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Set of 3 x 3 Orthostochastic Matrices

Hiroshi NAKAZATO

Abstract. A 3 x 3 matrix (a; ;) is said to be orthostochastic if there exists a 3 x 3
unitary matrix (ui,;) such that a;; = |u;;|* for every 1 < i,j < 3. Denote by O3 the
set of all 3 x 3 orthostochastic matrices. In this paper, the author characterizes the set
O3 and applies it to the determination of certain generalized numerical ranges of 3 x 3

complex diagonal matrices.

1. Introduction and Results.

Let A, be the affine space of all real n x n matrices whose all row and column sums
are equal to 1. A matrix (a; ;) € A, is said to be doubly stochasic if its entries are
nonnegative. Denote by D, the compact convex set of all n x n doubly stochastic
matrices. An element (a; ;) € Dy, is said to be orthostochasic if there exists an n x n
unitary matrix (u;;) such that a;; = |":’,j|2 for every 1 < 7,7 < n. Denote by O, the
compact set of all n X n orthostochastic matrices. It is clear that Dy = Oy = {gog:
g € SO(2)} where o denotes the Hadamard (Schur, entrywise) product. In this paper
we treat the set O3. Define two 3 x 3 matrices Co,Ug by

1/3 1/3 1/3
Co=1]1/3 1/3 1/3 |, (1.1)
1/3 1/3 1/3
1 1 1
Us=v1/3|1 w w? (1.2)
1 w? Wt

where w = exp(i27/3). Then Up is a unitary matrix and Up o Us = Cy. Thus Cp is
an element of O3. The structure of the set O3 is deeply related with properties of the
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c—numerical range of a 3 x 3 complex diagonal matrix. Define a linear functional ¥ on
the set M3(C) by

T Ti2 T13
(| z21 22 z23 |) = 11 + 212 + 713 + T21 + T22 + z23 + T31 + z32 + T33.

r31 T32 33

For 3 x 3 complex matrices C, A, define W(C, A) by the relation

W(C,A)={tr(AU BU*):U is a 3 by 3 unitary matrix}. (1.3)
The set W(C, A) is said to be the C-numerical range of A. We easily see that W(C, A) =
W(A,C).

In the case C = diag{c;,cz,c3} with ¢ = (e1,¢2,c3) € C3, the range W(C, A) is
denoted by W;(A). We easily obtain the relation

We(A) = {c1(A1, &) + c2(Ab2, €2) + c3(AE3,€3) : {£1,€2,€3) is an orthonormal

basis of C3}. (1.4)

Wc(A) is said to be the c-numerical range of A. In the case A = diag{a;,as,a3} with

(a1,az2,a3) € C3, we easily obtain the equation

cijay cijaz cias
W.(diag{ai1,a2,a3}) = {¥(| c2a1 c2a2 c2a3 | 0X): X € O3}. (1.5)

c3ay C3az c3as

In [1] , Y. H. Au-Yeung and Y. T. Poon gave a necessary and sufficient condition for
(ai,j) € D3 to be orthostochastic. They also proved that 1) ACo + (1 — X)(ai,;) € O3
for every 0 < A < 1,(a;;) € O3 and 2) (A/3)(c1 +c2+c3)(a1+az+a3)+ (1 —N)z €
W.(diag{a1,az,a3}) for every 0 < A <1,z € W (diag{a1,a3,a3}).
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One aim of this paper is to give a concrete parametrizations of O3 and its boundary
003. Since each matrix (as,j) € A3 satisfies the conditions a13 = 1 — ay; — aj2,a23 =
1 —ag1 —a2,a31 = 1— a1 — a2, az2 = 1 — a1z — az,a33 = ai; + a1z + ag; + a2 — 1,
we parametrize the entries aii,a12, a2i, a2 of (ai;) € Os. We recall that a concrete
parametrization of the rotation group SO(3) is given by Eulerian angles, in other words,
by using the Cartan decomposition G = K A K of the group G = SO(3) where K and
A are isomorphic to SO(2) (cf.[3] p.7). We prove the following theorem.

