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ON DIFFERENTIAL POLYNOMIALS, II

HISAST MORIKAWA

Abstract. In Part II, we shall be concerned with applications of classical
invariant theory, to statistic physics and to theta functions. Main theorem in
Chapter 2 is stated as follows:

For a partition function

oo

&)= ms”

=1

satisfying v > 0 (I > 1) and a > 0, the 2n-apolar of £(s)

ettt = S0 (1) ()" e (1) et

1=0

has the expansion

Azn(£(5),€(s Zﬁnls ot

such that 8,,; > 0 (I > 2). This means, for a given partition function £(s) with
nonnegative relative probabilities, we construct a sequence of partition func-
tions A2 (£(s),£(s))n>1 with the same properties, which may be considered a
sequence of symbolical higher derivative of £(s). The main theorem in Chapter 3
is stated as follows: For given theta functions ¢1(z) and p2(z) of level ny and no

respectively, in g variables z = (21, 22, ..., 2¢), then r = (r1,72,...,74)-apolar
_ (_1)|j| r a1\ o \"I
ae@eE)= Y i (5) (5) 9@ (5) w0
0<y<r—3 "1 "2

is a theta function of level ni + n2, and

(2) e (2) a1 = 3 S0 Inlinf~ ”( )(j'fl)

0<j<h+k I
(~1)lhl(n1n2)lh+k—al
(n1 + ﬂz)”“““'

(2) Arsscsfir(a)a(oD
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74 H. MORIKAWA

§2. Apolars of partition functions

For a partition function ((s), we define its entropy S({) and the central
moments My(¢) of S(¢) as follows,

(s
S(0) = C(S() ) 108C(s),

! SRIONISION
M, ( " n > 2).
o) 2 () ) <<<s> (=2
On the other hand, in the invariant theory on formal power series

fe1n =y (‘j)f“tl

=0

the generators of semi-invariants are given by the same polynomial se-
quence,

=1 (7)£<"”l>£<1>ls<°)"‘l“ (n22),
=0

Mo (€) = (%)nqsn(a) (n>2).

So we may define semi-invariants of partition functions. Most interesting
semi-invariants of a partition function £(s) are it’s apolars,

2n
Agn(£,€) = s*" > _(-1)! (2”>§<2"—l>(s)g<l>(s) (1<n<oo),

=0 !

For a partition function £(s) = .52, v;s7% with @ > 0 and v, > 0 (I > 1),
the 2n-apolar has the expansion

A2n Z ﬁ2n s ol

with non-negative coefficients

Bany = Z’Yz h’YhZ ( >ah](3)[ (1 = R))r),
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where
[ah]D[a(l = h)]?") = a(ah + 1)
c(ah+j—1)(a(l—=h))(a(l=h)+1)---(a(l—=h)+2n—7+1).

MAIN THEOREM. Let £(s) = 372, 7057 be a partition function,
such that vy > 0 (I > 1) and o > 0. Then the 2n-apolar Ay, (£,€) has the
expansion,

oo
Z /82n,ls—a17
=2

-1

/62n,l = Z {OéQn(l — 2h)2n -+ CQn,l,l(Q)(l — 2h)2(n—1)+
h=1
4 copin—1(a)(l — 2h)2 + CZn,l,n(a)}’Yl—h’Yh (1>2),
with polynomials in o, canyi1(@),. .., conin(e) whose coefficients are non-

negative integers. Consequently all the coefficients (Ban,, of the expansion of
Az (&,€) are non-negative.

This suggests that from a partition functions ((s) with non-negative
coefficients we may construct relating partition functions with non-negative

coefﬁcients, A2(£>€)7 A4(§7 6)7 A6(€a€)7 ERE
2.1. Outline of invariant theory on formal power series

First of all let us recollect the outline of the invariant theory on formal
power series

(21) i 1= ( ;>5§ W (1<i<n),
=0
where w1y, wg, -+, w, are complex numbers and

g6 =(2.6",67.62,..)  a<is<n

are independent variable vectors of infinite length. The details of the theory
are found in [3].

sl(2, C)-action on 5](.0) , ](-1) , J(-Z) ,...1s given by Cayley-Aronholdt oper-
ators,

D{;l) _ l§](1—1)
(2.2) ALY = (w; — g
HEY = (w; —21)el! (0<i<oo; 1<j<T),
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with the relations,

[D,A] = H
(2.3) [H,D] = 2D
[H,A] = —2A

In C[&1,&2,. .., & ], degree, weight and index are defined as follows,

(2.4) deg 5;1) =1, weight 5](1) =1[, index 53(-[) =w; — 2l
(0<l<oo;1<j<r).

A polynomial ¢(€) in C[¢1, &2, . . ., & is called a semi-invariant of index
v, if p(€) satisfies

(2.5) D) =0,  Hp(€) = vp(€).

Semi-invariants form a graded algebra

(2.6) S = s

where S is the vector space of semi-invariants of index v.

For a complex number v we mean by t the convergent power series
> (v
> ( l) (t —1)"
=0

in the disc {t | |t — 1| < 1}, which is a branch of the many valued function
tv.
The germ of GL(2,C) acts on f;(&; | t) (1 < j <) as follows;
0B . at+ .
2.7 f; (( )ﬁj | t) = (vt +6)* f; (61’ l ) (1<j<n),

Yo vt +6

ie.,

68 S [ wj =1\ (1-p+a) - wj—l—
(2.8) o Gl1=>3 » . 3 ol 7P RIyP i,

p=0g=0



DIFFERENTIAL POLYNOMIALS s

10 O )
) — —p) AP
2 1)s) =X (o)
N A
o) £ (5 e
q:

(2 D)o wsremrsse

A covariant of index v means a formal power series
> (v
(2.10) F&,...,6:5t) =) <l>c,(g)tl
=0

with coefficients Cy(€) in C[&1, &, ..., &, ] such that

56 6Y. \ , ot +f
(211) F ((”ya)&"“’ <m)gr,t> ~ (7t +6) F(fl,...,gr,—7t+6)

for the germ of SL(2,C).
We denote by Cl the vector space of covariants of index v, and we call
the direct sum
¢ =a,cM

the graded algebra of covariants.
The next four are the fundamental theorems in the invariant theory.

