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ELEMENTARY PROPERTIES OF CIRCLE MAP
SEQUENCES

FUMIHIKO NAKANO

ABSTRACT. We study the combinatorial and structural properties of the circle
map sequences. We introduce an embedding procedure which gives a map
®:Q — W :={R,L}N from the hull(closure of the set of translates) to the
sequence of embedding operations through which we study the structure of
Q. We also study the set of admissible words and classify them in terms of
their appearance.

1. Introduction
The circle map vy € {0, 1}% of rotation number o € (0,1) N Q¢ is defined by
vo(n) := 1p_q1(namod 1), n € Z.
We first recall its basic properties [6]. Let
1 Pn

a=lay,ag,...] = —T n= [a1,as, ... a4, = —
ay + n

CL2+_

be the continued fraction expansion of a and its rational approximation (a, € N
and p,, g, are relatively prime). p, and g, satisfy

DPn+1 = Qn+1Pn + Pn—1 n > 0 (11)
Qn+1 = An4+1qn + Gn—1

with (p_1,¢-1) = (1,0), (po,q0) = (0,1). Let s, € A" := [J,,{0, 1}" be the word
given recursively by
s_1=1,8=0, s = 381_13,1, Spt1 = Sprtls, 1, n > 1.

Then s, has length ¢, and coincides with (vo(1),v(2),...,v0(¢,)) and also coin-
cides with (vo(—¢n + 1), v0(—¢n + 2), ..., v9(—1),v0(0)) if n is even; in other words,
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(vo(n))n>1 is the right limit of s, and (vo(n))n<o is the left limit of sy,. s, (n > 1)

can be written as
B (10) (n : even)
=T (01) (n:odd)

where 7, is a palindrome. If « is the reciprocal number of the golden number
(a=1:="Y1=[1,1,..]), then s; = 1, 5, = 10, s3 = 101, 54 = 10110, ... and v,
is called the Fibonacci word which is thoroughly studied. We give the topology of
pointwise convergence on {0, 1}Z (the product topology of the discrete topology on
{0,1}) and let

Q2 := closure of {vg(- — m)}mez

which is called the hull of vy and has the following representation.

Q= {valper U{vo(- —m)}mez (1.2)
vo(n) = lp_gn(na+60modl), €T,
vy(n) = lp—aaj(na mod 1).

Circle map sequences have the property that (1) minimal complexity, and (2) aperi-
odic and balanced. Actually, these three conditions are mutually equivalent [7], and
for that reason circle map sequences are sometimes called Sturmian sequences.

The purpose of this paper is to study some elementary properties of vy. In
Section 2, we consider Fibonacci word and introduce an “embedding procedure” to
construct elements of 2 to study the the combinatorial properties of vy. This is
essentially a special case of the “desubstitution” [3, 6], which is studied well, though
the formulation given here is slightly different. We review the relationship between
this embedding and the two interval exchange dynamical system inheriting in the
Fibonacci word, by which we study property of a measure on T induced by a random
embedding.

In Section 3, we consider the set of admissible words of vy and study how they
distribute in vy. We classify them in terms of their occurrence in vy and compute
their frequency. As is discussed (in more general context) in [1], this classification
gives us an alternative proof of the three-distance theorem|[10]. In Appendix 1, we
collect some basic properties of the embedding procedure. In Appendix 2, we discuss
a combinatorial property of the circle map sequence which follows easily from the
embedding procedure.

In what follows, the definition of notation |A| for a set A should be clear from the
context: it means the number of its elements if A C Z, while it means the Lebesgue
measure if A C R.

2. An embedding procedure

In this section, we consider the case of Fibonacci word: a,, = 1. We first define the
“embedding procedure.”



2.1. Definition

We first explain the motivation of considering this procedure. Since we have s, =
SnSn—1 in Fibonacci word, it is possible to embed s; to a larger sg by either of the
following two operations.

(i) R: Sp+> Spi1 = SnSn_1,
(i1) L: Sy Spi1Sn =: Snio-

After infinitely many operations, we will have an element of 2. The converse will
turn out to be true: every v € €2 is obtained by this procedure. Utilizing this fact, we
would like to consider an analogue of the “up-down generation” in the construction
of the Penrose tiling. To define it properly, we first recall the results in [2] which
applies to any circle map sequences. The (n — 1, n)-partition is the non-overlapping
covering of a sequence {v(n)} ez by two words s,_1, Sp.

Lemma 2.1 [2] For anyn >0, v €  has unique (n — 1,n)-partition.
Corollary 2.1 /2] In the (n — 1,n)-partition of v € €,
(i) sp—1 does not appear consecutively (s,_1 is always isolated);

(i) s, always appears a,i1 or (ani1 + 1) times successively.

Let
W ={(01,0,,...) | Oj =Ror L} = {R, L}".

