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THE CONSTANTS RELATED TO ISOSCELES
ORTHOGONALITY IN NORMED SPACES
AND ITS DUAL

HIROYASU MIZUGUCHI

ABSTRACT. We consider isosceles orthogonality and Birkhoff orthogonality, which
are the most used notions of generalized orthogonality. In 2006, Ji and Wu intro-
duced a geometric constant D(X) to give a quantitative characterization of the
difference between these two orthogonality types. From their results, we have that
D(X) = D(X™*) holds for any symmetric Minkowski plane. On the other hand, for
the James constant J(X), Saito, Sato and Tanaka recently showed that if the norm
of a two-dimensional space X is absolute and symmetric then J(X) = J(X*) holds.
In this paper, we consider the constant D(X, A) such that D(X) = infyeg D(X, \)
and obtain that in the same situation D(X, A) = D(X*, \) holds for any A € (0, 1).

1. Introduction

We denote by X a real normed space with the norm || - ||, the unit ball Bx and the
unit sphere Sx. Throughout this paper, we assume that the dimension of X is at
least two. In the case of that X is an inner product space, an element x € X is said
to be orthogonal to y € X (denoted by = L y) if the inner product (z,y) is equal to
zero. In the general setting of normed spaces, many notions of orthogonality have
been introduced by means of equivalent propositions to the usual orthogonality in
inner product spaces. For example, Birkhoff [2] introduced Birkhoff orthogonality :
x is said to be Birkhoff orthogonal to y (denoted by = L g y) if

VAER, [+ Ayl = [l
James [6] introduced isosceles orthogonality = x is said to be isosceles orthogonal to
y (denoted by = L y) if
lz+yll = llz =yl

These generalized orthogonality types have been studied in a lot of papers ([1, 7]
and so on).
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Recently, quantitative studies of the difference between two orthogonality types
have been performed (see [5, 8, 13, 14]). Among of them, the constant

D(X) = inf {)i\nﬂf%||x+/\y|| rx,y € Sx, v L y}
€

is introduced and studied by D. Ji and S. Wu [8]. This constant measures the
difference between Birkhoff and isosceles orthogonalities in the unit sphere of X. In
the paper [8], they obtained a result on a symmetric Minkowski plane.

Let X be a Minkowski plane. If there exists e;,es € Sx such that

ler +tea| = [ler — tea| = |lez + ter|| = |lex — teu]]

for any ¢ € R, then we call X a symmetric Minkowski plane and {e;, es} a pair of
axes of X. Ji and Wu obtained the following

Theorem 1.1 ([8]). Let X be a symmetric Minkowski plane on R? and e; = (1,0),
ea = (0,1) be a pair of axes of X. Then

1+
D(X) = inf )
tel || (2, DI V]«
where || - ||« denotes the norm of the dual space of X.

On the other hand, Saito, Sato and Tanaka obtained a results on the James
constant of the space R? and its dual space. A normed space X is said to be
uniformly non-square if there exists a number § > 0 such that ||z + y|| > 2(1 — §)
and z,y € Sx implies ||z —y|| < 2(1 —§). The James constant

J(X) = sup{min{flz + y|, |z — yl[} : =,y € Sx}

was defined by Gao and Lau [4]. It is known that X is uniformly non-square if and
only if J(X) < 2. On the other hand, in general, the equality J(X) = J(X*) does
not necessarily hold. A norm |[|-|| on R? is said to be symmetric if ||(x,y)|| = [|(y, )|
for all (z,y) and absolute if ||(x,y)|| = ||(|z|,|y])|| for all (z,y). Saito, Sato and
Tanaka obtained the following

Theorem 1.2 ([16]). Let X be a two-dimensional real normed space R? equipped
with a symmetric absolute norm. Then J(X) = J(X*).

We consider a function
D(X,\) = inf{||lz + Xy : 2,y € Sx,» L y}.

It is easy to see that D(X) = infycg D(X, ).
In the paper [4], Gao and Lau also introduce Schiffer constant

S(X) = inf{max{||z + y||, v =y} : 2,y € Sx}.



The equality J(X)S(X) = 2 holds for any normed space. Gao and Lau showed that
the James constant J(X) and the Schaffer constant S(X) are reformulated in

J(X) =sup{|lz +yll - z,y € Sx.x Ly}
S(X)=if{||lz+y| : 2,y € Sx,z Ly},
respectively. Hence one has D(X, 1) = S(X) = 2/J(X). Thus, for the space X = R?
with a symmetric absolute norm, from the above theorems, we have
infyegr D(X, ) = infyeg D(X*,A) and D(X,1) = D(X* 1).