THEOREM. (Robert’s theorem) The mapping exp[tA] defined by

o0 1)
(2.12) expltAlp(&) =) Al@@(ﬁ)tl—%
=0

1s a graded algebra isomorphism of S onto C' such that
(2.13) exp[tAa)st = oW,

THEOREM. (Structure theorem on the graded algebra of semi-invari-
ants) Denoting polynomials

(214)  dn(g) = (-1 (7) €V @n<os 1<),
=0
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we obtain a system of generators
O 6 g0 €l — DM (1<i<k<r),

én(&5) 2<n<oo; 1<j<T)

0 —1 0 —1 0 -1
of the algebra S[E” ", e €07,
THEOREM. (Semi-simplicity theorem) Assume that
i) wi, wa,...,w, are positive integers, or

i) Yy djw; # 0,1,2,3,... for all non-negative integral vector (di,
d27"',d7") # (OiO)‘ ’0)

Then Cl&1, -+, & ] is a semi-simple sl(2, C')-module with decomposition

(2.15) C® (@, (dimsM) wh),
where W is the simple sl(2,C)-module with the basis [e1, ea, €3, - - -] such
that
0 0 01
(1 0) el:(y_l+1)el—1’ (0 0) el:(l+1)el+1a
(2.16)
-1 0
0 1 er = (v —2l)e;. (0 <1< o00)
THEOREM. (Gram’s theorem)Under the same condition on wy, wa,- -,
wy, the following two statements on an ideal I in C[£1,&s,. .., & ] are equiv-
alent,

i) I is an sl(2,C)-admissible ideal,

ii) there exists a set of index homogeneous semi-invariants {px}ren such
that I is generated by {A%py |0 <1 < oo, A € A}

2.2. Central moments M,(Z) of entropy

The scale-change invariant derivation

d
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is a nice tool for the study of partition functions.
We choose a generic partition function

(2.18) Z(s) = explu(s)]
and define the entropy of Z(s) by

0Z(s)
Z(s)

The central n-th moment M, (Z) is defined by

n (n—1) M(s) )
o wan-cor ()25 ()

=0

(2.19)  8(2) =

og Z(s) = u(s) +u(s) = (0 + 1)u(s).

Let us show the justification of the definitions in Boltzmann’s sense.
Let £(s) be a partition function given by an integral

€(s) = [ expl-sf(a)]da

where we assume that d/dz and the integral are freely commutative. Then
we have

[ o[l emlste)

- [ expl=sf(2)] ;.
= [ (1) + loge(a) 2 a
s )% fewl-s/@)]de

0 + log &(s)
- ki ST + toge(s)
d S
dgf()) +logé(s) = egg(g)) +log€(s) = (6 + L)u(s),

/_o; {log {9‘%{(—””)]} _ S(Z)}n w .

a0 expl=sf(@)]
‘/X< sf@)+ s(s)> &)
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s f“)(s))lf?m(%w—lexp[—sf(x)]dw
= (a2 (z) ( €G) &)

(™ 6(1’(s)>l(%)”"eXP[—sf(w)ldx
= (o 2 (z) ( ) ()

LEMMA 2.1.

(2.21) (=)™ (%)n =™ =00+1)---(6+n—1),

(2.22) My(Z) = 0(0 + 1)u(s) = [6]Pu(s),

(2.23)  (=s)" (dis)" — (04 2)(0+3)--- (0 +n— 1)Mx(2)

= [0+ 2|"" D My(2).
Proof. 1f we assume (2.19) for n — 1,
n n—1 n—1
o (5) = (msg) cor (5) +o-ne0m ()
= 0[]V + (n— DO V(O +n — 1) = [6]™.

From the definition of My(Z),

ZW(s)  (Z20(s)\? d (L2(s)
M2(8):(‘8’2{ ) }:(“5)2£ ()
2
= (o (52) uls) = 000+ 1)u(s) = (61 u(s).

(2.21) is a direct consequence of (2.19) and (2.20).

Let us express the generating function

(2.24) M(ZH) =143 Mn(Z)%n,,
n=2 :

where M,(Z) = 0.
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PROPOSITION 2.1.

(1 — (1) (s

(2.25) M(Z,t) = 4 él(s) t) exp [stZZ(S())}
[ o 7 ]

(2.26) M(Z,t) = exp |y _(~s) (%) U(S)ﬂ
=2 '

[ e . tJ
= exp Z[9+2](J_2)M2(Z)7 .
[7=2

Proof. Using Tayler expansion, we have

2(s(0-1) 82(%)}
Z(5) p{tZ(@

2, ZM) (s) (—st)h 2, (72 (s)
(57 5 )(;(m))
L (n=0) (g M (s))
HZ{Z( S () (St)l}
n=2 | l=0

n=2 =0
— 14 3 MU(2)E = M(Z00),
n=2
_ Z(s(1—t)) ZW(s)
M(Z,t) = 70) exp [st 705) ]
=exp |u(s — st) — u(s) + st%u(s)]
) l l
= exp Z(—s)l <%> u(s)% —u(s) — s%u(s)t]
Li=0 ’
I i = () %] - {i[" +2)0-2y(2)

81

We obtain the differential polynomial expressions M,,(Z) in M3(Z) with

respect to the derivation 6.
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THEOREM 2.1.

(2.27)

- ¥ I
Z].lj:m,j

jz2

L
Ij!

Proof. From Proposition 2.1 it follows

[e.o] n

d

L {Z<—s>ﬂ' (&Y wes

[(—s)j (L) wo

tJ
5!

7!

[e]<j-2>M2(Z>)“
7! '

|

tJ

]

& (—s>f<%>'u<s>)’j@

e 1 (=) (L)Yu(s)\" n
=1+ HT( o ) Tt
n=2 | " lj=n, Jj Lt It '

\ ;'22
[o'e] ] l]
_ y ;((—s)n%)w(s)) ta
PIL zsz::n, I;I Il ! nl
\ 9’22
. 1s '
1+ nz:; ' Z%ﬂh I;I 1;! 4! n!
\ ;22

M (Z, s) satisfies a partial differential equation, from which we obtain
a recurence relation between (My(Z))n>2.

PROPOSITION 2.2.

(2.28) saﬁM(z, £) + (1 — t)-g—tM(Z, t) = tMy(Z)M(Z, 1).

S
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(2.29)  OM,n(Z) = —S%Mn(Z)

= Myi(Z) = nMo(Z) = nMy(Z)Mo_a(Z) (0 >2).
(230) (84 n)M¢(2) = Myy1(Z) — nMy(Z)

Proof. From Proposition 2.1 it follows

_ MW (s
ez - 26 (1( )t)) exp {Stzz(i))]
= Z(s é(s) t) exp[st—d—u(s)]

M, 1(Z) (n>2).

