
Nihonkai Math.J.
vol.4(1993),73-85

TRANSVERSAL CONFORMAL FIELDS OF FOLIATIONS

Jeong Hyeong PARK and Shinsuke YOROZU

1. I ntroduction

Let $(M, g_{M}, ?)$ be a closed, oriented, connected Riemannian

man $ifo1d$ $of$ $di$ mens $ion$ $p+q$ $with$ a $tr$ an $s$ ve $rs$ al 1 $y$ $ori$ en $t$ ed

$fo1i$ a $tion$ ? $of$ co $di$ men $sion$ $q$ $\geq$ 2 and a bund 1 e-l $i$ ke me $tric$

$g_{M}$
$with$ $r$ espec $t$ $to$ ? Le $t$ $Q$ be $the$ $no$ rmal bund 1 $e$ $of$ ?

and $\pi$ : $\ulcorner$ (TM) $\rightarrow$ $\ulcorner(Q)$ the natural projection. We denote by

$D$ the transversal Riemannian connection of ? Let V (?)

$denote$ $the$ $set$ $of$ $infinit$ es $i$ mal au $to$ mo rph $i$ sms $of$ ? and V (?)

$=$ { . $\in$ $\ulcorner(Q)$ $|$ . $=$ $\pi(Y)$ , $Y\in$ V (?) }, the $set$ $of$ $t$ ran sversal

$infinit$ es $i$ mal au $to$ mo rph $is$ ms $of$ ?

Th $r$ ough $out$ $this$ pape $r$ , $\forall e$ al $so$ us $e$ $t$ he $fo11$ ow $i$ ng $not$ a $t1on$ :

$\tau$ : the tension field of ? ,

1991 Ma $th$ ema $tics$ $S$ ub $j$ ec $t$ Cl as $sifi$ ca $tion$ . $Pri$ mary 53Cl 2.

Key wo rds and ph $r$ as es.. Fo 1 $i$ a $tion$ , $Tr$ an $s$ vers al $infinit$ es $i$ mal

au to mo $1$

’ ph ism, Tran $s$ versal con formal field.
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$div_{D}v$ : the $t\iota^{\neg}$ ansve $\iota^{-}$ sal divergence of $v$

$gr$ ad
$D$

$f$ : the $t$ ransversa 1 $g$ rad $i$ en $t$ of a func tion $f$ ,

$P_{D}$ : $t$ he $t$ ran sver $s$ al Ri cci operato $r$ ,

$\Delta_{D}$ : the Laplacian acting on $\Omega^{0}(M, Q)$
$=$ $\ulcorner(Q)$ ,

9(Y) : the transversal Lie derivative operator

for Y E V (?)

$A_{D}(v)$
$=$ $9(Y)$ $-$

$D_{Y}$
( $v=\pi(Y)$ $\epsilon$ V (ff) ) ,

$B_{D}(v)$
$=$

$A_{D}(v)$
$+$ $tA_{D}(\cdot)$ $+\frac{2}{q}$ $( div_{D}v )$ . I

( I : the $i$ den $ti$ ty map $of$ $\Gamma(Q)$ ) .

I $n$ the cas $e$ where ? is a harmo ni $c$ fo 1 $i$ at ion $( \tau = 0 )$ ,

geometric tranversal fields such as transversal Killing,

transversal affine ( projective, conformal ) fields have been

studied by Kamber, Tondeur, Molino and others ([ 1, 2, 3, 5 ]).

For example, a transversal infinitesimal automorphism $v$ of

? $is$ a $t$ ransvers al $Ki11i$ ng $fie$ ld $of$ $P$ $if$ and $on1y$ $if$ $v$

$s$ a $tisfi$ es $\Delta_{D}$ . $=$
$\rho_{D}(\cdot)$ and dl $v_{D}v=$

$0$ ([ 1, 2. 5 ]). On

the other hand, in the case where ? is not a harmoni c

fol iation, Nish ikawa and Yorozu [ 4 ] give a necessary and

suff $i$ ci ent co nd iti on for a transversal $i$ nf 1 ni tes $i$ ma l

au $t$ omo rph $i$ sm $of$ ? $to$ be a $tr$ ansversal $Ki11i$ ng $fie1d$ $of$ ? .
A transversal infinitesimal automorphism $v$ $=\pi(Y)$

