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LOG DEL PEZZO SURFACES OF RANK ONE
CONTAINING THE AFFINE PLANE

HIDEO KOJIMA AND TAKESHI TAKAHASHI

ABSTRACT. Let X be a log del Pezzo surface of rank one. In [8], the first author
determined the possible singularity type of X when X contains the affine plane
as a Zariski open subset. In this paper, we prove that, if X contains a non-cyclic
quotient singular point and its singularity type is one of the list of [8, Appendix
C], then it contains the affine plane as a Zariski open subset.

1. Introduction

This paper is a continuation of the paper [8] of the first author. We work over the
complex number field C.

Let X be a normal projective surface with only quotient singular points. Then
X is called a log del Pezzo surface if its anticanonical divisor —Kx is ample. A log
del Pezzo surface is said to have rank one if its Picard number equals one. In this
paper, we call a log del Pezzo surface of rank one an LDPI1-surface.

A pair (X, T) of a normal compact complex surface X and a subvariety I" of X is
called a compactification of the complex affine plane C? if X \ I is biholomorphic to
C?. A compactification (X, T) of C? is said to be minimal if T is irreducible.

In [8], the first author proved that if (X,T') is a minimal compactification of C?
and X has only quotient singular points, then X is an LDP1-surface and the com-
pactification (X,I") is algebraic. Moreover, he determined the possible singularity
types of X. See [8, Appendix C]. In this paper, we consider the following problem.

PrROBLEM 1. Let X be an LDP1-surface whose the singularity type is one of the
list of [8, Appendix C]. Is then X a compactification of C?, i.e., X has a subvariety
I" such that X \ T is biholomorphic to C??

The first author [8] proved that Problem 1 is true provided the index of X < 3.
However, Problem 1 is false in general. See [8, Example 4.2]. In this paper, we prove
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that Problem 1 is true if X contains a non-cyclic quotient singular point. The main
result of this paper is the following theorem.

Theorem 1.1. Let X be an LDP1-surface and let w: (V,D) — X be the minimal
resolution of X, where D is the reduced exceptional divisor. Assume that X contains
at least one non-cyclic quotient singular point. Then X is a compactification of C?
if and only if the weighted dual graph of D is one of the following (1)—(28), where
we omit the weight of the vertex corresponding to a (—2)-curve.
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If a normal algebraic surface contains C? as a Zariski open subset, then its smooth
locus is simply connected. So we obtain the following result as a consequence of
Theorem 1.1.

Corollary 1.1. Let X be an LDP1-surface. If the singularity type of X is one of
(1)—(28) in Theorem 1.1, then X \ SingX is simply connected.

It is well-known that the fundamental group of the smooth locus of every log del
Pezzo surface is finite. See [5] and [6]. A short proof of the result is given in [4].

TERMINOLOGIES. A (—n)-curve is a smooth complete rational curve with self-
intersection number —n. A reduced effective divisor D is called an SNC divisor if
D has only simple normal crossings. We employ the following notations:



Ky/: the canonical divisor on V.

p(V): the Picard number of V.

%(S): the logarithmic Kodaira dimension of S.

#D: the number of all irreducible components in SuppD.
Y,: the Hirzebruch surface of degree n.

2. Preliminary results on LDP1-surfaces

In this section, we recall some basic results on LDP1-surfaces given in [14] and [15].
The results given in this section are generalized for the normal del Pezzo surfaces of
rank one with only rational singularities. See [9] and [10].

Let X be an LDPl-surface and let 7 : V' — X be the minimal resolution of
singularities on X.

Lemma 2.1. With the same notation and assumptions as above, the following as-
sertions hold true.

(1) X is a rational surface.

(2) X is projective.

(3) X is Q-factorial, i.e., for any Weil divisor L on X, there exists an integer
n > 0 such that nL is a Cartier divisor.

Proof. Since X has only quotient singular points, it has only rational singular points
by [3]. So the assertions follow from results of [1]. O

Let D = ). D; be the reduced exceptional divisor with respect to 7, where the
D; are irreducible components of D. It is well-known that D is an SNC divisor and
cach connected component of D is a tree of smooth rational curves (cf. [2], [3]). We
often denote (V, D) and X interchangeably.

There exists uniquely an effective Q-divisor D¥ = >, @ D; such that D¥ + Ky, =
T K- V-

Lemma 2.2. The following assertions hold true.
(1) —(D#* + Ky) is a nef and big Q-Cartier divisor.
(2) For any irreducible curve F on'V, —F(D# + Ky) = 0 if and only if F is a

component of D.
(3) Any (—n)-curve with n > 2 on 'V is a component of D.

Proof. See [15, Lemma 1.1]. O

Lemma 2.3. Let E be a (—1)-curve on V. Then the connected component of
Supp(E + D) containing E supports a big divisor. In particular, the intersection
matriz of E + D s neither negative definite nor negative semi-definite.



Proof. The assertions follow from p(V) =1+ #D. O

Let p the smallest positive integer such that pD¥ is an integral divisor. By
Lemmas 2.1 (3) and 2.2 (2), we know that, if C' is an irreducible curve not contained
in SuppD, then —C(D#* + Ky) takes value in {n/p| n € Z-}. So we can find an
irreducible curve C such that —C(D# + Ky/) attains the smallest positive value. We
denote the set of all such irreducible curves by MV (V, D).

Definition 2.1. (cf. [15, Definitions 1.2 and 3.2]) Let (V, D) and X be the same
as above. (V, D) is said to be of the first kind if there exits a curve C' € MV(V, D)
such that |C'+ D + Ky | # (0. (V, D) is said to be of the second kind if (V, D) is not
of the first kind, i.e., |C'+ D + Ky| = 0 for any curve C' € MV(V, D).

Lemma 2.4. Assume that (V, D) is of the first kind. Then there exists uniquely a
decomposition of D as a sum of effective integral divisors D = D' + D" such that
the following conditions are satisfied.

(i) CD; = D"D; = KyD; =0 for every component D; of D’.
(ii) C+ D"+ Ky ~ 0.

Proof. See [14, Lemma 2.1]. O

Following lemmas are useful to consider the case where (V, D) is of the second

kind.

Lemma 2.5. If p(V)) > 3 and (V, D) is of the second kind, every curve of MV(V, D)

is a (—1)-curve.

Proof. The assertion can be proved by using the proof of [14, Lemma 2.2]|. See [9,
Lemma 3.6] for a direct proof of the assertion. O

Lemma 2.6. Let ® : V — P! be a P-fibration (i.e., ® is a fibration from V onto
P! whose general fiber is isomorphic to PY). Then the following assertions hold true.

(1) The number of irreducible components of D not in any fiber of ® equals
14+ > o(#{(=1)-curves in F'} — 1), where F' moves over all singular fibers
of P.

(2) If a singular fiber F' of ® consists only of (—1)-curves and (—2)-curves, then
its weighted dual graph has one of the configurations (1)—(iii) in Figure 2.1.
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Figure 2.1.
Proof. See [14, Lemma 1.5]. O

Lemma 2.7. Let ® : V — P! be a P'-fibration. Assume that there exists a singular
fiber F' of ® such that it is of type (i) or (ii) in Figure 2.1 and that C € MV(V, D),
where C'is the unique (—1)-curve in SuppF. Then every singular fiber G consists of
(—2)-curves and (—1)-curves, i.e., the weighted dual graph of G is one of (i), (ii) and
(iii) in Figure 2.1. Moreover, if Ey and Ey (possibly F1 = Es) are the (—1)-curves
C SuppG, then E; € MV(V, D) fori=1,2.

Proof. See [14, Lemma 1.6]. O

Lemma 2.8. Let ® : V. — P! be a P'-fibration and let C' be a (—1)-curve in
MV(V, D). Assume that ® has a singular fiber F' such that F' = 3C + A, where A is
an effective divisor with SuppA C SuppD. Then every singular fiber of ® consists
of (—1)-curves, (—2)-curves and at most one (—3)-curve.

Proof. See [9, Lemma 3.8]. The assertion can be proved by using the same argument
as in the proof of [14, Lemma 1.6]. O

3. Proof of Theorem 1.1, part I

In Sections 3 and 4, we prove Theorem 1.1. Let X and 7 : (V, D) — X be the same
as in Theorem 1.1. Let D# be the Q-divisor defined in Section 2 (see before Lemma
2.2). If X contains at least one non-cyclic quotient singular points and is a minimal
compactification of C?, then [8, Theorem 1.1] implies that the weighted dual graph
of D is one of (1)-(28) in Theorem 1.1.

From now on, we assume that the weighted dual graph of D is one of (1)—(28) in
Theorem 1.1 and prove that X contains C? as a Zariski open subset.

3.1. Case where #SingX =1

In this subsection, we consider the case where #SingX = 1. Namely, we consider
the case where the weighted dual graph of D is one of (1)-(11) of Theorem 1.1. We



consider the case (1) only; the other cases can be treated similarly. Let D = 37 D;
be the decomposition of D into irreducible components such that the weighted dual
graph of D is given as in Figure 3.1, where n > 2 and the weight of the vertex
corresponding to a (—2)-curve is omitted. In this case, p(V) = 6.
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Figure 3.1.

By [7, Main Theorem and Appendix B], there exists a (—1)-curve C' such that
CD =CD; =1fori=1or4. We may assume that CD; = 1. Then the divisor
F = Dy + Dy +2(C + Dy + Dy) defines a P'-fibration ® := @5 : V — P! and Dj
becomes a section of ®. Since 6 = p(V) = 2+ (#F — 1), ¢ has no singular fibers
other than F. Hence V' \ Supp(C + D) = C%. Therefore, X contains C? as a Zariski
open subset.

3.2. Case where #SingX = 2, part I

We consider the case where the weighted dual graph of D is one of (13), (16), (19),
(21) and (23) in Theorem 1.1. Although the arguments given in this subsection are
similar to those given in Section 4, we treat the above cases separately because some
of the arguments are different to those given in Section 4. Let D = DM + D® be
the decomposition of D into connected components such that D® is a linear chain
and consists only of (—2)-curves.

Let C be a curve of MV (V, D). Then, by Lemma 2.3, X \ 7,(C) is a normal affine
surface with only quotient singular points. So the connected component of C'+ D
containing C' supports a big divisor. Since D is not a linear chain and contains a
(—m)-curve (m > 3), (V, D) is of the second kind. Lemma 2.5 implies that C' is a
(—1)-curve and |C + D + Ky | = (). In particular, CD® < 1 for i = 1,2.

3.2.1. Case (13). Let D = .7 D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 3.2, where
the weight of the vertex corresponding to a (—2)-curve is omitted. In this case,

p(V)=T.
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If CDW =0, then CD = CD® = 1. So the divisor C' + D® is contracted to a
smooth point. This contradicts Lemma 2.3. Hence, CDM = 1.

We assume that CD® = 0. Then CD = CD; = 1 for some i € {0,1} by Lemma
2.3. We consider the following subcases separately.

Subcase 1: i = 1. The divisor F} := Dy + Dy + 2(C + D;) defines a P!-fibration
S = OV = P! and D5 and D4 become sections of ®. Let F, be the fiber
of ® containing D® = Ds. Then SuppF, consists only of Ds and some (—1)-
curves. We infer from Lemma 2.6 (2) that Fy = Ey; + D5 + Eso, where Ey; and
Eyo are (—1)-curves and Ey D5 = E9D5; = 1. Since Ds is a section of ®, we
may assume that Fy;D3 = 1. Then Ey2D, = 1 by Lemma 2.3. We know that
Es1,E5 € MV(V,D). Set G := Dy + Dy + 2(Dy + D3 + Ds) + 4E5;. Then G
defines a P!'-fibraton ¥ := Qg : V — P! and D, becomes a section of ¥. Since
7=p(V) =2+ (#G — 1), we see that V \ Supp(E; + D) = C?. Therefore, X
contains C? as a Zariski open subset.

Subcase 2: i = 0. The divisor Fy := Dy + D3 + 2D; + 3(C + Dy) defines a P'-
fibration ® := &5 : V — P!, D, becomes a 3-section of ® and D — D, is contained
in fibers of ®. Let F, be the fiber of ® containing D® = Ds. By the argument as
in Subcase 1, we know that #F, = 3. So

T=p(V)>2+ #F — 1)+ (#F—1) =8.

This is a contradiction. Therefore, this subcase does not take place.

From now on, we assume that CD® (= CD;) = 1. If CDW = CD3; = 1,
then V' \ Supp(C + D) = C? by the argument as in Subcase 1. Suppose that
CDW = CD; = 1 for some i € {1,2,4}. Then the divisor D; + D5 + 2C' defines
a P'-fibtation ®p,p,42c) : V. — P'. Then Dj, that is a (—3)-curve, is a fiber
component of ®p., p, 20| This contradicts Lemma 2.7.

Suppose that CDM = CDy = 1. Then the divisor F} := Dy + D5 + 2C defines
a P!'-fibration ® := @i : V — P!, Dy, D3 and Dy become sections of ® and
D — (Do + D3 + D) is contained in fibers of ®. Let I, be the fiber of ® containing
D,. By using the same argument as in Subcase 1, we know that [y = Fy 1+ Do+ Es o,
where Ey 1 and Ej 5 are (—1)-curves and Eo 1Dy = Ey 2Dy = 1. Since the intersection
matrix of Ey;+ D is not negative semi-definite for ¢ = 1,2 and D3 and D, are sections
of ®, we may assume that Fy;D3 = Fy9D4 = 1. Since

T=p(V)>2+ #F — 1)+ (#F—1) =6,

® has a singular fiber F3 = Es3; + Es5 5 consisting of two (—1)-curves E3; and Ej .
Since

T=p(V)=2+ (#F — 1)+ (#F — 1) + (#F5 — 1),



Fi, F5 and F3 exhaust the singular fibers of ®. By Lemma 2.3, we may assume that
Es1D3 = E39Dy = 1. Let v: V' — X3 be a relatively minimal model of ¢ : V' — P!
onto the Hirzebruch surface 33 of degree 3 such that f.(Ds;) = Mj, the minimal
section of 33. By the construction of v, we know that v,(D4)* = 1. However, this
is a contradiction because v,(D,) is a section of the ruling ® o =1 : X3 — PL.

Therefore, X contains C? as a Zariski open subset.

3.2.2. Case (16). Let D = Z?:o D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 3.3, where
the weight of the vertex corresponding to a (—2)-curve is omitted. In this case,

p(V) =S8,
[
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Figure 3.3.

Let a; (i =0,1,...,6) be the coefficient of D; in D#. Then
6 4 2 5} 3
7 041:? 042257 CV3=?, 044:?
If CDMW =0, then CD = CD® = 1. So the divisor C' + D® is contracted to a
smooth point. This contradicts Lemma 2.3. Hence, CD® =1,
We assume that CD® = 0. Then CD = CD; = 1 for some i € {0,1} by Lemma
2.3. We consider the following subcases separately.

Subcase 1: i = 1. The divisor F} := Dy + Dy + 2(C + D;) defines a P!-fibration
S =PV = P! and D3 and D4 become sections of ®. Let F, be the fiber
of ® containing D? = Dy + Dg. By Lemmas 2.7 and 2.6 (2), we know that F, =
Es 1+ D5+ D¢+ Es 5, where Ey; and Ey 5 are (—1)-curves and Fy 1 Ds = Ey2Dg = 1.
Since

Qp = 045:CY6:0.

8=p(V) =2+ (#I1 — 1)+ (#F — 1),
Fy and F}, exhaust the singular fibers of ®. By Lemma 2.3, we know that E» ;(Ds +
Dy) > 0 for j = 1,2. Since D3 and D, are sections of ®, we may assume that
Ey1Ds3 = Ey 9Dy = 1.

