théoréme 2 in [Le.l] and the proof of Théoreme 4 on pages 461-465 in

[Lem.1]. Also see Proposition 7 in [Le.1]. Ol

We now examine the sublevel sets for the pluricomplex Green function g,(z, w)
of a bounded linearly convex domain £ € C” given by

(3.11) R, =z€Q;g,z,w <z, x<0.

PROPOSITION 3.6. Let 2 € C” be a bounded linearly convex C " set and let 82, be
defined as in (3.11). Then 2, is bounded linearly convex C' set for each x < 0.
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Proof. The proof is given in Section 4. L]

For the general case of the pluricomplex multipole Green function g,(-, W, v)
we have the sublevel sets

(3.12) Q. =1{z€ Q;g,(z, W, v) <z, for all z, <z <0},

each containing the origin 0 € £ in its interior.

ProposiTioN 3.7. Suppose W= {w, € 2} is a finite set of singularities with
weights the numbers v = {u(wj) =y, >0, 1<j<m< o of the pluricomplex
multipole Green function go(-, W, v). Let {Q,}, ;<o be the family of the connected
sublevel sets of go(+, W, V) containing the origin in their interior. Then each of the
sets 82, for £, < x < 0 is a bounded linearly convex set.

Proof. Similar to that of the case of a single pole above. U

THEOREM 3.8. If 2 is a bounded linearly convex C' domain in C" and go(+, 0)
its pluricomplex Green function with a logarvithmic pole at the origin, thew for each
2z € 2 we have

g,(z,0) =infllog|o];0 <|a| <1, there exists a holomorphic mapping
(3.13) f:D— Q such that f(0) =0, f(| o]) = 2},
where D = {{ € C; | (]| <1}.

Proof. Lempert’s results, [Lem.4], on the characterization of extremal maps on
bounded linearly convex domains £ in c” imply the existence of extremal holo-
morphic mappings f : D — 2 with f(dD) C 02 and f transverse to 38 such that
f(0) =0, f(| ¢]) = 2, solving the variational problem (3.13). Also Theorem 1 of,
[Lem.4], shows that for linearly bounded convex domain £, the Kobayashi distance
ko, on £ is equal to the Carathéodory distance ¢, on the same domain. Results of
[K1.1,2], then give

(3.14) g0(z, 0) = log tanh k,(z, 0), for all z € Q.

The theorem follows from the definition of the Kobayashi distance (cf. [Lem.1]). [
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4. Complex Monge-Ampére operators

In this section, following [Sib.1], we extend the definition of the complex
Monge-Ampere operators (dd°-)" slightly so as to include certain plurisubharmo-
nic functions which are not necessarily bounded on bounded linearly convex do-
mains £ in C". For functions # € PSH(2) N L .(£) this extension has already
been successfully realized in [B-T.2], with interesting consequences in pluripoten-
tial theory and its applications in complex analysis. We apply the theory de-
veloped here to give an alternative description of the pluricomplex Green func-
tions having finite singularities with weights constructed in the previous section.
Let £ € C” be a bounded linearly convex domain with a boundary 8£2. Recall that
the operator (dd°)" for a C* function u € PSH(®) is given in a local coordinate
patch by

0°u
02,0Z,

(4.1) (dd‘w)" = det | 52| - 4"n! L., idz, A da,.

Here we set d°=4i(0—0),d=0+ 0, with dd*=2i90,i=+v— 1. We let
C:,,q) (), p, g € N denote the space of smooth differential forms on £ of bidegree
(#, @ and D, (2) the subspace of smooth differential forms in C,,(£2) which
have compact supports in §2. The space of currents of bidimension (p, ¢) or bideg-
ree (n — p, n — @ is the dual of the space D, ,(2) and will be denoted through-
out by D7, ().

DeriNITION 4.1.  Let T be a current of bidimension (p, p) in 2. We say that T

is a positive current if for all differential forms a,, ..., a, in D, (2), the dis-
tribution
(4.2) TAia, Aay A ... Nia, A a,,

is a positive measure. The current T is said to be a closed current if d7 = 0. It is
easy to check that positive currents have order zero. If o € Cc'= Rzn, we denote
by ll o || the norm of a. If T is a current of dimension k, with measure coefficients,
we define the Borel measure of T by

4.3) | TID :=sup{| T(@) |, ¢ € D), | @) | < 1, for x € U},

where U is an open set.

For any Borel set E C 2, we set | T||(E) to be the mass of T concentrated on
the set E. Let 3= (/— 1/2)00| 2 I? be the standard Kahler form on C". 1f T'is a
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positive current of bidimension (p, p) in £, define the trace measure of T by the
equation
Bp
(4.4) o(T, @ = 0ri=TA Yy

It is a well-known result that there exists a positive constant C which does
not depend on # and p such that for every open set U C £2 we have

(4.5) C7lop () < | TIU) < Cop (V).

If A is a closed subset of £, we say that a current T of bidimension (p, p) defined
in 2\ A has a locally finite mass in every neighbourhood of A, if for every com-
pact set K © 2 we have | T[(K\A) < . Let PSH(2) N C”(2) denote the cone
of C” plurisubharmonic functions on £ and PSH, (£2) the subcone of those posi-
tive plurisubharmonic functions in PSH(£). If ¢ is a bounded function in £ and
E is a subset of £ we set

(4.6) ¢ l.(E) := sup | ¢@ | and [ ¢ ., := sup o |.

LEmMMa 4.2 [Sib.1]. Let 2 € C" be an open set, M © 2 a closed set and T a
closed positive current of bidimension (1,1) in Q\ M. Then for every compact set
K C Q, there exists a constant C(K, ) such that for every v € PSH,(Q), v = 0 in
a neighbourhood of M we have

(4.7) f TANdvANdv<CEK, D0O—a|TI@\M |vl.,
Knia<v<b}
where a, b are arbitvary constants such that a < b.

Let £ be a bounded strictly linearly convex domain with C? boundary 0£.
Suppose p is a strictly plurisubharmonic function of class C?in a neighbourhood
Q' of  satisfying 2 = {z € Q"; p(2) < 0}. Let K be a compact subset of £2. Set

(4.8) uy ‘= suplu ; # psh and continuous, # < 1in 2, # < 0, on K}.
Then we have the following,
ProrosiTioN 4.3 [Sib.1]. Let K be a compact subset of an open strictly linearly

convex set € C". Let T be a closed positive current on 2\ K. Then the current u,T
has a locally bounded mass in every neighbourhood of K.
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Let £ be an open set in C" and M be a closed subset of 2. We impose the fol-
lowing convexity condition (C) on M:

(C) For every x € M there exists a strictly pseudoconvex neighbourhood w of
X, w CC £ such that x is not contained in the holomorphically convex envelope
of 0w N M. That is to say, for any £ € M there exists a strictly pseudoconvex
neighbourhood w of x, a function ¢ € PSH(2) N C”(2) such that,
(i) @ >1
(ii) @ < 0 on a neighbourhood V of 0w N M.

We will now see that given a closed subset M of £ C C” satisfying the condi-
tion (C) and a plurisubharmonic function # in £ of class C? in Q\ M, for every

compact subset K C 2 we have f (dd‘uw)" < oo,
K\M

THEOREM 4.4 [Sib.1]. Let 2 C C" be an open set and M a closed subset of 2
satisfying the convexity condition (C). Let T be a closed positive current of bidegree
m—1,n—1) in 2 and u a plurisubharmonic function, negative m 2, locally
bounded in 2\ M. Then for all compact sets K C 8, we have

(4.14) flulT/\B<0°.
K
From Theorem 4.4 we obtain the following

CoroLLARY 4.5. Let K be a compact subset of & C C". Then there exists a
compact set X € Q\M and a constant C > 0 such that for all w € PSH(2) N
Ly (2\ M) we have

(4.15) fK @0 < Cllul.Cor

It is clear from the above corollary that if T is a closed positive current of
bidimension (p, p) in a bounded linearly convex domain 2 € C" and u €
PSH(Q) N L, . (Q\ M) for M C Q a closed set, then for any compact set K C Q
and a positive constant C we obtain the inequality

1T A dd®w | (K\M) < Cllul. X1 T[0,

where X is as in the corollary and 1 < g < x.