$\epsilon$ V (?) is call ed a $t$ ransversal co nformal fi eld of ? if

$v$ $s$ a $tisfi$ es 9 $(Y)g_{Q}=$ 2 $f\cdot g_{Q}$ , wh ere $f$ $is$ a $f$ unc $t1on$ $on$ $M$ .
The purpose of this paper is to find a necessary and sufficient
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$co$ nd $ition$ $for$ a $tr$ ansve $rs$ a1 $infinitesi$ ma 1 au $to$ mo $1^{-}phism$ $of$ 7

$to$ $be$ a $tr$ an $s$ ve $rs$ al $confo$ rma 1 $fie1d$ $of$ ? , $without$ as $s$ um $ing$

$the$ $h$ armo $nicity$ $of$ ? We $p$ rove $the$ $fo11owing$ $th$ eo $r$ em.

Theorem. Let $(M, g_{M}, ?)$ be a closed , oriented, connected

Riemannian man $i$ fold of dimens ion $p+q$ wi th a transversal ly

$ori$ en $t$ ed $fo1i$ a $tion$ ? $of$ cod $i$ mens $ion$ $q\geq 2$ and a bund 1 e-l $i$ ke

metric $g_{M}$ with respect to ? Let . be a transversal

infinitesimal automorphism of ? Then . Is a transversal

co nformal fi eld of ? if and only if $v$ sat $i$ sf $i$ es

(i)
$\Delta_{D}$ . $=D_{\sigma(\tau)}$ . $+$

$0_{D}$
$($ . $)$ $+$ $( 1 -\frac{2}{q} )$ .

$grad_{D}div_{D}v$

and

$(i1)$ $\int_{M}g_{Q}( B_{D}(\vee)v, \tau )$ $dM=$ $0$

We shall be in $C^{\infty}$-cat ego ry. We us $e$ $t$ he fol 1 ow $i$ ng

co nven $tion$ $on$ the ran $ge$ $of$ $i$ nd $i$ ce $s$ : 1 $\leq$ $i$ , $j$ , $\cdot$ . . $\leq p$ and

$p+1$ $\leq a$ , $b$ , $\leq p+q$ . Th $e$ au $t$ ho rs wo ul $d$ 1 $i$ ke $to$ thank the

referee for kind sugges tion.

2. Pre 1 imi nar \ddagger es
Le $t$

$(M, g_{M}, ff)$ be a clos ed, ori en $t$ ed, co nnec $t$ ed Ri emann $i$ an
man $ifo1d$ $of$ $di$ me ns $ion$ $p+q$ $with$ a $t$ ransve $rs$ a 11 $yori$ en $t$ ed

$fo1i$ a $tion$ ? $of$ cod $i$ men $sion$ $q\geq$ $2$ a nd a bund 1 e-l $i$ ke me $tric$

$g_{I}$ $with$ respe $ct$ $to$ ? Le $t$ $E$ and $Q$ $=$ $T\backslash |/E$ be $the$ $t$ angen $t$

bundle and the normal bundle of $\sigma$ , respectively. The metric

$g_{M}$
$gi$ ves a $sp1itting$ $\sigma$ $0f$ $the$ exac $t$ $s$ eq $uen$ ce
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$\rightarrow^{\pi}$

$ 0\rightarrow$ $\ulcorner$ \langle E) $\rightarrow$ $\ulcorner(TM)$ $\ulcorner$ \langle Q) $\rightarrow$ $0$

$\leftarrow^{\sigma}$

wi th $\sigma$
$( \ulcorner(Q) )$

$=$
$\ulcorner(E^{\perp})$ , where $E^{\perp}$ denotes the orthogonal

complement bundle of $E$ in TM with respect to $g_{M}$ . Then

$g_{M}$ induces a metric $g_{Q}$ on $Q$ defined by $g_{Q}$ $( v, \mu )$

$=$
$g_{M}$ $( \sigma(), \sigma(\mu)$ ) $for$ . , $\mu\in$ $\ulcorner(Q)$ I $n$ a $f1$ a $t$ char $t$

$i$ a
$U$ $(x , x )$ wl th respec $t$ $to$ ? , a 1 $0$ cal $f$ rame { X

$i$

, $x_{a}$ }

$=$ $\{ \partial/\partial x^{i}, 8/\Theta x^{a}- \Sigma j A_{a}^{j}\Theta/8x^{j} \}$ is cal led the basic adapted