Theorem 1.1. The compact set O3 of all 3 x 3 orthostochastic matrices coincides with
the set

{ACo+(1-A)gog:0<)A<1,g€ S0O(3)}, (1.6)
and hence the set O3 is parametrized as the following :

a1 ax
O3 ={]| an ax -|€A3:a11=(1/3)+(1—XN)z,a12 =(1/3)+ (1 = N)(1 -z,

ann = (A\/3)+ (1 = N)(1 = z)s, a22 = (A/3)+ (1 = N{z t s+ (1 —£)(1 — s)+

2e/zt(1—t) s (1—35)},0< N, 2,8, <1, e€ {+1,—1}}. (1.7)

Another aim of this paper is to give a characterization of the range W(C, A) for
complex diagonal 3 x 3 matrices C, A which is more quantitative than that of [1]. For

this aim, we prove the following theorem.

Theorem 1.2. Suppose that C and A are 3 by 3 complex diagonal matrices. Then the

equation

W(C,A) = {tr(C g A ¢*): g € SO(3)} (1.8)

holds, where ¢g* denotes the transpose of the matrix g.
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We shall determine the range W(C, A) for 3 x 3 complex diagonal matrices A,C.
If the eigenvalues aj,a1,a3 of A lie on a straight line on the complex plane, then by
results of [1] and [5], the range W(C, A) is convex and coincides with the convex hull of
the 6 points

{alc,(l) + azc,(2) + a3cy(3) 1 0 € S3}. (1.9)

Therefore we may assume that a; # a; for 1 <4 < j < 3 and the three points aj, a2, a3
lie on a circle with radius r € (0,00) on the complex plane. Since W(C, A) = W(4,C),
we may assume that the eigenvalues ci,c2,c3 of C also lie on a circle. By using
rotations, translations and dilations, we may assume that A = diag{aj,az,a3} and
C = diag{c1,cz,c3} are elements of the group SU(3) satisfying ai # aj,ci # ¢; for
1 <i < j < 3. To state the figure of the range W(C, A), we introduce an algebraic

curve. Define a simple closed curve I on the plane C by the equation
I'= {2 exp(it) +exp(—2it):0<t < 27}
={z=z+iy: (z,y) € R%,(z® + y*)% + 242y — 82° + 18(2? + ¢°) — 27 = 0}. (1.10)
The curve T is called a deltoid. We denote by D the closed domain surrounded by I':
D={2r exp(it)+r exp(—21t):0<t <2m,0<r <1}.
Then we have the equation
D = {exp(is) + exp(it) + exp(iu) : (s,t,u) € R® s + ¢ + v = 0 mod.2x}. (1.11)

For the point z = exp(is) + exp(it) + exp(iu) with (s,¢,u) € R3,s + ¢t + v = 0 mod.2«
to belong the boundary T, it is necessary and sufficient that the condition

(exp(it) — exp(is))(exp(it) — exp(iu))(exp(is) — exp(iu)) = 0 (1.12)

holds. We have the following theorem.
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Theorem 1.3. Suppose that A = diag{ay,as,a3},C = diag{ci, c2,c3} are elements of
the group SU(3) with a; # aj,¢c; #c¢j for1 <i < j < 3. Set

Vi = {a1c1 + azcz + ascs, arcp + azes + azey, arcz + azey + azez },
V_ = {a1c1 + agcs + azce, aic3 + azce + asey, arca + azcy + azcs}.
Then the boundary OW (A, C) of the range W( A, C) in the plane C satisfies the inclusion
OW(A,C)CTU{tz1 +(1 —t)z2:0<t<1,z1 € V,2 € V_}. (1.13)
Remark. We assume that the assumptions of Theorem 1.3 hold. Then, for every
z1 € V4,29 € V_ the straight line L(z1, z3) passing through 21, 22, i.e.,
L(z1,22) = {tzl + (1 —t)zp:t€ R}

is a tangent line of the deltoid I' at some non-singular point of T or at one of 3 cusps of
T.