The Theorem 4.4 enables us to define the operator (dd )" for the subcone
PSH(R2, M) := PSH(R) ﬂ/LT;c(Q\M) of plurisubharmonic functions in the cone
PSH(£2) which are locally uniformly bounded outside every neighbourhood of the
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closed set M.
Let T be a closed positive current of bidimension (p, p) in £, and let u,,. . .,

o0

u, € PSH(Q) N L, (Q\M). If ¢ is a test form of bidegree (n — ¢, n — q) we
define the closed positive current dd“u, A --+ A dd‘u, A T by the formula

[adu A Nddu NTA Q= [ udduy A A ddu, AT A dd°.

The definiton is by induction on ¢. This definition is similar to the one given in
[B-T.2], the main difference being that in [B-T.2] the functions #; are assumed to
be locally uniformly bounded, whereas here the Theorem 4.4 gives sense to the
left hand side of the formula above.

ProposITION 4.6 |Sib.1]. Let (u{), .., (u) be a decreasing sequence of pluri-
subharmonic functions C PSH(Q) N L, (2\ M). Suppose that for every k, 1 <
k<q

lim#, = u, € PSH() N L. .(Q\ M).

J—®
Let T be a closed positive current of bidimension (p, p) on £2. Then

(416)  limdd‘u, A -+ Add‘u, N T =ddu, A - A ddu, N T.

jooo

That s, the convergence is in the sense of the weak convevgence of currents.

Now we let £ be a bounded linearly convex domain in C”" with a given fixed
point w € 0. In the theory developed above we let the closed set M = {w} and
define PSH(Q, w) := PSH(Q) N L, (2\ {w}) and

Cr(R,w) = {p € C7(Q) ; supp (dp) < 2\ {w}}.

Then it is clear that C, (2, w) if and only if ¢ is a test function in C, (£2) which
is constant in a neighbourhood U, of w.

TrEOREM 4.7 [KL.1]. The space C, (82, w) is dense in C,(£), the space of con-
tinuous functions with compact support in £2.

ProposITION 4.8, Let 2 € C” be a linearly convex domain and let w € PSH(2, w).
Then there exists a positive Bovel measuve yt on £ such that, for any decreasing sequ-
ence {u;};cxy € PSH(Q) N Ly, () convergent to u at each point of 2, the sequence of
Radon measures {(ddcuj)"} jen 18 weak*—convergmt to .
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Proof. Follows from Proposition 4.6 and the Chern-Levine-Nirenberg Ine-
quality [C-L-N.1]. Also See [KI.1]. U

Recall that if # € PSH(2) N Ly .(£2), then the measure g from Proposition
4.8 coincides with (dd“w)" ; this is why for « € PSH(Q, w) we define (dd‘w)" =
L.

CoroLLARY 4.9. Let wEC" and RER, R>0. Ifu=1og(lz—w|/R) for
all z € C", then
dd°w" = 20”5,

where 0, is the Divac delta function at w.
Proof.  See [K1.1], [De.1]. Ul
The following property is similar to the comparison theorem in [B-T.2].

Lemma 4.10. Let 2 € C" be a bounded hyperconvex domain. Let w € Q and
u, v € PSH(Q) N C(2\ {w}). Suppose that

P,i:={u=— oo} =P,:={v=— oo} = {w}

are the pluripolar sets of u and v and lim, ,,(u(2) — v(2)) =0 and u < v n
2\ {w}. Then

d C n S dC n‘
j;( dv) J;(d ")
Proof. See [K11]. 0
THEOREM 4.11. Let £ be a bounded hyperconvex domain in C*, w € 2, and let
u, v € PSH) N C(Q2, [— o, + ) be such that
P :={u=— o} =P = {y=— oo} = {w},
u < vin2\A{w}, and

u(2)
4.17 limsup —7x = 1.
( ) !J\(w)az—g Z)(Z

Then (dd“w)” ({w}) < (dd“v)" Kw}).
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Proof. (cf. [K1.1), [De.2)). il

Let 2 < C" be a bounded hyperconvex domain and w € £. Consider the
problem of finding a function % : 2\ {w} — [— o0, oo which satisfies the follow-
ing conditions:

u € PSH(Q) N C°(Q\ {w})
(dd‘w)" = 0, in 2\ {w}
(4.18) (dd‘w)" = (21)"8,, in 2
u(z) —loglz—w|l=0Q1),asz— w
u(z) — 0 as z— 02.

THEOREM 4.12. Let 2 be a bounded hyperconvex domain in C". Then the func-
tion u(2) = g,(z, w) is a unique solution to the problem (4.18).

Proof. See [De.1}, [KL.1], [Lem.1], [E-M.1]. B

Just as in the case of the pluricomplex Green function with a single pole w €
£, we extend the definition of the complex Monge-Ampére operator (dd®-)" slight-
ly. We take for the closed set M C £ above, the set

Wl ={w, € Q;vw) =v, >0}, 1 <j<m< o

of finite singularities of the pluricomplex multipole Green function g,(z, W, v)
for any z € £, where £ is a bounded linearly convex domain and the points w
have weights, the numbers v = {v(w) = v, > 0}, 1 <7< m. We set M = W]
and define as above PSH(Q, W, v) := PSH(2) N L, (2\ Wlv]) together with

C;(Q, W,v) = {p € C (9 ;suppldp) < 2\ W[v]}.

Then as before ¢ € C, (2\ WIv]) if and only if ¢ is a test function in C, (2),
which is constant in the neighbourhood of Wly] C L.

THEOREM 4.13.  The space C. (2, W, v) is dense in C.(£).

Proof. The proof follows from a modification of the arguments for the case of
a single pole (cf. [KL1]). Consider a family {V,},,, of neighbourhoods of WI[v]
decreasing to W[yl as n N 0. Take ¢ € C,(2) and ¢ > 0. Since ¢ is uniformly
continuous in £, we can find 7 > 0 such that | ¢(2) — ow) | <e if z, w
€ Qand |z— wl <7n. If 82 # 0, then by taking 7 sufficiently small, if neces-
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sary, we can suppose that 0 < n < dist(supp ¢, 942). Now define
e, z€V,ve Whi
#lD = [w((l —nlz—vlM2, z€ 2\V,.
Clearly ¢ € C,(2) and if z € supp ¢,, then dist(z, supp ¢) < 7.
Moreover, | ¢ — ®, |, < e. Consequently,

F = {p € C,(2); ¢ is constant in neighbourhood V, of W[v]}

is dense in C,(£2). The theorem then follows since for any compact set K C Q, if
u € C°(2) then using a family of smooth C” regularizing kernels (p,),,, and set-
ting u, = u%p, € C”(£) we see that u % p,— u uniformly as j \ 0. This is easi-
ly shown by taking K © £ compact. Fix j, > 0 such that K, C £ where

K ={ze€ (C";dist(z, K) <j}, ;> 0.