$f$ rame $to$ ? Here A a are $f$ unc $ti$ ons on $U$ $wi$ th $g_{M}(X_{i}.x_{a})$

$=$ $0$ . We notice that $\{X_{i}\}$ spans $\ulcorner$ (El U) and $\{X_{a}\}$ spans

$\ulcorner(E^{\perp}|_{L^{1}}, )$ We put

$g_{ij}$ $=g_{M}(X_{i} x_{j})$ , $g_{ab}=g_{M}(X_{a}, X_{b})$ ,

$(g^{ij})$
$=$ $(g_{ij})-1$ , $(g^{ab})$

$=$ $(g_{ab})-1$ ([ 5 ]).

A connection $D$ on $Q$ is defined by

$D_{X}v$ $=\pi$ ([ X, $Y_{v}$
$]$ )

$D_{X}$ . $=\pi( \nabla Xv_{v} )$

if X $\epsilon$ $\ulcorner(E)$ ,

if X $\epsilon$

$\ulcorner(E^{\perp})$

where $Y_{v}$
$=\sigma()$ , and $\nabla$ denotes the Levi-Civita connection

wi th respect to $g_{M}$ Since $D$ is torsionfree and metrical

$wi$ th $r$ espec $t$ $to$
$g_{Q}$

([ 1 ]), we cal 1 $D$ $the$ $t$ ransversal

Riemannian connection of ? The curvature $R_{D}$ of $D$ is

defined by

$R_{D}(X, Y)v$ $=$
$D_{X}D_{Y}v$

$-$
$D_{Y}D_{X}$ . $-$

$D_{[X,Y]}$ .
$for$ al 1 X, $Y\in$ $\ulcorner$ (TM) and $v\in$ $\ulcorner(Q)$ We no $ti$ ce tha $t$

$i(X)R_{D}$

$=$ $0$ , wh $ere$ $i(X)$ deno $t$ es the $interior$ produc $t$ $wi$ th respec $t$
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to X $\in$ $\ulcorner(E)$ The transversal Ricci operator $o_{D}$ : $\ulcorner(Q)$ $\rightarrow$

$\ulcorner(Q)$ is given by

ab
$P_{D}(v)$

$=$
$\Sigma_{a,b}g$ $R_{D}(\sigma() X_{a})\pi(X_{b})$

and 1 $et$ $Ric_{D}(v)$ $=$
$g_{Q}$

( $p_{D}(v)$ , v)

We $de$ no $te$ by V $(?)$ $t$ he $set$ $of$ al 1 $infinit$ es $i$ mal au $to-$

morphisms of ? , that is,

V $(?)$ $=$ { $ Y\in$ $\ulcorner$ (TM) 1 [X, $Y]$ $\in$ $\ulcorner(E)$ $for$ al 1 X $\epsilon$ $\ulcorner(E)$ }

A transversal infinitesimal automorphism $v$ of ? is an

element of the set

$\overline{V}(?)$
$=$ { $vE$ $r(Q)$ I $v$ $=\pi(Y)$ , Y E V (?) }

The transversal Lie derivative operator 9 (Y) : $\ulcorner(Q)$

$\rightarrow$ $\ulcorner(Q)$ for Y E V $(?)$ is defined by

8(Y) $\mu$ $=\pi( [Y, z_{\mu}] )$

$for$ al 1 $\mu\in\ulcorner(Q)$ $wi$ th $\sigma(\mu)$ $=$
$z_{\mu}$ Fo $r$ $v$ $=\pi(Y)$ $\in$ $\overline{V}(?)$ ,

we def \ddagger ne an operator $A_{D}()$ : $\ulcorner(Q)\rightarrow$ $\ulcorner(Q)$ by

$A_{D}(\cdot)\mu$
$=$ $ 9(Y)\mu$ $-$

$D_{Y}\mu$

$for$ al 1 $\mu\in$ $\ulcorner(Q)$ ([ 1 ]). We no $ti$ ce tha $t$ the $definition$ $of$

$A_{D}(\cdot)$ $is$ $i$ ndepend en $t$ $of$ the cho $ice$ $of$ $Y$ $wi$ th $\pi(Y)$ $=$ $v$

([ 1 ]).