2. Parametrization of the set of 3 x 3 orthostochastic matrices.

In this section we shall prove Theorems 1.1 and 1.2. First we observe the
condition (*) of Au-Yeung and Poon in [1, p.70]. We use the following equation for real
numbers a, b, c:

a* +b* 4+ ¢t — 2a%0? — 2b%c? — 2c%a? = (a+ b+ c)(a—b—c)(b—c—a)(c—a—1b). (2.1)
The following simultaneous inequalitities for non-negative real numbers a, b, c,
a<b+ec (22)b<c+a, (23)c<a+b(24)

are equivalent to the inequality

a* + b* + ¢t — 2a%b% — 2b%c? — 2¢%a® < 0. (2.5)
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We define a polynomial function F on A3 by

ann a2 a3
F(| az1 a2z a3 |)

aszy a3z ass

2 2
= a}; a}y+a3; a;+a3) a3,—2 a11 @12 421 az2—2a11 a12 a31 az2—2a2 az; a3y az. (2.6)
Then the function F' is expressed as the following :

F = F(an, a2, a21,a22)

_ 2 2 2 2
= aj; a3, +ai,; a3 — 2 a1 a2 az) a2 — 2 ay az(ann + az2) — 2 ajzaz(azz + az)
2 2
—2 (a11 a12 az1 + a11 a1z a2 + a1; ag; az + a2 az; ax) + aj; +aj; + agl + agz
+2 (a1 a12 + a11 az1 + a12 a2 + az1 azz + 2 a3y azz + 2 a2 az)

—2(an + a12 + a21 + az2) + 1. (2.7)

Lemma 2.1. ( cf.[1], Theorem 3) If (ars) € O3 and 0 < a < 1, then the matrix
a - (ars) + (1 — a) - Co satisfies the strict inequality

V(@ ae;+ (1= @)/3) (o agg +(1 - a)/3)

< Y lea;+(1-0)/3) (aar+(1-a)/3) (2.8)

1<i<3,i#l

forevery 1 <£<3,1<j;#k<3.
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Proof For simplicity we assume that j = 1, k = 2. By the condition 0 < « <1, the
inequality in [1, p.73, lines 3,4] is replaced by strict one:

Y. (aapr+(1-a)/3) (aap2+(1—a)/3)

1<p<3,p#L

+2 1/(a ap1 + (1= a)/3) /(e apa + (1 — @)/3)

(@ aga +(1 - @)/3) /(@ agz + (1 - a)/3)

> Y o apy apz + {(« (1 - @))/3H(ap1 + ap2) + {(1 — 0)/3}?]

1<p<3,p#L

2
+2 a” \/ap1 Gp2 Gg,1 Gg,2].

Here 1 < p < ¢ <3,p #¢,q # £. The proof of Lemma 2.4 is complete.

For every (b11, b12, b21, b22) € R*\ {(0,0,0,0)}, we set

b11 b12 —(b11 + b12)
B(b11, b12, b21, b22) = b21 b22 —(b21 + b22)
—(b11 +b21) —(b12 + ba2) b11 + b2 + bay + bao

Then, by [1] Theorem 1 and [1] Theorem 3, there exits 0 < A = A(b11, b12, ba1, b22) < o0
such that

{teR:t>0,Co+1t B(by1, b1z, ba1,b22) €03} = {t e R: 0 < t < A} (2.9)

Thus we obtain the following proposition by combining Lemma 2.1 and Theorems 1 and

3 of [1].
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Proposition 2.2. Suppose that F is the polynomial function on the space Az given
by (2.6). Then the sets O3 and 803 are characterized as the following:

ann a2
O3 ={| az1 a2z - | € D3: F(an,ai,a2,az) < 0} (2.10)
and
ain a2
003 ={| a1 a22 - | € D3: F(an,a12,a2,a22) = 0}. (2.11)

Next we shall prove that 803 = {gog : g € SO(3)}.

Proposition 2.3. Every point of {gog : g € SO(3)} belongs to the boundary of O3 in
the space Aj.

Proof The set {gog: g € SO(3)} is represented as the following (cf.[3], p.7):'

ail; a2
{gog:9€SO@B)}={]|an a2 -|€A3:an= u%, a2 =(1- u%)(l - u%),

ag1 =1 —ud)1—ud), app =2 (1 —-ud)(Q —ud)+ud ud —2u; ug uz vy v3

for some uy,u2, u3, vy, v2,v3 € R satisfying u? +v2 =u? + 02 =ul +0vi=1}. (2.12)

In the expression of F', we substitute a;; (1 < ¢,5 < 2) by their expressions appearing
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in (2.11):

(1/4)F(aij (u1,u2,u3,v1,v2,v3))

2.2 .2 4.2 2 6,2 2v,2 .2 2. 2 2 4.2 2 6
= (uf uz u3 — 2ujuju3 + U uUU3)vy vz — (u1 uy uz — 2ujuaus + ug u% ug)

2.2 4,22 6,2 2,2
+(uf uf uf — 2uiudud +u] uf uf) uf + (u uf uf - 2uludud + o} uf ud) W]
—(u} uf uf — 2ujufud + uf uf uf) uf ui.