9 Mz, + (- t)%

(s% + (1 - t)gt) Z(s(1—1)) Zzs) exp [st u(s )]
+ (8% +(1-t)~ ) ( Z(s )> Z(s(1—1t))exp [st—u(s)]

2B (o2 - ) o [ )]
— s gou(s) 2(5(1 ~ 1)) exp [ st uls)|

+ (st +s(1— t))dd u(s) Z(sél( ] ) exp [ tdiu( )J

i _Z(—Sél(s_)—t)—)tg (%>2u(s)exp [std%u(s)]

= t(—s)? (%)2 Z(Sél(s_) ) exp [st%u(s)} =tMy(Z)M(t)

M(Z,1t)

( +a-p2 ) M(Z,t) — tMy(Z)M(Z, 1)

oo

=Y M5 - Z M(Z)——

= (n—1)!
tn+1
—tMy(Z) — Z My(Z)

Comparing the coefficients of ¢t of the both sides, we obtain (2.28) and
(2.29).
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2.3. Inhomogeneous semi-invariants of partition functions
For a given system of generic partition functions (Zi(s), Z2(s),...,

l
eay & — 9206 = (-5 (3) %)
(0<l<oo; 1<j<r),

so that

D
(232) A((=9)2)(s)) = (w; =12} TV(s)  (0<l<o0; 1<5 <),
H ((=9)'2](s)) = (w; — 20)2(s)

The images of semi-invariants by the specialization are called semi-
invariants of the system of partition functions (Z1(s), Z2(s),. .., Zr(s)). We
denote by the same notations as 2, A,

S =,

the graded algebra of semi-invariants of (Z1(s), Za(s),- - -, Zr(s)).
There are many standard ways to construct semi-invariants from given
semi-invariants. One of most important one is making apolars.

Let ¢(s) and ¢(s) be semi-invariants of index p and v, respectively.
Then n-th apolar of ¢(s) and ¢(s) is defined by

L& () Arhe(s) Alg(s)
(2:33) Anler9)(e) = 2 (-1) (Z) Wt W0

The n-th apolar A, (¢, ®)(s) is a semi-invariant of index M — v — 2n, which
is independent on the choice of (w1,ws,...,wy).

EXAMPLE.
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(23, 2)) = 2{ (=220 )2,05) - ((-92(9))'}

A2m+1(Zj> Zj) =0
2m
Azn(2, 2;) = 3_(-1) ( 2}”) (=) 27" D (s)(=9)'24(5)

Another standard way of construction is making Hankel determinants,

Hanks,(Z;)
Zj(s), 920(s),  9227(s), ..., (99200(s)
(—S)Z](,l)(g), ( 5)2Z(2 (S) (_S)SZ](?)) (s), el (_s)q+1 Z](}H—l) (8)
(—s)qé§4) (s), (—3)4+IZ](q+1)(5), (—s)q+22§q+2)(s),. - (_5)2q2§2q)(s)
EXAMPLE.
N Z;(s) (—5)2M(s)
Hanky(Z;) = (—s)Zj(l)(s) ('—S)QZ(?) ()

= (51222 (5)2;(5) ~ ((~)2()) "
Zi(s) ()70 (-2

Hanky(Z;) = | (=5)2{"(s) (-s)? j<> (=522 (s)
(=52 ZP(s) (=9)*Z(s) (—s5)*Z2W(s)
(=)' 28 (5)(—9)22 () Z;(s)
+2(~5)° 2 (s)(~s) z<2>< )(- )Z}”(s)
(' 20®) 2(5) = (=5 29) (=927 ()
— ((=72(s))’

One more important construction is making Wronskians. Let ¢1(Z2), ¢2(2),

.., pn(Z) be semi-invariants of index vy, vs,. .., vy, respectively. Wron-
skian of ¢1(Z), p2(Z),...,¢n(Z) is defined by

Wh(er, .- >90n)(Z)
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¢1(Z) w2(Z) 1<Pn(Z)
Araei(2) wrde2) o g Aea(2)
—| @A) s A2 (2) oo A%en(2)
TS AT 12) G AT D) AT e (D)

which is a semi-invariant of index 3% ; ¥ —n(n — 1). Wronskians are inde-
pendent on the choice of wy, wa, ..., wn.
Since degree, weight and index are defined by

deg((—s)lZ(l)(s)) =1, Weight((—s)lZ](l)(s) =1,
index((—s)!ZW(s)) = w; (0<li<o0; 1<j<),

from the index formula for semi-invariants, we observe

(2.34) st = P  Slddo,....dpp)

VIZ]. dyw,—2p
where S[dy,...,d;; p| is the vector space of semi-invariants separately ho-
mogeneous of degree (dy,ds, ... ,d,) an isobaric of weight p. The decompo-
sition
(2.35) S= @ Sld,da,...,dv;p]

dy a“-»d'mp

is independent on the choice of wy, wa,...,wy,.

DEFINITION 2.1. An inhomogeneous semi-invariant of homogeneous
degree (dy, . . ., d,) and isobaric of weight p is a polynomial (.. ., (~s)'ZW(s)/
Z;i(s),...) in (—s)lZJ(-l)(s) (0 <1l < o0; 1 <3 <) such that of...,
(—5)1ZW(s),...) belongs to S[dy,ds,...,dr; p].

THEOREM 2.2. The algebra of inhomogeneous semi-invariants S is a
polynomial algebra in

(=92(s) _ (=9)2{"(5) .
Zie am #EIEY

and the central moments of entropies

Mi(Z;)  (2<l<o0; 1<j<r),
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1.e.

(=9)Z(s)  (~5)2V(s)
§ :C( Zis) Z(;) 2<j<r’(M’(Zj))2é§§°ﬁ’

This is a direct consequence of the structure theorem on semi-invariants,
because

" n\ (—s)" 1z (s —5)zW(s :
M(Z;) IZ(_I)(J( )Zj(sj) & (( Z)j(]s)( ))

- Zj(ls)" Xn: (?) (=s)"1 20 0(s) ((—s)Z](l)(s))l Z;(s)"t1

1

= Wﬁbn(&))

£V =(=)12{)(s)

2.4. Apolars of realistic partition functions

In the former paragraphes, we have treat only abstract formal aspects
of partition functions and their semi-invariants, however the most essential
points are reality and positivities of coefficients of expansions of partition
functions and certain their semi-invariants.