Let v : V — 34 be a relatively minimal model of ® : V' — P! such that f.(D3) =
My, the minimal section of 3. By the construction of v, we know that v,(D4)* = 1.
However, this is a contradiction because v,(D,) is a section of the ruling ® o =1 :
¥4 — PL. Therefore, this subcase does not take place.

Subcase 2: i = 0. The divisor F} := Dy + Dy + 2(C + Dy) defines a P!-fibration
¢ =PV — P!, D3 becomes a 2-section of ®, Dy becomes a section of @



and D — (Dy + Dj3) is contained in fibers of ®. Let Fy be the fiber of ® containing
D@ = D + Ds. By the same argument as in Subcase 1, we know that F, =
Es1+ D5+ Dg+ Es 5, where Ey ; and Es 5 are (—1)-curves and Ey ;D5 = Ey2Dg = 1.
Since

8=p(V) =2+ (#F — 1) + (#F — 1),

F; and Fy exhaust the singular fibers of ®.

Since Dy is a section of ®, we may assume that Ey Dy = 1. Since Fy ;D% < 1,
Esy1D3 = 0. So Ey9D5 > 0. Since Ds is a 2-section of ® and the coefficient of E
in F, equals one, we know that E; D3 = 2. Then EQ’QD# = 2a3 = 10/7 > 1, which
is a contradiction. Therefore, this subcase does not take place.

Therefore, we know that CD® = 1. We may assume that CD; = 1. Let
i € {0,1,2,3,4} be the integer such that C'D; = 1, here we note that CDM) = 1.

If ¢ = 3, then the divisor F' := Dy + Dy + 2(Dy + D3 + Dg) + 4D5 4+ 6C' defines
a P'-fibraton Qp V= P! and D, becomes a section of ®|py. It is then clear that
V'\ Supp(C + D) = C2.

Suppose that 7 € {1,2,4}. Then the divisor D; + D5 + 2C' defines a P!-fibration
@ p,ypst2c) : V — P! and Dj, that is a (—4)-curve, becomes a fiber component of
@ p,+ps+2c)- This contradicts Lemma 2.7. Suppose that ¢ = 0. Then the divisor
Fi := Do + D5 + 2C defines a P'-fibration ® := @ : V — P, Dy, D3, Dy and
Dg become sections of ® and D — (Dy + D3 + Dy + Dg) is contained in fibers of &.
Let F5 be the fiber of ® containing Dy. By Lemmas 2.7 and 2.6 (2), we know that
Fy = E514+ Do+ Es 5, where Eyq and Ej 5 are (—1)-curves and Ey 1Dy = Ey 5Dy = 1.
Since Ds is a section of ¢, we may assume that ;D5 = 1. Then

Ey1D#* > Eyq(aaDy + a3D3) =1,

which is a contradiction.

Therefore, X contains C? as a Zariski open subset.

3.2.3. Case (19). Let D = .7 | D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 3.4, where
the weight of the vertex corresponding to a (—2)-curve is omitted. In this case,

p(V)="1.
—3 TD4 —3
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Let o; (i =0,1,...,5) be the coefficient of D; in D#. Then
16 13 10 11 8
04021—7, 041:ﬁ, 042:ﬁ; 043:1—77 044:1—7, as = 0.
If CDW =0, then CD = CD® = 1. So the divisor C' + D® is contracted to a
smooth point. This contradicts Lemma 2.3. Hence, CD" = 1.
We assume that CD® = 0. Then CD = CD; = 1 for some i € {0,1} by Lemma

2.3. We consider the following subcases separately.

Subcase 1: i = 0. The divisor F} := Dy + Dy + 2(C + Dy) defines a P!-fibration
Qg V= P!, Dy becomes a 2-section of ®, D, becomes a section of ® and
D — (D, + Ds3) is contained in fibers of ®. Let Fy be the fiber of ® containing
D@ = Ds. By Lemmas 2.7 and 2.6 (2), we know that I, = Ey 1 + D5 + Es ., where
Esq and Ey 9 are (—1)-curves and Es1Ds = Ey9D5 = 1. Since Dy is a section of @,
we may assume that Fy Dy = 1. Since Ey D# < 1, Ey1D3 = 0. So FEysD3 > 0.
Since Dj is a 2-section of @ and the coefficient of Ey, in F; equals one, we see that
E52D3 = 2. Then

EyoD¥ =203 = 22/17 > 1,
which is a contradiction. Therefore, this subcase does not take place.
Subcase 2: i = 1. The divisor Fy := Dy + Dy + 2Dy + 3(C + D) defines a P'-
fibration ® := &5 : V — P!, Dy becomes a 2-section of ® and D — Ds is contained
in fibers of ®. Let Fb be the fiber of ® containing D = D;. By the same argument
as in Subcase 1, we know that #F, = 3. Then

which is a contradiction. Therefore, this subcase does not take place.

Therefore, we know that CD® = CDs = 1. Let i € {0,1,2,3,4} be the integer
such that C'D; = 1, here we note that CD® = 1. By Lemma 2.3, i # 2.

If i+ = 3, then the divisor F' := Dy + Dy + 2(Dy + D3 + Ds) + 4C defines a
P!-fibraton Qp V= P! and D, becomes a section of @ p. It is then clear that
V '\ Supp(C + D) = C2.

Suppose that 7 € {0,1,4}. Then the divisor D; + D5 + 2C' defines a P!-fibration
®p,+psi20) - V = PLIf i € {1,4} (vesp. i = 0), then D (resp. D), that is a
(—3)-curve, becomes a fiber component of ®p,;p,2c)- This contradicts Lemma
2.7.

Therefore, X contains C? as a Zariski open subset.
3.2.4. Case (23). Let D = 320 | D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 3.5, where

the weight of the vertex corresponding to a (—2)-curve is omitted. In this case,
p(V) =8.
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Let o; (i =0,1,...,6) be the coefficient of D; in D#. Then

42 28 14 34 17 21

130 M Ty Ty BTy MT oy BTz e

ap =

If CDW =0, then CD = CD® = 1. So the divisor C' + D® is contracted to
a smooth point. This contradicts Lemma 2.3. Hence CDW = 1. If CD® = 0,
then we easily see that the intersection matrix of C'+ D is negative definite, which
contradicts Lemma 2.3. Hence CD® = CDg = 1. Let i € {0,1,2,3,4,5} be the
integer such that C'D; = 1. We consider the following subcases separately

Subcase: i = 3. The divisor F' := Dy + D5+ 2(Dy+ Dy4) +4(D3 + Dg) + 8C defines
a P!-fibration Qp V- P! and D, becomes a section of ® . It is then clear that
V '\ Supp(C + D) = C2.

Subcase: i € {1,2,4,5}. The divisor 2C+ D;+ D¢ defines a P!-fibration @ oc4 D40
V — P! Then D has a (—3)-curve that is a fiber component of ®. This contra-
dicts Lemma 2.7. Therefore, this subcase does not take place.

Subcase: i = 0. The divisor F} := D+ D5+2(Dy+ Dg) +4C defines a P!-fibration
O :=Pp V> P!, D3 becomes a 2-section of ®, Dy becomes a section of ® and
D — (D5 + Ds) is contained in fibers of ®. Let Fy be the fiber of ® containing Dj.
Since SuppF; consists only of D, and some (—1)-curves, Iy = Ey 1+ Dy+ Es 5, where
Eyq and Eyo are (—1)-curves and Ey1 Dy = Es5D, = 1. Since Dj is a 2-section
of ®, DyD3 = 0 and the coefficient of D4 in F5 equals one, we may assume that
Es1D3 = 1. Then
51

Ey1D* > Eyy(asDs + asDy) = az + aq = 137 1,

a contradiction. Therefore, this subcase does not take place.

Therefore, X contains C? as a Zariski open subset.
3.2.5. Case (21). Let D = 3./ D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 3.6, where

the weight of the vertex corresponding to a (—2)-curve is omitted. In this case,
p(V) =9.
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Let a; (i =0,1,...,7) be the coefficient of D; in D#. Then

18 12 6 15 9
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We consider the following two cases separately.

Case 1: CD® = 0. Then CDW = CD; = 1 for some i € {0,1,2,3,4}. By Lemma
2.3,7=0or 1. We consider the following subcases separately.

Subcase 1-1: i = 0. The divisor F} := Dy + Dy + 2(C + Dy) defines a P!-fibration
¢ =PV — P!, D3 becomes a 2-section of ®, Dy becomes a section of @
and D — (Dy + Dj3) is contained in fibers of ®. Let Fy be the fiber of ® containing
D@ = Dy + Dg + D;. By Lemmas 2.7 and 2.6 (2), SuppF, consists either of a
(—1)-curve Ey and SuppD® or of two (—1)-curves Ey; and Eyy and SuppD®. If
SuppF, consists of a (—1)-curve F, and SuppD®, then E, meets both of Dy and
Ds. Then

Qn = Oé5206620é7:().

21
EQD# > EQ(OCQDQ + 063D4) > E > 1,

which is a contradiction. Suppose SuppF; consists of two (—1)-curves Es; and Es 5
and SuppD(Q). Then Fy = Ey1 + Ds + Dg + D7 + Ey5. We may assume that
Ey2Dy = 1 since Dy is a section of ¢. Then Fy9D3; = 0 since as + a3 > 1. So
Es1D3 = 2 since D3 is a 2-section of ® and the coefficient of E5; in F» equals one.
Then

30
EQJD# =2a3 = E > 1,

a contradiction. Therefore, this subcase does not take place.

Subcase 1-2: i = 1. The divisor F} := Dy + Do + 2(C + D;) defines a P!-fibration
P :=Pp, : V — P, D3 and D, become sections of @ and D—(D;3+ Dy) is contained
in fibers of ®. Let F, be the fiber of ® containing D® = Dy + Dg+ D;. By the same
argument as in Subcase 1-1, we know that SuppF, consists only of SuppD® and
one or two (—1)-curves. The component E’ of SuppF» meeting D3 is a (—1)-curve.

Then

15 12
E'D# > qaFE' Dy > = > —— — O D*.
= WP =79 7 19

This is a contradiction. Therefore, this subcase does not take place.

Therefore, Case 1 does not take place.



Case 2: CD® = 1. If DM =0, then the intersection matrix of C'+ D® is either
negative definite or negative semi-definite. This contradicts Lemma 2.3. Hence
CDW = 1. Let i € {0,1,2,3,4} be the integer such that CD; = 1.

We claim that CDg = 0. Indeed, if CDg = 1, then the divisor G := D5 + D; +
2(C' + Dg) defines a P'-fibration ®|¢ : V' — P!, D; becomes a 2-section of @ and
D — D; is contained in fibers of ®|g. We infer from Lemma 2.7 that ¢ = 3. So
Do+ Dy + Dy + Dy is contained in a fiber, say G, of ®|¢. It is clear that #G" > 6.
Then

9= p(V) 2 2+ (#G — 1) + (#G' = 1) > 10,

a contradiction. Therefore, C'Dg = 0. We may assume that C'D5; = 1.
We consider the following subcases separately.

Subcase 2-1: i = 3. The divisor F := D1+ Dy+2(Dog+ D3+ D7) +4Dg+6D5+8C
defines a P!-fibration ® := @z : V — P! and D, becomes a section of ®. It is then
clear that V' \ Supp(C' + D) = C%.

Subcase 2-2: i € {1,2,4}. The divisor 2C + D; + Dj defines a P!-fibration
@octp4ps| 0V — P! and D, that is a (—5)-curve, becomes a fiber component of
@904 p,+ps|- This contradicts Lemma 2.7. Therefore, this subcase does not take
place.

Subcase 2-3: i = 0. The divisor F} := 2C + Dy + D5 defines a P!-fibration
O = Qp V= P!, D,, D3, Dy and Dg become sections of ®. Let F, be the
fiber of ® containing D,. By Lemma 2.7, SuppFy consists only of (—1)-curves and
(—2)-curves. Since the component of SuppF, meeting Ds, that is a section of ®,
must be a (—1)-curve, SuppF; contains at least two (—1)-curves. By Lemma 2.6 (2),
Fy = E514+ Do+ Es 5, where Eyq and Ey 5 are (—1)-curves and Ey 1Dy = Ey 2Dy = 1.
We may assume that Es ;D3 = 1. Then

21
Ey 1 D¥ > Ey1(aDsy + a3D3) = a4+ g = o> 1.

This is a contradiction. Therefore, this subcase does not take place.

Therefore, X contains C? as a Zariski open subset.

4. Proof of Theorem 1.1, part II

We continue the proof of Theorem 1.1. Let V., D, D# and MV(V, D) be the same
as in Section 3. In this section, we consider the remaining cases: the dual graph of
D is one of (12), (14), (15), (17), (18), (20), (22), (24), (25), (26), (27) and (28) in
Theorem 1.1. In these cases, we need more detailed arguments than those given in
Section 3. Let D = DM+ D® be the decomposition of D into connected components
such that D® is a linear chain and let D = .., D; be the decomposition of D



into irreducible components. We assume that Dy is the unique branch component
of DV, Let o (i =0,1,...,#D — 1) be the coefficient of D; in D#. The values a;
are given in the following subsections.

We note that D@ (i = 1,2) contains at least one curve of self-intersection number
< —3. By Lemma 2.4, the pair (V, D) is of the second kind. By Lemma 2.5, every
curve C' € MV(V, D) is a (—1)-curve.

We prove some general properties for the pairs (V, D), which are used frequently
in the cases treated below.

Lemma 4.1. There exist no (—1)-curves meeting Dy.

Proof. Suppose to the contrary that there exists a (—1)-curve E meeting Dy. We
note that ag > 1/2 (see Subsections 4.1~4.12 below) and that ED# < 1. So
EDy=1.

Suppose that E(D — Dy) > 1. Let D, be the component of D — Dy meeting E.
Then

ED# > E(OéoD() + Oéij) > ap+ oy > 1,

where the last inequality can be proved by calculating a;’s (see Subsections 4.1~4.12
below). This is a contradiction. So E(D — D) = 0.

The intersection matrix of E + D is negative definite because ED = EDy = 1
and D2 < —3 (see Subsections 4.1~4.12 below). This contradicts Lemma 2.3. [

Let C' € MV(V, D) be a curve of MV(V, D). Then X \ 7. (C) is a normal affine
surface with only quotient singular points. So the connected component of C'+ D
supports a big divisor. Note that CD® < 1 for i = 1,2 because |C + D + Ky| = .

Lemma 4.2. CDW =1,

Proof. Suppose to the contrary that CD® = 0. Since CD® = 1 and D® is a
linear chain, we infer from Lemma 2.3 that there exist a positive integer n and an
effective divisor A such that SuppA C SuppD® and nC + A defines a P!-fibration
P := Qp,cpn) 1 V — P (See the proof of [14, Lemma 6.1].) It then follows from [13,
Corollary 2.2.11.1 (p. 82)] (or [12, Corollary 1.2.4.3 (p. 16)]) that V' \ Supp(C + D)
is affine ruled, namely, V' \ Supp(C + D) contains a non-empty Zariski open subset
isomorphic to A! x T, where T is a smooth curve. Hence S := X \ m,(C) is affine
ruled. However, this contradicts [11, Theorem 1] because S then contains a non-
cyclic quotient singular point that is the image of DM by 7. O

Let C be the same as above. We will prove that CD® = 1 by using case by case
analysis.
From now on, we consider the remaining cases separately.



4.1. Case (15)

In this subsection, we treat the case where the weighted dual graph of D is (15)
in Theorem 1.1. Let D = Zf:é D, be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.1, where
D3 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.

In this case, p(V) =8 + t.

D5
t
—4 ——
O O 'e) O————O——errerens —0 (t > 0)
Do Dy (1121 3) D3 Dy Dg D~ De ¢ -
Figure 4.1.