For given v € 2, we construct the sequence (O, 0s,...) € W of operations by the
following procedure.

(i) When v(0) = 1, v(0) is covered by s; in the (0,1)-partition. Set O =
R. When v(0) = 0, v(0) is covered by ss in the (1,2)-partition, for we have
(UQ(—]_),’U()(O),U()(l)) = (1, 0, 1) Set 01 = L.

(ii) Suppose v(0) is covered by a block s, in the (n — 1,n)-partition after the
k-th step. If we find s,_; in the right to s, in the (n — 1,n)-partition, then v(0)
is covered by $,41 in the (n,n + 1)-partition. In this case we regard that the block
s, containing v(0) grow up to s,4; by putting s,_; to its right end, so that we set
Ok+1 = R.

Sn

IR

Sn Sn—1
I

Sn+1

If we find s, in the right to s,, then v(0) is still covered by s, in the (n,n + 1)-
partition, and is then covered by s,.o in the (n + 1,n + 2)-partition. In this case,



we regard that the block s, containing v(0) grow up to s,4s by putting s, to its
left end, so that we set Oy = L.

Sn, Sp—1 S_n Sn
L]
Sn+1 Sn
Sn+2

In other words, if we find s, in the right to s, in the (n — 1, n)-partition, then we
set Op41 = R; otherwise we find s, in the left to s, in the (n+ 1,n + 2)-partition,
and we set Ory1 = L. Hence we have defined a map ¢ : QQ — W.

Remark 2.1 It is possible to define this map for any circle map sequences. In the
n-th level, the embedding procedure is given by

. a .
Ringy i 8n = 85 tsp_1, k=1,2,... an11

. An4-2
Ly : 8, 8,7 s,

Ry k) means to embed s, to the k-th s, in s,11 = s;**'s,_1. This method also
applies to the period-doubling sequence which is the fixed point of the substitution:
1+~ 10, 0~ 11.

2.2. The inverse map

To see P is surjective and to find the subset of 2 on which ® is one to one, we study
how to reconstruct v € Q for given (01,0,,...) € W (O; = R or L).

Oy = R: Set v(0) = 1. Then v(0) is covered by s; in the (0, 1)-partition.

Oy = L: Set v(0) = 0. Then we have (v(—1),v(0),v(1)) = (1,0,1) so that v(0)
is covered by s in the (1, 2)-partition.

After the k-th step, suppose that v(0) is covered by s, in the (n—1,n)-partition.

Op+41 = R: we put s,_1 to the right end of s, in the (n — 1, n)-partition.

n

| R

n n—1
I
n+1

Then v(0) is covered by s, in the (n,n + 1)-partition.



Op+1 = L: we put s,41 to the left end of s, in the (n,n + 1)-partition.

n
L]
n—+1 n

n+2

Then v(0) is covered by s,42 in the (n + 1,n + 2)-partition. We remark that,
when v(0) is covered by s, in the (n — 1,n)-partition, a number of letters has
been further determined to the right of that and thus, in most cases, repeating
this procedure determines a bi-infinite sequence (v(n)),cz. In fact, we always find
Tpt1 to the next to s,, since we have either s,s,-15, (Opt1 = R) or SnSnSn—1
(Og41 = L) in the (n — 1, n)-partition. Because s,,_17m, = m,41, they are equal to
either s,7m,41(10) or s,m,41(01). However if O; = R for large j, we have a semi-
infinite sequence: (v(n)),>—n for some N, and (v(n)),<—ny—1 is not determined. In
this case (v(n)),>_n is equal to a translation of (vg(n)),>1: V(=N +n—1) = vy(n),
n > 1. So by (1.2) we set either (v(—N — 2),v(—=N — 1)) = (1,0) or (0,1) and
further set v(—N —n) = vo(n — 2) for n > 3 so that we obtain an element of

Qp :={vo(- + m), vg(- +m) | m > 1}.

Hence, ® is two to one on {2 and one to one elsewhere. Under the topology of the
pointwise convergence on 2 and W, ® and (® : Q% — ®(2%))~! are continuous. @
has an unique fixed point f := (L, R, R, L, R, L, R, R, L, . ..) if we identify R, L with
1,0 respectively and v(n) with O,.

Remark 2.2 By this method we see the correlation (constraint condition) of letters
between different sites. In fact, if n is even, both (10)s,m,+1(10) and (01)s,,m,11(10)
are allowed while only (01)s,m,4+1(01) is possible (for odd n, exchange (10) with

(01)).
2.3. Relation to the division of intervals in T

Let U : T — Q be the map 6 € T — vy € 2. We consider the inverse image of the
cylinder set of Q: e.g.,

0 =)= [ 51). o =m=og). @D



If we go further, each interval is divided into two intervals with ratio 7 : 1.
_ 1
B 0),0(0),02) = (1,10 = 1= 1),
1 1 1
v ({(U(O),U(l),@(?)) = (17071)}) = ﬁal_ ’

T3

—, —
747 72

W‘%KUW%UGXUQLUCD)z(QlJvm}):{] 1>’
T ({(0(0), v(1), v(2), v(3)) = (0,1,0,1)}) = {0, ;) |

Similarly, we consider ¥~1(A,) for A4, = {v € Q | v(0) = ap,v(1) = ay,...,v(n) =

a, } which corresponds to the two interval exchange dynamical system given by (2.1).