Let 0 <j <j, Then we have
(uxp, — u) (@) = (o;%u — u)(2) = fp,»(z — w) (u(w) — u(2) (2)dV(w),

where dV is the Lebesgue measure on C”. Therefore,

l#0, — uly < supsup | u(w) — u) |.

zeK yeV,

The right-hand side tends to zero as 7\ 0, because # is continuous on K. L]

Important properties of the extremal function g,(-, W, v) are stated in the
following

TreoREM 4.14. Let 2 € C" be a bounded hyperconvex domain. Let Wyl =
w€Q;v=vw) =v,>0,1<;<m<0< + 00, be a finite set of sing-
ularities with weights which arve positive numbers. If the pluricomplex multipole Green
Sfunction 1s given by:

(4.19) 8oz, W, v) =supu2;z€ 2,

where the supremum is taken over all u € PSH(Q) ; u <0, in 2, with u(z) <
S vlogllz — w | + 0Q), as z2— w,; then

(i) go € PSH_(Q, W, v), where PSH_(2, W, v) is the subcone of PSH(Q, W ,v)
of functions which ave negative in 8.

(i) (dd’gy(z, W, v)" =0, in Q\ W]
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(it)) (dd‘gylz, W, v)" = 2n)" 2, V75w, in £ where 0, is the Dirac delta func-
lion at w;.

(iv) g, W,v) € C(Q, W,v) ifg,(-, W, »[02 =0

(v) Go(-, W, v) = expgo(-, W, v) is uniformly continuous on £2.

Proof. (i) follows trivially from the definition of the pluricomplex multipole
Green function. (ii) and (iii) follow from Proposition 8 in [Le.1]. (iv) and (v) follow
from Proposition 5 and Théoréme 2 in [Le.1}]. ]

Similar to Lemma 4.10 and Theorem 4.11 we have the following results for
the case of pluricomplex multipole Green functions.

ProposiTioN 4.15. Let 2 © C” be a bounded hyperconvex domain. Let W[y] =
{w, € 2;v(w) =v, >0} and u, v € PSH(D) N C (2\ WI]). Suppose that

Pi={u=—o} =P = {p=— oo} = W]

are the pluripolar sets of u and v, lim,_,,(u(2) — v(2)) = 0 and u < v in 2\ Wly].
Then

[ w@aw < [ @i,
O\W) Q\WV

Proof. Given € > 0, let {V.},., be a family of neighbourhoods of W[v] de-
creasing to W] as e \\ 0. Choose K large such that {# < — K} < < 2\ W[y].
Let u; = max{u, — K — 1} and v, = max{v, — K}. Let ¢ € C. (2, [0, 1]) be
such that @ = 1 in the neighbourhood of {# < — K}. = u, and v = v, in the
neighbourhood of 2\ V.. Then

[ gtadw' = [ o@du)
AW AW

and

ddc no__ ddc n
j!;\W[u] (0( U) JK;\W[u] QD( vl)

by Proposition 4.8 or Proposition 4.10. Therefore,

dd‘v)" = dd‘v)"
»];\W[u] ( v) ‘]S;\WM ( vl)
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and

-/J;\W[u] (dd u) - ’l.;\W[u] (dd ul) ’

Also u, < v, in 2\ Wyl and # = u,, v = v, in the neighbourhood of 082. So the
result follows from an application of the comparison principle for bounded plur-
isubharmonic functions (see [KI.1] Theorem 3.7.1). U

THEOREM 4.16. Let 2 be a bounded hyperconvex domain in C". Let Wlv] = {w,
€ Q;v(w) = v, > 0}. Suppose u, v € PSH(Q) N C*(2\ W) so that

P,i={u= —oo} =P = {p=— oo} = W,
u <vin2\Whl, and

(4.20) lim sup ”8 1.

Nwlvlsz-weWly]

Then (dd‘w)"(WIv]) < (dd‘v)" (WIv]).

Proof. Take a sufficiently small neighbourhood V of W[yl such that VC C Q
and assume that #, v extend continuously to 02 so that # < » < 0 in 2\ W[y].
Choose € > 0 such that

I u||m<1 ~7 i ) < inf {u(z) —v(2)}.

z€08

Then for any 1 € 10, [ we have +—/— i + < v on 082. The condition (4.20) implies

that for each n € 10, e[ we can find a @ > 0 so that B(w, §) € 2, Vw € W]
and #/v <1+ 1 on B(w, )\ WIlyl. Define

u(2)

W T+

n

~[eo, > 0@} U W,

Then the set W, is a relatively compact neighbourhood of W(v] in £.
Moreover, N,gq. W, = WIvl. Therefore, if n € 10, e[, we have

1 c N\ ¢ u " ¢ \n _ ¢
a1 g (W[”])wa,,< 1+n> waﬂ (dd*0)" = (dd‘v)" (WIv))

by either Proposition 4.6 or Proposition 4.8. Now letting  \, 0 we obtain the de-
sired result. [
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Let E— P,(C) denote the tautological line bundle on the complex projective
space P, (C), which is the space of all complex lines £ € C"*" through the origin.
The total space E of the bundle E is the set of all pairs (¢, 2) € P,(C) X ¢t
with z € . We identify E with the space obtained from o by blowing up the
origin. The blow up map will be written as 0 : E— C"*". In fact, let £ < C'™" x
P,(C) be the set of points ((z,,..., 2,), ({,..., ,)) satisfying the equations;

2(,=2(, 0<¢,7<mn n=1.

Observe that ((z,,...,2,), (Az,,...,42,)) € &, for all (z,...,2,) #0 and A €
C\{0}. That is to say, given w € C'*", w # 0, 5 contains the point correspond-
ing to w and the line through w. Since {0} X P,(C) C &, we see that £ contains
the points corresponding to zero and all the lines through zero. So that, in this
way we obtain all the points contained in 5. Let ¢ : &— C"*” denote the restric-
tion of the projection of C'*" x P,(C) on C™"" to 5. If we set U, = ¢7'(0), then
U, is biholomorphic to P,(C) and ¢ maps &\, bijectively onto C'*"\ {0}. We
call Z the blow up of C'™ at the origin. So we can identify 5 with E. Let w be the
hermitian metric on E and #: E— R be given by & := || w I?. Using the new met-
ric £ we define the unit disk bundle B, € E and its boundary the unit circle bun-
dle S, © E. Notice that B, is just the blow up of the unit ball B, or the indicatrix
at the point p € £ with respect to the infinitesimal Kobayashi metric at p € £,
(see [Lem.1]). In [Lem.5], Lempert showed that B, is a strictly convex circular do-
main and the exponential map suitably normalized to be defined on B, is a
homeomorphism ¥, : B, — £ between the indicatrix and the domain, called the
circular representation. He constructed the circular representation by first show-
ing that given a point p € £ and a complex line £ C T,8, there is a unique
Kobayashi extremal disk containing the point p and with £ as its tangent space at
p. The family of all extremal disks through p forms a foliation #, of £ which we
call the Lempert foliation. The indicatrix B, is also foliated by the family of disks
obtained by intersecting it with the family of complex lines in 7,8 containing the
origin. Denote this foliation by %. The circular representation is now constructed
by sending the leaf Ul of # determined by the line £ C T,8 biholomorphically to
the extremal disk determined by ¥. Because the Kobayashi metric is a biholomor-
phic invariant, the circular representation is then also a biholomorphic invariant
of the domain £ with the given fixed point p € £. Denote the affine coordinates
on P,(C) by w = (w,,..., w,), and the fibre coordinate { on E is defined by z =
&, Cw,, ..., Lw,) where z= (z,. .., z,) are the linear coordinates on C"*'. Next
let Qp denote the space obtained from £ by blowing up the point p € £. Without
loss of generality, we assume that p is the origin, and thus identify Qp with an
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open subset U of E and the blow up of p is identified with P,(C). The Lempert
foliation on £ then lifts naturally to a nonsingular foliation & on 2, whose leaves
are transverse to P,(C). The circular representation also lifts to a map 7, : B, —
Q, which we again refer to as the circular representation. Let Kp : 2— R denote
the Kobayashi distance from the point p and 7, the real-valued function on £ de-
fined by

(4.21) 7,(s) =: tanh*(K, (s)).

