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JOINT SPECTRA OF DOUBLY COMMUTING $n$-TUPLES
OF OPERATORS AND THEIR ALUTHGE TRANSFORMS

M. CH\={O}*, I. H. JEON**, AND J. I. LEE

Abstract.
We show equalities of various joint spectra of doubly commuting n-tuples of arbitrary

operators and their Aluthge transforms, which enable us to extend recent results proved
by Jung, Ko, and Pearcy ([12]) for a single operator. Then we give its applications to the
class of p-hyponormal operators that the partial isometry part in its polar decomposition
is unitary.

1. Introduction. Let $B(\mathcal{H})$ denote the algebra of all bounded linear operators on a
separable infinite dimentional complex Hilbert space $\mathcal{H}$ . An operator $A\in B(\mathcal{H})$ has an
unique polar decoposition $A=U|A|$ , where $|A|=(A^{*}A)^{1/2}$ and $U$ is a partial isometry
with the initial space the closure of the range of $|A|$ and the final space the closure of
the range of $A$ . In the context of p-hyponormal operators(to be defined later), Aluthge
([1]) has introduced an operator $\overline{A}=|A|^{1/2}U|A|^{1/2}$ associated with $A$ . We remark that
for a $*$-homomorphism $\pi$ from a $C^{*}$-algebra containing an operator $A$ to a $C^{*}$ -algebra,
the image $\pi(A)=\pi(U)\pi(|A|)$ is not generally the polar decomposition. Then we need to
consider a decomposition with a weaker condition. Let $A=V|A|$ with partial isometry $V$ .
Since $|A|V^{*}V|A|=|A|^{2}=|A|U^{*}U|A|,$ $V^{*}V$ and $U^{*}U$ are projections, we have Ker(V) $\subseteq$

$Ker(U)$ . And since $Ker(U)=Ker(|A|)$ , we have Ker(V) $\subseteq Ker(|A|)$ . Moreover, we have
$\overline{A}=|A|^{1/2}U|A|^{1/2}=|A|^{1/2}V|A|^{1/2}$ , because $U|A|^{1/2}=V|A|^{1/2}$ .

In a vast literature this Aluthge transform have been used as a useful tool to study
p-hyponormal operators ([1],[3],[8],[9],[11]). Most of all these studies were accomplished in
a special case that the partial isometry $U$ in the polar decomposition $A=U|A|$ is unitary.
Recently, however, Jung, Ko, and Pearcy ([12]) derived equalities of various spectra of an
arbitrary operator and its associated Aluthge transform, and gave some applications about
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‘the invariant subspace problem’ to p-hyponormal operators. Throughout this paper we let
$A=$ $(A_{1}, \cdots , A_{n})$ denote a commuting n-tuple of operators and denote $A^{*}=(A_{1}^{*}, \cdots A_{n}^{*})$ ,
$\overline{A}=(\overline{A_{1}}, \cdots\overline{A_{n}})$ and $(\overline{A})^{*}=((\overline{A_{1}})^{*}, \cdots (\overline{A_{n}})^{*})$ . If $A_{i}A_{j}=A_{j}A_{i}$ and $A_{i}^{*}A_{j}=A_{j}A;$ , for
every $i\neq j$ , then $A=$ $(A_{1}, \cdots , A_{n})$ is said to be a doubly commuting n-tuple. In this paper
we extend all equalities of various spectra of arbitrary operator and its Aluthge transform
proved in [12, Theorem 1.3] to doubly commuting n-tuples of arbitrary operators and their
Aluthge transforms. Then we give its applications to doubly commuting n-tuples of p-
hyponormal operators that the partial isometry part in its polar decomposition is unitary,
which enable us to generalize or recapture most of al results proved in [3], [9], and [11].
Let’s review definitions ([6], [7]) of joint spectra of a commuting n-tuple $A=(A_{1}, \cdots A_{n})$

of operators in $B(\mathcal{H})$ . If there exists a non-zero vector $x$ such that