De $finiti$ on. A $tr$ an $s$ ve $rs$ al $infinit$ es $i$ mal au $to$ mo rph $ism$

$v$ $=$ $\pi(Y)$ $\in$ $\overline{v}(?)$ $is$ cal 1 ed a $t$ ran $s$ ve $rs$ a1 co $nfo$ rma 1 $fie1d\underline{of}$

? $if$ . $s$ a $tisfies$ 9 (Y)
$g_{Q}=$ 2 $f\cdot g_{Q}$ , wh $ere$ $f$ $is$ a $f$ un $ct1on$

on $M$
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The tension field $\tau$ of $\vee p_{\overline{\prime}}$ is given by

$\tau$ $=$
$\Sigma_{i}$

$j$

$g^{ij}$
$\pi($

$\nabla Xx_{j}$

$i$

I $f$ $\tau$ $=$ $0$ , then $\ell^{-}$,
$is$ cal 1 ed $h$ armo $n1c$ ([ 1 ]). The $t$ ransversal

divergence $div_{D}v$ of $v\in$ $\ulcorner(Q)$ is given by

ab
$div_{D}v$ $=$

$\Sigma_{a,b}g$ $g_{Q}t$
$D_{X_{a}}v$

, $\pi(X_{b})$ )

and the transversal gradient $grad_{D}$
$f$ of a function $f$ on

$N$ is given by

abgrad $Df$
$=$

$\Sigma a,$ $bg$ $X_{a}(f)\cdot\pi(X_{b})$

([ 5 ]).

Le $t$
$\Omega^{r}$ (M. Q) be the $set$ $of$ al 1 Q-val ued r-f $0$ rms on $M$ .

We notice that $\Omega^{0}(M, Q)$ $\sim=\Gamma(Q)$ . The global inner product

$\langle$ \langle , $\rangle\rangle$ on $\Omega^{r}(M, Q)$ is defined by

\langle \langle $e $\eta$
$\rangle\rangle$

$\leftrightarrow-\int_{V}g_{Q}($ $\xi\Lambda*\eta$

$for$ al 1 $\zeta$ , $\eta$

$\in\Omega^{r}$ ( $V$ , Q) ([ 1 ]). Le $t$

$d_{D}$ : $\Omega^{r}$ ( $M$ , Q) $\rightarrow$

$\Omega^{r+1}(M, Q)$ be the ex $t$ er $i$ or di $f$ ferent $i$ al opera tor, and $\delta_{D}$ the

adj $oint$ opera $tor$ $of$
$d_{D}$

$wi$ th respec $t$ $to$ $\langle$ \langle , $\rangle\rangle$ ([ 1 ]).

The Laplacian $\Delta_{D}$ is defined byacting on $\Omega^{r}(M, Q)$

$\Delta_{D}=$ $\delta_{D}d_{D}+$ $dD\delta_{D}$ .

Then we have

Green’ $s$ Theorem \langle $[6. 7 ]$ ). Fo $r$ all $v\in\overline{v}(P)$ , $it$ ho 1 $ds$

$th$ a $t$
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$\int_{M}div_{D}v$ $dM=$ $\langle\langle$ $v$ , $\tau$ \rangle \rangle

Propo $sit$ Ion 1 $([ 7 ])$ . Fo $r$ al 1 . , $\mu\in\overline{v}(?)$ , $it$ ho 1 ds

$t$ ha $t$

$\langle\langle \Delta_{D}v, \mu \rangle\rangle$
$=$

$\langle\langle Dv, D\mu \rangle\rangle$ .

Propo $s$ \ddagger $ti$ on 2 ([ 7 ]). Fo $r$ all $v\in$ V (?) , $it$ ho 1 ds

tha $t$

(i) Ri $c_{D}(v)$
$+$ Tr $A_{D}(v)A_{D}(v)$ $(div_{D}v )$

2

$+div_{D}$ $( A_{D}(\cup)v )$ $+$ $div_{D}( (div_{D}v)v )$ $=$ $0$ ,

$(ii)$ Tr $A_{D}(v)A_{D}(v)$ $=$ $-$ Tr $tA_{D}(v)A_{D}(\cdot)$ $+\frac{1}{2}$ Tr $(A_{D}(\cdot) + A_{D}(\cdot))^{2}$ ,

where Tr $C$ denotes the trace of an operator $C$ : $\ulcorner(Q)$ $\rightarrow$

$\ulcorner(Q)$ with respect to $g_{Q}$
, and $tA_{D}(\cdot)$ denotes the transposed

operator of $A_{D}(\cdot)$ with respect to $g_{Q}$ .