The function log(y,) is smooth away from p and can be extended to a smooth
function on C"*' so that 2 = {z € C"*'; 7,(2) <1}

THEOREM 4.17 ([Pa.l], [Lem.1]). Let £ be a strictly linearly convex domain in
C"* with smooth boundary 0. Let b be a given fixed point in Q. Then
(i) The circular representation ¥,: B, — Q is a C' map on all of B, and after iden-
tifying the tangent space to T,82 at O with T,8 itself, we have ¥, 4 = idy o. In par-
ticular, ¥, is the identity on P,(C) € B,
(ii) The map ifp :B,— f?p is a C” diffeomorphism which is holomorphic on the fibres
of B, = P,(C) and maps the fibres to the leaves M of the Lempert foliation F.
(iii) 7, extends to a C” function on Q,, satisfying h =7, ° szp. The function u =
log(y,) is the solution of the degenerate complex Monge- Ampére equation

u € PSH(Q)

(dd‘w" = 0 in 2\ {0)

u(2) =logllzll+ 0Q1) asz— 0
u(2) =0 forz € 082

and F » is ils Monge- Ampére foliation, i.e. the tangent bundle of F » 1S glven by
T%,={X € TQ; XlA= 0}

where A = 001log(y,) and | is its contraction with X. The function u = log(7,) is
called the potential of the domain £ with the given fixed point p € 8.

Proof of Proposition 3.6. Without loss of generality we can assume that
w = 0 is the origin. Theorem 4.17, then establishes the existence of a C* dif-
feomorphism @, : B\ {0} — 2\ {0} (see [Lem.1]), where B,\ {0} = {z€ C";0
< |zl € 1} such that u, = log | &, || satisfies
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u, € PSH(Q)

(ddu)" = 0 in 2\ {0}

u,(2) = 0if z € 082

u,(2) =logllz|+ 01) as z— 0.

The existence of the C” function #, implies that the sublevel sets {Q,},., are
smooth. Next we show that these sublevel sets are linearly convex. Take a point
z € 00, = {u,(2) = x}, £ < 0, the boundary of the sublevel sets 2, = {z € Q;
u,(z2) < x, r <0} Lempert [Lem.4], has shown that there exists a unique extrem-
al mapping f from the closed unit disk D in C into the set £, with é = expx
such that £(0) =0, f(§) = z and f is an embedding. In particular, f is transverse
to 09, There exists an inverse mapping F : 2, — D to f (cf. [Lem.2]), with the
following properties:

(1) The fibres F 7' (8), for all £ € D are hypersurface restricted to the neighbour-
hood of 2,.

2) |F| <1lifze 2,\f(6D),

(3) dF # 0 on £2,. We claim that F~'(&) is a complex tangent hyperplane to 08,
at the point z. Since & = F(z) the fact that (&) = z implies that z lies on the
complex hyperplane F~'(§). To verify the claim it is therefore enough to show
that no other point w € £, can lie on F™'(£). Now for any w € 2, there exists a
holomorphic mapping g: D— 2, such that g(0) =0 and g(w) = w with @ =
exp u,(w) < & Now we apply Schwartz’s lemma to Feg:D— D to give £ > w
> | F(g(w)) | = | F(w) | and & = F(w), that is to say, w € F '(§). This can hap-
pen only if F ° g = idy,. Hence by property (2) and the uniqueness of the extremal
mapping f this holds only if f = g, i.e. w = z. Thus F (£ is indeed the complex
tangent hyperplane to 082,, i.e. a complex hyperplane which does not intersect .QI.

0

5. Siciak and Lempert extremal functions

Let & represent the class of all functions # which are plurisubharmonic (psh)
on C” and satisfy the condition:

(5.0) w(z) <log(l + [ z]) + O, as | z|| = + .

This is the space of plurisubharmonic functions of logarithmic growth. Since
M(7) 2= sup,,, 5 #(2) is a convex, increasing function of R, we see easily that ¥
consists of plurisubharmonic functions of minimal growth. Of particular interest is
the subclass
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(5.1) ¢, ={uwe g u@ =log" |z + 0W).

For E € C” a bounded set, we define the £-extremal psh function of E by setting
(5.2) Ve(2) i= sup{v(2) ;v € £, and v({) <0, for all { € E},

and letting

(5.3) V' (2) 1= lim sup V,(0),
£—z

be the upper semi-continuous regularization of V. This function has been studied
extensively in [Si.1,2], [Za.1] and [Sd.1]. The function V,;< is in general not smooth
on C"\E when # > 1. It is a theorem in [Si.1], that either V;< = + oo, in which

s

case the set E is pluripolar or else VE* is psh and
(5.4) V() <log@ + | zI) + 0D, as | z]| = + oo.

If V, is continuous on C”, then V, = V,' € L. If n =1, V' is exactly the gener-
alized Green function for C\ E with a pole at infinity and the definition is, essen-
tially, given by the Perron method for its construction. In particular, VE* is harmo-
nic in C\ E and smooth. However, when # > 1, there are some significant differ-
ences. In general the function V,;’< need not be continuous in the exterior of E. But,
it is a result of [B-T.2], that the #,-extremal function VE)l= satisfies the
homogeneous complex Monge-Ampére equation, (dd°V,)" =0, in a generalized
sense on C"\ E when E is a compact set. Thus for non pluripolar sets E,

(5.5) Ap = dd°VH",

is a positive Borel measure supported on E.
The class £ is closely related to the study of polynomials in #-complex vari-
ables. For a compact set K C Cn, we have

(5.6) V(@) = sup{% log|p(2) |;d = deg®, Ipl, < 1}.

Now observe that if E = B(w, R) :={z€ C";|z— w| < R} is a ball of centre
w and radius R, where || * || is any norm on C” then Ve = log+ (lz— wl/R) (see
(Si.1]).

Let ¥ :C"—[— oo, + o[ be any function defined on C” which may take
the value — ©0 but not + . Then for such functions we define the subclass £y
of the class € by

(5.7) o=@ ;vE Y v T,
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and
(5.8) $ri={v@;ve ¥, v< ).

Now set V, = sup{v(2);v € £,} and V, = sup{v(2) ;v € €,}. The functions
V, and V, will be called €,-extremal and €p-extremal functions associated to ¥
respectively.

Let the € y-extremal function for a bounded linearly convex domain 2 C c"
be given as V,4(2) = sup{v(2) ;v € €4, v <0 on £} and its upper semi-
continuous regularization V;}(z) = lim sup,._., V, (). We also call the subclass

Pow={(;vE Py, v=<0,0n 2},

Siciak class of plurisubharmonic functions with respect to ¥ and the set 2. V4
and its upper semi-continuous regularization V;;,, are the Siciak extremal func-
tions of 2 with respect to ¥. More generally, we fix ¥ € PSH(C") N C°(C") and
introduce the Siciak extremal functions V : C" X 10, o[~ R, = {x € R;x > 0}
with respect to & given by

(5.9) V(2 :=V(z, ) :=supuz), z€ C", a<]0, o,

where the supremum is taken over all plurisubharmonic functions # with # € a¥
and u < .

THEOREM 5.1 [Mo.1), [Si.1]. Let u € L, with u < U. Then

u(2) <log"(|z|/R) + max ¥, z€C", RER,.

e <R

Proof. Fix R > 0. By the hypothesis we have #(z) < max, <z ¥(2) =: M
on RB=1{z<€C";||z]| < R}). Furthermore, u — M E€ ¥. So that u — M is

dominated by the pluricomplex Green function of C"\ RB with logarithmic pole at
infinity, i.e. (2 — M <log"(|zVR), z € C". O

The Siciak extremal psh function Vy attains the value ¥ on the set E, =
{ze C"; V,(2) = ¥(2)}. Next we give a description of what will become known
as Lempert extremal psh function of bounded linearly convex domains £ in c”.
First let # € C*(2) be such that

(5.10) (dd°w)* " # 0, and (dd‘w)* = 0.