$(A_{i}-\lambda_{i})x=0$ for every $i=1,$ $\cdots n$ ,

then $\lambda=$ $(\lambda_{1}, \cdots , \lambda_{n})\in \mathbb{C}^{n}$ is caled a joint eigenvalue of A and the joint point spectrum,
denoted by $\sigma_{p}(A)$ , of A is the set of all joint eigenvalues of A. The joint approximate point
spectrum, denoted by $\sigma_{ap}(A)$ , of A is the set of all points $\lambda=(\lambda_{1}, \cdots\lambda_{n})\in \mathbb{C}^{n}$ such that
for a sequence $\{x_{k}\}$ of unit vectors

$||(A_{i}-\lambda_{i})x_{k}||\rightarrow 0$ as $ k\rightarrow\infty$ for every $i=1,$ $\cdots n$ .

Sometimes we can deal with questions on the approximate point spectrum by looking at the
situation for the point spectrum. To do so, we often use a technique, so called ‘Berberian
extension’, as follows:

PROPOSITION A. Let $\mathcal{H}$ be a Hilbert space. Then there exist a Hilbert space $\mathcal{H}^{o}\supset \mathcal{H}$ and
an isometric $*$-isomo$rp$hism of $B(\mathcal{H})$ into $B(\mathcal{H}^{o}).\cdot A_{i}\leftrightarrow A_{i}^{o}$ presentng the order such that
$\sigma_{ap}(A_{i})=\sigma_{ap}(A_{i}^{o})=\sigma_{p}(A^{o})$ . Furthermore, if $A=(A_{1}, \cdots A_{n})$ and $A^{o}=(A_{1}^{o}, \cdots , A_{n}^{o})$ ,
then $\sigma_{ap}(A)=\sigma_{ap}(A^{o})=\sigma_{p}(A^{o})$

For a proof, see [2, Proposition 1] or [14].

2. Joint spectra of operators and their Aluthge transforms. In this section we
shall give a joint spectral version of Theorem 1.3 in [12]. We first begin with the following
lemmas:

LEMMA 1. Let $A=(A_{1}, \cdots A_{n})$ be a doubly commuting n-tuple of operators in $B(\mathcal{H})$ .
Then there exists an n-tuple $(V_{1}, \cdots V_{\mathfrak{n}})$ of partial isometries such that $A_{i}=V_{i}|A_{i}|(i=$

$1,$ $\cdots n$) $,\overline{A}=(\overline{A}_{1}, \cdots\tilde{A}_{n})$ is also a doubly commuting n-tuple and

(1) $V_{i},$ $V_{i}^{*}$ and $|A_{i}|$ commute with $V_{j},$ $V_{j}^{*}$ and $|A_{j}|$ for every $i\neq j$ .
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Proof. It immediately follows from Theorem 2 in [10] and the similar arguments of the
proof of Lemma 1 in [9]. $\square $

LEMMA 2. Let $A=(A_{1}, \cdots A_{n})$ be doubly commuting and $A_{i}=V_{i}|A_{i}|$ be a polar de-
composition of $A_{i}$ with partial isometry satisfying (1)

$(i=1, \cdots n)$
. If $(\prod_{1\leq i\leq n}|A_{i}|^{1/2})x\neq$

$0$ , then
$(\prod_{1\leq i\leq n}V_{i}|A_{i}|^{1/2})x\neq 0$

.

Proof. If
$V_{1}(\prod_{1\leq i\leq n}|A_{i}|^{1/2})x=0$

, then
$|A_{1}|^{1/2}(\prod_{1\leq i\leq n}|A_{i}|^{1/2})x=0$

because $Ker(V_{1})\subseteq$

$Ker(|A_{1}|^{1/2})$ . Hence we have

$|A_{1}|(\prod_{2\leq i\leq n}|A_{i}|^{1/2})x=0$
and

$(\prod_{1\leq i\leq n}|A_{i}|^{1/2})x=0$
.