Meanwhile, for A = 0, we clearly have D(X,0) =1 = D(X*,0). Therefore, our aim
in this paper is to obtain that if X is the space R? with a symmetric absolute norm,
then D(X,\) = D(X*,\) for any A € (0,1)

2. Preliminaries

Recall that a norm || - || on R? is said to be absolute if

1z )l = [1([=], [yD

for all (z,y) € R? and normalized if ||(1,0)|] = ||(0,1)|| = 1. The family of all
absolute normalized norms on R? is denoted by AN,. As in Bonsall and Duncan [3],
AN, is in a one-to-one correspondence with the family W, of all convex functions
on [0, 1] with max{l —¢,t} < ¢(t) < 1forall 0 <¢ < 1. Indeed, for any || -|| € AN,
we put () = ||[(1 —¢,t)||. Then ¢» € Wy. Conversely, for all ¢ € U, let

<\x!+!y\>w( £ ) it (2,y) # (0,0)

I, o)l = 2|+ 1y]
0 if (z,y)=(0,0).
Then || [l € ANy, and ¢(t) = [[(1 = £,2)]ly (cf. [15]).
We also recall symmetry. A norm || - || on R? is said to be symmetric if ||(z,y)|| =

| (y, z)|| for all (z,y) € R% A function 1) € ¥, is said to be symmetric if (1 —¢) =
Y(t) for all t € [0,1]. We note that a symmetric norm || - || € ANy is associated with
a symmetric function ¢ € ¥5. Let U5 be the collection of all symmetric function in
\IIQ.

For ¢ € Wy, the dual function ¥* on [0, 1] is defined by

. (1—t)(1—s)+ts
1/1(5)—sup{ o0 .tG[O,l]}

for s € [0,1]. It was proved that ¢* € ¥, and that || - ||« € AN, is the dual norm
of || - ||y, that is, (R% || - [|4)* is identified with (R?, || - ||4«) (cf. [10, 11, 12]).

For simplicity, we write X, for the space R? with an absolute norm || - ||,. Our

aim can be turned into the following form:



Theorem 2.1. Let 1) € W5. Then D(Xy, ) = D(Xy+, A) for any X € (0,1).

Let ¢ € W5 and ¢ € [0,1]. It is known that for 2 = (1 —¢,¢)/1(t) € Sx,, an
element y = (—t,1 —t)/¢(t) is the unique one satisfying » L; y and y € Sx,, with
the exception of —y ([4, 9]). Letting

il Gk LT Y
) THA-DN 2
n 1= (14Nt . 1= |
if <t< =
1+ A—2)Mt 2 2
and
1+ X—2)\t
Gya(t) = ——— t
w,)\( ) w@) w(.g)\( ))7
we have 0 < g5(¢) < 1/2 and ||z + Ay||y = Gy a(t). In addition, let
A—(1
M f0<t<L7
h)\(t)z 1+X—2t 1+ A
A+ (1+ M)t ; A <t<1
1—A42X 1+X— 72
and
1+A—2t )\
SR () f0<t<
pA(t) =
1— A+ 2Xt 1
———————(hy(t)) if <t< -,
b(t) via(t) i s stsg

Then we have 0 < hy(t) < 1/2 and ||z — Ay|ly = Hya(t). Thus, the constant
D(Xy, \) is given by

D) = min { iy, G0, iy Hoa)}
The function g, maps [0,1/2] to [min{(1—\)/2,A/(1+ )}, 1/2]. In particular, one
has gy : [0, (1 —X)/2] — [A/(L+A),1/2] and gy : [(1 —N)/2,1/2] — [(1 —N)/2,1/2].
On the other hand, the function Ay maps [0,1/2] to [0, max{(1 — A)/2,A/(1+ \)}].
Especially, one has hy : [0,A/(1 + A)] = [0, A/(1 + A)] and hy : [A/(1+ A),1/2] —
[0, (1 — \)/2]. We obtain

Lemma 2.2. Let i) € V5. Then the following hold:

(1) Ift € 0, (1 — N)/2], then ha(ga(t)) =t and Hyx(gr(t)) = (14 X*)/Gya(t).
(2) Ift € [(1=X)/2,1/2], then gA(gA(t)) =t and Gy (ga(t)) = (1+ %) /Gy (D).
(3) If t € [0, /(1 + N)], then hy(ha(t)) =t and Hy\(ha(t)) = (1 + X2)/Hy(t).
(4) Ift € [N (1+X),1/2], then gx(ha(t)) =t and Gy (ha(t)) = (1+N?)/Hy A (¢).



Proof. For elements x = (a,b) and y = (—b,a), one has x 1; y and = + Ay =
(@ —Xb,b+ Aa). Let z = (—(b+ Aa),a — Ab). Then we obtain x + Ay L; z and

z+ Ay — Az = (1+2)(a,b) = (1+\)z.