If we integrate the form (dd‘w) kvl, then by Frobenius Theorem we obtain a folia-
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tion #,_,,, of £, by complex manifolds of dimension # — kK + 1 which have the
. . ou . .
property that # is harmonic and 3z 18 holomorphic on each leaf M of F (see [B-K.
j
1]). Conversely, if we are given a foliation & and if we can find a function # such

ou .
that Ers is holomorphic on each leaf of # for 1 < j < #, then (5.10) holds. The

7

mapping
ou(z) ou(z)
5.11 () = 0z, 0z,
1) 27T ou(z) '’ 5 ou(z) |’
VZ)J azy vzv azv

which can be thought of as the complex Gauss map of the hypersurface {u =
¢}, is holomorphic on the leaves of #. If 71, is a local diffeomorphism, then 7,
pushes # forward to a new foliation ?* and # to a new function u*. It is easily
checked that the gradient of %" is holomorphic on # and that " satisfies (5.10),
even when it is not necessarily plurisubharmonic. This duality map was intro-
duced in [Lem.2] to transform an exterior Dirichlet problem to an interior one.

Let £ be a bounded linearly convex domain with boundary 0. Consider its
pluricomplex Green function g,(:, w) having a logarithmic pole at w € Q. This
function is plurisubharmonic and continuous when its restriction to 08 is identi-
cally zero. It follows that

[gg(z, w) =loglz—w|+ 0Q), as 2— w
(dd‘g,(z, w))” = 0 on 2\ {w}.

If there exists a bounded plurisubharmonic exhaustion function ¢ of 2 ie., ¢ €
C°(2) N PSH(L2, W, v) with ¢ <0 and {¢p < — ¢} €  for all ¢ > 0 then it
follows that g,(z, w) is continuous for all (z, w) € @ X £, z # w, and g,(z, w)
=0 for z € 00, (see [De.1]). In fact, g,(z, w) satisfies (dd‘g,(z, w)" = (2m)"3,
where d, is the Dirac function at w. Note that here, we cannot define g,(-, w) in
terms of the Perron-Bremermann envelope W(z) = sup{v(z) ;v € B(p, 1)} of
the Perron-Bremermann family

Blo, w = {v € PSH(Q) ; (dd‘v)" = p, limsup v(0) < ¢(2), z € GQ},
{—z

where ¢ € C’' (09, R,). To be precise, not as the Perron-Bremermann envelope
of 80, (2m)"5,), since (0, (2m)"d,) = 0, (see [B-T.1]). In the case that 2 is a
strictly convex and smoothly bounded domain, L. Lempert [Lem.1], has shown that
g,(-, w) € C”(Q\ {w}). This was done using foliation # of the domain £ whose
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leaves correspond to the extremal disks for the Kobayashi metric. In the strongly
pseudoconvex case, g,(z, w) & C*(2\ {w}), (see [B-De.1]). In [Lem.2], L. Lempert
established that there is a close connection between the pluricomplex Green func-
tion go(+, w) and the L-extremal function V,. If as before we identify C” with
P,(C) — P,_,(0), ie. the n-dimensional complex projective space with a hyper-
plane at infinity removed, then given a strictly linearly convex domain £ C c”
containing the origin, we let Q% denote the dual complement domain inside the
dual projective space P, (C) \#, where #, is the complex hyperplane dual to
wE Q.

The complex Gauss map 7,.,, of the pluricomplex Green function g,(-, w)
extends the complex Gauss mapping of 08 to 892 This mapping gives a non holo-
morphic diffeomorphism between £\ {w} and P} (C) \ {#, U 2"}, such that

(5.12) 8oz, w) = — Voul(r, 0 (D).
The #-extremal function
(5.13) Vyr(2) = sup{u(@) ;u € L, u < 0on 2%},

is called the Lempert extremal function of Q% To be precise, we define €, to be
the set of all psh functions # in a neighbourhood # of {z = w} such that u(z) =
loglz—wl|+ 0Q), and (dd‘w)” = 0 on {z # w}. Further we require that for

1
some small 6 > O the set {u < - 5] is linearly convex. We also consider £, the
family of psh functions outside a compact set such that U(z) = log" | z]| + 0(1),
1
and (dd“U)" = 0 with {U < 5} for small 0 > 0, linearly convex. Then Lempert’s

result above can be interpreted as saying that the complex Gauss map establishes
a correspondence between £, and £..

We generalize this to the case of finite singularities. Let W= {w; € 2,1 < j
<m < o} be a finite set of singularities with weights the numbers p =
{v(w,) =y 2>0,1<7<m< + oo} Let g,(+, W, v) denote the pluricomplex
multipole Green function of the bounded linearly convex domain £ € C” contain-
ing the origin. We set w;, = O the origin and let #, = #,,..., #, be the com-
plex hyperplanes dual to the distinct points w; = 0, w,,. .., w, € W C Q. Next
let 2% denote the dual complement of £ inside the dual projective space P:(C)\
{%wl u... U :ﬁ”wm}, then the complex Gauss map 7,,.w, Of the pluricomplex
multipole Green function go(+, W, v) extends as before the complex Gauss map-
ping of 0% to a92%. This mapping gives a non holomorphic diffeomorphism be-
tween 2\ W[v] and P, % (C)\ #f, U...U 0%} with
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(5.14) 8oz, W, v) = — Vu (7, o (D).

Analogous to the earlier situation, we let £y, be the family of psh functions
u in the neighbourhood of W[y] such that u(2) = X7 v, logllz — w, | + 0OQ),
and (dd‘u)” = 0 for z € WIv]l. Moreover, we can assume that for a small positive

1
0 the set {u < 3} is linearly convex. Let £_ be the family of psh functions U
outside {UJ, #, U 2% with U@ =log| z| + 0Q1), (dd°U)" = 0 also with
1
{U< 3] linearly convex for 6 < O small. Then the complex Gauss map again

establishes a correspondence between ¥y, and £,

We can consider the space ¥ in greater generality (see [B-T.3]), where we let
M be a complex manifold, and D € M a subvariety of pure dimension 1 (a di-
visor). For w € D we let U, be an open set containing w such that there exists a
holomorphic function % on U, with U, N D = {h = 0} and grad(h) # 0 on the
regular points of U, N D, (see [B-T.3]). We can now define

(5.15) $M, D)= {uc PSHWM\D); u<log|h|+ O)}.

Note that any v € (M, D) can in this situation be written on the open set U, as

v = log ’% + 4 for some 7 € PSH(U,) N L, (U,). We now let M = P,(C)

and the hyperplane at infinity chosen so that C" = P,(C) \P,_,(C). We wish to
consider the case of functions with logarithmic decrease at isolated singularities.
Let 2 € C” be a bounded linearly convex domain containing a point w # 0, and
let 2, be 2 with the point w blown up. Let P,_,(C) be the fibre over w. Consider

(5.16) %Q,, P, (C) ={u s PSHL,\P,_,(C);
u(z) <logdist(w, P,_,(C)) + C},

where C is a positive constant. If we choose £ as above, we can study the plur-
icomplex Green function of a bounded domain with logarithmic singularity at the
point w. For £ a bounded convex domain in C” this has been studied in depth in
[Lem.1], and the case of hyperconvex domain &£ in [K1.2], and [De.1]. It is known
that in both cases there exists a unique psh function (the pluricomplex Green func-
tion), #,, on £ that is continuous up to the boundary, vanishes there and satisfies

luw(z) =loglz—wl+ 0Q),asz— w—0
(dd‘u,)” = 0on 2,.