It’s a contradiction. Since

$V_{1}(\prod_{1\leq i\leq n}|A_{i}|^{1/2})x=|A_{2}|^{1/2}V_{1}|A_{1}|^{1/2}(\prod_{3\leq i\leq n}|A_{i}|^{1/2})x\neq 0$
,

similarly we have

$V_{2}|A_{2}|^{1/2}V_{1}|A_{1}|^{1/2}(\prod_{3\leq i\leq n}|A_{i}|^{1/2})x\neq 0$
.

${\rm Re} peating$ this process, we have

$(\prod_{1\leq i\leq n}V_{i}|A_{i}|^{1/2})x\neq 0$
. $\square $

THEOREM 3. If $A=$ $(A_{1}, \cdots , A_{n})$ is a doubly commuting n-tuple of opemtors in $B(\mathcal{H})$ ,
then

(2) $\sigma_{p}(A)=\sigma_{p}(\tilde{A})$ and $\sigma_{ap}(A)=\sigma_{ap}(\overline{A})$ .

Proof. For the first equality of (2), let $\lambda=(\lambda_{1}, \cdots\lambda_{n})\in\sigma_{p}(A)$ . Let a non-zero
vector $x\in \mathcal{H}$ be $A_{i}x=\lambda_{i}x$ for every $i=1,$ $\cdots n$ . We may, without loss of generality,
assume that $\lambda_{1},$ $\cdots$ $\lambda_{k}$ are non-zero and $\lambda_{k+1}=\cdots=\lambda_{n}=0$ . Let $I_{1}=\{1, \cdots k\}$ and
$I_{2}=\{k+1, \cdots n\}$ . Put $y=\prod_{s\in I_{1}}|A_{s}|^{1/2}x$ . Since every $\lambda_{i}\neq 0(i\in I_{1})$ , we have $y\neq 0$ .
Since $\overline{A_{i}}|A_{i}|^{1/2}=|A_{i}|^{1/2}A_{i}$ and $|A_{i}||A_{j}|=|A_{j}||A_{i}|$ for every $i\neq j$ , for each $i\in I_{1}$ ,

$\overline{A_{i}}y=\prod_{s(\neq i)\in I_{1}}|A_{s}|^{1/2}\cdot\overline{A_{i}}|A_{i}|^{1/2_{X}}$

(3) $=\prod_{s(\neq i)\in I_{1}}|A_{s}|^{1/2}\cdot|A_{i}|^{1/2}A_{i}x$

$=\lambda_{i}\cdot\prod_{s\in I_{1}}|A_{s}|^{1/2}x=\lambda_{i}y$
.
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On the other hand, for each $i\in I_{2}$ ,

$A_{i}x=0\Rightarrow|A_{i}|^{1/2}x=0\Rightarrow\overline{A_{i}}x=0$ .

So, for each $i\in I_{2}$ ,

(4)
$\overline{A_{i}}y=\overline{A_{i}}\cdot\prod_{s\in I_{1}}|A_{s}|^{1/2}x=\prod_{s\in I_{1}}|A_{s}|^{1/2}\cdot\overline{A_{i}}x=0$

.

Therefore by (3) and (4) we have that $\lambda\in\sigma_{p}(\tilde{A})$ .
Conversely, let $\mu=(\mu_{1}, \cdots\mu_{\mathfrak{n}})\in\sigma_{p}(\overline{A})$ and let a non-zero vector $u\in \mathcal{H}$ be $\overline{A_{i}}u=\mu_{i}u$

for every $i=1,$ $\cdots n$ . We may, without loss of generality, assume that $\mu_{1},$ $\cdots\mu_{k}$ are
non-zero and $\mu_{k+1}=\cdots=\mu_{n}=0$ . Let $I_{1}=\{1, \cdots , k\}$ and $I_{2}=\{k+1, \cdots n\}$ . We may
only prove following three cases $(a),$ $(b)$ and $(c)$ :

$(a)$ If $|A_{\ell}|^{1/2}u=0$ for every $t\in I_{2}$ , let
$v_{1}=\prod_{i\in I_{1}}V_{i}|A_{i}|^{1/2}u$

. Since every $\mu_{i}\neq 0(i\in I_{1})$ ,

we have $v_{1}\neq 0$ .
For $j\in I_{1}$ , we have

$A_{j}v_{1}=\prod_{i\in I_{1}}V_{i}|A_{i}|^{1/2}\cdot(\overline{A_{j}}u)=\mu_{j}v_{1}$
.