As n becomes large, we have many intervals whose endpoints belong to
D_={z|z=na (modl), n=0,-1,-2,...}

Since the induced system given by the first return map to each small interval is again

the two interval exchange, each new interval is given by dividing each intervals into

two ones with ratio 7 : 1, with the longer one has the previous dividing point as one
of its endpoints.

(R) \ 7 2(L)
(6 =1) 1 0 (6 =0)
L) R) | PR) | (L)
110 - 101 : 0110 :© 0101
5 | 4 l -3 | 4 ‘ S R l 7_51 6
110110 ) 10110 10101 ) b
110101 0110110 010110110

0110101 010110101

The operations R, L correspond to those division of intervals in the following
way [3].

Theorem 2.1 The operation R (resp. L) corresponds to creating the longer (resp.
smaller) interval.

Proof. Since the division of intervals corresponds to the words s,m,+1(10) or 5,741
(01), under the mapping ¥ : T — €, it corresponds either to R or L. It then suffices
to note that L creates the word with the same ending of the original one, while R



creates the word with the opposite ending: - -- (01) K (01), ---(01) 5. (10).
U

Remark 2.3 If o # %(: ‘/52’1), we do not have such a simple relation except for

quadratic numbers. In fact, we have many types R, x)’s of embedding operations
for general a and the induced system given by the first return map is not the two
interval exchange in general.

Remark 2.4 For given w = (01,03, ...) € W, we can compute the corresponding
6= (®o W) Hw) as follows.

) = id

1 1 an+1 1 bn
dy = 1, dy = -, dn+1 = (—1)a”+1 (—) <—2> , n>1
T T T
where a, == 8{1 <k <n : O, =R}, b, =8{1 <k <n : Op =L} This is
equivalent to represent § € T in terms of the sum of {J}y>1.

Remark 2.5 For w = (wy,wy,...,w,) € A*, let w™' = (w,,...,wy,w;) be its
mirror image. Then ¢, := s, ! satisfies

" :{ (01)m, (n :even)

(10)m, (n:odd) and  fpy1 = tpatn.

Since v € Q < v~ € Q, v € Q always has (n — 1,n)-partition by ¢, so that we
can define embedding R’, L’ by using ¢,’s in the same way as R, L (we set v(—1)
as the starting point). We have analogue of Theorem 2.1, and for n even both
(01)my41t,(10) and (01)m,41t,(01) are possible while only (10)7,41t,,(10) is allowed.

2.4. A measure induced by the random embedding

Let m be a measure on {R, L} with m({R}) =p € (0,1), m({L}) =¢:=1—p and
let P := ®nm. In this section we study the measure p on T induced by the mapping
®o W : T — WW. This may be regarded as an analogue of the Bernoulli convolution
problem [8]. Since P({O; = R for large j}) = P({O; = L for large j}) =0, p is a
probability measure. It is easy to see that p does not have atoms.

Theorem 2.2 (i) Ifp= %, q= T%, i is equal to the Lebesgue measure.

(i) If % <p< %, W has singular continuous component.



Proof. (i) follows from Theorem 2.1. To prove (ii), we use the following fact [9]: set

D, (z) := limsup ple =0, w + 6), A :={z|D,(x) = oc0}.
510 4]
Then 14du is singular w.r.t. the Lebesgue measure. Take any (O}, 05, ...,0.) €
{R,L}" and let k, = {1 < j <n | O =R}, I, =8H{1 < j < n|O; =L}
kn +1, = n. Then I, = I,(0],05,...,0,) = (P o U)'{w = (01,0,,...) €
W10, =01,0y=0i,...,0,=0.,}) satisfies
™ (1\" 1 .
1| = (;) (g) = u(ln) =p™qr
so that we have
L) g (=TT
R T e TS
Define x and « by
pr =11 <1, Z(T —z) =27
T
Then we have o > 1 and
1 al,—n
W=ar M = | = 2.2

For w = (01,0;,...) e Wlet k,(w) =8{1 <j <n|O; =R}, l,(w) =4{1 <j <
n|O; =L}, ky(w) + l,(w) =n. By (2.2) p|4 is singular continuous, where

A= (@oU) *{we W | l,(w) > " for infinitely many n }).
a
Lemma 2.2 below shows u(A) > 0. O

Let

B=(®oV) ' ({we W |l,(w) < — for infinitely many n })