Recall that the first condition is just that «, belongs to
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(5.17) ¢, P, ,(O):={u < PSH(Q,\P,_,(C);
u(z) = log dist(w, P,_,(C)) + C}.

In analogy with the previous situation we let me be £ with the singularities w,,
..., w, blown up in succession and we let %”wl, cey ‘%wm be the fibres over the
points wy,. .., w,, then we define

£ @y U #,) = (€ PSH@y\ U £,)
j=1 =1

(5.18) m

u(z) < 2 v, log dist(w,, #,) + C},
j=1

with a positive constant C. So as above we have that

{VW[,,](Z) =27 vloglz—w, |+ 0Q), as z— w,
(dd V)" = 0 on 2y,

Here again, Vy,,; belongs to the restricted class

£, @y U #,) = {u € PSH@,y,\ U #,) ;
i=1 7=1

(5.19) N
u(z) = 2 v, log dist(w;, #,) + C},

i=1

with a positive constant C.

6. Duality of functions and supporting functions

A function f : C'*"\ {0} — [— o, + 0] is called logarithmically homogene-
ous if

(6.1) fQA2) = —logl Al + f2), z€ C™"\{0}, 1€ C\{0}.

A stronger version of this condition of logarithmic homogeneity is the following,
f(Az2) = — Clog| A| + f(2), where C is a positive constant.
For such functions, following [Ki.3], we define the dual function f:

6.2)  FO =sup(—log|C-z|—f(2);f2) < + ), L€ C™\{0}.

Here { - z= {2, + - -+ + {,2, is the inner product, and we define log 0 = — oo
so that f({) = + oo if there is a z such that { * z= 0 and f(2) < + . The dif-
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ference — log| {+ z| — f(2) is well-defined if f(z) < + 0. It is clear that f is
also homogeneous.

Given f defined in C'™\ {0} we can define a function F in C" by setting
F(2) = fz,/2,...,2,/2), 2 € C". Conversely, if F is defined in C", we define
a homogeneous function f in Cc*"\ {0} by

F(z,/2,...,2,/2) — loglzl, z€ C*"\{0}, 2z, # 0;

+ o z€ C""\{0}, z,=0.
The transform (6.2) then takes the form

f2) = {

F) =sup(—logll+ ¢ -2|—F&); Fz) < + ), eC".
In particular, if F is a function of “ 2z || = 7, then the transform becomes

F(o) = sup(—log(l — pn) — F(» ; F(r) <+ ), o= =>=0.

1 ~ 1
The radial function F(») = — glog(l — ") is self-dual, ie. F(p) = — 5 Q-
o). Returning to C'*"\ {0}, we see that the function

1 2 2 1+n
F@) = —glog(lz =121, 2€ C\{0}, [zl >121;

+ o 2€ C\A{0), Iz <1 2],
has this property.

1+n

Now let £ be a homogeneous set in C "\ {0}. We define a function d, the

distance to the complement of £, by
(6.3) dz) =d,(2) =inf(|z— wl|; w € Q), z& C*"\{0}.

The function — log d is homogeneous, and it is precisely less than + ©° in the in-
terior of £. Analogously we define a function 0 by

(6.4) 8(0) =dp(D) =inf(| L~ al; @€ Q™), (€™, C™\ {0},
where 2% is the dual complement of £ and 2™ is its interior.

TueorReM 6.1 [Ki.3]. Let f be any function on C*"\ {0}, let f be the transform
defined by (6.2), and denote by Q% the set of all points where f < + 0, by J the dis-

tance to the complement of 2. Then f is Lipschitz continuous in the interior of e
more precisely

CE ,Q*o, ge Cl+n'

lim su
t—0+

FC+1t0) —F© _ 6]
P t =50
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TuEOREM 6.2 [Ki.3]. Let f be a homogeneous function on C""\ {0} which is
bounded from below on the unit spheve. Then f is pluvisubharmonic in the open set {{ ;
6(0) > 0}, where 0 is the distance to the points where f is + oo.

Examples of functions in duality are

= =0loglzl— clogd(z), z€ 2;
(6.5) fi( = [+ o oo
and
o B .
(66) 0.0 = { (=0 logl ¢l = clogd(@), ¢ = 0"
+ee e Q¥

where 0 < ¢ < 1, Q is any homogeneous subset of C**"\ {0}, 2% its dual comple-
ment, and d and 0 are defined by (6.3) and (6.4) respectively.

We shall call f, = ¢, the indicator function of the set £2. Its restriction to the
unit sphere is the indicator function in that usual sense. We call fo = 7, the sup-
porting function of £. The supporting function of £ is given explicitly by

THEOREM 6.3 [Ki.3]. Let 2 be a non-empty subset of C "\ {0}. Then f, = o,
i.e. the supporting function of £ is Ty = — log dg=.

If £ is empty, its supporting function is identically — ©°, whereas ¢,({) = —

log ¢l

Let £ be a bounded linearly convex domain in C". To £ we associate a sup-

porting function

(6.7) ho(0) = suj}))(“ logl1+¢-z), ¢eC"

We know that for a homogeneous set 2 of all z € C™\ {0} such that z, # 0
and z'/z, € Q, where Q, is a subset of C”, the supporting function of £ is given
by

7,0 = —1logd(Q = sgp(— logl - z] —loglz], ¢ecC™\{0}.

Now we modify ¢, a little and define

ho(0) = sup (= logl ¢ -zl —loglzl), ¢ecC™\{0},

so that if £, is bounded, then %, and 7, differ at most by an additive constant M.
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EXaMPLE 6.4. If £ is the ball with centre the origin and radius » € R, » >
0,ie, 2=rB={z€C";|z| <7 then

»

—log @ =~ Ch, itlch<
ho(Q) =

1
v
_ 1
+ oo, HI{EES

Since the ball is bounded, 0 € £, then there exists K, R, € R, with 0 < R,
< R, < + ©0 such that
(6.8) —log — R, [ C) < ho(D) < —log — R, I CD.
Here we adopt the convention that — logs = + o, if s < 0.
THEOREM 6.5 [Ki.3]. A closed linearly convex set can be vecovered from its sup-

porting function. Indeed, if 82 is a non-empty set with these properties, then ty = 7>
tg — M, with M a constant so that Q is the set wheve 7, is finite.

Let g,(+, 0) be the pluricomplex Green function in a bounded linearly convex
domain £2 with a logarithmic pole at the origin 0 € C”", and 0 € 2°. Since the
pluricomplex Green function of the ball RB={z€C";|z|<R€ R,} is
gxr(z, 0) =log(| z|l/ R) (cf. Proposition 3.2), we have

(6.9) log(lz|VR,) < g,(z, 0) <log(|z|/R), for z € Q.
Let
res=1{2€ 02;g,(2,0) <Rez,Rex <0}, z €C,

be the sublevel sets of the pluricomplex Green function g,(-, 0). The supporting
functions associated to the sublevel sets {£2. ) ge z<o are given by

(6.10) kg (O =u(l, 2) =sup(—log|1+ - zl;ge(z, 0) <Reux),

Re x

where ({, ) € C" x C, Rex < 0.

THEOREM 6.6. Let £ be a bounded linearly convex domain in C* and
g.(z, 0) = sup{u € PSH(Q) ; u <0, u(z) <log" |zl + OQ1) as z—0, Yz € 2},
be its pluricomplex Green function with a logarithwmic pole at the origin. Let

hg (O =u(l, ) = sup (—log|l+{-zl;g,(2 0) <Reux),

2€ Q. ,
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where (£, 1) € C" X C and Rex <0, be the associated supporting functions for
{2z ' Re <0 Then the functions u({, x) are plurisubharmonic functions in all the
variables ({, ) € C" X C with Rex < 0. Moreover, u({, x) = u({, Re 1) and
u(C, 0) =lim, ;, u({, 2) = hy().