For $j\in I_{2}$ , it is easy to see that $A_{j}v_{1}=0$ . Hence we have $\mu\in\sigma_{p}(A)$ .
$(b)$ If

$\prod_{t\in I_{2}}$ I $A_{t}|^{1/2}u\neq 0$ , let
$v_{2}=\prod_{1\leq:\leq n}V_{i}|A_{i}|^{1/2}u$

. Since every $\mu_{i}\neq 0(i\in I_{1})$ , we have

$v_{2}\neq 0$ by Lemma 2.
For every $j=1,$ $\cdots$ $n$ , we have

$A_{j}v_{2}=\prod_{1\leq i\leq n}V_{i}|A_{i}|^{1/2}\cdot(\overline{A_{j}}u)=\mu_{j}v_{2}$
. Hence we have

$\mu\in\sigma_{p}(A)$ .
$(c)$ If there exists $\ell(k<P<n)$ such that $|A_{k+1}|^{1/2}\cdots|A_{\ell}|^{1/2}u\neq 0$ and
$|A_{k+1}|^{1/2}\cdots|A_{\ell}|^{1/2}|A_{s}|^{1/2}u=0$ for every $s=\ell+1,$ $\cdots n$ , let

$v_{3}=\prod_{1\leq i\leq\ell}V_{i}|A_{i}|^{1/2}u$
.

Since every $\mu_{i}\neq 0(i\in I_{1})$ , we have $v_{3}\neq 0$ by Lemma 2.
For $ 1\leq j\leq\ell$ , we have

$A_{j}v_{2}=\prod_{1\leq i\leq\ell}V_{1}|A_{i}|^{1/2}\cdot(\overline{A_{j}}u)=\mu_{j}v_{3}$
.

For $\ell+1\leq s\leq n$ ,

$A_{s}v_{3}=V_{s}|A_{s}|^{1/2}\cdot\prod_{i\in I_{1}}V_{i}|A_{i}|^{1/2}\cdot\prod_{k+1\leq t\leq\ell}V_{t}\cdot(|A_{k+1}|^{1/2}\cdots|A_{\ell}|^{1/2}|A_{s}|^{1/2}u)=0$
.

Hence we have $A_{s}v_{3}=0$ and $\mu\in\sigma_{p}(A)$ .
Therefore, by $(a),$ $(b)$ and $(c)$ we have that $\mu\in\sigma_{p}(A)$ . On the other hand, using

Proposition A and just proved the first equality of (2), it is easy to prove the second
equality of (2). Indeed, we have

$\sigma_{ap}(A)=\sigma_{p}(A^{o})=\sigma_{p}(\overline{A}^{o})=\sigma_{ap}(\overline{A})$ $\square $
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THEOREM 4. If $A=(A_{1}, \cdots A_{n})$ is a doubly commuting n-tuple of operators in $B(\mathcal{H})$ ,

then

(5) $\sigma_{p}(A^{*})\backslash [0]=\sigma_{p}((\overline{A})^{*})\backslash [0]$ and $\sigma_{ap}(A^{*})\backslash [0]=\sigma_{ap}((\overline{A})^{*})\backslash [0]$ ,

where $[0]=$ { $\lambda=(\lambda_{1},$ $\cdots$ $\lambda_{n})\in \mathbb{C}^{n}$ : $\lambda_{i}=0$ for at least one $i\in I=\{1,$ $\cdots$ $n\}$ }.