13

sothat T=AUB =AU (B\A).
Lemma 2.2 If & <p < 1, u(A) > 0.
Proof. Suppose p(A) =0, then u(B\ A) > 0. By definition,

A\B = (@o ) '{weW |[n> 1, ln(w)>g})
B\A = [J N@ow) (e | kulw) > (1 - 2}y = [J(B\ Al



Since (B'\ A)y is monotone increasing, u((B\ A)x) > 0 for some N. Let (B\ A)y
be the set with R and L being exchanged in (B \ A)y:

(B\A)y = [ (@o0) " ({we W |l(w)=(1- é)n})-

n>N
Since & < p < I, l,(w) > (1 — L)n implies I,(w) > 2 so that (B\ A)y C A\ B.
Hence

u((B\A)y) < u(A\ B)(=0).

It suffices to show

(0 <) u((B\ A)n) < u((B\ A)y) (2.3)
which leads us to a contradiction. To see (2.3), note that we may assume

N -1

In-1((P o V) (2)) <

for z € (B\ A)y by letting N large if necessary. Hence if we exchange R with L,

tL increases in (B \ A)y. Since p(L,) = (£)" (r2%)~'» and since 72 < 1 for p < 3,

p(1,) is monotone increasing w.r.t. [, which implies (2.3). O

3. Some combinatorial aspects of admissible words

In this section, we consider general circle map sequences except in subsection 3.2,
and use the symbol A, B instead of 1, 0 respectively. Let P, be the set of admissible
words(factors of vg) of length n. |P,| = n + 1 is well known. We can find ¢, € P,
uniquely such that ¢,A, t,B € P,y and for a € P, \ {t,} there exists unique
C = C(a) € {A, B} with aC(a) € P,;1 '. For any k with n < g — 2 we have
tn = (mr(n),me(n — 1),...,m(1)). In this section we study some combinatorial
properties of admissible words.

3.1. Exhausting point

For n > 2, let f(n) € N be the smallest number where we have seen all words in P,
in (vg(n))n>1. For instance in the Fibonacci word,

ABAA,BAB;A,ABAA;BsAB - -
*, corresponds to f(n). Hence f(2) =4, f(3) =7, f(4) = 8 in this case.
Theorem 3.1 Let n > 2 and take k = 0,1, ... such that
Gk <1 < Qg1 — L
Then writing n = qx + j, we have
flae+j)=arm+a—1+7, 7=01... qu1—aq—1L (3.1)

!This is called the right special factor [6].




The corresponding exhausting points lies from the letter next to sy, 17 to the last
letter in sg17mk4+1. Therefore (vo(f(n)))n>2 coincides with the original circle map
sequence (vp(n))n>1-

Corollary 3.1 vy(f(n+1)) =vo(n), forn=1,2,3,....

Let g(n) € N be the smallest number where we have seen both ¢, 1A and t,_1B.
As a preparation, we prove the following lemma.

Lemma 3.1 f(n) is the smallest number satisfying following conditions.
(i) f(n=1)+1< f(n),
(i) g(n) < f(n).

Proof. We first show that f(n) satisfies (i), (ii). (ii) is clear. We should have
f(n—1) < f(n), because cutting the rightmost letter in words in P, yields all words
in P,_;. Hence f(n) satisfies (i). Thus it suffices to show that if a number f(n)
satisfies (i), (ii), then we have already seen all words in P, at f(n). By the equation
P, ={aC(a)}acp, \ftn1} U {tn—1A,t,—1 B}, this is clear. O

Proof of Theorem 3.1. We prove (3.1) by induction on k. Let

2 (a1 = 1,@2 = 1)
k‘o = 1 (CLl = 1,@2 Z 2, or ap = 2)
0 (CLl Z 3)
so that qx, <2 < @41 — 1. Forn =2,3,..., qx,41 — 1, it is straightforward to see

(3.1). We next suppose that (3.1) holds true for ko, ko + 1, ...,k — 1 and would like
to prove it for k(> ko+1). Let g < n < ggy1 — 1. We note that ¢,,_; is a subword of
Tre1 and is not a subword of 7. Since S 17 = SpTry1, both 1 AB and w1 BA
are subwords of sj1Sk, which implies

g(n) < qr +aqr — 1. (3.2)

On the other hand, since we suppose (3.1) for &k — 1, f(gx — 1) = 2q; — 2. In
(vo(1),v0(2), ..., v0(2qr — 2)), we have (2qx — 2) — (g — 1) + 1 = g of words of
length ¢, — 1. Since |P, 1| = qx, we find each element of P, _; only once in
(vo(1),v0(2),...,v0(2gx — 2)). Hence t, 1 appears only once in s;m;. In what
follows, we suppose that k is even. For k odd, we have only to exchange AB with
BA in the argument below. Since t,, _; is the last subword of length ¢ —1 in s,
it appears ajy; times in s;yq and they have the form of ¢, _yBA. The other one
tg.—1AD appears as the last subword of s;i1s,. Since ¢, _1 appears only once in
skTk, they exhaust all ¢, _1’s in sj415;. Therefore we have g(qx) = qrs1 + @ — 1.
Since f(qr —1) < g(gr),
flar) = qryr +ar — 1,



by Lemma 3.1. By the monotonicity of g, we have g(n) > qx+1 + qx — 1 for ¢ <
n < qr+1 — 1 and together with (3.2), g(n) = qx4+1 + qx — 1 for such n. By Lemma
3.1 again,