In the present paragraph we mean by a realistic partion function, a
partition function

(2.36) e(s) = 3 s
=1

such that vy > 0 ({ > 1) and « > 0.
In order to calculate the coeflicients of Ay, (&, &), we need Stirling num-
bers Sl(n), which are defined by the coefficients in [](™),

(2.37) 2] =z(z+1)-- - (z+n—1) = }nj R
-1

List oF S™.

bl =
[2]? =2? + &
(2] = 2® + 322 + 2z
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[2]@ = 2 + 62% + 1122 + 62

[2]® = 2® + 102* 4 352° + 5022 + 24z

2] = 2 + 152° + 852% + 2252 + 27427 + 120z

(2] = 27 + 21a® + 1752° + 7352* + 16242® + 1764z + 720z

Sl(n)(l <1 < n) are calculated by the recurence relation:

(238) S =1, S =(n-1), §7=5"7"+@n-1)s"

—al

The coefficients of 2n-apolar of £(s) = > 72, vis

A (€(9).€ 2”2 () () e (5) e
iﬂhﬂs o

are given by

(2.39) PBong= Z% h’YhZ 1)1( )ah](J)[ (1 — h)]@n=9),

The next inequalities are the key for the estimation of B35y, ;.

THEOREM 2.3. For real-non-negative z and y

(2.40) 3 (1) (277) [2)D[y) =9 > o,

7 J

(241) (y—2) D (-1) <2n N 1) @D+ >0 (n=0,1,2,--).

j J
Proof. For n = 0,1, we have
(y—2)(=[2]V + M) = (y—2)* >0

(21 = 2] VD + ()P = (2 - ) + @+ ) 2 0.
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Assuming (2.40) and (2.41) for 2n and 2n + 1, we have

(2” + 2) (] 0D [y] 2r+2-9)
<2n + 1)[ ) 2t 1=3+1)
+ Z(_l)j (2]7:“11) [z](U=D+D) [))Znt1=(-1)
_ Z <2n + 1>[ ](j)[y](2n+1—j)(y +on+1— _7)
- S -n 1(23"_+ f)[ oD @+ - 1)

=S (-1y (2" N 1) DDy + 20 +1— - o = j)
J

=21 (2" N 1) [P ey — 2+ 20+ 1 -5 - )

<o

— (- 2) X (-1y (2”“)[ [Py

+ Y (1) (2’7 1) (2n+1 — §)[a]@) ) 1)

J

-3y (2” ! 1)j{x1<j>[y1<2n+f*”
J

J
> (2n+1)) (1) (?) [2]9)y] I+
) e L
= (2n + 1)2( 1)/ (2;1) [z] ])[y] (2n— J){y +2n—j+4+z+j}
J

=2n+1)(z+y+2n) Z( 1y (2jn) [a:] [y](Q"_j) >0,

J
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(v=2) S (1) (2” T 1) SRIMCEEsS

; J

= (-2 Y (-1Y (2”j+ 2) [ )2 (y + 20+ 2 5)

+(y—=) Y _(-1) (Qf N f) (@)D (@ + j = 1)y e
J

= y-2) (-1 (2"J+ 2) [Py + 20 42§~z j)

=(y—a)) (-1) <2nj+ 2) [2] Dy 2D (y —z + 2n + 2 — 5 — j)
7

= - L (-1 (2” N 2) [} [+

; J

+(y—z) Y _(-1) (2";r2) (2n+2—7)[2] P [y) 2+ (y+2n+1-5)

J

—(y—o) (1)’ (2";“ 2>j[x1<f—l><x +J = gl Cri=6-1)

2n+1
J

> (20 +2)(y - 2) Z(—l)ﬂ’( )[w](") D (y + 20+ 1 - j)
J
2n+1

+(2n+2)(y=2) p_(-1) ( i1 ) [V [y) G0 (451

2n+1

= (2n+2)(y—x) Z(—1)J’ ( ;

> (2] D[y =0 (y+2n+1— j+a+5)

= (2042)(z-+y+2n4+1) (y—2) 3 (1) (2"].“) (#1192 o
J

The main theorem is a direct consequence of the inequalities (2.40) and
(2.41).

THEOREM 24. Ifa > 0 and v > 0 (I > 0), the 2n-apolar Az, (€(s),
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£(s)) of the realistic partition function

o0
—al
= Zﬁﬂs “ )
=1
has the expansion
l
A2n Z/B2nls “

with non-negative coefficients

(2.42) Pong = Z’n th ( ) [eh]D]a(l — b)) > 0
(1>2).
Proof. From the definition of 2n-apolar and from Theorem 2.3 it follows

A2n(§(8)7 5(8))

oo
= Y kAo (s, s7F)
h,k=1

S P E ( )—ah><~ahl>

k,h=135=0
< (—ah —j+ 1) (—ak)(—ak - 1)
- (—ak = 2n + j + 1)s7(+R)
-

00 1 2n
=3 v-wn (Z (—1)? (2;) eh)D]a(l - h)]@n—j)) s,

1=2 h=1 =0

-1 2n
Bon, = Zw KV (Z( 1)/ (?) [ah)D]a(l - h)]@"-j)) > 0.

j=1
The next three are the concrete calculations of the coefficients of

A2(£(s),€(s)), Aa(€(s),€(s)) and As(£(s),€(s))-

EXAMPLE 2.1. Let £(s) = 3252, 15~ be a realistic partition function.
Then we have the expansion,

(243)  Ag(6,6) = 226D ()E(s) — 260(s)?)
oo [l-1
=YD {e?(—2n)* + al}yipyn| s

=2 Lh=1
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Consequently Az(&,€) is also a realistic partition function.

Proof. Watching the list of Stirling numbers, we observe,

[

2

l

¢
M

Az(&,6) = {[ah](z) + [a(l - h)]®@

i
I\
>
il

1
ah) ol = k)] Jy s

"
Pt

EXAMPLE 2.2. For a realistic £(s) = Y72, v5%, we have
(244)  As(£,€) = 5* (26D (5)8(5) — 8D ()W (s) + 662 (5)?)
-1
[Z{a“(l — 2h)* + (6031 4 8a2)(I — 2h)?
h=1

|

—

{OAQ(Z2 —4lh 4+ h?) + al} ’Yl—h’Yh} st

-~
(]
—_

(e L8

I
I

2(1—2h)* + 041} ’Yl—h’Yh:I s™

h 1

I
Nagk

—al

+ 30212 + 6al}'yl~h7h s

Consequently A4(&, &) is also a realistic partition function.