Let a; (i =0,1,...,6+1t) be the coefficient of D; in D#. Then
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDWY = 1.
Claim 4.1.1. CD® = 1.

Proof. Suppose to the contrary that CD® = 0. Then CD®" = CD; = 1 for some
i € {1,2,3,4,5}. By Lemma 2.3, we know that i = 1 or 3 and t = 0. We may
assume that ¢ = 1. Then the divisor F} := D3+ D5 + 2(Dy + Ds) + 4(C + D)
defines a P'-fibration ® := Qg V= P!, D, becomes a section of ® and D — Dy
is contained in fibers of ®. Let F, be the fiber of ® containing D® = Dg. Then
#F, > 5 because D2 = —4. Then we have

8=p(V)>2+ (#F, — 1)+ (#F, — 1) > 10,
a contradiction. O

We take i € {1,2,3,4,5} and j € {6,7,...,6 +t} such that CD; = CD; = 1. By
the shape of the dual graph of DV, we may assume that i # 3, 4.

Claim 4.1.2. If j = 6, then i = 2 and V \ Supp(C + D) = C2.

Proof. Assume that i« = 2. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC'+A defines a P'-fibration ®|,cya] :
V — P! and D, becomes a section of ®. (We can wright down the divisor nC' + A
explicitly; we omit the description.) It is then clear that V' \ Supp(C + D) = C2.
(See the arguments in Section 3.)



Suppose that ¢ # 2. Then i =1 or 5. If i = 1, then
4t + 4 > 1,
3t+4

which is a contradiction. If i = 5, then ¢ = 0 because CD# = a5+ g < 1. However,

CD#:Oé1+066>

this is a contradiction because the intersection matrix of C'+ D is then negative
definite. 0

Claim 4.1.3. The case j > 7 does not take place.

Proof. Suppose to the contrary that 5 > 7. Then ¢t > 1 and the both D; and
D; are (—2)-curves. So the divisor Fy := D; + D; + 2C defines a P!'-fibration
O =PV = P!. By Lemma 2.7, Dy and Dg are horizontal components of ®.
Hence, j =7 and i € {1,5}. We consider the following subcases separately.

Subcase 1: i = 5. Let Fy (resp. F3) be the fiber of ® containing D; + Dy (resp.
D3 + Dy4). Then Fi, F» and F3 exhaust the singular fibers of ®. Indeed, if G is a
singular fiber of ® other than Fj, F; and Fj3, then the component of G meeting Dy
is a (—1)-curve. This contradicts Lemma 4.1. By Lemmas 2.7 and 2.6 (2), we know
that Fy = Ey1 + Dy + Dy + Fy9 and I3 = E3 1 + D3 + Dy + E35, where Fy 1, Eo o,
Esq and Es5 are (—1)-curves and Ey 1Dy = Ey 9Dy = E31D3 = E5,D, = 1. Since

8+t =p(V) =2+ (#F1 — 1) + (#F — 1)+ (#F - 1) = 10,

t = 2. So Dg becomes a section of ®.
Since the divisor Ey; + D supports a big divisor by Lemma 2.3, Ey; meets at
least one of Dg and Dg. Then we have
12 1 16
—Ey (D* + Ky) <1 — =l—-|=+=-)==
2(D7 + Ky) s 1= (o +ag) <19+5) 05
and

9 2 17
—C(D¥ + Ky)=1- —1—(—=+Z)==.
C(D™ 4+ Ky) (a5 + ar) (19 + 5) o5

This contradicts C' € MV (V, D). Therefore, this subcase does not take place.

Subcase 2: i = 1. Then Dy, Dy and Dg become sections of ®. Let Fy (resp. F3) be
the fiber of ® containing D3 + Dy (resp. Ds). By using the argument as in Subcase
1, we know that Fy, F, and F3 exhaust the singular fibers of ®, #F, =4, #F; =3
and t = 1. The fiber F; is expressed as Fy = Ey1 + D3 + Dy + E5 5, where Ey; and
Es 5 are (—1)-curves and Ey D3 = Ey5Dy = 1.

Since the divisor Ey; + D supports a big divisor by Lemma 2.3, E5; meets at
least one of Dy and Dg. If Fy1Dg = 1, then —Fy (D + Ky) < —C(D¥ + Ky/),
which contradicts C € MV(V, D). If Es1Dg = 0 and Ey;1Ds = 1, then

1
—E271(D# —+ KV) =1- (062 + 063) = E



since t = 1. On the other hand,

9
4XD#+KW:1—Qh+aﬁ:§I>—&AD#+Kﬂ,

which is a contradiction. Therefore, this subcase does not take place.

The proof of Claim 4.1.3 is thus completed. U

Therefore, X contains C? as a Zariski open subset.

4.2. Case (18)

In this subsection, we treat the case where the weighted dual graph of D is (18)
in Theorem 1.1. Let D = Z:;Lé D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.2, where
D3 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.
In this case, p(V) =9+ t.
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Figure 4.2.
Let o; (i =0,1,...,7+1) be the coefficient of D; in D#. Then
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDWY = 1.
Claim 4.2.1. CD® = 1.

Proof. Suppose to the contrary that CD®?) = 0. Then CD" = CD; = 1 for some
i €{1,2,3,4,5,6}. By Lemma 2.3, we know that ¢ € {1,3,4}. We consider the
following subcases separately.

Subcase 1: i = 4. The divisor D3 + D5 + 2(C + D,) defines a P!-fibration
@ |pytDst2(c+Dy) 1V — P'. Then Dy, that is a (—5)-curve, is a fiber component of
@ p,+Ds+2(c+Dy)|- This contradicts Lemma 2.7.

Subcase 2: ¢ = 1. By Lemma 2.3, we know that ¢t = 0. So the divisor F; :=
D3+ Dg 4 2(Do + D) + 4(C + D) defines a P'-fibration ® := @p| : V — P Let
F, be the fiber of ® containing D® = D;. Then #F, > 6 because D2 = —5. Then

we have
9=p(V) =2+ (#F1 — 1)+ (#F— 1) =6+ #F, > 12,



which is a contradiction.

Subcase 3: ¢ = 3. By Lemma 2.3, we know that t < 1. If t = 1 (resp. t = 0),
then the divisor F' := Dy + Dg + 2(Dog + Ds) + 4Dy + 6(C + D3) (resp. F =
Dy + Ds + 2Dy + 3(C + Dy)) defines a P'-fibration @z : V — P! and D@ is
contained in a fiber of ® . By using the same argument as in Subcase 2, we derive
a contradiction.

The proof of Claim 4.2.1 is thus completed. l
We take i € {1,2,...,6} and j € {7,8,...,7+t} such that CD;, = CD; = 1.
Claim 4.2.2. If j =7, then i = 5 and V' \ Supp(C + D) = C2.

Proof. Assume that i = 5. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC'+A defines a P'-fibration ®|,cya| :
V — P! and D, becomes a section of Qoral- (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C?. (See the arguments as in Section 3.)

Suppose that i # 5. Since
2(t+1)  3(t+1) S
4t +5 4t +5 — 7
we have i = 2. Further, since CD* = oy + a7 < 1, we have t = 0. Then the
intersection matrix of C'+ D is negative definite, which contradicts Lemma 2.3. [

oy + o7 = g + oy >

Claim 4.2.3. The case j > 8 does not take place.

Proof. Suppose to the contrary that j > 8. Then ¢ > 1 and the both D; and
D; are (—2)-curves. So the divisor F} := D; + D; + 2C defines a P!-fibration
Q=@ V= P!. By Lemma 2.7, Dy and D are horizontal components of ®.
Hence, j =8 and i € {1,3,6}. We consider the following subcases separately.

Subcase 1: i = 6. Let Fy (resp. F3) be the fiber of ® containing D; + Dy (resp.
D3 + Dy + Ds). Then Fy, F, and F3 exhaust the singular fibers of ®. Indeed, if G
is a singular fiber of ® other than Fy, F» and F3, then the component of G' meeting

Dy is a (—1)-curve. This contradicts Lemma 4.1. By Lemmas 2.7 and 2.6 (2), we
know that #F5 = 4 and #F5 = 4 or 5. So we have

If #F3 = 4, then we infer from Lemma 2.6 (2) that F3 = D3+ D5+2(E3+ D,), where
E3isa (—1)-curve and E3D, = 1. Since Dy is a section of ® and D7(D3+ Dy+ Ds5) =
0, F3 meets D;. This is a contradiction. Hence #F3 = 5 and p(V) = 11. In
particular, t = 2 and Dy becomes a section of ®.



Since #F3 = 5 and by Lemma 2.6 (2), we know that Fy = E31+Ds+Dy+Ds+Es o,
where E3; and sy are (—1)-curves and E3;D3 = F35D5 = 1. Then E3; DU =
E372D(1) = 1. By Lemma 2.3, we know that E5; meets at least one of D; and Dy.
So we have

27 3 19
— B3 (D¥ + Ky)=1—E3, D" <1— =1—(=+=)=—
31(D7 4 Ky) 3107 < 1= (as + ay) (37+13> 181

On the other hand,

12 6 103
) > —F3,(D* + Ky).

—C(D*¥ + Ky)=1— =l (=+=)=—
(D7 + Kv) (@ + as) (37 T3) T ®w
This is a contradiction. Therefore, this subcase does not take place.

Subcase 2: i = 1. Then Dy, Dy and D; become sections of ®. Let Fy (resp. F3)
be the fiber of ® containing D3 + Dy + Dj (resp. Dg). By using the argument as in
Subcase 1, we know that F}, Fy, and F3 exhaust the singular fibers of &, #Fy, =4
or 5 and #F3 = 3. Moreover, we know that #F, = 5 because Dy is a section of ®
and the component of SuppFy meeting D7 is a (—1)-curve. So

I+t=p(V)=24+(#F — 1)+ (#Fo— 1)+ (#F;—1) =10

and hence t = 1. We have Fy = Ey1 + D3+ Dy + D5 + Ey 9, where Ey; and Es 5 are
(—1)-curves and Fy1D3 = Ey2D5 = 1. By Lemma 2.3, Ey; meets at least one of
Dy and D;. However, this is a contradiction because as + a3 > 1 and ag + a7 > 1.
Therefore, this subcase does not take place.

Subcase 3: i = 3. Then Dy, D, and D; become sections of ®. Let Fy (resp.
F3) be the fiber of ® containing D; + Dy (resp. Dg). By using the argument as in
Subcase 1, we know that Fi, F, and F3 exhaust the singular fibers of ®, #F, =4
and #F3 = 3. So

O+t=p(V)=2+ (#F — 1)+ (#F, — 1)+ (#F;—1) =9.
This contradicts ¢t > 1. Therefore, this subcase does not take place.

The proof of Claim 4.2.3 is thus completed. 0

Theorefore, X contains C? as a Zariski open subset.

4.3. Case (28)

In this subsection, we treat the case where the weighted dual graph of D is (28)
in Theorem 1.1. Let D = Zfié D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.3, where
D2 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.

In this case, p(V') = 10 + ¢.
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Let o; (i =0,1,...,8+1) be the coefficient of D; in D#. Then
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CD® = 1.
Claim 4.3.1. CD® = 1.

Proof. Suppose to the contrary that CD® = 0. Then CD" = CD; = 1 for some
i €{1,2,3,4,5,6}. By Lemma 2.3, we know that ¢ € {1,3,4,5}. We consider the
following subcases separately.
Subcase 1: i = 4 or 5. The divisor D;_; + D;;1 + 2(C + D;) defines a P!-fibration
P\p, 1+Dis1+2(c+Dy) - V — P Then Dg, that is a (—6)-curve, is a fiber component
of ®p,_,+p,,1+2(c+p,)- This contradicts Lemma 2.7.
Subcase 2: i = 1. By Lemma 2.3, we know that ¢t = 0. So the divisor F} :=
D3 + D7+ 2(Dg + Ds) + 4(C + D) defines a P'-fibration ® := @ : V — P Let
F, be the fiber of ® containing D® = Dg. Then #F, > 7 because DZ = —6. So we
have

10=p(V)>2+ (#F — 1)+ (#F> — 1) =6 + #F, > 13,
which is a contradiction.
Subcase 3: i = 3. By Lemma 2.3, we know that ¢t < 2. Ift =0 (resp. t = 1, t = 2),
then the divisor Fy := Dy + D5 + 2D, + 3(C' + D3) (resp. Fy = Do + Dg + 2D5 +
3Dy +4(C + Ds), Fy = Dy + D7 +2(Do + Dg) + 4D5 + 6D, + 8(C + Ds)) defines a
P!-fibration ® := @ : V — P and D®) is contained in a fiber of ®. By using the
same argument as in Subcase 2, we derive a contradiction.

The proof of Claim 4.3.1 is thus completed. U
We take i € {1,2,...,7} and j € {8,9,...,8 4t} such that CD; = CD; = 1.

Claim 4.3.2. If j = 8, then i = 6 and V \ Supp(C + D) = C2.



Proof. Assume that ¢« = 6. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC + A defines a P*-fibration ®|,c 44 :
V — P! and D, becomes a section of @pncya)- (We can wright down the divisor
nC + A explicitly; we omit the description.) It is then clear that V' \ Supp(C + D) =
C?. (See the arguments as in Section 3.)

Suppose that 7 # 6. Since

2t+1)  4(t+1)
5t +6 5t+6 —

we have i = 2. Further, since CD* = oy + ag < 1, we have t = 0. Then the
intersection matrix of C'+ D is negative definite, which contradicts Lemma 2.3. [

a5 + ag >

Claim 4.3.3. The case j > 9 does not take place.

Proof. Suppose to the contrary that j > 9. Then ¢ > 1 and the both D; and
D; are (—2)-curves. So the divisor F} := D; + D; + 2C defines a P!-fibration
Q=P V= P!. By Lemma 2.7, Dy and Dg are horizontal components of ®.
Hence, j = 9 and ¢ € {1,3,7}. In particular, Dy and Dg are sections of ®. We
consider the following subcases separately.

Subcase 1: ¢ = 7. Let Fy (resp. F3) be the fiber of ® containing Dy + Do (resp.
D3+ Dy + D5+ Dg). Then Fy, Fy and Fj exhaust the singular fibers of ®. Indeed,
if G is a singular fiber of ® other than Fj, F, and Fj, then the component of G
meeting Dy is a (—1)-curve. This contradicts Lemma 4.1. By Lemmas 2.7 and 2.6
(2), we know that #F, = 4 and #F3 = 6. Since

104+t=p(V) =24+ (#F — 1)+ (#F — 1)+ (#F5—1) = 12,

we have t = 2. In particular, D¢ becomes a section of P.

Since #F3 = 6 and by Lemma 2.6 (2), we know that Fy = E31+ D3+ Dy + D5 +
D¢ + E55, where E3q and Ej5 are (—1)-curves and Es ;D3 = E39Dg = 1. Then
E3,DY = F3,DW = 1. Since F3; € MV(V, D) by Lemma 2.7, we know that Fj;
meets at least one of Dg and D1y. So we have

E371D# > ag+ap = gﬁL% > 1,
which is a contradiction. Therefore, this subcase does not take place.
Subcase 2: ¢ = 1. Then D, becomes a section of ®. Let Fy (resp. F3) be the
fiber of ® containing D3 + Dy + D5 + Dg (resp. D). By using the argument as in
Subcase 1, we know that F}, F, and F3 exhaust the singular fibers of &, #F, = 6
and #F3 = 3. Then

104+t =p(V) =2+ (#F — 1)+ (#F — 1) + (#F; — 1) = 11



and hence t = 1. We know that FQ = E271 + D3 -+ D4 —+ D5 -+ D6 —+ EQ,Q, where E2,1
and Es 5 are (—1)-curves and Ey1 D3 = Ey9Dg = 1. Since ag + a3, ag+ag > 1, Eo;
meets none of Dy and Dg. Then Es 9 meets both of Dy and Dg and so

32 8
Ey oD% > =~ +—=>1
2.2 > Qg + Qg + Qg 61+11> s

which is a contradiction. Therefore, this subcase does not take place.
Subcase 3: i = 3. Then D, becomes a section of ®. Let I, (resp. F3) be the fiber
of ® containing Dy + Dy (resp. D;). By using the argument as in Subcase 1, we

know that Fy, F, and F3 exhaust the singular fibers of &, #F, = 4 and #F3 = 3.
Then

0+t=p(V)=2+(#FN -1+ FHF - 1)+ (#F-1) =09,
which is a contradiction. Therefore, this subcase does not take place.