In addition, for x — Ay = (a + Ab, b — Aa), letting w = (—(b — Aa),a + Ab), we have
r— Ay Lywand r — Ay + Aw = (1 + A\?)z. Thus, we obtain this lemma. O

3. On the piecewise linear functions

In this section, we treat the piecewise linear functions. A finite sequence (¢;)I is

said to be a partition of the interval [0,1/2] if 0 =ty < t; < --- <, = 1/2. Any
finite subset of [0, 1/2] including 0 and 1/2 can be viewed as a partition of [0, 1/2] by
taking strictly increasing rearrangement. Thus one can identify a partition (¢;),
with a set {t; : 0 < i < n}. A function ¥ on [0,1/2] is said to be piecewise linear
if its graph is broken line. That is, ¥ is piecewise linear if there exists a partition
(t;)P, of [0,1/2] and a sequence (a;)!, C [1/2,1] such that

a; — Qi1 a;—1t; — a;t; 1
t) = t+
Vi) t;i —ti ti —ti1
for each t € [t;_1,t;]. It is easy to see that ¥ (t;) = a; for each 0 < i < n. Letting
a; — a;— a;— ti — aiti_
o= GO g g Gtk it
b —ti1 ti —ti1

we have 1(t) = a;t + f; for each t € [t;_1,t;]. A point ¢; satisfying 0 < i < n
and «; < a;;q is called the corner point of ¢. We remark that every corner point
is deduced by determining the intersection point of two distinct lines. A partition
is said to be simplified if all the elements ty,%s,--- ,t,_1 are corner points. The
piecewise linear function ¢ on [0, 1/2] extends to a piecewise linear function on the
interval [0, 1] by (1 —t) = ¢ (1).

For a piecewise linear function ¢ € U5, we obtain the following

Lemma 3.1. Let ¢p € U5 be a piecewise linear function with a partition (t;)7.
Suppose that there exists ni,ny such that 0 < ny,ng < n, t,, = (1 —\)/2 and
tny = A/ (1+X). Then

D(Xy, A) = min{ Oréngnn Gy(ti), Oféliignn HyA(t), angllISln Gynlga(t)),
i Goalha(ti)), min Hoa(92(t)), min Hua(ha(t))}
Proof. For i, let I; = [t;_1,t],
7= { [ga(tica), ga(t:)] if1<di<my
(gr(t:), gx(tiz1)] ifmp <i<n



and
[Aa(ti), a(tio1)] if 1 <4 <y,
K, =
[h,\(tl;l), h,\(tl)] if Ny < 1 < n.
One has that (1 — X)/2 < A\/(1 + \) if and only if v/2 — 1 < X\. We first suppose
V2 —-1<A<1 Then (1-X)/2<X/(1+)) and hence n; < n.
Let t € [0,(1 — \)/2]. Take i,7,k such that t € I;, g\(t) € I; and hy(t) € I.
Then one has 0 <7 < ny, no < j<nand0 <k <ny. From Lemma 2.2, we have
t € K; N K. Then the functions Gy » and Hy, » are given by

Gualt) = 5 g = HA 2 o, (L) )

o P} T1 A2\
@ = Na; = 2X8;3t + Ay + (1 + M) B,
and
14+A-2 14+A-2 A—(14+ A
Hoa(0) = S o) = A2 o (AE0E)

A+ Nag + 2Bt + Ay + (1 + N) B
Since Gy and Hy » are monotone on I; N K and I; N K}, respectively, we have

Gya(t) = min{Gy(t:), Gypa(ti-1), Gypa(ha(ty)), Gya(ha(tj-1))}
and
Hy () = min{Hy \(t;), Hypx(tio1), Hpa(ha(tr)), Hya(ha(te-1))}-
Let t € [(1 —X)/2,A\/(1 + \)]. We take ¢, 7,k such that t € I;, g\(t) € I; and
h(t) € Ij also in this case. Then one has ny <7 <ng, n; < j<nand 0 <k < noy.
From Lemma 2.2, we have ¢t € J; N Kj. Then the function Gy , is given by

14+XA—=2\ 14+XA—2) 1— (14X
Gya(t) = UT)%(QA@)) = ;Tﬂit {%‘ (ﬁ) + 53‘}

@+ Nag +2M8; 3t + aj + (14 A)S;
On the other hand, the function Hy ) is given by the formula in the above case.