Proof. Watching the list of Stirling numbers, we observe,

oo [l-1
INEEDD [Z{[am(‘“ + [l = M) ~ 4lah]@[a(t - B

=2 Lh=1

~ 4fa(l = W@ah)) + 6ok fa(l - h>1<2>}~n_m}

= i [S{a‘*hf* +6a°h® + 11a°h* + 6ah + a*(l — h)*
=2 Lh=1

+6a3(l — h)® +11a%(1 — k) + 6a(l — h)

— 4(a®h® + 3a2h® + 2ah)(a(l - h))

—4(c®(l — h)® 4+ 30%(1 — h) 4 2a(l — h))ah

+ 6(a?h? + ah)(@?*(l - h)? + a(l - h))}'yl-h’yh] s~
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_ f: [li{o/*(h‘l — 4R3(1 — h) + 6K2(1 — h)
—4h(l— h)® 4+ (1 — h)*) + 6a3(1* — 41?h + 41R?)

+ o?(11h% — 11(1 — h)? — 10h(l — h)) + 6al}yl_h7h} S_al

= i [li{a‘l(l — 2h)* +6031(l - 2h)?

=2 Lh=1
+ 8a2(l — 2h)2 +3a21® + 6al}’}’l_h’)/h] s

_y [li{o/*(z —2h)* + (62’1 + 8a2)(1 — 2h)?
1=2

h=1

+3021? + 6al}’n_h’yh] sol,

EXAMPLE 2.3. For a realistic £(s) = .02, v;57%!, we have

A5(,8) = s°(269 ()¢ (s) — 126P (5)¢ M (s)
+ 306 (5)6® (5) — 206®) (5))

(2.45) =) {Z{ (1 - 2h)5 + (15051 + 40a*)(1 — 2h)*
=2 Lh=1
+ (450*1% 4 21031 + 18402)(1 — 2h)?

+ 150313 + 90a%% + 120al}’yl_h'yh} s—al

Proof. Watching the list of Stirling numbers, we observe,

A5(£,€) = ° (z£<6><s)5(s> — 1269 (5)6W (5)306W ()¢ (5) — 206¥)(s)?)
> [Z{ oh)® + ol = W] — 6lah)Vfal — 1)
is[aa — WP [ah] V) + 15ah] Dlall - ))?

+15[ce(l — B)] @ [ah]® — 20[ah]®[a(l - h)](?’)}»n-m] s~
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oo [l-1
=3 [Z{aGhG +150°h° + 850 h* + 2250°h% + 27407
=2 Lh=1

+ 120ah + a®(1 — h)® +150°(1 — h)° + 85a* (1 — h)*

4+ 22503(1 — h) + 27402(1 — h)? + 120a(l — h)

— 6 (a®h? + 10a*A* + 350°h% + 5002h? + 24ah) o(l — h)

— 6(a’(l = h) + 100*(1 — h)* + 350° (I — h)® + 5002(1 — h)?
+ 24a(l - h))ah + 15(ah* 4+ 6a°h® + 11a2h2

+ 6ah)(a@®(l — k)2 + a(l — b)) + 15(a*(l — h)* + 6a3(1 — h)3
+ 1102(1 — h)? + 6a(l — h))(a®h? + ah)

—20(®h® + 3ah? + 2ah)(@(1 - h)?

+3a%(l - h)? + 2a(l — h))}}

oo [I-1
= {Z{aG(ZG — 121°h + 601*h* — 1601°h® + 2401°A*
=2 Lh=1

— 1921R° 4 64h%) + 1505 (15 — 81*h + 2413h — 3212h3 + 161h*)
+ 5a*(171* — 10013h + 22812h2 — 2561h® + 128h*)
+ 3(2250* — 8401%h + 8401h?)

+ o?(2741% — 736lh + 736h%) + 1zoal}7,_wh] sl

oo [l-1
=y [Z{aG(l — 2h)% 4+ 150°1(1 — 2h)* + 5a*(8(1 — 2h)*
1=2 Lh=1

+ 912(1 — 2R)?) 4 210031(1 — 2h)? + 150313 + 184a2(1 — 2h)?
+ 900212 + 12Oal}7l_h'yh} s~

M8

[g{aﬁ(l - 2h)6 + (15a5l + 40014)(1 — 2h)4
h=1

(450*12 + 210031 4 184a2) (I — 2h)?

l

[l
N

+ 150313 4+ 900212 + 120al}m_m} s~

PROPOSITION 2.3. If two realistic partition functions £(s) = >.72;
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s and &(s) = Y2y s~ satisfy A2(€,€) = A2(6,€), then £(s) = &(s).
Proof. Putting A2 (€,€) = 3.2, B157°%, we observe

-1

Br="> {a*(l —2h)* + al}yi—pyh,
h=1

2071 = 2043,

m
2 Z{a2(2m +1—-2r)2 4+ 2m + Datyeme1—rvr

r=1

m
=2 Z{a(2m +1- 2T) + (2m + 1)a}’?2m+l—1"5"r (m =0,1,2,3,.. ~)a

r=1
m-—1
2 Z {a2(2m —2r)? + 2matyom—ryr + 2may?,
r=1
m—1
=2 {*(2m —2r)* 4+ 2ma}Fom—rFr + 2maF, (M =1,2,3,...).
r=1

Since a > 0 and 4;,7; > 0 (I > 1), we conclude 4, =, (I > 1).
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§3. Differential polynomials in theta functions

In the present chapter we shall be concerned with differential poly-
nomials in theta functions. On the algebra of differential polynomials in
theta functions, Heisenberg Lie algebra acts so nicely that the subalge-
bra of theta functions coincides with the subalgebra consisting of so called
semi-invariants. This means the invariant theoretic point of view is a helpful
method. By analogy of Hilbert operator we are able to calculate concrete
expressions, and again apolars take important parts.

Notations.

Z>( = {non-nagative integer},
jl=s+d2+ - +Jg

j +e& = (j17"-,ji—17ji + ]-aji+l7"*)jg)

(J1s -y Jim1,0i — L Jig1s -+, Jg) (4 = 1)
J—e&i=
0 (Ji = 0),
Gl =1l gal - ! J :__2!_: Ju\(3z) . (s
FTIERIEO B ) T G =R \ Ry ) \ kg hy )’
z=(21,22,...,%), u = (u1,ug,...,uy): systems of complex variables inde-

pendent each other,
T: a complex symmetric ¢ X g-matrix whose imaginary part is positive

definite,
J1 J2
(u+l+3) = <u1+11+a—1) <u2+lg+93)
n n n

ag\79

()

o\ o \7t o \72
(27r77\/—1u + B—Z—> = (27rn\/—1u1 + EE) (27rm/—IU2 + 8—Z5>
8\
<27r77\/—1ug + @)
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3.1. Theta functions and auxiliary theta functions

First of all we shall recollect some basic definitions and results in the
previous article [3].

DEFINITION 3.1. A theta function of level n (n > 1) means an entire
function f(z) = (z1, 22, ..., 24) satisfying the difference equations.