2

Since v 7

1- u? (7 = 2,3), we obtain the conclusion

F(ai,j (u1,uz,u3,v1,v2,v3)) =0. (2.13)

By Proposition 2.2 and the equation (2.12), we obtain the assertion of Proposition

2.3. The proof of Proposition 2.3 is complete.

If (apq) € D3 satisfies aj; = 1, then there exists § € [0, 7/2] for which

1 0 0
(apg) =10 cos?28 sin%@

0 sin’@ cos®é

Therefore, it is sufficient for the completion of the proof of Theorem 1.1 to show the

following.

Proposition 2.4. If

P=|as azp - | €003

satisfies 0 < a3; < 1, then 0 < aj2 <1 —ay1,0 < ag; <1 —ay; and ay; satisfies
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(1 —a11)? - azz = a1 @12 az1 + (1 — ay — ap2)(1 — a1 — a21) + 2 ey/any a2 az;

\/(1 — a1 — a12)(1 —a1; —az) (2.14)

for some € € {+1,—1}.

Proof Since P € D3, we have 0 < aj2 <1 —a11,0 < a21 < 1 — a11. By Proposition

2.2, we have the equation

2 2
(1 —a11)’ - ajy — 2{a11 a12 az1 + (1 — a11 — a12)(1 — a11 — a21) az2
2 2
+{012 a%l -2 a%z az1 — 2 aj2 az; — 2 aj1 aj2 a21

+a§1 +2ay a2 + afg + agl + 2 ajjag; +4 a1z a1 — 2 a1 — 2a12 — 2a2; +1} =0.

We consider this as a quadratic equation of az2. Since

{a11 a1z ag1 + (1 — a11 — a12)(1 — a11 — az1)}? — (1 — a11)*{a?; a3, — 2 a?; an

2 2
—2 aj a3; — 4 a1 ay2 a1 +aj; + 2 a3 ax2

+a2, + a3, + 2 anjag + 4 a12 az; — 2 an1 — 2412 — 2az; + 1}

= 4ay; a12 a21(1 — ann — a12)(1 — a1 — a21),

we have the equation (2.14). The proof of Proposition 2.4 is complete.
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Thus we proved Theorem 1.1. By the relation (1.5), the range W(C, A) for 3 x 3
diagonal matrices C, A is the image of the set O3 under the real linear mapping of A3

into C. Thus Theorem 1.2 is immediately deduced from the relation 803 = {gog:g €
SO(3)}.

3. Compact symmetric Riemannian space of Type AI

In this section we shall prove Theorem 1.3. We take a square root B =
diag{b1, bz, b3} € SU(3) of the matrix A, i.e., b? =a; (1 <1i < 3) and bbb = 1.
Since a; # aj (1 < i < j < 3), the relation

(bi + b;)(bi — b;) #0 (3.1)
holds for 1 < ¢ < j < 3. We obtain a fundamental equation
tr(A g C ¢*) =tx(B g C ¢* B)

for every ¢ € SO(3). We consider the real analytic map & of the 3-dimensional Lie
group SO(3) into the plane C ~ R2:

g—tr(B g C ¢* B).

We remark that for every g € SO(3) the element B g C ¢' B belongs to the 5-

dimensinal compact symmetric Riemannian space
M = {X : X is a 3 by 3 unitary matrix,det(X) =1, X! = X},
(cf. [2] p.451). Define a real analytic map ¢ of SO(3) into M by the equation
¢(9)=BgCg'B.

Define a map 7 of M3(C) into C by the equation 7(X) = tr(X). Then we have the

relation ® = 70 ¢.