Since Gy, and Hy » are monotone on I; N J; and I; N K}, respectively, we have

Gya(t) = min{Gy(t:), Gya(tio1), Gypa(9a(t;)), Gua(gati—1))}
and
Hy\(t) =2 min{Hy (&), Hpa(tiz1), Hpa(ha(tr)), Hya(ha(te-1))}-
Let t € [\/(1 4+ \),1/2]. Take 4,j,k such that ¢t € I, gx(t) € I; and hy(t) € .
Then one has ny < i <n,n; <j<nand0 <k <n;. From Lemma 2.2, we have



t € J;NJi. Then the functions Gy, is given by the formula in the above paragraph.
On the other hand, the function Hy , is given by

1—A+2) 1—A+2) A+ (14 A
Haatt) = st oto) = L o (TS ) + 1)

Since Gy » and Hy » are monotone on I; N J; and I; N Ji, respectively, we have

Gya(t) > min{Gy A(t:), Gya(tio1), Gy a(9r(t;)), Gy a(ga(tj-1))}
and

Hy\(t) > min{Hy \(t:), Hy x(tio1), Hya(92(tr)), Hpa(gr(tk-1))}-

Suppose that 0 < A < /2 —1. Then A/(1+ \) < (1 — \)/2 and hence ny < n1.
In a similar way, we have the following:
Let t € [0, A/(1 + A)]. Then we have

Gya(t) > min{Gy r(t:), Gy a(ti-1), Gpa(ha(ty)), Gy a(ha(tj-1))}
and

Hy A(t) > min{ Hy x(t;), Hy A(ti-1), Hy x(ha(tx)), Hypa(ha(tr-1))},

where 0 <7< ng,ny < j<nand0 <k < ns.
Let t € [A\/(1 4+ A), (1 —\)/2]. Then we have

Gya(t) > min{Gy r(t:), Gy a(ti-1), Gpa(ha(ty)), Gy a(ha(tj-1))}
and

Hy A(t) > min{ Hy x(t;), Hy A(ti-1), Hy A(92(tx)), Hypa(ga(tr-1))},

where ng <i<ny,no <j<nand0<k<ny.
Let t € [(1 —\)/2,1/2]. Then we have

Gya(t) 2 min{GyA(t:), Gya(ti-1), Gy a(9r(t5)), Gy a(ga(tj-1))}
and

Hy \(t) > min{ Hy \(t:), Hy x(tio1), Hya(ga(tr)), Hya(ga(tr-1))},

where ny <i<n,n; <j<nand 0<k <njy. ]

Combining the above lemma with Lemma 2.2 again, we have



Lemma 3.2. Let ¢ € U5 be a piecewise linear function with a partition (t;)",.
Suppose that there exists ni,ng such that 0 < ny,ng < n, t,, = (1 —\)/2 and
tn, = A (1L+ X). Then

D(Xy, )

1+ M2 1+ )2 }

= mj in Gy (t;), min Hy\(t:), ,
mln{ogliléln w)\( l) 02111%171 ﬁ’J\( l) maXop<i<n Gw,/\(ti) maXop<i<n H¢7)\(ti)

Proof. From Lemma 2.2, we have

. 14N
a2, Gerlor(t)) = min Frss
_ 1422
nin Gya(ha(ti) = A o)
. 1+
ot Hua(ga(ti) = i 7
and
: 1+ A2
omin Hya(ha(t)) = min Hor(h)
Thus, we obtain this lemma. O

4. The proof of main result

To prove Theorem 2.1, we first recall several results obtained in [16]:

Lemma 4.1 ([16], Lemma 4.5.). Let (¢,,) be a monotone sequence of functions in
U3 If ¥ = Yllo = 0, then [J; — ¥l — 0.

Lemma 4.2 ([16], Lemma 4.6.). Let 1) € W5. Then there exists a sequence (1) of
strictly convex functions in W5 such that ||, — V|l — 0 and ||¥f — ¥*||lee — 0 as
n — oo.

To use these results, we need the following

Lemma 4.3. Let 0 < A < 1. Then the function 1 — D(Xy, \) is continuous.



Proof. Let (1,,) be a sequence in U3 that converges uniformly to an element 1) € W3,
For any t € [0,1/2], one has

Gurlt) = Gy = (14 A — 20) | L) 0nl0r()

b(t) Un(t)
_ oy [La () () — Yn(ga (1)) (D))
=(14+X—2X\) OO
<814+ A=2X)[[¢) — Yoo
S 16H¢ - wn“oo

and hence |Gy — Gy, allo < 16]1¢) — ¢yl Thus we have

i Gya(t) = li in Gy, (t)).
o, Cualt) = lim ( oin, Gonalt)

For any ¢t € [0, A\/(1 + A)], we have

(ha(t) — dn(ha(t))
»(t) n(t)

|[HyA(t) — Hy, A1) = (1 + X = 2t)

<814+ A=2t) [ — Ynll

For any t € [A\/(1 4 X),1/2], one has |Hy () — Hy, A(t)] < 16||t) — ¢p |00, too. So
o < 16| — ¥yl and hence

we have ||Hy x — Hy, )|

in Hy (1) = li in_Hy, (1))
0<t<1/ valt) nggo(ogr?gl?p vn(t))