The proof of Claim 4.3.3 is thus completed. U

Theorefore, X contains C? as a Zariski open subset.

4.4. Case (27)

In this subsection, we treat the case where the weighted dual graph of D is (27)
in Theorem 1.1. Let D = Z?:é D, be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.4, where
D? = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.

In this case, p(V) =8 + t.

Ds
t
_3 _4 N
e o OO erenennn -0 (t > 0)
Do D, (]%73_ 3) D3 Dy Dsg Dy Degiy
Figure 4.4.

Let o; (i =0,1,...,6 +t) be the coefficient of D; in D#. Then

30t + 36 24t + 29 18t + 22 20t + 24
aGqp=——, | =——, Qg=——— (3= —
"7 30t +37° "' 30t+377 % 30t+37 ° 30t+37
10t + 12 15t + 18 €Nt +1—i
v + - bt A1) (i=0,1,...,1).

T30t+37 T 30t+sT YMT T 3ri4
Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDW = 1.

Claim 4.4.1. CD® = 1.
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Proof. Suppose to the contrary that CD®?) = 0. Then CDWY = CD; = 1 for some
i €{1,2,3,4,5}. By Lemma 2.3, we know that i = 3 and ¢t = 0. So the divisor
Fy := D1+ D5 +2(Dg+ Dy) +4(C + D3) defines a P*-fibration ® := @z : V — P!,
D, becomes a section of ® and D — Dy is contained in fibers of ®. Let F5 be the
fiber of ® containing D® = Dg. Then #F, > 5 because D? = —4. So we have

8=p(V)>2+ (#F1 — 1)+ (#F— 1) =6+ #F, > 11,
which is a contradiction. U
We take i € {1,2,...,5} and j € {6,7,...,6+t} such that CD; = CD; = 1.
Claim 4.4.2. If j = 6, then i = 4 and V' \ Supp(C + D) = C.

Proof. Assume that ¢ = 4. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC + A defines a P*-fibration ®|,c4 4] :
V — P! and D, becomes a section of Ppncya) (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C?. (See the arguments as in Section 3.)

Suppose that i # 6. Since ay + ag > 1, we have i = 5. Further, since CD# =
as + ag < 1, we have t = 0. Then the intersection matrix of C'+ D is negative
definite, which contradicts Lemma 2.3. O

Claim 4.4.3. The case j > 7 does not take place.

Proof. Suppose that j > 7. Then D; is a (—2)-curve and ¢t > 1. We consider the
following subcases separately.

Subcase 1: i € {1,3,4,5}. Then D, is a (—2)-curve and so the divisor D;+D;+2C
defines a P'-fibration ® := ®p, p 4o : V — P! Since Dy, D, and Dg become
horizontal components of & by Lemma 2.7, we know that i =1 and 7 = 7. Then
24t + 29 n 2t -1

30t +40  3t4+4 " 7

which is a contradiction. Therefore, this subcase does not take place.

CD#:CY1+017>

Subcase 2: i =2 and t = 1. Then j = 7 and so the intersection matrix of C'+ D
is negative definite. This contradicts Lemma 2.3. Therefore, this subcase does not
take place.

Subcase 3: i =2,t >3 and 8 < j <5+ ¢t. The divisor D;_; + Dj41 +2(C + D)
defines a P'-fibration ® := ®p,_,1p,, +2c+p;) : V — P'. Then Dy, that is a
(—t—3)-curve, is a fiber component of ®. This contradicts Lemma 2.7 since t+3 > 6.
Therefore, this subcase does not take place.

Subcase 4: i =2, t > 2 and j € {7,6 +1t}. If j =7 (resp. j = 6 +t), then
the divisor Fy := Dy + Dg + 2D7; + 3C' (resp. Fy := Dy + Dsyy + 2Dgyy + 3C)
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defines a P'-fibration ® := @) : V — P'. Then Dy, that is a (—t — 3)-curve, is a
fiber component of ®. This contradicts Lemma 2.8 because D = —(t + 3) < —5.
Therefore, this subcase does not take place.

The proof of Claim 4.4.3 is thus completed. 0

Theorefore, X contains C? as a Zariski open subset.

4.5. Case (25)

In this subsection, we treat the case where the weighted dual graph of D is (25)
in Theorem 1.1. Let D = Zf:é D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.5, where
D3 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.
In this case, p(V) =8 + t.

ODs
—30D,
t
—3 L ——
O O O—Oi ......... 40 ( > 0)
D2 D1 Do D3 DG D7 D6+t
—(t+3 .
Figure 4.5.
Let a; (i =0,1,...,6+1t) be the coefficient of D; in D#. Then
30t + 42 20t + 28 10t + 14 15t + 21
=505 M= 0F K=" 7, Q3= _—-—
07 306 +43" "' 3064437 7 30t +43° 7 30t + 43’
24t + 34 12t + 17 el —i (=01 )
Qp=——, a5=—-— 0O, =—— (=0,1,...,7).
Y30t 443 0 306443 O oF 2+ 3

Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CD® = 1.
Claim 4.5.1. CD® =1,

Proof. Suppose to the contrary that CD® = 0. Then CD® = 1. Since D? =
—(t +3) < —3, we easily see that the intersection matrix of C' + DW is negative
definite. This contradicts Lemma 2.3. U

We take i € {1,2,...,5} and j € {6,7,...,6+t} such that CD; = CD; = 1.
Claim 4.5.2. If j = 6, then i = 3 and V' \ Supp(C + D) = C.

Proof. Assume that i« = 3. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — Ds), nC'+ A defines a P'-fibration ®|,cya| :
V — P! and D5 becomes a section of Qcral- (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V' \ Supp(C' + D) =
C?. (See the arguments as in Section 3.)
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Suppose that i # 3. Since CD# = o; + ag < 1, i # 4. We consider the following
subcases separately.

Subcase 1: i = 1. Since CD#* = a; + a5 < 1, t = 0. So the divisor F} :=
Dy 4+ Dg + 2D 4 3C defines a P'-fibration ® := @5 : V — P!, Dy becomes a
2-section of ® and D — Dy is contained in fibers of ®. Let F, be the fiber of ®
containing Dy + Dj. Since Supp(Dy4 + Ds) C SuppFs, we see that #F, > 5. Then
we have

8=p(V)>2+ (#F — 1)+ (#£F, — 1) > 8.

Hence, F} and F; exhaust the singular fibers of ® and #F, = 5. Since Dj is a fiber
component of @, it is a component of SuppFy. So there exists a (—1)-curve, say
Es 1, of SuppF; such that Ey ;D5 = Es1(Ds + Dy) = 1. In particular, Ey Dy = 1.
Let Ey5 be another (—1)-curve of SuppFs, here we note that #F, = 5 and SuppFs
consists of D3, Dy, D5, Esy and Esy. Then EyyD = Ey5(Dy+ Ds) = 1 and so the
intersection matrix of Ey9 + D is negative definite. This contradicts Lemma 2.3.
Therefore, this subcase does not take place.

Subcase 2: ¢ = 5. By Lemma 2.3, we know that ¢ > 1. So the divisor F; :=
Dy+ D7+2Dg+3Ds5+5C defines a P'-fibration ® := ® | : V — P! and Dy becomes
a section of ®. Further, if t > 2, then Dy is a section of & and D — (Dy + Dg) is
contained in fibers of ®. Let Fy (resp. F3) be the fiber of ® containing D; 4+ Dy
(resp. D3). Then Fj, F» and F3 exhaust the singular fibers of ®. Indeed, if G is a
singular fiber of ® other than Fy, F» and F3, then the component of G meeting D,
is a (—1)-curve. This contradicts Lemma 4.1. Since D — (Do + D4 + Dg) consists
only of (—1)-curves and (—2)-curves, we infer from Lemma 2.6 (2) that #F, = 4
and #F3 = 3. Then

8+t=p(V)=2+#F — 1)+ #F— 1)+ (#F3-1)=11

and so t = 3. Furthermore, Fy = Fy1 4+ Dy + Dy + Ds o, where Ey; and Es,, are
(—1)-curves and Ey1D; = E35D5 = 1. Then either Ey; or Esy does not meet Dy,
a section of ®. So Ey D = EMD(U =1 for k = 1 or 2. This contradicts Lemma
2.3 because the divisor Fsj + D has negative definite intersection matrix for £ = 1
or 2. Therefore, this subcase does not take place.

Subcase 3: i = 2. The divisor F} := D; + D¢ + 2D + 3C defines a P!-fibration
P := Py, 1 V — P! and Dy becomes sections of ®. Further, if ¢ > 1, then Dy is
a section of ® and D — (Dy + D7) is contained in fibers of ®. Let Fy (resp. Fj)
be the fiber of ® containing D3 (resp. Dy + Ds). By using the same argument as
in Subcase 2, we know that Fi, F5 and F3 exhaust the singular fibers of ®. Since
SuppF> consists only of (—1)-curves and (—2)-curves, we infer form Lemma 2.6 (2)
that #F5 = 3. Further, since SuppF3 contains D4 and D5, we know that #F3 > 5.
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Then
8+t=p(V)=2+ (#F — 1)+ (#Fo— 1)+ (#F3— 1) =6+ #F3 > 11

and so t > 3. We note that Dg + --- + Dgy; is contained in a fiber of ®. Since
#(Ds+ -+ Dgyt) > 2, Dg+ -+ -+ Dgy is contained in SuppF3. Since Dy is then a
unique (—2)-curve in SuppFh, we know that Fy = Esy + D3 + Es 5, where Ey; and
Ey 4 are (—1)-curves and Ey ;D3 = Ey2D5 = 1. We may assume that Ey,D7 = 1
because D7 is a section of ®. Then Fy ;D = Fy;D3 = 1. This contradicts Lemma

2.3. Therefore, this subcase does not take place.

The proof of Claim 4.5.2 is thus completed. 0
Claim 4.5.3. The case j > 7 does not take place.

Proof. Suppose to the contrary that j > 7. Then ¢t > 1 and D; is a (—2)-curve. We
consider the following subcases separaely.

Subcase 1: i € {1,2,3,5}. Then D, is a (—2)-curve and so the divisor D;+D;+2C
defines a P!-fibration Qp,+p;420) 1V — P!. Then Dy or D, is a fiber component
of @ p,p;+2c|- This contradicts Lemma 2.7. Therefore, this subcase does not take
place.

Subcase 2: i =4,t >3 and 8 < j <5+ ¢t. The divisor D;_; + Dj11 +2(C + D)
defines a P'-fibration ®p._ 1 p,,, +2(c4+p,) : V — P'. Then Dy, that is a (—t — 3)-
curve, is a fiber component of ®p,_ \p,  12c4p,). This contradicts Lemma 2.7
since t + 3 > 3. Therefore, this subcase does not take place.

Subcase 3: i =4, t =1 and j = 7. The divisor F; := D5+ Dg+ 2D, + 3Dg + 5C
defines a P'-fibration ® := @, : V — P!, Dy becomes a 2-section of ® and D — Dy
is contained in fibers of ®. Let F, (resp. F3) be the fiber of ® containing Dy + Dy
(resp. D3). Then SuppF; and SuppF3 consist only of (—1)-curves and (—2)-curves.
We infer from Lemma 2.6 (2) that I, # F3, #F> =4 and #F5 = 3. Then

I9=p(V)>24+ (H#F1 — 1)+ (#F — 1)+ (#F5— 1) =11,

which is a contradiction. Therefore, this subcase does not take place.

Subcase 4: i = 4, t > 2 and j = 7. The divisor F} := Dy + Dg + 2D, + 3C
defines a P!-fibration ® := @ : V — P!, Dy and Dj become sections of ® and Dg
becomes a 2-section of ®. Further, if t > 3, then Dy becomes a section of ® and
D — (D + Ds + Dg + Dy) is contained in fibers of ®. Let Fy (resp. F3) be the fiber
of ® containing D; + Dy (resp. D3). By using the same argument as in Subcase
2 in the proof of Claim 4.5.2, we know that Fj, F, and F3 exhaust the singular
fibers of ®. Furthermore, by the argument as in Subcase 3, we know that #F, = 4
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and #F3 = 3. In particular, Iy = Ey1 + D; + Dy + Ey 5, where Ey; and Ey 5 are
(—1)-curves and Ey1D; = Ey5Dy = 1. Since

84t =p(V) =2+ (#F — 1) + (#F — 1) + (#F — 1) = 10,

t = 2. Since Ds is a section of ® and ay + a5 > 1, Ey9D5; = 1 and EQJD(I) =
E;1D; = 1. By Lemma 2.3, we know that F,; meets Dg. Since oy + a5 + ag =
864/791 > 1, Ey9Dg = 0. Since Dy is a 2-section of ® and the coeflicient of Es; in
F, equals one, 1 Dg = 2. So we have

EQJD# =a1 + 206 > 1,

which is a contradiction. Therefore, this subcase does not take place.

Subcase 5: i =4,¢t > 2 and j = 6+t. The divisor F} := Dy + D54+ 2Dg s + 3C
defines a P'-fibration ® := ®p| : V — P!, Dy, D5 and Dy, become sections of @
and D — (Dg+ D5+ Dy) is contained in fibers of ®. Let Fy (resp. F3) be the fiber
of ® containing Dy + Do (resp. D3). By using the same argument as in Subcase 2
in the proof of Claim 4.5.2, we know that Fi, F5 and F3 exhaust the singular fibers
of ®. At least one of SuppF, and SuppF contains no components of D).

(5-1) Assume that SuppF, contains no components of D). Then F} consists only of
(—1)-curves and (—2)-curves. By Lemma 2.6 (2), we have Fy = Fy 1+ D1+ Do+ Es o,
where Ey; and Fyy are (—1)-curves and Fy D) = Fy9Dy = 1. Since Fy,D# < 1
for £ = 1,2, we know that Ey;D5 = 0 and Ey5D5 = 1 (cf. Subcase 4). Since
Ey1 DY = 1 and by Lemma 2.3, we know that Ey;1D,y; = 1. Let E3; be the
component of SuppF; meeting Ds. Then Ej; is a (—1)-curve and so SuppF; has
another (—1)-curve, say F3o. We infer from Lemma 2.6 (1) that F3; and Ejs
exhaust the (—1)-curves in SuppF3. Hence, if ¢ > 3 (resp. t = 2), then SuppFj
consists only of Es 1, Fs9, D3, De, ..., Dy (vesp. Esq, Es9 and Ds). Suppose that
t =2. Then Fy = E31 + D3+ FE39 and E3 D3 = E39D3 = 1. Let p: 'V — Y3 be a
relatively minimal model of @ : V' — P! such that u(Dg) = M3, the minimal section
of 33. Then we know that u(Dy)? = D2+3 = —t < 0, here we note that F3;Dg = 1.
This is a contradiction. Hence, ¢ > 3 and SuppfF; contains Dy, ..., D3is.