We research the rank of the Jacobian matrix of the map ® at every g € S O(3). For
almost every g € SO(3), the rank is equal to 2. We say that g is a critical point if the
rank at g is less than 2. If ®(g) is a boundary point of W(A, C), then the point g is

necessarily critical. We obtain the following theorem.
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Theorem3.1. Suppose that C = diag{cy,c3,c3} and B = diag{b;, b2, b3} are elements
of SU(3) satisfying the relations (b; + b;)(bi — bj)#0,ci #cjforl <i<j<3 Set
X =X(g)=BgCg' B, X ={zij =zij(9) : 1 <25 = 3} for every g € SO(3).
Then an element g € SO(3) is a critical point of the map ®, if and only if the three
complex numbers 12,713,723 lie on a straight line passing through the origin 0 on
the complex plane C. Moreover for the points 12,713, 23 to enjoy this condition, it
is necessary and sufficient that one of the following conditions holds: 1) The matrix
g = {gpq : 1 < p,q < 3} has an entry gi; for which g;j = 1 or g;; = —1 ; 2) Some
eigenvalue of the unitary matrix X has multiplicity > 2.

Proof We shall prove the first half of Theorem 3.1. We consider {Yg:Yisa3x
3 skew symmetric real matrix} as the tangent space of SO(3) at g. Here Y} is a differen-
tial operator defined by Y,(f) = lim,—o 1/s[f(exp(s Y)g) — f(g)] for every differentiable
function f on SO(3). Since the symmetric space M is a closed submanifold of the linear
space M3(C) ~ R18, we consider the tangent space of M at X € M as a real linear
subspace of M3(C). Then we have the following relation:

{d#(g9)(Yy) : Y is a 3 x 3 skew symmetric real matrix}
= {ll_I.I(l] 1/s(Bexp(s Y)g C g'exp(—~s Y)B—B g C¢'B):Yis ...}
={Z X(g)+ X(g) Z*: Z = (zij) is a skew — Hermitian 3 x 3 matrix with
211 = 222 = 233 = 0, z12 = bibaz, 213 = bibay, 223 = babsu

for some real numbers z,y,u}.

Here we used the relation BY = Z B,—-Y B = B Z*. The 3 x 3 skew-Hermitian matrix
Z = (zij) is calculated as the following: ‘

Z=BY B!
bh O 0 5, 0 O
=10 b -z 0 0 5 O
0 b3 -y —u 003;
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0 blb—ziB by E_S-y
= - bg-b—l.’v 0 bgz;u
—bsbiy —bsbu 0

For X = X(g) = (zi;), we have the equation

tr(Z X+X Zt) =2 i(S‘(zlg)zlg + S‘(Z13)I13 + 9&"(2231:23)

= 2 i(S(brb)zz12 + N(b1b3)yz12 + I(b2b3 )uzss)

where (z,y,u) runs over R? as Y runs over the Lie algebra of SO(3). Since the eigen-
values of B satisfy (3.1), we have

S(b1d2) # 0, 3(b13) # 0, S(babs) # 0.

Therefore for g € SO(3) to be critical it is necessary and sufficient that the rank of the
real linear map (z,y,u) — zz13(g9) +yz13(9) + uz23(g) of R2 into C is less than 2. Thus
the first half of Theorem 1.3 follows from this.

We shall prove the latter half of Theorem 1.3. We suppose that the element X =
X(g) = (xij) of M satisfies the condition

T2 = q k12,%13 = q k13,23 = ¢q ko3

for some complex number ¢q with |g| = 1 and real numbers k;q, k13, k23. We consider the
two cases (I) At least two of kj 2, k1 3, ko 3 are nonzero and (IT) Two of ky 2, k1,3, ko3 are
zero. First we prove that in the case (I), one eigenvalue of X = X(g) has multiplicity
>2. Weset V=g¢g1!Xandg;=q"b; (1 £¢<3). Then V is a 3 x 3 symmetric
unitary matrix. For instance we assume that k;, # 0,kz3 # 0. The case k12 # 0,k13 #0
and the case ki3 # 0, k23 # 0 can be treated similarily. Since V is unitary, we have the

equations

Brikiz + k1282 + ki3kas = 0, (3.2)

Bazkas + ka3Bss + ki2kis = 0. (3.3)
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By (3.2) and (3.3), we have the relations

k129(B11 + B22) = S(—kiakz3) =0, (3.4)

k233(B22 + B33) = S(—kizk13) = 0. (3.5)

Since k12 # 0, k23 # 0, the equations (3.4) and (3.5) impliy
S(B11) = S(B22) = I(B33). , (3.6)

Thus there exists a real number k with —1 < k < 1 for which the unitary matrix V is

expressed as

V=R(V)+ik.