Hax+3)=9(a+7)+7 =1 +a—1+]
for j =0,1,...,qxs1 — g — 1 which proves (3.1) for k. O

3.2. The classification of P, and frequency: Fibonacci case

We consider the classification of words in P, in terms of their frequency. We study
Fibonacci case in this subsection. Let {F'(n)} be the Fibonacci sequence defined by

=1 FFK=2 F, 1 =F,+F,.
By (1.1), F, = ¢ = |Snl-
Theorem 3.2 Let a, = 1. We can decompose P, into three disjoint subsets
P,=A,UB,UC,
which are given explicitly as follows. Letn = Fp+ 7, j=0,1,..., F_1 — 1.
A, (vo(1), ... v0(Fr + 7))

(vo(L+m),...,v0(Fx+74+m)) (m=0,1,...,Fp1—75—2)

By (vo(Fr—1—7)s- -, vo(Frp1 — 1))
(vo(Fy—1 —J+m),...,v0(Fpr —14+m)) (m=0,1,.... Fps+))

(vo(F), - - - ;U0<2Fk +j—1))

A (vo(Fe+1),...,00(2F + j))
(vo(Fr, +14+m),...,002F,+j+m)) (m=0,1,...,F,1—7—2)

(UQ(Fk+1 —] — ]_), Ce ,Uo(Fk+2 — 2))

Cn: (UO(Fk-i-l _j)v"'aUU(Fk-‘rQ - 1))
(UO<Fk+l _j+m)7"'7U0<Fk+2_ 1+m)) (m:()?l?a])

(vo(Frt1), - U (Frg2 + 7 —1)).



They are characterized as follows. A, consists of all words in P, contained in
SkTk—1(= Try1) and each ones in A, appear twice before arriving at f(n), while
those in By, C,, appear only once. Starting from vo(1), we see words in A, one after
another. Words in B, begin to appear after we have seen all words in A,,. Words in
A, appear for the second time after we have seen words in B,,. Words in C,, appear
after we have seen all words in A,, for the second time. Moreover

(i) |A,| = (Fx1—7—1) and each word in A, has overlaps of length j or (Fy_o+7)
with itself.

(i) |Bn| = (Fx—2 +j + 1) and each word in B, has overlaps of length j or has
distance (Fy,_1 — j) with itself.

(iii) |Cn| = (7 +1) and each word in C,, has distance (Fy_1 — j) or (Fxi1 — j) with
itself.

Since each words in A, has overlaps with itself, it can cover v € € if overlap is
allowed. Penrose tiling has analogous property [4, 5].

Proof. Before arriving at f(n) = f(Fy + j) = Frao + 7 — 1, we see Fi,1 words of
length n. Since |P,| = (Fy, +j + 1), at least Fpyy — (Fx +j+1) = Fj1 —j — 1
words should appear more than twice. On the other hand since s;_17m;, = my1, the
words of length n contained in 7. (there are Fy,_; — j — 1 of these) should appear
at least twice before arriving at f(n). Let A, be the set of such words. Then the
words in P, \ A,, appears only once. The properties of B,,, C,, follows from looking
at words in (vg(1),...,v9(f(n))) explicitly, and the length of overlaps and distance
follows from the (k — 1, k)-partition of vy. O

We next compute the frequency of words in P,.

Theorem 3.3 Letv e Q and letn=F,+7, j=0,1,...,F,_1— 1. Fora € P,,

1

. m (CLEAn)

P LLLICURTCRNSTC, N I G
— 00 7-
1

i (a € Cyp)

Proof. Due to the unique ergodicity of the dynamical system (Q2,7) ((Tv)(n) :=
v(n + 1), v € Q is the shift operator), we can work on some subsequence. In the
(k—1, k)-partition, the frequency of sy, s;_; are equal to a, 1 — « respectively. Thus
when [sg| + [sk—1] = N, #{sr} = Na(1+o0(1)), #{sk-1} = N(1 —a)(1 +0(1)) so that
the number of letters is equal to {aF) + (1 — «)Fx_1} N(1 + o(1)). Each word in
A, is found in every sy, s;_; while each word in B,, (resp. C},) is found in every s



(resp. sg_1). Hence

N 1

T4 = =

4 (aFp+ (1= a)F_ )N -1

Na 1
rg = Bl
(aFy +(1—a)F,1)N 7F
N(1—a) 1

re = =

(aFp + (1 —a)F,_)N  7htl’
O

Theorem 3.4 Letn = F,+j, j=0,1,...,Fx.1 —1 and w € P,. Then I(w) :=
U1{v e Q] (v(0),v(1),...,v(n—1)) =w}) satisfies

g (w e Ay)
1
Hw)={ & (weB)
1
Th+l (w € C")

In other words, the width of intervals in T corresponding to words in A, B,, and C,,
are =, % and —g respectively.