Therefore we obtain

D(Xw,)\)—min{ min Gy A (t), min Hw,/\(t)}

0<t<1/2 0<t<1/2
= li i in Gy, A(t in Hy, (1) p = lim D(Xy,, A
Jsg i { i, G (), ()} = i Do, )

which implies that the function ¢ — D(Xy, A) is continuous. O

Lemma 4.4. Suppose that 1) € V5 is a piecewise linear function with a simplified
partition (7). Let ()i = ()00 UL(1 = A)/2, A/ (1 + N}, by = (1 = A)/2
and tn, = A\/(L+X). Then
. . 0 : 0
D(Xy, A) = min{ Ry Gl/)«\(tz(' )), Bin H¢7A(t§ )),
1+ A2 1+ A2

HlaXogign Gw’)\(ti) ’ maXogign Hw)\(ti)




Proof. From the definitions, one has

L+ X — 2\, IR R S P
Gw,k(tm) = Ww@)\(tm)) - mw(1/2> - Gw,A(l/Q) B G%)\(tn)
and
1 — A+ 2\, R RS 1N 14N
Hoaltne) = =5 0D = 550G Y T B @ T Haatto)

On the other hand, from the fact that both ¢,, and ¢,, are not a corner point,
w(t ) . Q/}(tnl—‘,-l) - w(tnl—l) w(tnl—l)tnl—i-l - w(tnl—Fl)tTLl—l
ny)

2fnlJrl - tmfl tnl+1 - tmfl

As in the proof of Lemma 3.1, for j, k satisfying gi(tn,) € [tj—1,t;], ha(tn,) €
[tk—1,tx], we have
Gﬂ),)\(tm) > min{GlﬁJ\(tm—l—l)? G¢7A(tNQ—1)’ thyk(hk(tj)% Giﬂ)\(h)\ (tj—1>>}a
Hyx\(tn,) > min{Hy z(tn,4+1), Hya(tni—1), HpA(9a(tr)), HyA(ga(t=1)) }
when 0 < A < v/2—1 and
Gya(tn,) > min{Gy(tn, 1), Gya(tn,—1), Gy a(9r(ts)), Gya(ga(tj-1))},

Hy x(tn,) > min{ Hy x(tn, 1), Hpa(tn,—1), Hpa(ha(te)), Hpa(ha(te-1))}
when v2—-1< ) < 1.
Hence we have

; N — ; N — mi 0)
0<i<n Gyalti) 0<i<nitn s Gyalt) 0%itng Gyalti”)
and
0ien Hy () 0<i<nitng nz Hy () 0%itng Hya(t7)

Thus, from Lemma 3.2, we obtain

I Oy )
D(Xy, A) = min{ i Gxa(t; ),Oggll Hxa(t;),

0
1+ A2 1+ A2
maxo<i<n Gxa(t;) maxo<i<n Hx (L)
as desired. 0

Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. Suppose that ¢ € U5 is a piecewise linear function with
(0)

a simplified partition (¢;):,. One has that ¢)* is also piecewise linear function and

hence there exist two sequences (s;)72, and (b;)7L, such that

b; — bj—l 54 bj_lsj — bij_l

U(s) = 2

S5 — Sj-1 S5 — Sj—-1

for any s € [s;_1,;]. We may consider that (s;)7., is also simplified.



For each pair (7, ) with ¢ # j, let

bi — bj and 5i,j =

82‘—8]' 82‘—8]'

bjsi — biSj

Vi =

Y

respectively. We note that ¢*(s) = 7; j—1)s + 0;,j—1) for any s € [s;_1, 5;].
From the fact that ¢** =4 ([12]), we have that
(1—t)(1—s)+st (2t—1)s+1—t

t) = max = max max
77Z)( ) 0<s<1/2 w*<8) 1<j<m s€[s;j_1,55] Vj,(j—1)S -+ 6]',(]'*1)

— max (26’]' — 1)t+ 1 - Sj
0<j<m b;
for any ¢ € [0,1/2]. Let ¢; be the line given by
2s; — )t +1— s,
fj(t) — ( S] ) + 8]
b
for each j, and let I, = {t € [0,1/2] : ¥(t) = £x(t)} for each k.
Let (t:)g = (ti)12 U{(1=A)/2, A/ (1+N)}, tn, = (1= X)/2 and t,,, = A/(1+).

(2

For i = 0, t; is just 0 and hence
A
Gya(to) = Hya(to) = (1 + A)¢ (H—)\) = (1+ N)h(tn,).
Take j with ¢, € I;. Then we have

bty = B = Dl t1 =85 Qs = DA+ A+ N —55) _ —(1= Vs, +1

b; (14 )b, (TN
and so (1) )
(14 Nty) = ——— 22
J
If s; <t,,, then we have
M) = 550,

and
(1+ X —=2s;)¢%(ha(s;)) 2 (L+ A =2s;)(1 = ha(s;)) = =(1 = A)s; + 1.
Suppose that ¢,, < s;. Then one has

M) = T3 o,

and
(1 =X +2Xs))0"(ha(s5) > (1 = XA+ 2Xs;)(1 — ha(s;) = —(1 = N)s; + 1.
It follows from ¢*(s;) = b; that
Gyalto) = Hya(to) = (L + NY(tn,) < Hy-a(s5).