Where R(V) is a 3 x 3 real symmetric matrix and commutes with the matrix k I3.
Therefore eigenvalues of V are (1 — ¥*)Y/2 +i k or —(1 — k2)1/2 4 i k. Thus one
eigenvalue of V and hence of X has multiplicity > 2.

Second we prove that in the case (II), some entry of the matrix g € SO(3) is equal
to 1 or —1. We assume that k2 = k13 = 0. The case k12 = ka3 = 0 and the case
k13 = k23 = O can be treated similarily. By the assumption the matrix X = X (g) is

expressed as follows:
X=BgCg¢B
I11 0 0

= 0 =22 =z23

0 =23 z33

Thus the symmetric matrix g C ¢* is represented as

s;1 O 0
gCgt=]| 0 s22 23|,

0 s23 333

for some complex numbers sjj, S22, 333,323. Then s;; is an eigenvalue of the unitary
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matrix C. We set

S S22 S23 .
823 833
Then the matrix S is symmetric and unitary. Thus S* = S and S$S* = $*S = I, and

hence R(S) = (S + 5)/2 and I(S) = (S —5)/(2 i) are commuting 2 x 2 real symmetric

matrices. Hence there exists a 2 x 2 real symmetric matrix S for which R(5), 3(S) are

expressed in the form

R(5) = £(51), (S) = h(51),

where f and h are polynomials with real coefficients in one variable. We choose a real

number @ for which ¢ = cos 6, s = sin 8 satisfy
c s c —s
-s ¢ s ¢
ty O
“\0 ¢
for some real numbers t;,¢;. Then we have
C S 892 323 c —38
-8 C 823 833 S C
(& 0 )
0 &

for some complex numbers £;1,&; with |;] = |£2] = 1. Thus there exists a permutation
o € S3 for which

0 O 1 0 O
0 ¢ s|@CgH|0 ¢ —s
0 —s ¢ 0 s ¢
Co(1) 0 0
= 0 Co(2) 0
0 0 43

Since ¢1 # ¢g,¢1 # c3,c2 # c3, we obtain the relation
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0 ¢ s| geWw, (3.7)

where W is a finite subgroup of SO(3) defined by the following :

H = {diag(hi, h2, ha) : k1, k2, h3 are real numbers},

W ={ke€SO(3): k h k' € H for every h € H}.

Then for every k € W, k o k is a permutation. Hence by the relation (3.7), an entry of
the first row of the matrix g is equal to 1 or —1.

We shall show the converse. Suppose that X = X(g) € M has a multiple eigenvalue.
Then the eigenvalues of X (g) satisfy the condition (1.12) and hence the point tr(X(g))
is a boundary point of the closed domain D. Since M C SU(3), {tr(U):U € M} C D.
Thus g is a critical point of the map ®. Next we suppose that an entry of the matrix
g = (gij) € SO(3) is equal to 1 or —1. For instance we assume that g;3 = —1. Other
cases can be treated similarily. By using ¢ = cos 6, s = sin 8 for some suitable § € R, ¢

is expressed as

-1 0 O
g= 0 —c s
0 -s -c
Thus we have
1 0 0
gCgt=]0 ccz+s% cs(cz—c3) |,

2

0 cs(cz—c3) cPez+scy

aici 0 0
X(g)=BgCg¢'B= 0 -+ babzc s(cz — c3)
0

Hence the points z12(g9) = 0, z13(g) = 0, z23(g) lie on a straight line passing through the
origin 0 on the complex plane C. Thus g is a critical point of ®. The proof of Theorem

3.1 is complete.
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We shall prove Theorem1.3. Since OW(C, A) C {®(g) : ¢ is a critical point of

®} and {®(g) : X(g) has a multiple eigenvalue} C T, it is sufficient to show the

inclusion

{®(g) : ¢ € SO(3) has an entry equal to 1 or — 1}

Cl{ta1+(1—t)22:0<t <1,z € V4,22 € V_}

This inclusion follows from the equation

{go0g:9 € SO(3) has an entry equal tol or — 1} ={t P+ (1 —t)Q : P is an even

3 x 3 permutation matrix, Q is an odd 3 x 3 permutation matrix}.

The proof of Theorem 1.3 is complete.

An analogous assertion to Theorem 1.3 in a special case C = A was already an-

nounced by the author in [4].
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