Since E3; meets Dy, the coefficient of E3; in F3 equals one. So Ejs, connects
D3 and Dg + -+ + D34y, namely, E32D5 = E39(Dg + -+ + Dsyy) = 1. Since the
intersection matrix of E5s + D3 + Dg + - - - + D34 is negative definite, (E32D5 =)
Es9Dg = 1. Since Supply = E3; U E39 U D3 U Dg U --- U D3y, we know that
FEs1Ds.+ = 1. Here, note that E5,D5 = 1. Let v : V — ¥, be a relatively minimal
model of ® : V — P! such that v(Ds) = M,, the minimal section of ¥y. Then
vi(F1) = v(Dy), vi(F2) = v(Ess) and v, (F3) = v(Es1). So v(Dy)? = Di,, +5,
v(Dyyy) is a section of the ruling ® o v=! on ¥y and v(Dyyy)v(Ds) = 0. Then
v(Dayt)? = Di,, +5 =2 and so Di , = —3. This contradicts ¢t > 3.
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(5-2) Assume that SuppF, contains some components of D®. Then ¢ > 3 and
SuppF3 contains no components of D). Since SuppF3 consists only of (—1)-curves
and (—2)-curves, we infer from Lemma 2.6 (2) that F3 = E5; + D3 + E59, where
Esq and Ej35 are (—1)-curves and Es ;D3 = E35D3 = 1. By Lemma 2.6 (1) and
t > 3, SuppF; has just two (—1)-curves, say Es; and Ess. We may assume that
E,; meets both of Dy + Dy and Dg + -+ + D34y Since E271D# < 1 and the
intersection matrix of Eyy + Dy + Do+ Dg+ - - - + D3y, is negative definite, we know
that Ey1(Dy + Dy) = Ey1Dy =1 and Es1(Dg + - -+ + Dsiy) = E51Dg = 1. Then,
(3F1 + 2Dy + Dy + Dg)? = 0, which is a contradiction.

Thus, we know that this subcase does not take place.
The proof of Claim 4.5.3 is thus completed. U

Therefore, X contains C? as a Zariski open subset.

4.6. Case (24)

In this subsection, we treat the case where the weighted dual graph of D is (24)
in Theorem 1.1. Let D = Z:ié D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.6, where
D2 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.

In this case, p(V) =9 +t.

Ds
t
T -3 3 3 ——
o o O o O OO eeeeen —0 (t>0)
Do D, Do Ds Dy Dsg D~ Dy D7y —
—(t+3
3 Figure 4.6.
Let a; (i =0,1,...,7+1t) be the coefficient of D; in D#. Then
30t + 42 20t + 28 10t + 14 24t + 34
0nw=—— gy =— ag=—" 3= —
0730t +43" ' 30t+43 T 30t+43° 0 30t +43°
12¢ + 17 15t + 21 3t+4
oy =_-——>, Q5= ——, Q= _———,
30t + 43 30t 4+ 43 5t + 8
A4t+1—14) .
c= T2 01,8,
ATt sis U )

Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDW® = 1.
Claim 4.6.1. CD® = 1.

Proof. The assertion can be proved by using the same argument as in the proof of
Claim 4.5.1 ]

We take i € {1,2,...,5} and j € {6,7,...,7+t} such that CD; = CD; = 1.
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Claim 4.6.2. If j = 6, then i = 4 and V' \ Supp(C + D) = C.

Proof. Assume that ¢ = 4. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — Ds), nC' + A defines a P*-fibration ®|,c4a) :
V' — P! and D, becomes a section of @p,ca). (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C?. (See the arguments as in Section 3.)

Suppose that i # 6. Since CD# = a; +ag < 1,7 = 2 or 5. We consider the
following subcases separately.

Subcase 1: i = 5. Since CD# = a5+ ag < 1, we have t = 0. The divisor
Fy := Dy + D3 + 2Dy + 3(Dg + D) + 6D5 + 9C' defines a P'-fibration ® := ®p| :
V — P!, D, becomes a section of ® and D; becomes a 3-section of ®. Since
9=p(V) > 2+ (#F, — 1), there exists a singular fiber F; of ® other than F}. Since
SuppF, contains no components of D, Fy = Ey; + Es9, where Ey; and Eso are
(—1)-curves and Es1FEs5 = 1. Since FoD7 = (Ey1 + E22)D7 = 3, we may assume
that Ey1D7 > 2. Then

1
Ey1D* > ayEy 1Dy = §E2,1D7 > 1,

which is a contradiction. Therefore, this subcase does not take place.

Subcase 2: i = 2. The divisor F} := D; + Dg + 2D, + 3C defines a P!-fibration
Q=P V- P, Dy and D7 become sections of ® and D — (Dy+ D7) is contained
in fibers of ®. Let F, (resp. F3) be the fiber of ® containing D3 + Dy (resp. Ds).
Then Fi, I3 and F3 exhaust the singular fibers of ®. Indeed, if GG is a singular fiber
of ® other than F, F» and F3, then the component of G meeting Dy is a (—1)-curve.
This contradicts Lemma 4.1. Moreover, since SuppF3 consists only of (—1)-curves
and (—2)-curves, we infer from Lemma 2.6 (3) that #F5 = 3.

Suppose that SuppF3 contains no components of D®. Then Fy = E3;+ D5+ E3.,
where E3; and FEjo are (—1)-curves and E31D5 = E32D5; = 1. We may assume
that Es,D7 = 1 since Dy is a section of ®. Then E3;D = E3,D5; = 1 and so the
intersection matrix of Fs; + D is negative definite. This contradicts Lemma 2.3.
Hence, SuppF3 contains at least one component of D®). Since D® — (Dg + D) is
contained in SuppF3, we know that F3 = D5+ Dg + 2F3, where E3 is a (—1)-curve
and F3Ds; = F3Dg = 1. In particular, ¢ = 1 and SuppF5, contains no components
of D@ . Since SuppF, contains D5 and Dy and D3Dy = 1, we know that #F, > 5.
Then we have

100=p(V)=2+4(#F — 1)+ (#Fo— 1)+ (#F3 — 1) =6+ #I», > 11,
which is a contradiction. Therefore, this subcase does not take place.

The proof of Claim 4.6.2 is thus completed. U
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Claim 4.6.3. If j =7, then t = 0 and V' \ Supp(C + D) = C.

Proof. If t = 0, then Claim 4.6.2 implies that i = 4 and V' \ Supp(C + D) = C?. So
we assume that ¢t > 1. Since CD# = a; + a7 < 1, we know that i = 2 or 5. As seen
from the argument as in Subcase 1 in the proof of Claim 4.6.2, we know that ¢ = 2
because t > 1. Further, t = 1 or 2 because ay + a7 < 1.

The divisor Fy := Dy 4+ D74 2D, + 3C defines a P'-fibration ¢ := @ : V — P,
Dq, Dg and Dg become sections of ® and D — (Dg + Dg + D) is contained in fibers
of . Let Fy (resp. F3) be the fiber of ® containing D3 + Dy (resp. Ds). By the
argument as in Subcase 2 in the proof of Claim 4.6.2, we know that Fy, Fy and Fj
exhaust the singular fibers of ®. Moreover, #F, > 5. Since SuppF3 consists only of
(—1)-curves and (—2)-curves, we infer from Lemma 2.6 (2) that #F3 = 3.

If SuppF3 contains no components of D) then Fy = E3; + Ds + F3,, where
Esq and Ej35 are (—1)-curves and E31D5; = E35D5; = 1. We may assume that
Es1D¢ = 1 since Dg is a section of . Then

E371D# > a5+ ag > 1,

where the last inequality follows from ¢ > 1. This is a contradiction. Hence, SuppF3
contains at least one component of D). Since D@ — (Dg + D) is contained in
SuppF3, we know that ¢ = 2 and F3 = D5 + Dg + 2E3, where E3 is a (—1)-curve
and F3D5 = FE3Dg = 1, and that SuppF, consists only of D3, D, and three (—1)-
curves Es 1, Es5 and Es 3. Here we note that SuppF, contains just three (—1)-curve
because SuppF, contains no components of D and

=p(V)=2+#F — 1)+ (#Fo— 1)+ (#F;— 1) = #F, + 6.

Then at least one of Ey 1, Fs9 and Ej3 does not meet D@ = D¢+ D+ Dg + Dy
because Dg and Dg are sections of ® and D, and Dy are fiber components of ®. We
may assume that E271D(2) = 0. Then E51D = E51(Ds+ Dy) = 1, which contradicts
Lemma 2.3. This proves the claim. l

Claim 4.6.4. The case j > 8 does not take place.
Proof. Suppose to the contrary that j > 8. Then ¢t > 1 and D, is a (—2)-curve. We

consider the following subcases separately.

Subcase 1: i # 3. Then D; is a (—2)-curve and so the divisor D; + D; +2C defines
a P'-fibration ®p,4p,+2c) 1 V — P'. Then Dg, that is a (—3)-curve, becomes a fiber
component of ®p,yp 12c. This contradicts Lemma 2.7. Therefore, this subcase
does not take place.
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Subcase 2: i =3, ¢t >3 and 9 < j < 6+¢t. The divisor D;_1 + D;1 +2(C + D)
defines a P'-fibration ®p,_,1p,,,+2(c4+p,) : V — P'. Then Dy, that is a (—t — 3)-
curve, becomes a fiber component of ®p. 1 p..,+2(c+p;)- This contradicts Lemma
2.7. Therefore, this subcase does not take place.

Subcase 3: ¢+ =3 and j = 7+¢. Since az+ag > 1 byt > 1, we know that ¢ > 2. So
the divisor Fy := D3+ D¢y +2D74; +3C defines a P!-fibration ® := Qg V= P!,
Dq, Dy and D5y become sections of ® and D — (Dy + Dy + Dsyy) is contained in
fibers of ®. Let F; (resp. F3) be the fiber of ® containing D; + Do (resp. Ds). By
the same argument as in Subcase 2 in the proof of Claim 4.6.2, we know that F},
F5 and Fj exhaust the singular fibers of . At least one of SuppF; and SuppFj
contains no components of D®),

Suppose that SuppF, contains no components of D). Then SuppF; consists
only of Ds, Dg, D7,..., D4y and some (—1)-curves. So SuppFj3 contains a (—1)-
curve Fj3 such that E3Ds = E3(Dg + D7) = 1, here we note that E3 does not meet
D@ — (D¢ + D;). We have

EgD# > asFEsDs + CYGEg(DG + D7) > 1,

which is a contradiction.

Suppose next that SuppFs contains no components of D . Then SuppF, consists
only of Dy, Dy, Dg, D7, ..., Dyyy and some (—1)-curves. So SuppF; contains a (—1)-
curve Fy such that Eo(Dy + Do) = Es(Dg + D7) = 1, here we note that Ey does
not meet D® — (Dg + Dy). Since E;D¥ < 1, we know that EyDy = E;Dg = 1. So
Fy = Dy + Dg+ 2Dy + 3E5. This is a contradiction because D, is a section of ¢ and
Dy(Dy + Dy + Dg) = 0.

Therefore, this subcase does not take place.

Subcase 4: i = 3 and j = 8. This subcase does not take place because as+ag > 1
since t > 1.

The proof of Claim 4.6.4 is thus completed. 0

Theorefore, X contains C? as a Zariski open subset.

4.7. Case (14)

In this subsection, we treat the case where the weighted dual graph of D is (14)
in Theorem 1.1. Let D = Z?ié D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.7, where
D2 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.
In this case, p(V) = 8 + .
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDW® = 1.
Claim 4.7.1. CD® = 1.

Proof. The assertion can be proved by using the same argument as in the proof of

Claim 4.5.1 O
We take i € {1,2,3,4} and j € {5,6,...,6 + ¢} such that CD; = CD; = 1.
Claim 4.7.2. If j =5, then i = 3 and V' \ Supp(C + D) = C2.

Proof. Assume that ¢ = 3. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC + A defines a P*-fibration ®|,c4 4] :
V — P! and D, becomes a section of Ppncya)- (We can wright down the divisor
nC + A explicitly; we omit the description.) It is then clear that V' \ Supp(C + D) =
C2. (See the arguments as in Section 3.)

Suppose that ¢ # 3. Then D; is a (—2)-curve and so the divisor D; + D5 + 2C
defines a P'-fibration ®p, 1 p,42c| : V — P'. Then Dj, that is a (—3)-curve, becomes
a fiber component of ®p,; p,12¢c). This contradicts Lemma 2.7. O

Claim 4.7.3. The case j = 6 does not take place.

Proof. Suppose to the contrary that 7 = 6. We consider the following subcases
separately.

Subcase 1: i = 3. Since CD# = a3+ ag < 1, t = 0. Then the intersection matrix
of C'+ D is negative definite. This contradicts Lemma 2.3. Therefore, this subcase
does not take place.

Subcase 2: i = 1. Since CD#* = oqy +ag < 1, t = 0. The divisor F} :=
Dy + D¢ + 2D, + 3C defines a P!-fibration ® := Qg V= P!, D5 becomes a
section of ®, Dy becomes a 2-section of ® and D — (Dy + Ds) is contained in fibers
of ®. Let F, be the fiber of ® containing Ds. Then #F5 > 4 since D% = —3. Since

8=p(V) =2+ (#F - 1)+ (#FR—1) =8,
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#F5 = 4 and F; and F, exhaust the singular fibers of ®. Then SuppF; consists of Dj,
D, and two (—1)-curves Ey; and Ey5. We may assume that EyDg = Ey1Dy = 1.
Then

E271D# >ag+ays>1,
which is a contradiction. Therefore, this subcase does not take place.

Subcase 3: i = 4. Since CD# = ay+ag < 1,t = 0 or 1. Suppose that t = 0. Then
the divisor F' := D+ Ds+2Dg+3D4+5C defines a P'-fibration ¥ := @ : V — P!,
Dy and D3 become sections of ¥ and D — (Dy + Dj3) is contained in sections of ®.
Let F’ be the fiber of ¥ containing D,. Since SuppF’ consists only of Dy and some
(—1)-curves, we infer from Lemma 2.6 (2) that F' = E'+ Dy + E’, where E and £’
are (—1)-curves and EDy = E'Dy = 1. Since D3 is a section of W, we may assume
that E'D3 = 1. Then ED = ED, = 1 and so the intersection matrix of £ + D is
negative definite. This contradicts Lemma 2.3.

Suppose that ¢t = 1. Then p(V') = 9 and the divisor F := D5+ D7 +2(Dy+ Dg) +
4C' defines a P'-fibration ® := ®p| : V — P!, Dy becomes a 2-section of ® and
D — Dy is contained in fibers of ®. Let F, be the fiber of ® containing Dj3. Since
D§ = —3, #Fy, > 4. Then

I9=p(V) 22+ (#HF - 1)+ (#F—1)=5+#F>9

and so #F, = 4 and F; and F; exhaust the singular fibers of ®. In particular, SuppF>
consists only of Dy, Dy, D3 and a (—1)-curve Ey. Since Ey(D; + Dy) = EsD3 =1
and E,D# < 1, E5Dy = 1.

Let u: V. — W be the contraction of C', Dy, Dg, D7, Eo, Dy and D;. Then W
is a Hirzebruch surface of degree n (n = 0 or 1) and u(Dy) is a 2-section of the
ruling ® o ! on W. We know that u(Dy)? = =4+ 4 = 0 and u(Dy) is a smooth
rational curve. On the other hand, p(Dy) ~ 2M, + «f, where M, is a minimal
section of W, £ is a fiber of the ruling ® o 4= on W and o € Z. Then a = n since
0= pu(Dpy)* = —4n + 4a, and so

w(Do)Kw = (2M,, + nl)(—2M,, — (n + 2){) = —4.

This is a contradiction. Therefore, this subcase does not take place.