For © = n, we easily have

Gyalts) = Hya(tn) =

Take k with t,,, € I;. Then one has

(256 — Dtp, +1— 5,  —2Asp+1+ A

(0 (tm ) = by = 2y,

and hence
Y(tn,) B —2As, +1+ A

D(tn)  20(ta)by

On the other hand,

(1—s)-1/24s-1/2 1
¥(1/2) - 29(ta)

holds for any s € [0,1/2]. Thus for gx(sx), we have

V() =

—2)\Sk+1+/\

(=228 1+ 19" (92 (1) = —5 77

Since ¥*(sy) = b, we obtain

Con(ta) = Hyn(t) = % < Gyer(si).

We also have
1+ )2

G'xl),)\(tnl) = Q,D(tn )

From ¢*(1/2) = 1/(2¢(1/2)) and

»(1/2).

(I—tn)?+t7, 1+

V)2 T T 20,
one has
* tnl
Gya(tn,) < Zf*((l/;) = Gyr 2 (Sm) = Hy» A (Sm).

One can check Hy \(tn,) < Gy 1(S0) = Hy= x(S0), too.
Take arbitrary i € {1,2,--- ,n — 1} with ¢ # ny,ny. Since ¢; is a corner point,
there exist two distinct lines ¢; and ¢; such that ¥(t;) = 4;(t;) = £;(t;). It follows

that

ij 1 0ij 1

_ i T 0 and ¥(t;) =
Yij + 204,

i+ 26
Hence, for any s € [0, 1], we have

(1—5)(1—151‘)4-525,-_ 1 N .
o) = 0;5(1 = 8) + (g + 81 5)s.

i

Pr(s) >




We pick the index k satisfying g, (¢;) € Ix. If i < nq, then

A =NE v+ 1+ N6y
Sl A=2X (1= Ay 2050

ax(ts)

Thus we have
Wiga(t;)) = (25 — 1)ga(t;) + 1 — s B {1+ N)yiy + 20856 — Mg + (1 — A6

b B bk{(l - )‘)%’,j + 25i,j}
and hence
Gw,k(ti) _ Tﬁ(gx(ﬁ)) _ {( )773 7]} k Yi,j ( ) J
Y(t:) by,
When s; < t,,,, one has
. A — (1 + )\)Sk
hA(Sk)i 1+)\—2Sk ’

For this hy(sg), it follows from A — (1 4+ \)sg > 0 that
(14 A= 25)0" (ha(s)) =2 {1 = (1 = A)sp}di; +{A = (14 N)si} (i + 0ig)

2 {1 = (1= Nsp}di; +{=A+ (1 + N)sp}(yi5 + i)
= {(1 —+ )\)%’7]’ + 2>\5i,j}3k — )\%,j + (1 — )‘)517J

From ¢*(s;) = by we have that

1 + )\ — 28k

V*(sk)
In the situation of ¢,, < si, we have

A (1T A)s
fia(se) = 1— A+ 2Xs,

Gya(ti) < V¥ (ha(sk)) = Hy= A(s1)-

and
(1= A+ 2Xs)0" (ha(s)) = {1 — (1= N}y + {=A + (1 + N)si} (g + 0iy)
={(1+ N)vij + 2X0i sk — My + (1 — A)oy 5.
Thus, the inequality

1—)\+2)\Sk

Coalt) < =500

Y (ha(sk)) = Hyx A(k)

holds.

Suppose that ny < i. Then g)(t;) is given by
. 1-— (1 + /\)tz —1_ A + (1 — )\)IfZ B _)\’yi,j + (1 — >\)5i,j
SOl A—2)0 T+A=2X; (1= Ay, +26,

gr(ti)



Hence we have
@D(g)\(t»)) _ (QSk - 1)9A(ti) +1— s o —{(1 + >‘)%’J + 2)\5i,j}5k + i + (1 + )\)51',3‘

by, - bi{ (1 — A)viy +260i5}
and
Gz/),)\<ti> — —1/1<g)\<t1>> — {( ) J ]} k J ( ) J.
Y(ti) by,
In the case of s, < t,,, for
. A + (1 - )\)Sk
g/\(Sk> - 1+ )\— 2>\Sk ’

we have the inequality
(T4 X =2Xs.)0" (ga(s1k)) = (L + X —2Asp){gn(sk)0i5 + (1 — ga(sk)) (vig + dij)}
={\+(1- /\)Sk}fsi,j +{1-(1+ /\)Sk}(%,j + 5i,j).