Propo $s$ \ddagger $ti$ on 3 ([ 5 1). A $t$ ransversal co $nfo$ rmal $fi$ eld $v$

of ? satisfies

$\Delta_{D}v=$ $D_{\sigma(\tau)}\cdot+$ $p_{D}(\cdot)$
$+$ $(1 -\frac{2}{q})$ $grad_{D}div_{D}$.

Let $B_{D}(\cdot)$ : $\ulcorner(Q)$ $\rightarrow$ $\ulcorner(Q)$ ( $v$ $E$ V (?) ) be an operator

defined by

$B_{D}(\cdot)$
$=$

$A_{D}()$
$+$ $tA_{D}(v)$ $+\frac{2}{q}$

$(div_{D}v)$
. I

where I denotes the identity map of $\ulcorner(Q)$ Note that the

operator $B_{D}(\cdot)$ is $symmetric’$ .
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Propo $siti$ on 4 $([ 5 ])$ . A $tr$ an $svers$ a 1 $infin1tesi$ ma 1

au $t$ omo rph $i$ sm $v$ of ? is a transversa 1 co nformal fi eld o

? $if$ and $on1y$ $if$ $B_{D}(v)$
$=$ $0$

f

3. Proof of Theorem

By Propo $s$ I $tio$ ns 3 and 4, 1 $t$ $is$ $i$ mmed $i$ a $te$ tha $t$ a

$t$ ransvers al con fo rmal fi eld of ? sat 1 sf $i$ es the cond itl ons

(i) and $(ii)$ . Conversely, we assume that a transversal

infini tes imal au tomorph ism $v$ of ? satisfies the cond $i$ tions

(i) and $(ii)$ . We $fi$ rs $t$ no $te$ tha $t$ , by Propos $iti$ on 2, we have

$\int_{M}$ { $Ric_{D}(v)$
$-$ Tr $tA_{D}(v)A_{D}(v)$ $+\frac{1}{2}$ Tr $(A_{D}(v) + tA_{D}(v) )$

2

$(div_{D}v)2$ $+$ $div_{D}(A_{D}(v)\cdot)2$ $+$

$div_{D}((div_{D}v)v)$ } $dM=$ $0$

By the cond $ition$ (i) and $Ric_{D}(v)$
$=$

$g_{Q}$ $( \rho_{D}(v), v )$ , we have

$\int_{M}Ric_{D}(v)$ $dM=$ $\langle\langle \Delta_{D}v, v \rangle\rangle-$ $\langle\langle D_{\sigma(\tau)}v, v \rangle\rangle$

$(1 -\frac{2}{q} )\langle\langle grad_{D}div_{D}v. v \rangle\rangle$

By di rec $t$ cal cul at 1 on, we have for $vE$ $\ulcorner(Q)$

$g_{Q}$
( $grad_{D}div_{D^{V}}$ , v) $=$ $div_{D}($

Thus we have

(1) $\int_{M}Ric_{D}(v)$ $dM$ $=$ $\langle\langle$

$\Delta_{D}$ . , .
$(div_{D}v)$ . ) $(div_{D}v)2$

$\rangle\rangle$ $-$ $\langle\langle D v, v \rangle\rangle$
$\sigma(\tau)$

$(1 -Lq )\int_{M}div_{D}( ( div_{D}v))$ $dM$

$(1 -\frac{2}{q} )\int_{M^{\backslash }}(div_{D}v)2$ $dM$

By $dir$ ec $t$ cal cu 1 a $tion$ , we al $so$
‘

have $for$ $v$ $E$ $\ulcorner(Q)$
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Tr $tA_{D}(\vee)A_{D}(v)$ $=$
$\Sigma_{a,b}$ $g^{ab}g_{Q}( D_{X_{a}}v, D_{X_{b}}. )$

wh $i$ ch $i$ mp 1 $ies$

(2) $\int_{M}$ Tr $tAD(v)AD(\cdot)$ $dM$ $=$ \langle \langle Dv, Dv $\rangle\rangle$

We have , by Green ‘
$s$ Theo rem,

$\int_{M}div_{D}$ $( A_{D}(v)v )$ $dM$ $=$ $\langle\langle A_{D}(v)v, \tau \rangle\rangle$