Tk7

Since the endpoints in these intervals are equal to the set {x | © = —ja (mod 1), j =
1,2,...,n}, Theorem 3.4 implies the three-distance theorem [10, 1].

Proof.  This follows directly from Theorem 3.3 and the ergodic theorem. It is
also possible to prove Theorem 3.4 directly by using Theorem 2.1 and inductive
argument. In doing so, we note that t, € A, forn=F,+j,j=0,1,..., F,_1 —2
(resp. t, € B, forn = F,+F,_1—1= Fy.1—1) and t,,A, t,,B belong to B, 11, Cy11,
while the corresponding intervals are divided into two intervals with ratio 7 : 1. [

Remark 3.1 Let us call w, € P, exhausting word if the endpoint of which is
located at f(n). By Theorem 3.2, wp, = AmiA (resp. wp, = BmB) if k is even
(resp. odd). Then by the fact that ¢, ¢ C,, and the embedding procedure we see
that ¥~!(w,) is the interval which is closest to the endpoint of T: if n = F} + j,
i =0,1,..., Fpq — 1,

1 J [1==) (k:even)
v (wn) = { [0, &) " (k:odd)
3.3. Classification of admissible words and frequency: general case

The results in previous subsection is directly extended to the general case, though
the statement becomes slightly complicated. We only state the results. For given
n, take k£ such that ¢p <n < g1 — 1.



(1) Classification

Daw<n<qg+ag—1L
writingn =qr + 75,7 =0,1,...,q._1 — 1, we have

An s (vo(1+m+pg), ..., vo(sk+J+m+pgx))
m=0,1,....q0-1—7—2, p=0,1,... a1

By (volqe—1—J+m+page), ..., v0(qr + -1 — 1 +m+ pqy))
m:Oalv"'aq1€_q1~c—l+jv pzovla"-7ak+l_1

Cnt (vol@rrr — 7 +m), ..., v0(qrs1 + gx — 14+ m))
m=0,1,...,7.

Ak+1
N\

7z N

The order of their appearance is (A, B,), ..., (A, By), (A, Cy,). They are charac-
terized as follows.

e A,: they are the words of length n in sgmi_1, |An| = -1 — 1 — j, and appear
(ar+1 + 1)-times before arriving at f(n). Each one has overlap of length j,
(g — qe—1 + j) with itself.

e B.: |By| = aqr — |An| = @k — qx—1 + 1 + j and appear a,; before arriving at
f(n). Each one has overlap of length j or has distance of length (gx_1 — j).

e C,: |C,| =7+ 1 and appear only once before arriving at f(n). Each one has
distance of length (gx+1 — ), (qr+1 — qx — Jj) from itself.

() lgg + grr < < (I+ Vg + g1 — 1, 1=1,2,..., (ag1 — 1)
writing n = lgx + g1+ 7,7 =0,1,...,(qx — 1), we have

An (vo(I+m+pgr), ..., vollgr + qr—1 + 7 +m + pqy))
m=0,1,....¢4 —7—2, p=0,1,...,a51 — 1
By: (volgr —J+m+pax), .., vo((l + Dagr + qe—1 — 1 +m + pgr))
m=0,1,....5, p=0,1,...,ap1—1—1
Cn: (VoG — (U= D)ge — qe—1 — 7+ m), ..., vo(qes1 + @ — 1 +m))
mzo,l,,(l_l)Qk+Qk_1+]
akﬂ—l

The order of their appearance is (A,, By), ..., (A, Byn), (A, Cy,). They are charac-
terized as follows.

e A,: they are the words of length n in st™'m,_y, |A,| = ¢ — 1 — j, and appear

(ag+1 — L+ 1)-times before arriving at f(n). Each one has overlaps with itself
of length (I—=1)gx +qr—1+7, (—=2)qe +qe—1+7, - .- [(2l —ap41 = 1) 4@+ @1 +J
and j.

e B,: |B,| =7+ 1, and appear (ag;; — [)-times before arriving at f(n). Each
one has overlaps with itself of length (I — 1)gr, + qr—1 + J, (I —2)qr + @r—1 + J,
. [(20 — ag41))+qr + qr—1 + 7 or has distance of length g — j.
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o C: |C,] = (I—1)gx+qr—1+147, and appear only once before arriving at f(n).
Each one has distance from itself of length (ax+1 —0)qr — Jj, (ags1+1—1)qr —J.
(2) Frequency
To compute the frequency, set
ﬁk = [17 Ap42, Ak+3, - - ]