When ¢,,, < si, we have
=1+ N)s

9a(sk) = T3 sy

and
(L4 A =2Xs)0"(ga(sk)) = (L4 A = 2Xs1){(L — ga(sx))dij + ga(sk) (i + 0ij) }
={A+ (1= N)sp}diy + {1 — (L4 N)sit(yig + dig)-
Thus, the inequality
(L4 A =2Xs)0" (ga(sk)) = {A + (1 = A)si}oi; + {1 — (1 + A)sp} (v + i)
= —{(1+ Ny +2X0;}sk + iy + (1 + N)oy
holds. From v¢*(sy) = by, we obtain
14+ A —2)s;
V*(sk)

We pick the index p satisfying hy(¢;) € I,, too. Assume that ¢ < ny. Then one
has

Gya(ti) < PV (gr(sk)) = Gy A (5)-

() T+A—2t; —(1— X7y + 200,

Thus we have

) — 2= D) £ 1 sy {0+ Wiy 200}, + Mg + (L4 )b

Oy bp{—(1 = A)yij + 265}
and
L+A—2t —{(L+ N7ij + 265} sp + Myig + (L + N)dy
Hya(t:) = WW}M(W) _ A )% J}bp i+ ) i
! p



In the situation of s, < t,,, one has

A= (1+N)s,

() = T s
p

For this hy(s,), we obtain
(14X =25)9" (halsp)) = {1 = (L= N)sp}i; +{A = (L + A)sp}(7i5 + i)
= —{(1+N)vij+ 205} sp+ iy + (1 4+ N)di 5

holds. Since 9*(s,) = by, we obtain

14+A-=2s, .,
Hy\(ti) < ———29"(ha(sp)) = Hy= a(sp)-
(0 (Sp)
When ¢,, < s, for
AR (1 A)sy,
M) = T3 s,

it follow from —A + (14 A)s, > 0 that
(1= A+ 2Xsp)9" (ha(sp)) 2 {1 = (1 = A)sp}diy + {=A+ (1 + A)sp}(7i + diy)
> {1 = (1= N)sp}diy + {A = (1 + N)sp} (75 + 0ij)
= —{(L+N)vij + 205} sp + Mvig + (1 4+ N)di 5
Hence,

1+ A—2s,

Hya(t;) < 5 (5)

P*(ha(sp)) = Hy \(sp)

holds.
If ¢ > ng, then hy(t;) is given by

ha(ts) = A1+ Nt i+ (L= A)di;
WTT N+ M (L4 Ay 420050

Hence we have
(2s, — D)hy(ti) +1 — s, B {(L=X)vij —2X0i 5} sp + Avij + (L + N)di

Y(ha(t;)) = =
( /\( )) bp bp{(l +/\)’Yi,j +25i,j}
and
Hw,)\(ti) — w(h)\(tz)) — {( )/7 J J} p 8 J ( ) J.
Y(ti) by
When s, <1,,, one has
A+ (1—N)s,
an(sy) = ————.
P 1+XA—=2As,



Hence, we obtain
(14 A =2X8,)0"(gx(sp)) = (1 4+ A = 2A8,){(1 = g (sp))0i; + ga(sp) (g + 0i3)}
= {1 = (L Nsp}dij +{A+ (1= Nsp} (v + ig)-
In the case of ¢,, <'s,, for

1—(1+X)sy

P = TN s,

the inequality

(14 A= 2X8,)0"(g(5p)) = (1 + A = 2As,){ga(5p)dij + (1 = gal(sp)) (v + 0ig) }

= {1 = (L +N)sp}diy + {A+ (1= N)sp}(viy + i)
holds. Thus, we obtain
(LA =2Xs)0"(ga(5p)) = {1 = (1 4+ N)sp}diy + {A 4+ (1 = A)sp} (v + i)
= {(1 — )‘>’7i,j — 2)\52'7]‘}81, + )\’Yi,j + (]_ -+ /\)51',]'
and
14+ A—2Xs, ,
Hya(ti) € ———— 9" (9(5p)) = Gy a(5p)-
¥ (sp)

Let (rj)j—o = (5;)72oU{(1=A)/2, A/ (1+A)}, 7y = (1= A)/2 and 1y = A/ (14 A).