Proof. To prove the plurisubharmonicity of #({, x) for all ({, x) with Re x
< 0, we first, use Theorem 3.8, to represent #({, x) as follows,

(6.11)  u({, ») = sup [sup(~—log|1+ {-f(0)|;logla| <Rex)],
f

with ({, ) € C" X C and Re x < 0, where the supremum is taken over all holo-
morphic mappings f : D— Q. , with f(0) = 0. Clearly, #({, 2) is a continuous
function of { € C". Now for f an extremal function solving the variational prob-
lem (6.11), we obtain

(6.12) (&, 2) = sup(—log|1+ (- f(o)];log|lo| < Reux),

where Rex < 0 and g,(f(0), 0) = log|o|. Thus sup(—log|1+¢- f(o)|;
log|l ol < Rex <0)is equal to + o if { cuts g, and is less than + 0 if {
does not cut 2, , or { € 25 the dual complement of 2, ,. Since g,(f(0), 0),
Re x < 0, is an extremal psh function, it follows that #({, x) is plurisubharmonic
all variables where it is less than + ©0. In particular, it is clear that in this case
h, € PSH(2;..). Results in [Ki.3] then imply that h,_  is more or less
—logd,: the interior distance function in Q:ez and hence plurisubharmonic in
all (€, 2) € C" X C. The last statements are clear. O

In the general case of finite singularities with the pluricomplex multipole
Green function g,(z, W, v) we have

THEOREM 6.7. Let 2 be a bounded limearly convex domain in C* and go(z, W, v)
be its pluricomplex multipole Green function defined in (3.4), (3.5) and (3.6). Let
e, =12€ Q;8,(z, W,v) <Rex, Rex<0}, x€C,
be the sublevel sets of the pluricomplex multipole Green function g,(z, W, v). Let
hy (O=ull, )= sup (—logl1+ ¢ zl; 800z, W,») <Red), ({, 0 €C" xC,
with Re £ < 0, be the associated supporting functions for {Qge 1} re z<o. Then the func-

tions u({, x) are plurisubharmonic n all the variables ({, x) € C" X C with Re x
< 0. Furthermore, u(C, x) = u({, Re 2) and u({, 0) = lim,;, u({, x) = hy(D).
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Proof. We reduce the proof to the case of one pole in Theorem 6.6 by fixing
w; = 0 and considering extremal mappings through w;, = 0 and any one of the
distinct poles w;, 2 < j < m. Then in each case Theorem 6.6 gives the required
result. U

Now set #({, x) = u({, Re x) which is independent of Im z. In we re-label
Re x as x, then we have

ReBC Q,CReB, 250,
which in turn implies that
6.13)  —log — R 1L < u(C, 2 < —log(1 — Re" [ L.
The partial Fenchel (Legendre) transform of #(-, x) with respect to x is given by

(6.14) #(l, @) = suplax — u(l, 1),

x<0

where & € 10, + o] and { € C".
We know from Kiselman’s minimum principle for psh functions [Ki.1], that

(6.15) — (¢, a) =infu(, 2) —ax); (€C,

<0
is plurisubharmonic in the open set where it is less than + ©°0, But (6.13) gives

inf(— log(1 = R,e" | {) — ax) < —a(g, a) <

(6.16) =<0
<inf(—logl — R,e“ | CI) — ax) ; a €10, + ], L € C".
<0
We calculate
6.17) I(@) = inf(— log — R ) — ax),

x<0

for all @ € 10, + ], { € C" and R € R. Consider 6%3 (— log(1 — Be") — ax)
Be*

X

with 8 = R || . Setting — a = 0 we obtain

—ax=1og(1+“)f 1<

The net result of this calculation is that
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+oo if a<0;
0 if a=0;

. 1+ RICH"
aa
orif R|ICIl=1;

:alog”C“-i-KifR”C[Kland0<a<%¥nﬂﬂ[’

Ia) =10

—log( = RICD ifRncu<1andasz_@§"“ﬂ,

1 _a
Rl1+a
a+ o) R

1
Thus for || | > or | ¢ >~Ewe have — d#({, @) < alog| (| + K,

where K, = log . As a result we have that — #({, @) € a¥ for all

€ C" and all @ €10, + 0]. On the other hand from (6.15) and (6.16) we see
that — #({, a) < hy(0).

THEOREM 6.8. Let £ be a bounded linearly convex domain in C". Let hy be its
supporting function. Consider the function V : C" x 10, + 0] — R, defined by

V(0 = V(, &) :=sup@Q; ¢ €a¥, ¢ < hy).

Then — u(-, a) € a¥ and V(0 = — a({, o).

Proof. We have already noted before the statement of the theorem that
—u(-,a) € a¥. Since — #({, @) < hy(), we deduce that — #({, @) is a
candidate competing in the definition of V,({) hence we get from this that
—u(l, ) <V, (0). Applying Zaharyuta's two-constants theorem for analytic
functions in [Za.1,2], it is proved as in Momm's [Mo.1] that x> sup;ee+(V,(0)
— h,(0) is convex function of x < 0, from which we obtain the reverse inequal-
ity and together with the previous inequality we deduce that — #({, a) =

V,(0).) UJ

In the general case of finite singularities, we consider the balls {B (wj,
Rj)};"=1 in £ with centres the singularities w, = 0, w,, ..., w, and radii R,,. ..,
R,. Let R, = inf, R; and R, = sup, R; work for all the points w, = 0, w,,. .., w,

so that as before we have

(6.18) Re'Bw,) € 2, C Re'Bw), <0, 1<j<m.

From this inclusion of sets we deduce that
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(6.19) —log(l = Re“ 1~ ;) <u(@, 2) < —log(l — Re" [ {— oD,

where w; € :ﬁ”wj and the %wl_ are the complex hyperplanes dual to the singularities
w;, = 0, w,, ..., w, The Fenchel (Legendre) transform of u({, x) with respect to
X is given as

(6.20) #(C, o) = suplax — u((, 1))

x<0

where @ € 10, + ] and { € C".
Again as in the previous case, we know from Kiselman's minimum principle
for psh functions that

6.21) — 4, @ =inf(w(C, ) —ax); {<C",
<0

is plurisubharmonic in the open set where it is less than + ©°. But (6.19) gives

—inf(—log(1 — Rye" [ { — w; ) —ax) £ —a(, @) <

(6.22)
<inf(—log(l — Re" 1 { — w; ) — ax) ;@ € 10, + o1, L € C",

z<0

where the w, € %w,» and %w,- are the complex hyperplanes dual to the singularities

w, =0, w, ..., w, €W C L. As before for R € R we calculate
(6.23) I(@) = inf(—log(l — Re* | { — w; ) — az),
<0

for all @ € 10, + o], { — w; € C". The result even in this case leads to the
same conclusion as in Theorem 6.8.

7. Relation between D, and o,

In this final section we prove our main results by investigating the relation-
ship between the function a,, and the directional derivative 9, in the case of the
pluricomplex Green function g,(z, 0) with a pole at the origin.

THEOREM 7.1. Let 2 be a bounded linearly convex domain in C" which contains
the ovigin and with boundary 082. Let hy, = h,: C"— R U {co}, 2 < 0, be the sup-
porting functions of the linearly comvex sublevel sets 2, = {z € Q; g,(2) < x} of
the pluricomplex Green function g, of 8 with a pole at the origin. If V,: C*— R,,
a > 0, are the Siciak functions with respect to the class o ¥, define for all { € Q% :=
{z€ C"; ho(z) < oo} the functions o, : C* X 10, + ] =R, by



106 STANLEY M. EINSTEIN-MATTHEWS

@, (0 = inf(a; V(O = ho(0), a €10, + oo,

and

2,0 = lim
x,/0

h® ~ 1@ ¢ gy o

Then
a,, (0 =1 21950, ¢ € 2%,

where D, denotes the directional derivative in the case of the supporting functions for
the pluricomplex green function at the point z = z({) which minimizes | 1 + (- z| for
a given L € Q7. This is unique if the boundary 08 is of class C' and the hyperplane
(-z=1 is the tangent hyperplane to 02 at the point 2.