Let ry4, (resp. rp,, rc,) be the frequency of the words in A, (resp. B,, C,,).
1) gr <n<gp+g— 1L

Br(arir +1) + (1 = Br)

e Breqes1 + (1 — Br)qw
e Brar1 + (1 — Bg)

" BrGr1 + (1 = Br)ar
ro, = B

Brqr+1 + (1= Br)qr
(ii) lgr + g1 <n < (l + 1)C_Ik: + g1 —1,1=1,2,..., (a;.H_l — 1):
Br(agsr — 1+ 1) 4+ (1 — Gy)

Hn Breqes1 + (1 — Br)qw
s Bre(ags1 — 1) + (1 = B)
. Breres1 + (1 — Br)qr

B Bk
Tcn

Brqrt1 + (1 — Br)ar

4. Appendix 1: Basic properties of embedding procedure
4.1. Fixed point of ®

In this subsection, we would like to represent the fixed point
f=(L,R R LR L RRL,..)eW

of & : Q2 — W in terms of the recursion relation of the sequence of words {u,}>,
such that f is the right limit of that: f = lim,,_ . u,. In whalt follows, we identify
1 R, 0« L. Let

Ug = 9So
Vo = $S1
K0) = 1

k(0) stands for the suffix of sy in vy. To go further, we prepare some notations. For
seS:i={sys, syl <lp<---<ly, N €N}, wedefine an operation O(v) as



follows. Arrange its elements like (R, L, R, R, L, ...), partition it in terms of R and
RL like ((RL), R, (RL),...), and replace R(resp. RL) by Ag (resp. Agr).

v = S48y ---SI,
= (01,02,0s,...,0x), Oj=Ror RL

|
O(U) - (A17A27A37"'7AN)7 A] :(9(0]) :AR or ARL

where O(R) = Ag, O(RL) = Agr, whose operation on &y := {s; : [ € N}, are
defined by
ARSk i= Sgy1,  ARLSK 1= Sp43,

and the action of O(v) on s; is defined by
(A1, Az, As, oo AN)sg = (Ause) (A2Arsy) - - (AvAn—1 -+ - Ay Aise).

By using notations above, the recursion relation between (u,,v,, k(n)) and (u,1,
Unt1, k(n + 1)) is given by

Un+1 = UpUp
Up+1 = O(“n)sk(n)
k(n+1) = k(n)+ B4{(RL)’sin v,} + t{R’s in v, }).

k(n) is equal to the suffix of the rightmost word in v, € S. The followings are
computations of a few of them.

U = UpVp = SoS1
v = O(vg)Sk) = O(51)s1 = 52
k(1) =k(0) + (3t{(RL)s in vo} + {R’sinwvp}) =14+1=2,
Uy = UV = U1S2
vy = O(v1)ska) = O(s2)s2 = O(RL)sy = s5
k(2) = k(1) + (38{(RL)’s in v1} + #{R’s in v }) = 5,
(U3 = UsVy = UsS5
v3 = O(v2)sk2) = O(s5)s5 = O((RL)R(RL)(RL)R)ss5
= (ArL, AR, ArL, ArL, AR)S5
= (ARLS5)(ARARLS5)(ARLARARL55)
(ARLARLARARLS5)(ARARLARLARARL85)

= 5859512515516

k(3) = k(2) + (3¢{(RL)’s in va} + #{R’s in v}) = 16

\

4.2. Concrete examples

From the discussion in subsection 2.2, ®(v) is seen to reflect some combinatorial
aspects of v € 0, and ®(v) in turn can be derived by Theorem 2.1. In this subsection
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we explicitly give ®(v) for some examples of v: vy(- —m), vj(- —m) and vaa, V4, VB

defined later.
(1) vo(- —m), vy(- —m): it is easy to see

O(vo) = (L,L,...), @)= (R,L,L,...). (4.1)
Moreover
Qp = A{vo(- =m), vp(- =m) [m =0}, Qp:={w(- +m), vo(- +m) [ m =1}
satisfy

®(Q) = {(01,0,,...)| O; = L for large j} (4.2)
O(Qr) = {(01,0,...)] O; = R for large j} (4.3)

In fact, to see (4.2) we note that ¥~(vg(- — m)) € D_ (m > 0) by definition.
Therefore, by a successive application of R or L, say after the k-th step we reach
the interval with ¥~!(vg(- — m)) its left endpoint, and then we set Oy = R,
Oky2 = Opy3 = -+ = L. For ®(vy(- —m)), we approach ¥~ (vg(- — m)) from the
opposite direction. Conversely, if w € {(Oy,0s,...) | O; = L for large j}, we have
(® o ¥)~!(w) € D_ by Theorem 2.1.