(3.1)  flz+b+br)

= exp|—mnV/—1{br'b + 22'b} f(2) ((b,b) € Z9 x 29).
Denoting of o\

o~ the vector space of theta functions of level n, we obtain
the graded algebra of theta functions.

(3.2) 6o = P 65
n>1
Theta series

(3.3) o™ [g} (r2)

:l;}gexp [Wn\/—_l{(l-{-%)frt <z+%) + 22t (1+%)H

(a € 29/n29),
form a canonical basis of Gén), and consequently

(3.4)

dimg 6 = n?.

DEFINITION 3.2. An auxiliary theta of level n means a function ¢(u, z)
= (u1,u2,...,Ug, 21,22, . .., %) such that

1. ¢(u,z) is a polynomial in v = (u1,ug,...,us) whose coefficients are
entire functions in'z = (27, 22, ..., 2),

2. p(u+b,z+b+br) = exp[—rny/—1{br'b + 22'b}]p(u, z) ((b,b) € 29 x
Z9).

Denoting of 8™ the vector space of auxiliary theta functions of level n, we
obtain the graded algebra of auxiliary theta functions,
(3.5)

oM Moy =0"  (n>1).



98 H. MORIKAWA

Auxiliary theta series
) | 7 ut 2 oo |
9; ('rlu Z)=|{2mn —lu—i——a;) 9 0 (t12)
|J| E
(3.6) = (2mnv/ -1 Z (u+1+ n

leZ9

exp lﬂn\/—l{(l + %)Tt(l + %) + 22 (l + %)}]
(j € 2%y, a € Z9/nZ7)
from a canonical basis of 8. Denoting by 9](.n)

by
(3.7) 94 [g] (rluz)  (a€29/nZ9),

the vector space spanned

we obtain a fine decomposition of 6,

(3.8) 6= P, P, o™= P o

jezg, n>1 JEZL,
6; = Ay, 8 = AI6SY,  (j €Ly n>1)
and consequently
(3.9) dimc 6 =n9  (n>1, j € Z%).

3.2. Action of Heisenberg Lie algebra
We denote the projection operators

(Tj : 0 — 9j
(3.10) ™0 — 06" (jeZly n#l)
(n) . (n)

We introduce differential operators, derivations, acting on 6 as follows,

€= Z no™

n>1

(3.11) D; = Z

o™ (1<i<y),

27r\/ c?uz
A= Z(an\/—lui + %0(")

n>1
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then the action on the canonical basis are given by

W[5 a2y = g |5
£v; [OJ (7 | u,2) = nd; [0} (1] u,z)
(n) % _ o) |n
(3.12)  DJ; [0 (1| u,2) = njid;~ [O} (7| u,z2)

A {g (r |w,2) = 957, M (v |u,2)

(1<i<g, j€Zly a€Z9/nZf n>1).

The operators €, D1, Dy, ..., Dg, A1, Ag, ..., A, satisfy the Heisenberg Lie
algebra relations;

(313) [E,Di] = [8,Ai] = [Dl, Dk] = [Az, Ak] =0

eesi={5 {20

Denoting
Dl:DlllDl;...Dég, AlelllAéz,..Aég (1€ Zy),

we have

O 3le

1 (n) |7 AT
] DPy; 0 (tlu,2)= (p) 95

L pigt|n () |
J 29\ n — 9\ |n
(3.14) j!an 95 o (T]u,z)="1 o (1] u,z)

](Tlu,z)

(J, pe ZgZO, a€Z9/nZ? n>1).

The next lemma is the key for our purpose, which is the analogy of
Hilbert operators in the classical invariant theory.

LEMMA 3.1. Projection operators O’J(-n); 0 — 0)(-n) are given concretely
as follows;

(n) _ (1P s s () e 78
(3.15) o = Zg p!j!nlplnlle DPtig (jezipn=1).
>0
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Proof. 1t is sufficient to prove
o a () |n _
Z ( 1) p+]Dp+J 192:71) n (7_ ' u, Z) - 19” {OJ (T l u, Z) (k J)
pljinlp+il 0 )
0 (k # J)-

From (3.12) and (3.14) it follows

(Z _(7-1_)h)LAp+ij+j> 19](671) [%’] (r | u, 2)
14

pljinlptil

—1)lpl ‘ n
= (ZQ—AP‘HD ) (]' mDJ 9™

p'nlpl

O 3le

[ } lu, )
< lPlApﬂp'Tlllp] ) ( )ﬁ]ﬁnb {g] (r %)
3o
Gt el

ﬁ<">[ }(ﬂuz) (k= j)
0 (k#35)

O 3le

Since 0=®jezg> OAj 6o, each auxiliary theta ¢(u, z) can be expressed uniquely

plu,z) = Y AI(2)

JEZL,
with theta functions ¥;(z). We denote the linear operators by
(3.16) Lip(u,2) = ¥j(z)  (j € Z%,)
i.e.,
p(u,2) = 3 AJ(2)
J

From Lemma 3.1 we observe that
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LEMMA 3.2.
Lo = (_1?T|APDZD (n)
]
”>1P€Zg pniP . g
(3.17) (el 1y (€ ZS,)
AP P+ 5 (n)
zé; :;: ptyhﬂ]+P' A'D" g

Proof. Since A’ induces a vector space isomorphisms of 0(()") onto AB(()H)
and o; + AJ L;, from Lemma 3.1 we conclude

L; -Z Z AP DPHi ()

iinlpts
nS1pez8 plj! n[ |

LEMMA 3.3.
(3.18) LoAi=0 (1<i<g).