Proof. Suppose $\lambda=$ $(\lambda_{1}, \cdots , \lambda_{n})\in\sigma_{p}(A^{*})\backslash [0]$ . Let a non-zero vector $x\in \mathcal{H}$ satisfy
$A_{i}^{*}x=\lambda_{i}x$ for every $i\in I$ . Put $y=\prod_{j\in I}|A_{j}|^{1/2}U_{j}^{*}x$ . Since every $\lambda_{i}\neq 0(i\in I)$ , we have
$y\neq 0$ . Since $(|A_{i}|^{1/2}V_{i}^{*})A_{i}^{*}=(\overline{A_{i}})^{*}(|A_{i}|^{1/2}U_{i}^{*})$ , we have

$(\overline{A_{i}})^{*}y=\prod_{j(\neq i)\in I}|A_{j}|^{1/2}V_{j}^{*}\cdot(\overline{A_{i}})^{*}|A_{i}|^{1/2}V_{i}^{*}x$

$=\prod_{j(\neq i)\in I}|A_{j}|^{1/2}U_{j}^{*}\cdot|A_{i}|^{1/2}V_{i}^{*}A_{i}^{*}x=\prod_{j(\neq i)\in I}|A_{j}|^{1/2}U_{j}^{*}\cdot|A_{i}|^{1/2}V_{i}^{*}\lambda_{i}x$

$=\lambda_{i}\prod_{j\in I}|A_{j}|^{1/2}V_{j}^{*}x=\lambda_{i}y$
.

Thus $\lambda\in\sigma_{p}((\overline{A})^{*})\backslash [0]$ .
Conversely, suppose that $\mu=(\mu_{1}, \cdots \mu_{n})\in\sigma_{p}((\overline{A})^{*})\backslash [0]$ . Let a non-zero vector $u\in \mathcal{H}$

satisfy $(\overline{A_{i}})^{*}u=\mu_{i}u$ for every $i\in I$ . Put $v=\prod_{j\in I}|A_{j}|^{1/2}u$ . Since every $\mu_{i}\neq 0(i\in I)$ ,

we have $v\neq 0$ . Similarly above we have

$A_{i}^{*}v=\mu_{i}v$ for every $i\in I$ .

Thus $\mu\in\sigma_{p}(A^{*})\backslash [0]$ , and so the first equality of (5) holds. On the other hand, using
Propositon A and just the proof of the first equality of (5), it is easy to prove the second
equality of (5). Indeed, we have

$\sigma_{ap}(A^{*})\backslash [0]=\sigma_{p}(A^{*O})\backslash [0]=\sigma_{p}((\overline{A})^{*0})\backslash [0]=\sigma_{ap}((\overline{A})^{*})\backslash [0]$ .

Hence the proof is complete. $\square $

Reca11([6], [7], [9]) that the left (right) joint spectrum, denoted by $\sigma^{\ell}(A)(\sigma^{r}(A))$ , of

A is defined by the set of all points $\lambda=(\lambda_{1}, \cdots\lambda_{n})\in \mathbb{C}^{n}$ such that $\{A_{i}-\lambda_{i}\}_{1\leq i\leq n}$

generates a proper left (right) ideal in the algebra $B(\mathcal{H})$ . It is well known ([6], [7]) that,

for a commuting n-tuple A of operators in $B(\mathcal{H})$ ,

(6) $\sigma^{\ell}(A)=\sigma_{ap}(A)$ and $\sigma^{r}(A)=\overline{\sigma_{ap}(A^{*})}$ .
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Thus the second equalities of (2) and (5), respectively, can be written as follows:

(7) $\sigma^{\ell}(A)=\sigma^{\ell}(\overline{A})$ and $\sigma^{r}(A)\backslash [0]=\sigma^{r}(\tilde{A})\backslash [0]$ .

Let $K(\mathcal{H})$ be the set of all compact operators on $\mathcal{H}$ and $C(\mathcal{H})=B(\mathcal{H})/K(\mathcal{H})$ be the Calkin
algebra with the canonical map $\pi$ : $B(\mathcal{H})\rightarrow C(\mathcal{H})$ . Then the left (right) joint essential
spectrum, denoted by $\sigma_{e}^{\ell}(A)(\sigma_{e}^{r}(A))$ , of A is defined by

$\sigma_{e}^{\ell}(A)=\sigma^{\ell}(\pi(A))(\sigma_{e}^{r}(A)=\sigma^{r}(\pi(A)))$ , where $\pi(A)=(\pi(A_{1}), \cdots\pi(A_{n}))$ .