Subcase 4: i = 2. The divisor F} := D; + D¢ + 2D + 3C defines a P!-fibration
¢ :=Pp V- P!, Dy and Ds become sections of ®. Further, if ¢ > 1 then D5
becomes a section of ® and D — (Dg + D5 + D-) is contained in fibers of ®. Let F5
(resp. F3) be the fiber of ® containing Ds3 (resp. Dy). Then Fj, F; and F3 exhaust
the singular fibers of ®. Indeed, if G is a singular fiber of ® other than Fy, F, and
F3, then the component of G meeting Dy is a (—1)-curve. This contradicts Lemma
4.1. Since SuppFy contains a (—3)-curve, #[F» > 4. Since SupplF3 consists only of
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(—1)-curves and (—2)-curves, we infer from Lemma 2.6 (2) that #F5 = 3. We have
8+t=p(V)=2+(#F — 1)+ (#F— 1)+ (#F5— 1) =6+ #F>.

Suppose that SuppF, contains no components of D). Then SuppF, consists
only of D3 and some (—1)-curves. So #F, = 4 and Fy = D3 + Ey1 + Eo9 + Ea3,
where Ey;, Fso and Es3 are (—1)-curves and Fo1D3 = Es3D3 = Ey3D3 = 1. In
particular, t = 2. Since Dy, Ds; and D; are sections of ®, we may assume that
Ey1D5 = E91D7; = 0. Then FEy; D = Ey1D3 = 1 and so the intersection matrix
of Fy1 + D is negative definite. This contradicts Lemma 2.3. Therefore, SuppF5
contains some components of D). Then t > 2 and SuppFj contains no components
of of D®. So F3 = FE3; + Dy + Es,, where E3; and Ejy are (—1)-curves and
Es1Dy = E35Dy = 1. Suppl} consists only of Ds, Ds, ..., Dgys and some (—1)-
curves. We infer from Lemma 2.6 (1) that

3 = 1+ Z (#{(—1)—curves in F,} —1)
=1

= 2+ #{(—1) —curves in Fy},

which implies that SuppF;, has a unique (—1)-curve, say Fy. Then EyD3 = FEo(Ds+
.-+ + Dgyy) = 1. However, this is a contradiction because Djs is a section of ® and
Ds(Es + D3+ Dg + -+ - + Dgyy) = 0. Therefore, this subcase does not take place.

The proof of Claim 4.7.3 is thus completed. U
Claim 4.7.4. If j > 7, then t = 1 and V' \ Supp(C + D) = C2.

Proof. Suppose that j > 7. Then D; is a (—2)-curve and ¢t > 1. We consider the
following subcases separately.

Subase 1: i # 3. By using the same argument as in the second paragraph of the
proof of Claim 4.7.2, we know that this subcase does not take place.

Subcase 2: i =3, ¢t >3 and 8 < j <5+ ¢. The divisor D;_1 + D;11 +2(C + D)
defines a P!-fibration @ p, 11D +2(CDy) PV — P!. Then D is a fiber component
of ®\p, ,+p,,1+2(c+p,)- This contradicts Lemma 2.7. Therefore, this subcase does
not take place.

Subcase 3: i =3 and j =6+t. If t =1, then j = 7 and Claim 4.7.2 implies
that V' \ Supp(C + D) = C?. We assume that ¢ > 2 and derive a contradiction. The
divisor Fy := D3 + Ds.y + 2Dg4y + 3C defines a P'-fibration ® := @ : V — P,
Dy and Dy, become sections and D — (Dg + Dy,¢) is contained in fibers of ®. Let
F (resp. F3) be the fiber of ® containing D; + Dy (resp. D). By using the same
argument as in the first paragraph of Subcase 4 in the proof of Claim 4.7.3, we know
that Fy, F, and F3 exhaust the singular fibers of ®. At least one of SuppF, and
SuppF3 contains no components of D®.
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Suppose that SuppF, contains no components of D®. Then SuppF, consists
only of Dy, Dy and some (—1)-curves. We infer from Lemma 2.6 (2) that Fy =
Es1+ D1+ Do+ Es 5, where Ey; and Es o are (—1)-curves and Ey Dy = Es 9Dy = 1.
Since Dy, is a section of ® and D® — D4, is contained in fibers of ®, we know
that either Ey; or Eyy does not meet D®. So Fy D = Ey, DY =1 for k =1 or
2 and hence the intersection matrix of s + D is negative definite for k = 1 or 2.
This contradicts Lemma 2.3.

Suppose next that SuppFs contains no components of D). By using the same

argument as in the previous paragraph, we know that I3 = Es3; 4+ D3 + Es3 5, where
Esq and Ej35 are (—1)-curves and E31D3 = FE32D3 = 1. Then the intersection
matrix of Fsj + D is negative definite for £ = 1 or 2, which contradicts Lemma 2.3.
Therefore, this subcase does not take place.
Subcase 4: ¢ = 3, t > 2 and j = 7. The divisor F} := D3 + Dg + 2D, + 3C
defines a P!-fibration ® := Qg V= P!, Dy becomes a section of ® and Dy
becomes a 2-section of . Moreover, if ¢ > 3, then Dy becomes a section of & and
D — (Do + Dg + Dy) is contained in fibers of ®. Let Fy (resp. F3) be the fiber of
® containing Dy + Do (resp. Dy). As seen from the argument as in Subcase 3, we
know that Fy, F; and F3 exhaust the singular fibers of ®. Since D — (Dy+ D3+ Dg)
consists only of (—2)-curves, SuppFy and SuppFj3 consist only of (—1)-curves and
(—2)-curves. We infer from Lemma 2.6 (2) that #F, = 4 and #F3 = 3. Then

8+t=p(V)=2+4+ (#F — 1)+ (#F, — 1)+ (#F; — 1) = 10,
and so t = 2. Furthermore, we know that Fy, = Eo; 4+ Dy + Dy + Ey 9, where Fs
and Es are (—1)-curves and Fy1D; = Ey5Dy = 1, and that D5 C SuppF5. Since
Dy is a 2-section of ®, D@ — Dy is contained in fibers of ® and the intersection
matrix of Ey; + D is not negative definite for £ = 1,2, we know that F,;Dg = 1
for k =1,2. Then
E271D# > a1 +ag>1,

a contradiction. Therefore, this subcase does not take place.

The proof of Claim 4.7.4 is thus completed. U

Theorefore, X contains C? as a Zariski open subset.

4.8. Case (26)

In this subsection, we treat the case where the weighted dual graph of D is (26)
in Theorem 1.1. Let D = Z:ié D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.8, where
D2 = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.
In this case, p(V) =9 +t.
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDWY = 1.
Claim 4.8.1. CD® =1,

Proof. The assertion can be proved by using the same argument as in the proof of
Claim 4.4.1 O

We take i € {1,2,...,5} and j € {6,7,...,7+t} such that CD; = CD; = 1.
Claim 4.8.2. If j = 6, then i = 4 and V' \ Supp(C + D) = C.

Proof. Assume that ¢ = 4. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — Ds), nC' + A defines a P*-fibration ®|,ca) :
V — P! and D, becomes a section of Ppncya). (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C?. (See the arguments as in Section 3.)

Suppose that i # 4. Since CD¥ = a; + ag < 1,4 # 3 and so D; is a (—2)-curve.
The divisor D; + Dg 4+ 2C' defines a P'-fibration ®|p,;p,+2c) : V. — P'. Then Dy,
that is a (—3)-curve, is a fiber component of ®|p, ps12c|. This contradicts Lemma
2.7. This proves Claim 4.8.2. 0

Claim 4.8.3. The case j = 7 does not take place.

Proof. Suppose to the contrary that j = 7. Since CD# = o; + a7y < 1, we know
that 7+ = 2 and ¢ = 0. Then the divisor £} := Dy + D¢ + 2D7 + 3Dy + 5Dy + 7C
defines a P!-fibration ® := Qg V — P!, Dy and D5 become sections of ® and
D — (D3 + Ds) is contained in fibers of ®. Let F5 be the fiber of ® containing D.
Since SuppFy consists only of Dy and some (—1)-curves, #F, = 4. Then we have

9= p(V) > 2+ (#F — 1) + (#F, — 1) = 10,

a contradiction. 0

— 114 —



Claim 4.8.4. If j > 8, then t = 1 and V' \ Supp(C + D) = C?%.

Proof. Suppose that j > 8. Then D; is a (—2)-curve and ¢t > 1. We consider the
following subcases separately.

Subase 1: i € {1,2,5}. By using the same argument as in the second paragraph
of the proof of Claim 4.8.2, we know that this subcase does not take place.

Subcase 2: i = 3. The divisor D3 + D; + 2C defines a P!-fibration Q\pytp,+20] -
V — P'. Since Dy, that is a (—4)-curve, is not a fiber component of ®|p,p,2¢| by
Lemma 2.7, we know that j = 8. Then CD# = a3 + ag > 1 since t > 1. This is a
contradiction. Therefore, this subcase does not tae place.

Subcase 3: i =4, ¢t >3 and 9 < j < 6+¢t. The divisor D;_1 + D;11 +2(C + D)
defines a P!-fibration @p, 1 +Dj 420Dy 2V — P!. Then D is a fiber component
of ®\p, ,+p,,1+2(c+p,)- This contradicts Lemma 2.7. Therefore, this subcase does
not take place.

Subcase 4: 1 =4 and j =7+1t. If t =1, then j = 8 and Claim 4.8.2 implies that
V\Supp(C+ D) = C?. Suppose that ¢ > 2. The divisor F' := Dy+ D¢y +2D7,;+3C
defines a P'-fibration ® := Qp V= P!, D3 and Ds,; become sections of ® and
D — (D3 + Dsyy) is contained in fibers of ®. Then Dy is a fiber component of ®.
This contradicts Lemma 2.8 because DZ = —(t + 3) < —5.

Subcase 5: i =4 and j = 8. As seen from the argument as in Subcase 4, we may
assume that t > 2. Then the divisor F' := Dy + Dy +2Dgs + 3C defines a P!-fibration
P := ®p : V — PL. Then Dy, that is a (=t — 3)-curve, becomes a fiber component
of ®. This contradicts Lemma 2.8.

The proof of Claim 4.8.4 is thus completed. 0

Theorefore, X contains C? as a Zariski open subset.

4.9. Case (20)

In this subsection, we treat the case where the weighted dual graph of D is (20)
in Theorem 1.1. Let D = Zf:é D, be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.9, where
D? = —(t+3) and the weight of the vertex corresponding to a (—2)-curve is omitted.

In this case, p(V) =8 +t.

Dy
t
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O o O—O—Oi ......... 40
D Dy Do D3 Ds Dg D~ D6+t< =z 0)
—(t+3 .
Figure 4.9.
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Let o; (i =0,1,...,6 +1) be the coefficient of D; in D#. Then
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CD® = 1.
Claim 4.9.1. CD® = 1.

Proof. The assertion can be proved by using the same argument as in the proof of
Claim 4.5.1 U

We take ¢ € {1,2,3,4} and j € {5,6,...,6 + ¢} such that CD, = CD; = 1.
Claim 4.9.2. If j =5, then ¢ = 3 and V \ Supp(C + D) = C2.

Proof. Assume that ¢ = 3. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC'+ A defines a P*-fibration ®|,cy 4] :
V — P! and D, becomes a section of Qpncya)- (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C2. (See the arguments as in Section 3.)

Suppose that ¢ # 3. We consider the following subcases separately.

Subcase 1: i = 1 or 4. The divisor D, +D5+2C defines a P!-fibration @ p,4Ds420]
V — P'. Then Ds, that is a (—3)-curve, is a fiber component of ®p, 4 p,ac|. This
contradicts Lemma 2.7. Therefore, this subcase does not take place.

Subcase 2: i = 2. The divisor F} := Dy + D¢ + 2Dy + 3D5 + 5C defines a P!-
fibration ® := @y, : V — P! and Dy becomes a section of ®. Moreover, if ¢ > 1,
then D; becomes a section of ® and D — (Dg + D7) is contained in fibers of ®.
Let Fy (resp. F3) be the fiber of ® containing Dj (resp. D). Then Fy, Fy and Fj
exhaust the singular fibers of ®. Indeed, if G is a singular fiber of ® other than Fi,
F, and F3, then the component of G meeting Dy is a (—1)-curve. This contradicts
Lemma 4.1. We know that SuppFj consists only of (—1)-curves and (—2)-curves.
So we infer from Lemma 2.6 (2) that #F; = 3.

Suppose that SuppFs contains a component of D®. Then SuppF, contains no
components of D) and so Fy = Ey; + Egy + Ey3 + D3, where Eyy, Eyy and Ey 3
are (—1)-curves and Fy D3 = Ey D35 = E53D3 = 1. Since Dy is a section of ¢ and
D® — D is contained in fibers of ®, at least two of FEs 1, Ey9 and Es 3 do not meet
D@, We may assume that EQJDQ) = 0. Then Fy1D = FE,1D3 = 1 and so the
intersection matrix of Es; + D is negative definite. This contradicts Lemma 2.3.

Hence, SuppF; contains no components of D®. Then Fy = Es1 4+ Dy + Es,
where Fs3; and Ej5 are (—1)-curves and E31D, = E32D, = 1. Then, by using the
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same argument as in the previous paragraph, we derive a contradiction. Therefore,
this subcase does not take place.

The proof of Claim 4.9.2 is thus completed. O
Claim 4.9.3. The case j = 6 does not take place.

Proof. Suppose to the contrary that j = 6. Since OD¥ = o; + ag < 1, i = 2 or 4.
If i = 2, then t = 0 since CD* = ay + ag < 1. The intersection matrix of C' + D is
then negative definite, which contradicts Lemma 2.3.

Suppose that i = 4. Since CD# = oy + ag < 1, t < 1. We consider the following
subcases separately.
Subcase 1: t = 0. The divisor F} := Dy + Ds + 2D¢ + 3D, + 5C defines a P!-
fibration ® := &y : V — P!, D; and D3 become sections of ® and D — (D; + D3)
is contained in fibers of ®. Let I3 be the fiber of ® containing Dy. Then #F, > 4
because D3 = —3. We have

8=p(V) =2+ (#F — 1)+ (F#F— 1) =5+ #F > 9,

a contradiction. Therefore, this subcase does not take place.

Subcase 2: ¢t = 1. The divisor F| := D5 + D7 + 2(Dy + Dg) + 4C' defines a P'-
fibration ® := &g : V — P!, Dy becomes a 2-sections and D — Dy is contained in
fibers of ®. Let Fy be the fiber of ® containing Ds. Since D3 = —3, #F, > 4. Since

9=p(V) =2+ (#F — 1)+ (#F, —2) =5+ #F > 9,

we know that #F, = 4 and that F; and F, exhaust the singular fibers of ®. In
particular, Dy, Dy C SuppFs, which implies that SuppFs consists only of Dy, Do,
D3 and a (—1)-curve, say Ey. Then FyD3 = Ey(D1+Dy) = 1. This is a contradiction
because EsD# > ay + a3 > 1. Therefore, this subcase does not take place.

The proof of Claim 4.9.3 is thus completed. U
Claim 4.9.4. If j > 7, then t =1 and V' \ Supp(C + D) = C%

Proof. Suppose that j > 7. Then D; is a (—2)-curve and ¢t > 1. We consider the
following subcases separately.

Subase 1: i =1 or 4. Then D; is a (—2)-curve. By using the same argument as
in Subcase 1 in the proof of Claim 4.9.2, we know that this subcase does not take
place.