From the above paragraph, we obtain

. < . ‘ . -
max{max Gy, (t:), max Hya(t)} < max{max Gy-a(s;), max Hy-a(si)}

< (7 NN
< maX{gj&;ﬁ] Gy ,A("”J)aggj‘cg Hy A(75)}

On the other hand, considering about (s;)7., in the above paragraph, one can obtain
the following:
(1) For i satisfying g\(t;) € I;, if ¢ < my then Gy(t;)) < Hy=a(s;), in the
situation of ny < 4 the inequality Gy x(t;) < Gy (s;) holds.
(2) For i satisfying hy(t;) € I;, if i < ng then Hy () < Hy-(s;), in the case
of ny < i the inequality Hy x(t;) < Gy~ a(s;) holds.
Thus we also obtain

. . (0) . (0) . . .
min{ min Gy (47), min Hya(t;7)} < min{ min Gye(s;), min Hyx(s;)}

It follows from ¢** = 1) that

min{ min Gw7,\(t50)),0g11<n Hw,\(tz@))} = min{ min Gy« \(s;),
1SN0

0 Ho (s
0<i<no g}lglm wea(85)}

0<j<m 0<5<



and

max{max Gy, (t:), max Hya(t)} = max{max Gy-(r;), max Hy-(r;)}-
By the above lemma, D(X,, \) = D(Xy-, \) holds.

Next we suppose that 1) is a strictly convex function in ¥5. For each n € N, let
(tm))kn, be the dyadic partition (k/2")7-, , and let ,, € S be the piecewise linear
function determined by the partition (¢(,))i", and the values (¢(t(,)))5",. Then the
sequence v, is decreasing and ||¢, — ¥||oc — 0. From Lemma 4.1, we also have
|4 —1*||o — 0. Since the partition (¢,))5", is simplified by the strict convexity of
v, it follows that D(Xy,, A\) = D(Xy:, A). The continuity of ¢ — D(Xy, A) implies
that D(Xy, ) = D(Xy+, ).

Finally, let 1 be an arbitrary element in ¥5. By Lemma 4.2, we have a sequence
(1) of strictly convex functions in W5 such that |4, —1|s — 0 and [[1)* —*||ec — O
as n — 00. Thus, from Lemma 4.3, we obtain

D(Xy,A) = lim D(Xy,,A) = lim D(Xyx, A) = D(Xy-, A),

n—o0 n—oo

as desired. O

References

[1] J. Alonso, H. Martini and S. Wu, On Birkhoff orthogonality and isosceles or-
thogonality in normed linear spaces, Aequat. Math. 83 (2012) 153-189.

2] G. Birkhoft, Orthogonality in linear metric spaces, Duke Math. J. 1 (1935)
169-172.

[3] F. F. Bonsall and J. Duncan, Numerical Ranges II, London Math. Soc. Lecture
Note Series 10, Cambridge University Press, Cambridge, 1973.

[4] J. Gao and K.-S. Lau, On the geometry of spheres in normed linear spaces, J.
Austral. Math. Soc. Ser. A 48 (1990), 101-112.

[5] C. Hao and S. Wu, Homogeneity of isosceles orthogonality and related inequal-
ities, J. Inequal. Appl. 2011, 9pp.

6] R. C. James, Orthogonality in normed linear spaces, Duke Math. J. 12 (1945),
291-302.

[7] R. C. James, Orthogonality and linear functionals in normed linear spaces,
Trans. Amer. Math. Soc. 61 (1947), 265-292.

[8] D. Jiand S. Wu, Quantitative characterization of the difference between Birkhoff
orthogonality and isosceles orthogonality, J. Math. Anal. Appl. 323 (2006), 1-7.

[9] K.-I. Mitani and K.-S. Saito, The James constant of absolute norms on R?, J.
Nonlinear Convex Anal. 4 (2003), 399-410.



[10] K.-I. Mitani and K.-S. Saito, Dual of two dimensional Lorentz sequence spaces,
Nonlinear Anal. 71 (2009), 5238-5247.

[11] K.-I. Mitani, K.-S. Saito and T. Suzuki, Smoothness of absolute norms on C",
J. Convex Anal. 10 (2003), 89-107.

[12] K.-I. Mitani, S. Oshiro and K.-S. Saito, Smoothness of ¥ -ditect sums of Banach
spaces, Math. Inequal. Appl. 8 (2005), 147-157.

[13] H. Mizuguchi, The constants to measure the differences between Birkhoff and
1sosceles orthogonalities, Filomat, to appear.

[14] P. L. Papini and S. Wu, Measurements of differences between orthogonality
types, J. Math. Anal. Appl. 397 (2013) 285-291.

[15] K.-S. Saito, M. Kato and Y. Takahashi, Von Neumann—Jordan constant of
absolute normalized norms on C%, J. Math. Anal. Appl. 244 (2000), 515-532.

[16] K.-S. Saito, M. Sato and R. Tanaka, When does the equality J(X) = J(X*)
hold?, Acta Math. Sin. (Engl. Ser.) 31 (2015), 1303-1314.

(Hiroyasu Mizuguchi) Department of Mathematical Sciences, Graduate School of Science and Tech-
nology, Niigata University, Niigata 950-2181, Japan
E-mail address: mizuguchi@m.sc.niigata-u.ac.jp

Received December 16, 2015
Revised April 25, 2016