Proof. For any theta functions ¥;(z)

Lo (Z Al‘I’z(Z)> = Uy(2),

hence LoA'W;(2) =0 (1 #0 ¢ Z2 L0)-

LEMMA 3.4. For theta functions p1(z) and p2(2),

Lo (Ajsol(z)ﬁkm(z)) = (1ML, (<P1(Z)Aj+k902(z))

(3.19) (7,k € Zgzo)~
Proof. First we shall show
(%) Ny (2)AFga(2) ~ (=1l (2) AT pa(z) € | Al
1<5<g

by induction on |j|. Assuming (x) for j (|j| < m), then

ATTe o (2)AFpy(2) = Ay (Aj#?l(z)Ak(P?(z)) — Aoy (2)AF iy (2)

= (=)<l (2)ATHE+e 4 an element in U Ayf.
1<p<g

Hence from Lemma 3.3 we obtain

Lo (A71(2)A% 2 (2)) = (=) Lo (1(2) A7 s (2) )
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3.3. Apolars of theta functions
We shall define apolars of theta functions and give the concrete expres-
sion of the linear operators

Lj 10 — b (]EZ;—O)

DEFINITION 3.3. For each r in Z%O the r-th apolar of theta functions
¢1(2) in 08”1) and ¢2(2) in 0(()"2) is defined by

131
(3.20) A,(p1(2),p2(2)) = Z —%—II_I)T—J—I< )A]gol(Z)AT Ip9(2).
0<j<r Ny Ny

LEMMA 3.5. For ¢1(z) in 95") and @2(2) in 9(n2),

(3.21) Ar(p1(2), 2(2)) € 951

Proof. Obviously A,(¢1(2),@2(2)) belongs to 8("1+72) It is sufficient
to show D;A,(¢1(2),92(z) = 0 (1 < ¢ < g). By induction on |j| we can
prove

D;N g™ = (’njiAJ_Ei + AnDl) o
hence

DiAr (¢1(2), <P2(Z))
il [ _ .
-3 G () {parne) ot

+A’g01(z) (Dia ™ p(2)) }
IJI

= Z |]| |r 3 (r) {nljiAj“ezga1(Z)Ar—j(p2(Z)

jnn

(s = Ji) ATy (2) AT pa 2) |

—Z Zk;ézjk Zk;ék(’"k ~Jk)

H( ){Z( ! ’(“) Jz—ljln—hN “1(2) AT p3(2)
2

ki L1

+Z W’( )TZIHN%(Z)N 7 e1902(2)}
Ng
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2D ( )+ZI ( )r—h—l»:o

we observe D; A, (p1(2),p2(2)) =0 (1 <i<g).

From

THEOREM 3.1. For theta functions ¢1(z) in Gc()m) and pa(z) in 0(()”2)
(3.22) Lo(ATp1(2) AFp2(2))

N A
= DU ()T A (1 (2), 2(2)

ni +ng
(ja ke Z%O)
Proof. From (3.19)
Lo (¢1(2)A%¢a(2)) = (~)V1Lo (01(2) A7 s (2))
it is sufficient to prove

7112
ny + ng

k
Lo(pa()8%0(2)) = (272 ) A(r(2), a(2))

since DPy1(z) =0 for p # 0 and (3.14) it follows,

—1)\Inl
Lo(er(:)Akga(z) = T f”

" p!(n1 + no)lP!

( )|p|n|P| P DkAkgoz(z)
A I
(n1+na) #1(2) p!n|2P|

Iplnm
(511 it g 27012 (fv) AT eale)

—1)I2lp 1ol
ot ) (o arer 80
— _ple-al [k 4 n2 Pl
- p( & (p—q> <n1+n2)

q
lal k| 1l
Ny Ng (-1) k\ g kg

(ny + ng)ldl n§q|n|2k“q| <q Al (2) A%y (2)

APDP ) (2)AFpy(2)

I Il
> M

M“M

IA
=

IA
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S (or() ) )

it 1l
1" (=" <§)Aq(p1(z)Ak_q<P2(z)

(nl + nz)I‘II nlllﬂnlzk“‘II
|k—q| . lal 1Kl _1\ldl
:Z(l‘ - ) s DR (F) rag, (2) Ak, (2)
ni + ng (nl + n2)|‘I| nll‘ﬂn'zl‘(ﬂ q
|k—q lq —1)ldl
=3 () () - () A aat )
P ny + ng n1 + ng nll‘”ngc'q‘ q

_ (_"&)'k' A(1(2), 02(2),

ny + ng

THEOREM 3.2. For theta functions ¢i1(z) in 0(()”1) and @2(z) in 9(()n2)

b (reentes) = ot (1) (1)

1 j—1
_1)Ihl(n1n2)lh+k—jl
(nl + n2)|h+k|

(4, h, k € Zgzo;nl,nz > 1).

(3.23) ( Apsiei(01(2), £2(2))

Proof. From Lemma 3.2 the operator Lja(”) can be written as follows

Lja(") = L0< 'n|J|DJ (s ))

hence, using (3.14), we have

Lj(AMp1 (2) A% py(2))
- (n_:lmL (%D“A"% <z>A’“soz<z>)

I
T (m +n2)—|j|L0 <; 1l Tl ‘Pl(j—_WD AFy(2)

(n1 + ) |JIL0 (Z ny'ny ”( ) (j Ii l) Ah_l‘pl(z)Ak—jH‘PZ(z))
( . g z) Lo (Ah"l<p1(z)Ak_j+l<p2(z))

12 IJ I
n
(n1 + ng) Ijl Z ( ) J



DIFFERENTIAL POLYNOMIALS 105

k ﬁ
(n1+n2 e o 1= ll( )( _l>(_1)lh !

nin 'h k=il
x( 2 ) T A (01(2), 2(2))

71 + N2
( 1)l (h)< k ))
"\ -1
(n1n2)|h+k—jl

(n1 g Antis(1(2), 02(2).

Finally we obtain the next decomposition formula.

THEOREM 3.3.

(324)  Algy(2)Akpy(2)

- I st () (5

N L P e I
( :l()Tllg‘:lQ§])h+k| A Apr—j(p1(2), p2(2))

(p1(2) € 65, 0a(2) € 6 b, k € ZL,).

Specialization v = (ug,...,uq) — 0= (0,...,0) induces a graded alge-
bra isomorphism of 8 = Djezs, ,0i onto the graded algebra D(6p) of differ-
ential polynomials in theta functions such that

(3.25) Aip(z) — (g’-) o(x)  (o(z) € bo).

Since the apolars A, (¢1(2), p2(z)) of p1(z) in 0(()”1)

to 9(()"1 +n2)

and p2(2) in 9(()"2) belong

, we may write

(3.26) AT(¢1 (2), (PQ(Z))
(=Dl ) o 9\
:OQTW( ) (@) ¢1(2) <$) @a(2).

The next is the translation of Theorem 3.3 by means of the specialization
Al — (8/0z) (5 € ZQZO)'
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THEOREM 3.4.

(3.27) (%)hmz) (%)kmz)
- st ()4

0<j<hik 1 J—l

— 1\l (o) IhHE—] J
g (52) it

(p1(2) € 98"1),g02(z) € 98”2); h ke Z%O).

3.4. A differential algebra expansion of the field of abelian
functions

We mean by A the abelian veriety defined by the period matrix (I, 7),
and mean by Vg the affine g-bundle over A defined by the quotient

V() = CI9 x Cg/N,

where (u, Z) ~ (u+ b,z + b+ br) ((b,b) € Z9 x Z9).
We donote by g the field of abelian functions on A, i.e., the quotients
v1(2)/p2(2) of theta functions of the same level.