Subcase 2: ¢ > 3 and 8 < j <5+ ¢. The divisor Fy := D;_1 + D;1 +2(C + D)
defines a P!-fibration ® := @ : V — P'. Then Dy, that is a (—t — 3)-curve, is a
fiber component of ® since C'Dy = 0 by Lemma 4.1. This contradicts Lemma 2.7.
Therefore, this subcase does not take place.
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Subcase 3: i = 2. By the argument as in Subcase 2, we may assume that j =7
or 6 +t. By Claim 4.9.2, we know that t > 2. If j = 7 (resp. j = 6 + t), then the
divisor F' := Dy + Dg + 2D7 + 3C (resp. F := Dy + D54y + 2Dy + 3C') defines
a P'-fibration ® := ®p : V — P'. Then Dy, that is a (—t — 3)-curve, becomes a
fiber component of ®. This contradicts Lemma 2.8 since ¢t + 3 > 5. Therefore, this
subcase does not take place.

Subcase 4: i =3 and j=6+¢. If t =1, then j =7 and V \ Supp(C + D) = C?
by Claim 4.9.2. So we may assume that ¢ > 2. Then the divisor F} := D3+ D5, +
2Dg++3C defines a P!-fibration ® := |, : V — P!, Dy and D,y become sections
of ® and D — (Dg + Dy44) is contained in fibers of ®. Let Fy (resp. F3) be the fiber
of ® containing D; + D, (resp. D,). By using the same argument as in Subcase 2
in the proof of Claim 4.9.2, we know that Fy, F» and Fj exhaust the singular fibers
of ®. Further, at least one of SuppF, and SuppF; contains no components of D).

Suppose that SuppF, contains no components of D®. Then SuppF, consists only
of Dy, Dy and some (—1)-curves and so Fy» = Es1 + Dy + Dy + Es 5 + Es 3, where
Es1, Ess and Es3 are (—1)-curves and Ey 1Dy = Ey 9Dy = E93D5 = 1. Since Dy
is a section of ® and D@ — Dy, is contained in fibers of ®, two of Ey;, E55 and
E, 3 do not meet D@, So we may assume that EFso does not meet D@ Then
Es2D = E55D5 =1 and so the intersection matrix of Ey 5 + D is negative definite.
This contradicts Lemma 2.3.

Suppose that SuppFs contains no components of D@ . Then SuppF; consists
only of D, and some (—1)-curves and so Fs = E31 + Dy + E3 5, where Es; and Ej -
are (—1)-curves and Es ;D4 = F35D, = 1. By using the same argument as in the
preceding paragraph, we derive a contradiction.

Therefore, this subcase does not take place.

Subcase 5: i = 3 and j = 7. By the argument as in Subcase 3, we may assume
that t > 2. Then the divisor F} := Ds + Dg + 2D + 3C defines a P'-fibration
¢ =PV = P!, Dg becomes a 2-section of ® and D, becomes a section of
®. Moreover, if t > 3, then Dy becomes a section of ® and D — (Dy + Dy) is
contained in fibers of ®. Let Fy (resp. F3) be the fiber of ® containing D; 4+ Dy
(resp. D). By using the same argument as in Subcase 2 in the proof of Claim
4.9.2, we know that Fy, F5 and F3 exhaust the singular fibers of ®. Since SuppFj
consists only of (—1)-curves and (—2)-curves, we infer from Lemma 2.6 (2) that
#F3 = 3. If Dy C SuppF3, then F3 = Dy + D5+ 2E3, where Ej3 is a (—1)-curve and
EsDy = E3Ds = 1. Then 2 = F3D = 1 + 2E3Dg, a contradiction.

So D5 C SuppFs. By Lemma 2.8, SuppF5» consists only of the (—3)-curve Ds, some
(—1)-curves and some (—2)-curves. It follows from [14, Lemma 1.6] that SuppFs
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has one of the configurations (i)~(v) in [14, Picture (2) in Lemma 1.6]. However,
this is impossible.
Therefore, this subcase does not take place.

The proof of Claim 4.9.4 is thus completed. 0

Theorefore, X contains C? as a Zariski open subset.

4.10. Case (17)

In this subsection, we treat the case where the weighted dual graph of D is (17)
in Theorem 1.1. Let D = Z:ié D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.10,
where D2 = —(t 4+ 3) and the weight of the vertex corresponding to a (—2)-curve is

omitted. In this case, p(V) =9+ t.

ODy
t
—4 3 —_—
O O O O Oi ......... 40 (t > 0)
D2 D1 _(?(3’_ 3) D3 D5 De D7 DS D7+t
Figure 4.10.
Let a; (i =0,1,...,7+1) be the coefficient of D; in D#. Then
12t 4+ 18 8t + 12 4t +6 9t + 14
= p——0, = oo, Q= o, (3= o,
12t 4+ 19 12t 4+ 19 12t + 19 12t + 19
L Gtr9 bkl 2t )
YTt 4190 70T a+7 T w47
3(t+1—4)
= =0,1,...,1).
Q7+ A+ 7 (i )

Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CD® = 1.
Claim 4.10.1. CD® = 1.

Proof. The assertion can be proved by using the same argument as in the proof of
Claim 4.5.1. O

We take i € {1,2,3,4} and j € {5,6,...,7+t} such that CD; = CD; = 1.
Claim 4.10.2. If j =5, then i = 3 and V' \ Supp(C + D) = C2.

Proof. Assume that i« = 3. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D — D), nC'+A defines a P'-fibration ®|,cya] :
V — P! and D, becomes a section of Qoral- (We can wright down the divisor
nC' + A explicitly; we omit the description.) It is then clear that V'\ Supp(C' + D) =
C?. (See the arguments as in Section 3.)
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Suppose that ¢ # 3. Then D; is a (—2)-curve and so the divisor D; + D5 + 2C
defines a P'-fibration ®p, p,+2c| = V — P'. Then D7, that is a (—3)-curve, is a
fiber component of ®|p,; p,12¢|. This contradicts Lemma 2.7. O

Claim 4.10.3. The case 7 = 6 does not take place.

Proof. Suppose to the contrary that j = 6. Since CD¥ = o; + ag < 1, i # 3.
Then D; is a (—2)-curve and so the divisor D; + Dg + 2C defines a P!-fibration
Pp,4pg+2c) 1 V. — P Then Ds, that is a (—4)-curve, is a fiber component of
® p,+pe+2c|- This contradicts Lemma 2.7. This proves Claim 4.10.3. O

Claim 4.10.4. The case 7 = 7 does not take place.

Proof. Suppose to the contrary that j = 7. Since CD¥ = o; + a7 < 1,1 = 2 or 4.
We consider the following subcases separately.

Subcase 1: i = 4. Since OCD# = ay + a7y < 1, t = 0. The divisor F} :=
Dy 4+ D¢ + 2D7 4 3Dy + 5C defines a P'-fibration ® := &5 : V — P!, Dy, Dj
and Dj become sections of ® and D — (Dy + D3 + Dy) is contained in fibers of ®.
Let F5 be the fiber of ® containing D,. Since SuppFy consists only of Dy and some
(—1)-curves, we infer from Lemma 2.6 (2) that Fy = Ey 1+ Do+ Es 5, where Es; and
Ey 5 are (—1)-curves and Ey1Dy = E52Ds = 1. Since Dj is a section of @, we may
assume that Fy1D3 = 1. Then E271D# > o + a3 > 1, a contradiction. Therefore,
this subcase does not take place.

Subcase 2: i = 2. The divisor F := Dy + D; + 2Dy + 3C defines a P!-fibration
Qp iV — P!. Then Ds, that is a (—4)-curve, becomes a fiber component of Q.
This contradicts Lemma 2.8. Therefore, this subcase does not take place.

The proof of Claim 4.10.4 is thus completed. O
Claim 4.10.5. If 7 > 8, then t =2, j =9 and V' \ Supp(C + D) = C2.

Proof. Suppose that j > 8. Then D; is a (—2)-curve and ¢t > 1. We consider the
following subcases separately.

Subase 1: i # 3. By using the same argument as in the proof of Claim 4.10.3, we
know that this subcase does not take place.

Subcase 2: i =3,¢t >3 and 9 < j < 6+¢t. The divisor F':= D;_1+ D;+1+2(C +
D;) defines a P'-fibration ® := @ : V — P'. Then Dy, that is a (—t — 3)-curve, is
a fiber component of ®. This contradicts Lemma 2.7 because ¢t + 3 > 6. Therefore,
this subcase does not take place.

Subcase 3: i = 3 and j = 7+ t. Since CD¥ = az +ary < 1, t > 2. If
t = 2, then Claim 4.10.2 implies that V \ Supp(C + D) = C%. Suppose that ¢t > 3.
Then the divisor I := D3 + Dsyy + 2Dg + 3D74¢ + 4C defines a P!-fibration
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P := Oy 1 V — P, Dy and Dy become sections of @ and D — (Dy + Dy) is
contained in fibers of ®. Let Fy (resp. F3) be the fiber of ® containing Dy + Dy
(resp. Dy). Then Fij, F, and F3 exhaust the singular fibers of ®. Indeed, if G is a
singular fiber of ® other than Fj, F» and Fj3, then the component of G meeting D,
is a (—1)-curve. This contradicts Lemma 4.1. At least one of SuppF3 and SuppFj
contains no components of D®.

Suppose that SuppFj contains no components of D). Since SuppF} then consists
only of D;, Dy and some (—1)-curves, we infer from Lemma 2.6 (2) that F, =
Es1+ D1+ Do+ Es 5, where Ey ; and Es 5 are (—1)-curves and Ey 1Dy = Ey 9Dy = 1.
Since Dy is a section of & and D@ — Dyyy is contained in fibers of ®, either Es;
or Fy 9 does not meet D). So either Ey; + DW or By, + DM has negative definite
intersection matrix. This contradicts Lemma 2.3.

Suppose that SuppF; contains no components of SuppD®. By using the same
argument as in the previous paragraph, we derive a contradiction. Indeed, Fj is
expressed as Fy = E31+Dy+ E3 5, where E3; and Ej 5 are (—1)-curves and E3 1Dy =
FEs9Dy = 1. Then E3, 4+ D or Es5 + D has negative definite intersection matrix,
which contradicts Lemma 2.3.

Therefore, we see that ¢t =2 and V' \ Supp(C' + D) = C2,

Subcase 4: i = 3 and j = 8. Sincet > 1, CD* = a3+ ag > 1. This is a
contradiction. Therefore, this subcase does not take place.

The proof of Claim 4.10.5 is thus completed. U

Therefore, X contains C? as a Zariski open subset.

4.11. Case (22)

In this subsection, we treat the case where the weighted dual graph of D is (22)
in Theorem 1.1. Let D = Zf:é D, be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.11,
where D = —(t + 3) and the weight of the vertex corresponding to a (—2)-curve is

omitted. In this case, p(V) = 10 + ¢.

Dy
t
-5 3 —
O O O O O——cevennnnn —0 (t > 0)
D2 Dy (It)gr 3) D3 Ds Dg D~ Dg Dy Dgi¢y —
Figure 4.11.

Let o; (i =0,1,...,8+1) be the coefficient of D; in D#. Then

30t +- 48 20t + 32 10t + 16 24t + 39

T30 49" T 306+49° T 300+49° T 300+ 49
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Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CDW® = 1.
Claim 4.11.1. CD® = 1.

Proof. The assertion can be proved by using the same argument as in the proof of

Claim 4.5.1. O
We take i € {1,2,3,4} and j € {5,6,...,8 4t} such that CD;, = CD, = 1.
Claim 4.11.2. If j =5, then i = 3 and V' \ Supp(C + D) = C.

Proof. The assertion can be proved by using the same argument as in the proof of
Claim 4.10.2. O

Claim 4.11.3. The case 7 = 6 does not take place.

Proof. The assertion can be proved by using the same argument as in Subcase 2 in
the proof of Claim 4.11.6 given below. U

Claim 4.11.4. The case 7 = 7 does not take place.

Proof. Suppose to the contrary that j = 7. Since CD# = o; + a7y < 1, i # 3. The
divisor F' := D5+ Dg + 2Dg + 3(C' + D7) defines a P'-fibration ® := @p : V — P
Since i # 3, Ds, that is a (—5)-curve, becomes a fiber component of ®. This
contradicts Lemma 2.8. O

Claim 4.11.5. The case 7 = 8 does not take place.

Proof. Suppose to the contrary that i = 8. Since CD* = a; +ag < 1, i = 2 or 4.
We consider the following subcases separately.

Subcase 1: i = 4. Since OCD# = ay +ag < 1, t = 0. The divisor F} :=
Do+ D7 4 2Dg + 3Dy + 5C defines a P'-fibration ® := @, : V — P!, Dy, D3 and
Dg become sections of ® and D — (D; + D3 + Dg) is contained in fibers of ®. Let
F; be the fiber of ® containing Ds. Since SuppF; consists only of some (—1)-curves
and some (—2)-curves, we infer from Lemma 2.6 (2) that either Fy = Do+ Ey + Ds,
where Ey is a (—1)-curve and EyDy = EyDs = 1, or Fy = Ey + Dy + Es 5, where
Eyq and By are (—1)-curves and Ey1Dy = Ey9Dy = 1. If Fy = Dy + D5 + 2E,,
then 1 = D3l = 2D3FEs, a contradiction. Suppose that Fy = Ey 1 + Dy + Eyo. We
may assume that Ey; D3 = 1 since D3 is a section of ®. Then

E271D# > g+ az > 1,
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a contradiction. Therefore, this subcase does not take place.

Subcase 2: i = 2. The divisor F := D; + Dg + 2D, + 3C defines a P!-fibration
® := @ : V — P Then Ds, that is a (—5)-curve, is a fiber component of ®. This
contradicts Lemma 2.8. Therefore, this subcase does not take place.

The proof of Claim 4.11.5 is thus completed. U
Claim 4.11.6. If § > 9, then t = 3, j = 11 and V' \ Supp(C + D) = C2.

Proof. The assertion can be proved by using the same argument as in Claim 4.10.5.
By the reader’s convenience, we reproduce the proof.

Suppose that j > 9. Then D is a (—2)-curve and t > 1. We consider the following
subcases separately.

Subase 1: ¢ # 3. Then D, is a (—2)-curve and so the divisor D; + D, + 2C defines
a P!-fibration Q\p,rpj420) V= P!. Then Ds, that is a (—5)-curve, is a fiber
component of ®p,yp.1o0). This contradicts Lemma 2.7. Therefore, this subcase
does not take place.

Subcase 2: i =3,¢t >3 and 10 < j < 7+¢t. The divisor Dj_y + D;11 +2(C + D)
defines a P'-fibration ®p._,1p,,,+2(c4+p,) : V — P'. Then Dy, that is a (—t — 3)-
curve, is a fiber component of ®p. i p,  12c+p,)- This contradicts Lemma 2.7
because t + 3 > 6. Therefore, this subcase does not take place.

Subcase 3: i = 3 and j = 8 +t. Since CD¥ = ag+ag.y < 1,t > 3. Ift = 3, then
Claim 4.11.2 implies that V' \ Supp(C + D) = C2.

Suppose that ¢ > 4. Then the divisor F} := D3+ D5, y+2Dg,+3D74+4Dg+5C
defines a P!-fibration ® := @ : V — P!, Dy and D,y become sections of ® and
D — (Do + Dy) is contained in fibers of ®. Let Fy (resp. F3) be the fiber of ®
containing Dy + Dy (resp. Dy). Then Fy, F, and F3 exhaust the singular fibers of ®.
Indeed, if G is a singular fiber of ® other than F}, F5 and Fj3, then the component of
G meeting Dy is a (—1)-curve. This contradicts Lemma 4.1. At least one of SuppFs
and SuppF; contains no components of D®.