$\int_{M}div_{D}$ $( (div_{D}v)v )$ $dM=$ $\langle\langle (div_{D}v)\cdot, \tau \rangle\rangle$

On the $0$ ther hand, we $t\iota$ ave

$-g_{Q}$ $( D_{\sigma(\tau)}\cdot, v )$ $=g_{q}( tA_{D}(v)v, \tau )$

Thus we have

(3)
$\langle\langle A_{D}(\cdot)v, \tau \rangle\rangle$

$-$
$\langle\langle D_{\sigma(\tau)}v, v \rangle\rangle$

$=$ $\langle\langle ( A_{D}(v) + tA_{D}(v) )\cdot, \tau \rangle\rangle$

By direct calculation, we have

Tr $( A_{D}(v) + t_{A_{D}()} )$

wh $i$ ch $i$ mp 1 $i$ es

(4) Tr $(B_{D}(v) )$
2

$=$ Tr $(A_{D}(\cdot)$

$=$ 2 $dlv_{D}v$

$+$ $tA_{D}()$ )2 $+\frac{4}{q}$ $(div_{D}\cdot)2$

$+\frac{4}{q}$ $( div_{D}. )$ Tr $( A_{D}(\cdot) + tA_{D}(v) )$

$=$ Tr $(A_{D}(v) + tA_{D}(\cdot) )$
2

$-\frac{4}{q}$ $(div_{D}\cdot)2$

By Propo $sition$ 1, (1), (2), (3) and (4), we $h$ ave

$0$
$=\int_{M}$ { $Ric_{D}(\cdot)$

$-$ Tr $tA_{D}(\cdot)A_{D}(\cdot)$ $+\frac{1}{2}$ Tr $(A_{D}(v) + tA_{D}(\cdot) )$
2
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( $div_{D^{V)}}2$ $+$
$div_{D}$

( A $(\vee)v$
$D$

) $+$
$div_{D}((div_{D}\vee)\cdot)$ } $dM$

$=$ $\langle\langle \Delta_{D}v, v \rangle\rangle$
$-$

$\langle\langle D_{\sigma(\tau)}\cdot’ v \rangle\rangle$

$(1 -\frac{\underline{9}}{q})$
$\int_{\backslash \{}d$ \ddagger $v_{D}\langle(d1v_{D}v)v)$ $dM+$ $(1 -\frac{\underline{9}}{q})$ $\int_{M}$ $(div_{D}v)2$ $dM$

- \langle \langle DV, DV $\rangle\rangle$ $+12\int_{M}$ Tr $(A_{D}(\cdot) + tAD(\cdot) )$
2

$dM$

$-\int_{M}$
$(div_{D}\cdot)2$ $dV+$ $\langle\langle A_{D}(v)\cdot, \tau \rangle\rangle$ $+\int_{w}div_{D}((div_{D}v))$ $dM$

$=$ $\langle\langle ( A_{D}(\cdot) + t_{A_{D}(\cdot)} )v, \tau \rangle\rangle$ $+\frac{2}{q}\int_{M}div_{D}((div_{D}v)\cdot)$
$dM$

$+\frac{1}{2}$ { $\int_{M}$ Tr (
$AD^{(\cdot)}$

$+$ $t_{A_{D^{(\cdot)}}}$ )2 $dM-\frac{4}{q}\int_{M}$ $(div_{D}v)2dM$ }

$=$ $\langle$ $\langle$ $( A_{D}(v) + tA_{D}(v) )\cdot$ , $\tau$

$+\frac{1}{2}\int_{M}$ Tr $( B_{D}(\cdot) )$
2

$dM$

$=$ $\langle\langle B_{D}(\cdot)\cdot, \tau \rangle\rangle$ $+\frac{1}{2}\int_{M}\dot{T}r$

By $(ii)$ $in$ Th $eo$ rem, we have

$\rangle\rangle+\frac{2}{q}$ $\langle\langle (div_{D}\cdot)\cdot, \tau \rangle\rangle$

$( B_{D}(\cdot) )$
2

$d\aleph$

(5) $\int_{N}$ Tr $( B_{D}(v) )2$ $dM=$ $0$

Since the operator $B_{D}()$ is symmetric, (5) implies that

$B_{D}(\cdot)$
$=$ $0$ Therefore, by Propos $i$ tion 4, . is a transversal

co nformal fie ld of $r_{l}$ .