To see (4.3), we recall that m € N has the following unique representation

m:Fkl—i—Fk2+---—|—FkN, lj 3:]€j—k}j,122, j:2,3,...,N,

by which ®(vo(- +m)), ®(vj(- +m)) are given explicitly below.
(i) k1: odd

ki1
P} lo—1 I13—2 IN—2
—— N ——
= (R.L,....L,R,....R. L,R,....R.L,....R,.... R LR,R,...)
(ii) kq: even
®(vo(- +m)) = (v (- +m))
% lo—1 l3—2 InN—2

The converse is clear.
For the general case, given § € T we take a sequence { Ny}, with Ny | 6 in
T, and then the above argument tells us how to obtain ®(vj).
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(2) symmetric sequences: €) contains words with mirror symmetry

vaa = ---110101/101011--- =: hLhaa
vg = ---10110101101 - =: h;' Ahy
v = ---101101101--- =: hz'Bhp

which do not belong to Qz U Q.
(i) vaa : setting vaa(—1) = v44(0) = 1 gives 044 := U~ (vaa) = 3 and
®(vaa) = (R,R,L,R,L,...).
(ii) va: setting va(—1) =1 gives 64 := ¥ ' (v4) = § and
O(vs) =(L,R,L,R,...).

iii) vp: setting vp(1) = 0 gives A := UV~ (vg) = 2 — 2 and
2 2

®(vg) = (R,L,R,L,...).

4.3. Symmetric words

In this subsection, we further study some combinatorial properties of v44, v4 and
vp. When n is odd, s,13 = Spi15nSnt1 = Tpi1(AB)m,(BA)m,41(AB) from which
we have

Tpn+3 = 7Tn+1(AB)7Tn(BA)7Tn+1 (44)

For even n we exchange AB with BA. Hence 7, and 7,3 have the same symmetry
and vy, vg and vaa can be derived by using this equation for n = 3k, n = 3k + 1
and n = 3k + 2 respectively. In fact, define h,, by the following equation.

h'-A-h,, (n=3k=23609,..)
Sp=:% h'-B-h,, (n=3k+1=4,7,10,...)
hol-h,,  (n=3k+2=5811,...)

By (4.4) we have

T hn(BA)T,11 (n:odd)
" hp(AB) Ty (n: even)

whose right limits coincide with h4, hp and haa respectively.
We next study some substitutive properties of v44. Recall hay € {0,1}N is
defined by the equation vg4 = h;&lh AA-

Proposition 4.1 (i) hay is the fized point of the following substitution rule:
o A AB' A" — BA,
B+— A B +— A
under the identification of A, B with A’, B'.
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(ii) Define the sequence of words {t,}n>0 by
bnp1 = tptp—1, n 2> I, to=B, t = A

where 5 is obtained by exchanging A, B with A’, B' in s=*. Let t be the right
limit of t,, (we identify A, B with A’, B' int). Thent = hya.

Proof. We can show t, = o0"(A) by the inductive argument and the equation
0(8) = o(s). t = haa then follows from Lemma 4.1 given below. O

Let ¢! be the word obtained by identifying A, B with A’, B’ in t,.

Lemma 4.1 Forn > 1 odd, we have

tén—i—Z = h3n+2(BA)h?Tnl+2
thnrs = hsni2(BA)Tsn1(AB)h)
thnrs = hsni2(BA)hg, s = hsni5(AB)hg,

(for even n, we exchange AB with BA)

5. Appenix 2: Robustness against local move

In the Fibonacci case (a = 1), we can exchange 10 with 01 in v € € at some site. A
natural question is whether it remains in the hull after this exchange. Let £@+1 be
this exchange operation at site 7,7 4+ 1 (we always assume v(i) # v(i + 1)). We can
see &1y, = o)), which is, however, essentially the only case where this exchange is

possible.
Theorem 5.1 Let o € Q°N (0,1). Ifv € Q\ (Qr U Qy), then EGHYy ¢ Q for

any 1.
As a preparation, we prove

Lemma 5.1 Let v € Q. If Em=1my € Q for some m, then for any n > 0 the
(n — 1,n)-partition of v has one of the following form.:

(a) Sn—1 Sn Sn

(b) Sn Sn—l Sn

where m is the site left to |. Furthermore, if the (n — 1,n)-partition satisfies (a)
(resp. (b)), then the (n,n + 1)-partition satisfies (b)(resp. (a)), where n is replaced
by n+ 1.
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Lemma 5.1 is proved by induction. Then Theorem 5.1 follows from the fact that vy
(resp. v}) is the right limit of s,, and the left limit of sq,, (resp. sa,41). We can also
consider exchanging s, with sx_; somewhere in the (k — 1, k)-partition of v and the
same result as Theorem 5.1 holds.
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