Proof. Let £2,, x < 0 be the sublevel sets of a bounded linearly convex do-
main £. Let kg, and hg, be the supporting functions of £ and £, respectively. Con-
sider the directional derivative:

hoB) = g, ®) _

Dy(b) = lim —

x1o0

10, o]

in the direction of the vector b € 2% < C"* = C”. Consider the drop in the level
of the supporting function from £ = 0 to x < 0. At the point 2 = z({) which mini-
mises k() = sup(—log|1+ ¢+ z|) we have |1+ - z| =¢". For this
z = z(0) we have:

() ho(Q = —log|1+ (- 2|,z C",

(i) ko () = —log|1+ C+ 2|, 2, € 082, is the point with @ = |z — z,[. For
the given { € Q*c =" corresponding to the point z = z({) we also have
at the area of contact that V,({) = hyo(0) = @({) and that , ({) < a. The re-
verse inequality is clear from Theorem 6.8 for the unique choice of { € 0%,

ho(©)
e
Hence ahQ(C) = % To complete the proof we let 82 be of class C* and let
2

£ have an outward normal vector N at z, € 0£2. Then the real tangent plane at 2,
is given by ReN -(z— z,) = 0. The complex tangent plane is 1+ {,+ z=10
1

equivalently N+ (z— z) = 0. Hence {, = — I N . Next let 2% have an
2,

exterior normal vector v at the point {, € 992" The real tangent plane at this
point is given by the equation Re b+ ({ — {,) = 0. The complex tangent plane has
the equation 1+ z,- { =0 or equivalently D -({ — ) = 0. From which we
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1
deduce that z, = = * U. A complex hyperplane which is paralled to 1 + {;-z=10
0 ) CO 0

and passes through a point z, = 2z, + AN with Re 2 = 0 and | A | small is disjoint
from £, (rather Re 1 = A(ImA)®), where A is a positive constant. Such a

1
hyperplane has the equation 1 + y{,-z = 0 where y = 1= 0N =1+ A{,'N
0

A
=1- Na So y+ £, € Q¥ for these y. Thus Re Dy — 1), < 0 for these y
2
_ — - 1
and -, = c(N - 2z), ¢ 2 0. Hence N= 6{,, v = tz,, with t = ¢f, 6 = W,

(=3

1
t = —=. So that
2oV

Lo MGl w =Nz oz
N-¢ lal Nz Tz

and we see that v is determined by z, and N. Similarly

_V'Zo Co
N=—2Z=2e :
-2 TGl

Since the boundary 89 is C' it follows from Theorem 2.12 that the boundary
902" is also C' and hence the points z, and {, correspond uniquely. Thus { € C”

for which z = z({) minimizes is unique. Observe also that since {; = — =—* N

we can choose a point w € C” on the exterior normal N to get { = — N—_ - N.

Let € > 0 be given sufficiently small such that

{=— 1 «.N= N = N
N-w —(zg+eN) N —2z-N—¢
Then
_ N
hQ(C)—-hQ<‘_‘zO.—ﬁ—€>/‘+°°, aSS\O,
and
N
(X,,Q(C) = ahﬂ(ﬁ) /S + o, as e\ 0.
0

N ¥
— € 7. However, when ¢ = 0 we see that ————=
— 2z N—e¢ — 2z, N

€ 092" Now from C. O. Kiselman’s Theorem 6.3 in [Ki.3] we have ho (0 =

Also we have
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= — log € where

N cosy
— log d+(0) so we see that — log d *("‘*——_—“> —=1r
¢ N— g N—c |z, NI
7 is the angle between the exterior normal vector v at {, and the vector joining {,
N
and . One also sees that dg« <——.> = 0. U
—2z,* N

Remark 7.2. Let £,, x < 0 be the sublevel sets of bounded convex domain 2.
Let H, and H,_ be the supporting functions of £ and £, respectively. Momm de-
fined a type of directional Lelong number as follows:

H,(5) — H, (b)

A,(b) = lim

x10

€10, + ], beS={zeC";||z]| =1,

which measures the rate of approximation of 02 by 042, x < 0, in the direction
of the vector b € S. We shall compare the drop in the level of the supporting
functions from x = 0 to x < 0 in this case with the case of bounded linearly con-
vex domains §2 with linearly convex sublevel sets £,, £ < 0. Now consider the
case of linearly convex domains £ with sublevel sets £,, x < 0 and their support-
ing functions h, and h, respectively. The type of directional Lelong number

—ho@ "
Do) = lim, ., in this case. So 4,(0) = De"®, (e Q* c C™ ="

- x
wherea = |z — 2,1, 2z, € 08,.
The following two theorems are corollaries of Theorem 7.1. Using the fact
from the Remark 7.2 that 4, = @thg one can apply Momm’s results to obtain

THEOREM 7.3. Let 2 be a bounded linearly convex domain in C" containing the
origin with supporting function h defined in (1.8). Then theve exists a constant C = 1
such that o, () < Dpe"(0) < Ca, (0, { € 2%

THEOREM 7.4. For a bounded linearly convex domain 2 in c” contaiming the ori-
gin and with supporting function h defined in (1.8), the following statements ave
equivalent :

(i) D, is bounded on the sphere S which is the boundary of the ball with centre the
hypersurface at infinity dual to the origin containing 0%

(ii) @, is bounded on the sphere S which is the boundary of the ball with centre the
hypersurface at infinity dual to the origin containing Q.

(iii) There exists a constant C > O with

QCQ +C(—0B,z<0



EXTREMAL PLURISUBHARMONIC FUNCTIONS 109

where B ={z€ C"; | z| < 1}.

(iv) There is a plurisubharmonic function v on C™"\ Q™ with v(Q) <log| ¢ +
0(1) as {— 9, v < hy on a neighbourhood of the boundary 32" of 2% and coin-
cides with hy on *c P: (CO\H#,, where #, is the complex hyperplane dual to the
origin 0 € Q.

Remark 7.5. Notice that as in Momm'’s paper on bounded convex domains, we
get a relation between the derivative 9, and the function @, in the set where the
Siciak extremal function agrees with the supporting function of the bounded
linearly convex domain §. However, there is one thing which makes the linearly
convex case less agreeable: in Momm’s case it is enough to consider a = 1, the
other sets are simply homothetic images of this special case. This is because

a0(0) S HD & 00 < Hy(2) © pad) S Hy©, and (= gad € £

@ € . Hence we use the simple fact that H,, is positively homogeneous. But &,
does not admit such a simple trick. As a result we are forced to consider V, for
each a separately.

In any case, we have that

a, (O oo

(7.1) 2,10 = T

and

)

a, (O 0

(7.2) D5 (z) = ?f?We ,

where &, is the point on d2™ that corresponds to z, € 0f2 assuming that 2 is C'
smooth. Perhaps, it would be preferable to consider

Wy=suplo €L;0 < hy/a);
and

@, (O = inf (a; W, (D = ho(D/ ).

In this case hg/a ™\ ¢px as a \, 0.

In conclusion, we note that there is a clear analogy between the linearly con-
vex case and Momm’s results for bounded convex domains, but it is as yet not
satisfactory, because it seems difficult to study the function a,, to get information
about P,, which was Momm's objective.
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