COROLLARY 5. If A $=(A_{1}, \cdots A_{n})$ is a doubly $\omega mmuting$ n-tuple of operators in
$B(\mathcal{H})$ , then

(8) $\sigma_{e}^{\ell}(A)=\sigma_{e}^{\ell}(\tilde{A})$ and $\sigma_{e}^{r}(A)\backslash [0]=\sigma_{\epsilon}^{r}(\tilde{A})\backslash [0]$ .

Proof. For the first equality of (8), let $\rho$ be a faithful representation of the $C^{*}$-algebra
generated by $\pi(A_{1}),$ $\cdots\pi(A_{n})$ and $\pi(I)$ on a Hilbert space $\mathcal{H}_{\rho}$ . By Theorem 3 and (7),
$\sigma^{\ell}(\rho(\pi(A)))=\sigma^{\ell}(\rho(\pi(\tilde{A})))$ . Since by the spectral permanence of $\sigma^{\ell}$ (see [5]), we have

$\sigma^{\ell}(\rho(\pi(A)))=\sigma^{\ell}(\pi(A))=\sigma_{e}^{\ell}(A)$ and $\sigma^{\ell}(\rho(\pi(\tilde{A})))=\sigma^{p}(\pi(\overline{A}))=\sigma_{e}^{\ell}(\tilde{A})$ ,

and so $\sigma_{e}^{\ell}(A)=\sigma_{e}^{\ell}(\overline{A})$ . For the second equality of (8), using $Th\infty rem3$ and (7), a similar
proof can be given. $\square $

3. Applications. In this section we shall restrict our view to special classes of opera-
tors. First, we let $\mathcal{U}$ denote the class of operators $A\in B(\mathcal{H})$ that the partial isometry $U$ in
the polar decomposition $A=U|A|$ is unitary. For operators in $\mathcal{U}$ we have an improvement
of Theorem 4 and the second equality in Corollary 5 as folows:

THBOREM 6. If A $=$ $(A_{1}, \cdots , A_{n})$ is a doubly commuting n-tuple of opemtors in $\mathcal{U}$ ,
then

(9) $\sigma_{p}(A^{*})=\sigma_{p}((\tilde{A})^{*}),$ $\sigma_{ap}(A^{*})=\sigma_{ap}((\tilde{A})^{*})$ , and $\sigma_{e}^{r}(A)=\sigma_{e}^{r}(\tilde{A})$ .

Proof. To prove the first equality of (9), in the view of Theorem 4, it suffices to show
that

$\lambda=(\lambda_{1}, \cdots\lambda_{n})\in[0]\cap\sigma_{p}(A^{*})\Leftrightarrow\lambda=(\lambda_{1}, \cdots\lambda_{n})\in[0]\cap\sigma_{p}((\tilde{A})^{*})$ .
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Let $\lambda=(\lambda_{1}, \cdots \lambda_{n})\in[0]\cap\sigma_{p}(A^{*})$ . Let a non-zero vector $x\in \mathcal{H}$ satisfy $A_{i}^{*}x=\lambda_{i}x$

for every $i=1,$ $\cdots n$ . Then from the definition of the set $[0]$ , without loss of generality,
we may let $\lambda_{1},$ $\cdots$ $\lambda_{k}$ be non-zero and $\lambda_{k+1}=\cdots=\lambda_{n}=0$ . Let $I_{1}=\{1, \cdots k\}$ and
$I_{2}=\{k+1, \cdots n\}$ . Let $y=\prod_{s\in I_{1}}|A_{s}|^{1/2}U_{s}^{*}\cdot\prod_{t\in I_{2}}U_{t}^{*}x$ . Since every $\lambda_{i}\neq 0(i\in I_{1})$ and
every $U_{t}$ is unitary $(t\in I_{2})$ , we have $y\neq 0$ . For $1\leq i\leq k$ ,

$(\overline{A_{i}})^{*}y=|A_{i}|^{1/2}U_{i}^{*}|A_{i}|^{1/2}y=\prod_{s\in I_{1}}|A_{s}|^{1/2}U_{s}^{*}\cdot\prod_{t\in I_{2}}U_{t}^{*}(A_{i}^{*}x)=\lambda_{i}y$
.