Suppose that SuppFj contains no components of D). Since SuppF, then consists
only of D;, Dy and some (—1)-curves, we infer from Lemma 2.6 (2) that F, =
Es1+ D1+ Do+ Es 5, where Ey ; and Es 5 are (—1)-curves and Ey 1Dy = Ey 2Dy = 1.
Since Dy is a section of & and D@ — Dyyy is contained in fibers of ®, either Es;
or Fy5 does not meet D). So either Ey; + DW or By, + DM has negative definite
intersection matrix. This contradicts Lemma 2.3.

Suppose that SuppFs contains no components of SuppD®. By using the same
argument as in the previous paragraph, we derive a contradiction.

Subcase 4: i = 3 and j = 9. Sincet > 1, CD# = a3 + a9 > 1. This is a
contradiction. Therefore, this subcase does not take place.
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Therefore, we see that ¢t = 3, j = 11 and V' \ Supp(C + D) = C2. O

Theorefore, X contains C? as a Zariski open subset.

4.12. Case (12)

In this subsection, we treat the case where the weighted dual graph of D is (12)
in Theorem 1.1. Let D = .2*!'D; be the decomposition of D into irreducible
components such that the weighted dual graph of D is given as in Figure 4.12,
where D = —(t + 3) and the weight of the vertex corresponding to a (—2)-curve is
omitted. In this case, p(V) =7 +t.

Dy
t
-n -3 —
0O o OO erenennn -0 n>921t>0
D D Dq Ds Ds Dg D5+t( - - )

— 3 °
9 pigure 4.12.

Let o; (i =0,1,...,5+t) be the coefficient of D; in D#. Then

2n—1)t+3n—3 (2n —2)t+3n —4 (2n —3)t+3n -5
ap = o1 = o =
T @n—1Dt+3n—-2" " @n—1Dt+3n—-2" 7 2n—1)t+3n—-2
2n — 1)t + 3n — 2 t+1—i
a3 = Qy = (n )+ n Oé5+i:; (’l:o,l,,t>

2{(2n — 1)t +3n — 2}’ 2t+3
Let C € MV(V, D). By Lemmas 4.1 and 4.2, CDy = 0 and CD" = 1.

Claim 4.12.1. CD® = 1.

Proof. Suppose to the contrary that CD®? = 0. Then CD®Y = CD; = 1 for some
i € {1,2,3,4}. By Lemma 2.3, we know that ¢ = 1, n = 2 and ¢ = 0. Then
(D3+ Dy +2(Do+ Dy) +4(C+ D;))? = 0 and so the intersection matrix of C'+ D™
is negative semidefinite, which contradicts Lemma 2.3. This proves the claim. [

We take ¢ € {1,2,3,4} and j € {5,6,...,5 + t} such that CD;, = CD; = 1. By
the dual graph of DM we may assume that i < 3.

Claim 4.12.2. If j =5, then ¢ = 3 and V' \ Supp(C + D) = C2.

Proof. Assume that ¢ = 3. Then there exists a positive integer n and an effective
divisor A such that SuppA = Supp(D—Ds), mC+A defines a P'-fibration ®|,,c 44 :
V — P! and D, becomes a section of Qpncra)- (We can wright down the divisor
mC + A explicitly; we omit the description.) It is then clear that V' \ Supp(C'+ D)
C?. (See the arguments as in Section 3.)

Suppose that ¢ # 3. Then ¢« = 1 or 2. We consider the following subcases
separately.
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Subcase 1: i = 1. Since CD# = a; + a5 < 1, n = 2. Then the divisor F} :=
Dy + D5 + 2D, + 3C defines a P'-fibration ® := Dy V= P! and D, becomes a
2-section of ®. Moreover, if t > 1, then Dg becomes a section of ® and D — (Dy+ Dg)
is contained in fibers of ®. Let F, be the fiber of & containing Dj3. Since SuppF,
consists only of some (—1)-curves and some (—2)-curves, we infer from Lemma 2.6
(2) that #F, = 3.

Suppose that Dy C SuppFs. Then Fy = D3+ Dy+ 2E,, where Fj is a (—1)-curve
and FoD3 = FoDy = 1. If t > 1, then 1 = DgFy = 2DgFE5, a contradiction. So
t = 0. Since

T=p(V) 2 24 (#F1 — 1) + (#F— 1) = T,

Fy and Fy exhaust the singular fibers of ®. Let v : V. — W be the contraction
of Ey, Dy, C, Dy and Dy. Then W is a Hirzebruch surface, v(Dg) is a smooth
rational curve with v(Dy)? = =3+ 1+ 2 =0 and v(Dy) is a 2-section of the ruling
Por~!: W — Pl Let M (resp. £) be a minimal section (resp. a fiber) of the ruling
Pov~t: W — P Then v(Dgy) ~ 2M + ol for some integer . Since v(Dg)* = 0,
a = —M?. Then v(Dy)(v(Dy) + Kw) = —4, which is a contradiction.

Suppose that D, ¢ SuppF,. Let F3 be the fiber of ® containing D,. Then at least
one of SuppF, and SuppF; contains no components of D®. So we may assume that
SuppF, contains no components of D). Then F, = Es1 + D3 + Ey 4, where Ey;
and Ey are (—1)-curves and Ey1D3 = Ey9D3 = 1. If t > 1, then we may assume
that Ey2D¢ = 1 since Dg is a section of ®. Then Ey ;D = Ey;D3 = 1 and so the
intersection matrix of Es; + D is negative definite. This contradicts Lemma 2.3.

Therefore, this subcase does not take place.

Subcase 2: i = 2. Since CD# = as + a5 < 1, n < 3. If n = 3, then CD¥ =
a9 + a5 < 1 implies that ¢t < 1. So the intersection matrix of C' 4+ D is negative
definite, which contradicts Lemma 2.3.

Suppose that n = 2. Then the divisor F} := Dy + D5 + 2Dy + 3C defines a P!-
fibration ® := Q| : V — P! and Dy becomes a section of ®. Furthermore, if t > 1,
then Dg becomes a section of ® and D — (Dg+ D) is contained in fibers of ®. Let F;
(resp. F3) be the fiber of ® containing D3 (resp. Dy). Then Fj, F; and F3 exhaust
the singular fibers of ®. Indeed, if G is a singular fiber of ® other than F, F, and
F3, then the component of G meeting Dy is a (—1)-curve. This contradicts Lemma
4.1. Since D® — (D5 + Dg) is contained in a fiber of ® provided t > 2, at least
one of SuppF, and SuppF; contains no components onf D®. We may assume that
SuppF, contains no components of D). Since SuppF} consists only of D5 and some
(—1)-curves, we infer from Lemma 2.6 (2) that Fy = Ey; + D3 + Ey o, where Ey
and Esy are (—1)-curves and Ey1D3 = Ey5D3; = 1. By using the same argument
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as in the third paragraph of Subcase 1, we derive a contradiction. Therefore, this
subcase does not take place.

The proof of Claim 4.12.2 is thus completed. 0
Claim 4.12.3. The case j > 6 does not take place.

Proof. Suppose to the contrary that j > 6. Then ¢t > 1 and D; is a (—2)-curve. We
consider the following subcases separately.

Subcase 1: ¢ = 2 and n = 2. The divisor Dy + D; + 2C' defines a P!-fibration
®p,+p,12c) - V — P Then Dy, that is a (—t — 3)-curve, is a fiber component of
®p,+p,+20)- This contradicts Lemma 2.7. Therefore, this subcase does not take
place.

Subcase 2: t > 3 and 7 < j < 4 +¢. The divisor D;_y + D1 + 2(C + D)
defines a P!-fibration @p,_1+D,1+2(c+Dy) PV = P!. Then Dy is a fiber component
of @D, _1+D, 1 +2(C+D;)| because C'Dy = 0 by Lemma 4.1. This contradicts Lemma
2.7 because D? = —(t + 3) < —3. Therefore, this subcase does not take place.

Subcase 3: t > 2 and j = 5+ t. By Subcase 1, we may assume that i # 2 or
n > 3. If i = 1 or 3, then the divisor F := D; + D5, + 2C defines a P!-fibration
® := ®p : V — P'. Then Ds, that is a (—3)-curve, is a fiber component of ®. This
contradicts Lemma 2.7. Hence, i = 2 and n > 3. Lemma 2.3 implies that n < ¢+ 2.

(3-1) Suppose further that n =t + 2. Then the divisor F} := Dy + D5 + 2Dy +
3Ds+5D7 4 -+ (2t +1) D51+ (2t +3)C defines a P'-fibration ® := @ : V — P,
Dy becomes a section of ® and D — Dy is contained in fibers of ®. Here we note
that #F; =t + 4. Let Fy (resp. F3) be the fiber of ® containing D3 (resp. Dy). By
the same argument as in the second paragraph of Subcase 2 in the proof of Claim
4.12.2, we know that Fj, F, and F3 exhaust the singular fibers of ®. Since #F5,
#F3 > 3, we have

T+t=p(V)=2+F#F - 1)+ (#F— 1)+ (#F;—-1) > 9+,

which is a contradiction.

(3-2) By the argument as in (3-1), we see that n < t + 1. Then the divisor
Gy = Dy+ Dyyyp +2Dgyypy + -+ + (n — 1)Dsyy + nC defines a Pl-fibration
U :=Pg,: V — P!, Dy and Dgyy—p, become sections of W and D — (D + Dgy—p,) is
contained in fibers of ¥. Let G5 be the fiber of ¥ containing Do+ D3+ Dy. If SuppGs
contains no components of D then the component F, ; of SuppGy meeting Dy,
is a (—1)-curve. Since Dgs—yp, is a section of ¥, SuppGs has a (—1)-curve Es 5 other
than Ey;. Then Ey 9D = Es9(Do + D3+ D4) = 1 and so the intersection matrix of
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E5 9+ D is negative definite. This contradicts Lemma 2.3. Hence, SuppGy contains
D5+ -+ + D5yt p.

Since SuppGy then consists only of Dg, D3, Dy, D5, ..., D5y, and some (—1)-
curves, SuppGs has a (—1)-curve Ey such that Ey(Doy + D3 + Dy) = Es(Ds +
+++ Dsyy—p,) = 1. Furthermore, since the intersection matrix of Dy + Ey + Dy is
negative definite, where Dy (k € {0,3,4}) and D, (¢ € {5,...,5+t—n}) are curves
meeting Fs, and by Lemma 4.1, we may assume that EyD3 = Ey D5 = 1. Then the
intersection matrix of Ey + Dy + D3+ Dy + D5+ - - - + D54y, is negative definite.
So SuppGs contains a (—1)-curve E) other than Es. Then we have E,D = 1. If
E,DW =1, then E5D® = 0 and so the intersection matrix of E} + D is negative
definite. This contradicts Lemma 2.3. If E,D®) = 1, then the intersection matrix
of D3 + Fo + D5 + - -+ + D54y + Eb is not negative definite, which contradicts
Supp(Ds + Ey + Ds + -+ + Dsyy—p + Eb) C Supphs.

Therefore, this subcase does not take place.

Subcase 4: j = 6. If ¢t > 3, then the divisor F' := D5 + Dg + 2D7; + 3(C + Dg)
defines a P!-fibration ®@p : V — P'. Then Dy, that is a (—¢ — 3)-curve, is a fiber
component of ® . This contradicts Lemma 2.8 since ¢ + 3 > 6. Hence, ¢ < 2.

(4-1) We consider the case where ¢ = 3. The divisor F} := D3 + Dg + 2C defines
a P'-fibration ®; := Qi V— P! and D, and D5 become sections of ®. Further,
if t = 2, then D7 becomes a section of ®; and D — (Dy + D5 + Dy) is contained in
fibers of ®;. Let F, (resp. F3) be the fiber of ®; containing Dy + Ds (resp. D,). By
the argument as in Subcase 2 in the proof of Claim 4.12.2, we know that F}, F» and
F3 exhaust the singular fibers of ®;. Since ¢ < 2, SuppF3 consists only of D, and
some (—1)-curves. We infer from Lemmas 2.6 (2) that F3 = E3; + Dy + Es 5, where
Esq and Es9 are (—1)-curves and Es1 D4 = E39D, = 1. Since D5 is a section of &,
we may assume that £5 D5 = 1. Then

—E31(D* + Ky) <1— (g +as) < 1 — (a3 + ag) = —C(D¥ + Ky),

which contradicts C € MV (V, D).

(4-2) We consider the case where ¢ = 1. The divisor G; := D; 4+ Dg + 2C' defines
a P!-fibration @y := P\, : V — P! and Dy, Dy and D5 become sections of @s.
Further, if t = 2, then D7 becomes section of ® and D — (Dy + Dy + D5 + D) is
contained in fibers of ®,. Let G (resp. G3) be the fiber of ® containing Dj (resp.
Dy). By the argument as in Subcase 2 in the proof of Claim 4.12.2, we know that
G, G5 and G3 exhaust the singular fibers of ®5. Since SuppGs and SuppGs contain
no components of D® | we infer from Lemma 2.6 (2) that Gy = Es1+ D3+ Es
and G3 = Es; + Dy + E3, where Eyy, Eso, E5; and FEso are (—1)-curves and
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E2’1D3 = E2’2D3 = E371D4 = E3,2D4 = 1. Then
T+t=p(V)=2+#G — 1)+ (#G— 1) + (#G3 — 1) = 8

and so t = 1. Since Dj is a section of ®,, we may assume that Ey 1Dy = E31D9 = 1.
Then Es 9Dy = E39D5 = 0.

Let v : V. — W be the contraction of C, D¢, Ea1, E29, E31 and Es5. Then
W =%, and v(Dy) is the minimal section of ¥,. Then v(Dy) is the section of the
ruling on W and

v(Dy)? = -n+2<0.
This is a contradiction.

(4-3) We consider the case where ¢ = 2 and ¢t = 1. By Lemma 2.3, we know that
n < 3. If n = 2, then the divisor Dy 4+ Dg + 2C defines a P!-fibration @ p,+De+20]
V — PL. Then Dy, that is a (—4)-curve, is a fiber component of ®. This contradicts
Lemma 2.7.

If n = 3, then the divisor H, := Dy + D5 + 2Dy + 3D + 5C defines a P!-fibration
3 := Dy, : V. — P! and Dy becomes a section of ®. Let Hy (resp. Hj) be the
fiber of &3 containing D3 (resp. Dy). By the argument as in Subcase 2 in the proof
of Claim 4.12.2, we know that H;, H, and Hj3 exhaust the singular fibers of ®s.
Furthermore, # H,, #H3 > 3. Then we have

8=p(V) =2+ (#H,— 1) + (#Hy — 1) + (#H3 — 1) > 10,

which is a contradiction.

(4-4) We consider the case where i = 2 and t = 2. The divisor C' + D) can be
contracted to a smooth point. Let 1 : V' — V’ be the contraction of C + D® to a
smooth point and set D' = (Do + Dy + D3+ Dy) = p(D — Ds). Then p(V') =5 =
1+ #D'. Since ®(V \ SuppD) = —oo by [14, Remark 1.2 (2)], where %(V \ SuppD)
denotes the logarithmic Kodaira dimension of V'\ SuppD (cf. Introduction), we have
R(V \ Supp(D — D5)) = —oo. This implies that

R(V"\ SuppD") = %(V \ Supp(C + D — D,)) = &(V \ Supp(D — Ds)) = —c0,
where the second equality follows from C'(D — Dy) = 1. We infer from [14, Remark
1.2 (2)] that (V',D’) is an LDP1-surface. On the other hand, the weighted dual

graph of D’ is given as in Figure 4.13. This weighted dual graph is not give in [7,
Appendix A]. Therefore, this case does not take place.

T—Q
o0——0—o0
-2 -5 =2

Figure 4.13.
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Therefore, we know that Subcase 4 does not take place.

The proof of Claim 4.12.3 is thus completed. O

Therefore, X contains C? as a Zariski open subset.

The proof of Theorem 1.1 is thus completed.
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