DEFINITION 3.4. F;¥ means the vector space over ¥g spanned by

A (2) ,
A ER (0<k<y),

where ¢1(z) and ¢3(z) run over theta functions of the same level. Then
FO\IJ = \I/o and
(3.28) v= |J RV

J€ZL,
is a filtration of an algebra. We call the elements of ¥ auxiliary abelian
functions.

THEOREM 3.5. The algebra VU of auxiliary abelian functions in a poly-
nomial algebra over Wy,

(3.29) U =, [Amm (1]2),...,049 [j (| z)] ,

where ¥[7] (7 | z) is the theta series of level one.
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Proof. We shall prove

(+) F.U C 0, [Am L‘j (r12),...,A40 m (| Z)J

by induction on |r|. Assume (x) for j satisfying |j| # r. Then taking h, k
such that h + k =r, |h + k| = r, from 3.4 we have

Ahﬁm (r | Z)Aky H (r]2)

ﬂﬂmzf
BB
0<]<]+k—rl !
oY ﬁHT'Z H(T'Z))
X 2|7"
ﬂHmm

- A™D m (r| 2)? - Nﬂm (r]2)

2 19[2](T|Z)2 B

ST T, mod | J F;¥.
[ ](T | 2) =

(]

This means

Nﬂm (T]2) : :
T € ¥y [Alﬁlol (7] z),...,Agﬂlo}(T | z)] .
: H 1)
()

Again from (3.24), for theta functions ¢;(z), p2(2) in 6,

k [0}
Al (2) & H 12

#2(2) 0[0 (7] 2)

we have

—
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_ lll " k (_1)Illnlr—jl
o T ()G ) G
Amﬁmma%ﬂvu»

X

mwﬂjvu>

" Nwwﬂﬂww»
RSN .
" o1
A% (7| 2)
" AT (2) nl*l 0
= -+ mod FJ‘I’
(DI palz) - (mt D 9 [Z] (t]2) lagér

Choosing h, k such that h + k = r, |h|, |k| < r, we conclude

Ao g {Al H(T|z) ,Agﬁ[j(rlz)}.

pa(2)

The next is the translation of Theorem 3.5.

THEOREM 3.6. The polynomial algebra over ¥y
0 a lo
— 9 i
L TRI N

%jwu> 4jwu>

coincides with the algebra over ¥y spanned by

(2wt

9 m (r]2)

(3.30) ¥

(j € Zg_o;a,be Z9/nZ%;n > 1).
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Moreover derivations act on generators as follows,

J
1
OV o V 5 o ’
T e 7 e

=2

o Jd |o g o
aZiaZjﬂLJ (r1]z)— 28—%19 [o:| (] z)a—zj L}] (1] 2).

The derivations 0/0z1,...,0/0z5 map the field ¥y into itself.

3.5. Decomposition of differential polynomials
We choose a system of independent variables

s=(s1,52,...,5g)
and a system of dependent variables
Z(8) = (Z1(8), Za(8)y ..., Zn(9))

with positive integral valued weight
weight Zy (s) = ny (n<k<N)

we regard (Z ,gj )(s)) also a system of dependent variables with respect to
s = (s1,82,...,5g), where Z,(cj) = (8/0s)! Zi(s) and weight Z,(Cj)(s) = ng
(j €2y, 1<k <N).

We introduce a system of derivatives of the polynomial algebra

0=ql..,z9, . ]
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as follows,
€= Z NI (n)

n>1
(3.32) Di= Z nkjizlgj_w ) (1<i<y),

jezgzo, 1<k<N aZk

0
A= —

881

where

o™ 0 — o

means the projection of Q onto the vector subspace Q™ consisting of ele-
ments of weight n in Q. Then the derivations €, D1, ..., Dg, Ay, ..., Aq,...,
A satisfy Heisenberg Lie algebra relations:

[6, Dl] = [Dl,Dk] = [A,,Ak] =0

(3.33) Doy - {(i:k)
PRI £ k).

DEFINITION 3.5. An element ¢ in Q™ is called a semi-invariant of
weight n, if D;¢ =0 (1 < i < g). Semi-invariants of weight n form a vector

space Q(()") and the graded algebra
n>1

Q= P af”

is called the graded algebra of semi-invariants in €.

LEMMA 3.6.
(334) DZAP = pi{iAp—Ei + APDZ (p € Zg20)7
DPAIp j - .
(3.35) " = (p) APy (J,p € Zgzo,cp € Q(()n)).

Proof. Assuming (3.34) for p;, we have

DiAerei = D;APA; = (p,'EAp—Ei + ApDi)Ai
= pieAP + APe + AP D; = (p; + 1)eAP + AP D,
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THEOREM 3.7. We denote

3.36) L= — L ___APDPHIG()
( ;p;‘;, p‘J'n!P + 61
then
(3.37) D;L; =0
idg, (=

(3.38) L;A% | Qo = { % , )

(J # k)
(3.39) Y ALy =idg

JEZY,

Proof. From the relation

m 1 (m=0)
_1)l»l —
2. <p> {o (m £0),

it follows
1)| ) )
IT. — +p )I+p 4(n)
ZA L; Zznlmlva Ditrg
m n .
— Z m'n|m| (Z (1)l <p)> A" D™ _ Z o™ =idq
p n>1

From (3.35), for each ¢ in Q(()n), we have

Z( Il p+J)‘N’D i p R
Gl + 5)

= Z(_l)lpl (p;]) (p N J)ApAk—J—p

s )oees

7
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This means L;A* | Qp = idg,. Since eo(™ = no(™)| from (3.34) we have

P Di+p4(n)
D;L; _Zzpjnwﬂpj i APDIFPg

Ipl
. A DL—€i s P nyit+pte (n)
‘Zznlpﬂlpllp—i_%A dj +p+ APD Yo

= Z Z (—})lp—eil _AP-1pitp
i\ nIP—Ez‘I-]I(p — Ei)!]!
(—1)l! : 4
+) - APDITPre o™ =0
p n|p+3|p|‘7|

Now we obtain the decomposition formula.

THEOREM 3.8. L, is a vector space isomorphism of AJQq onto Qp, and
AJL; is the projection of 2 onto AI in the decomposition:

(3.40) Q= P =P P a'af.

JEZL, n21jezl,

Theorem 3.8 states that each differential polynomial ¢ is uniquely writ-

ten N
¢ = ; <£> Lyg

with semi-invariant Lpo.
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