4. Remar $k$

On a $no$ n-compac $t$ $fo1i$ a $t$ ed Rl emann $i$ an man $ifo1d$ $(M, g_{M}, ?)$ ,

there exists a transversal infini tesimal automorphism of ?
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$s$ a $t1sf$ yl $ng$ $the$ $co$ nd $it1ons$ (i) and $(ii)$ $in$ Theo rem, bu $t$ wh 1 ch

is no $t$ a trans ve rsal conforma 1 fi eld of ? Fo $r$ examp 1 $e$ ,

$\iota_{\iota}’ e$ $h$ ave $t$ he $fo11owi$ ng.

Le $t$ $M$ $=$
$R^{1}$ X $R^{3}$ be a $pr$ oduc $t$ man $ifo1d$ $wi$ th a me $tric$

$f^{2}\cdot(d_{X)}^{12}$
$+$ $\Sigma_{a=2}^{4}$

$(dx^{a2})$

where $(x^{1} x^{23} x, x^{4})$ is a co $0$ rd $i$ na $te$ sys $t$ em of $M$ , $(x^{1})$

and $(x^{2}, x^{3}, x^{4})$ being coordinate sytems of $R^{1}$ and $R^{3}$

respectively, and $f$ $=$
$f(x^{2}, x^{3}, x^{4})$ $=$ exp $( x^{3} - x^{4})$ . The

$f$ am $i1y$ { $R^{1}$ X $tt$ } }
$t$

$\epsilon R^{3}$ de $fi$ nes a $fo1i$ a $tion$ ? on $M$ $for$

which the metric is a bundle-like metric. We consider a

vector field $Y$ on $M$ defined by

$Y=$ $x^{2}8/8x^{2}$ $+\Theta/8x^{3}$ $+a/a_{x^{4}}$

Then $Y$ is an infinitesimal automorphism of ? so that $Y$

induces a transversal infinitesimal automorphism . $=\pi(Y)$

of ? , that is,. $=x2\pi(a/8x^{2})$ $+\pi(8/a_{X}^{3})$ $+\pi(8/8x^{4})$ .
The tension field $\tau$ of ? is given by

$\tau=$
$-\pi(\Theta/8x^{3})$ $+\pi(\Theta/a_{X}^{4})$ .

Then we have

$D_{\sigma(\tau)}v$
$=$ $0$ , $D_{\sigma(\cdot)}v$

$=$
$x^{2}\pi(\Theta/\partial x^{2})$

$g_{Q}$ $( v, \tau )$
$=$ $0$ , $div_{D}v$ $=$ 1 .

$g_{Q}($ $(A_{D}(\vee)$
$+$ $t_{A_{D}(\cdot))v}$ $\tau$

$=$ $-$

$g_{Q}$ $( D_{\sigma(v)}v, \tau )$
$-$

$g_{Q}( D_{\sigma(\tau)}v, . )$
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$=$ $0$

Thus we have

(6) $g_{Q}( B_{D}(\cdot)\cdot, \tau )$

$=g_{Q}$
( $($

$A_{D}(v)$ $+AtD(\cdot)$ $+$ ( 1 $-\frac{2}{3}$ ) $(div_{D}\cdot)$ I ) $v$ , $\tau$ )

$=$ $0$

On the other hand, we have

$\rho_{D}(v)$
$=$ $0$ ,

$D_{\sigma(\tau)}v+$ $\rho_{D}()$
$+$ ( 1

$\Delta_{D}v=$
$0$ .

Thus we have

- $\frac{2}{3}$ ) $grad_{D}div_{D}v=$ $0$ ,

(7)
$\Delta_{D}$ . $=D_{\sigma(\tau)}$ . $+$

$\rho_{D}(v)$
$+$ $( 1 -\frac{2}{3} )$ $grad_{D}div_{D}v$

By (6) and (7), $v$ $s$ a $tisfi$ es (i) and $(ii)$ $in$ Theorem. Bu $t$ we

$h$ ave

$( 9(Y)g_{Q} )$ $( \pi(8/8x^{2}), \pi(\Theta/8x^{2})$ ) $=$ $2$

( 9(Y)
$g_{Q}$

) $( \pi(\ominus/\Theta x^{3}) \pi(a/ax^{3}) )$ $=$ $0$

Hence . $=\pi(Y)$ is not a transversal conformal field of ? .
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