For $k+1\leq i\leq n$ ,

$(\overline{A_{i}})^{*}y=\prod_{s\in I_{1}}|A_{s}|^{1/2}U_{s}^{*}\cdot\prod_{t(\neq i)\in I_{2}}U_{t}^{*}\cdot|A_{i}|^{1/2}U_{i}^{*}(|A_{i}|^{1/2}U_{i}^{*}x)=0$
,

because $|A_{i}|^{1/2}U_{i}^{*}x=0$ . Therefore, we have $\lambda\in[0]\cap\sigma_{p}((\tilde{A})^{*})$ and $\sigma_{p}(A^{*})\subseteq\sigma_{p}((\overline{A})^{*})$ .

Next we prove the reverse inclusion. Let $\mu=(\mu_{1}, \ldots, \mu_{n})\in[0]\cap\sigma_{p}((\overline{A})^{*})$ . And let
a non-zero vector $u$ be $(\overline{A_{i}})^{*}u=\mu_{i}u(i=1, \ldots, n)$ . We may assume that $\mu_{1},$

$\ldots,$
$\mu_{k}$ are

non-zero and $\mu_{k+1}=\cdots=\mu_{n}=0$ . Let $I_{1}=\{1, \cdots k\}$ and $I_{2}=\{k+1, -- , n\}$ . We may
only prove following three cases $(a),$ $(b)$ and $(c)$ :

$(a)$ If I $A_{j}|^{1/2}u=0$ for every $j\in I_{2}$ , let
$v_{1}=\prod_{i\in I_{1}}|A_{i}|^{1/2}\cdot\prod_{t\in I_{2}}U_{\ell}u$

. Since every $U_{\ell}$ is

unitary $(t\in I_{2})$ , we have $v_{1}\neq 0$ .
For $j\in I_{1}$ ,

$A_{j}^{*}v_{1}=\prod_{i\in I_{1}}|A_{i}|^{1/2}\cdot\prod_{t\in I_{2}}U_{\ell}\cdot((\overline{A_{j}})^{*}u)=\mu_{j}v_{1}$
.

For $j\in I_{2}$ ,

$A_{j}^{*}v_{1}=\prod_{i\in I_{1}}|A_{j}|^{1/2}\cdot\prod_{t(\neq j)\in I_{2}}U_{t}\cdot|A_{j}|^{1/2}(|A_{j}|^{1/2}u)=0$
.

Hence we have $\mu\in\sigma_{p}(A^{*})$ .
$(b)$ If

$\prod_{1\in I_{2}}$ I $A_{i}|^{1/2}u\neq 0$ , let
$v_{2}=\prod_{1\leq i\leq n}|A_{i}|^{1/2}u$

. If $v_{2}=0$ , then we have
$\prod_{i\in I_{2}}|A_{i}|^{1/2}u=0$

since every $\mu_{j}\neq 0(j\in I_{1})$ . Hence, we have $v_{2}\neq 0$ .
For every $j=1,$ $\ldots,$

$n$ , we have

$A_{j}^{*}v_{2}=\prod_{1\leq i\leq n}$ I $A_{i}|^{1/2}((\overline{A_{j}})^{*}u)=\mu_{j}v_{2}$ .

Hence we have $\mu\in\sigma_{p}(A^{*})$ .
$(c)$ If there exists $\ell(k<\ell<n)$ such that $|Ak+1|^{1/2}\cdots|A\ell|^{1/2}u\neq 0$ and
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$|A_{k+1}|^{1/2}\cdots|A_{\ell}|^{1/2}|A_{s}|^{1/2}u=0$ for every $s=\ell+1,$ $\cdots n$ , let

$v_{3}=\prod_{i\in I_{1}}|A_{i}|^{1/2}\cdot\prod_{k+1\leq j\leq\ell}|A_{j}|^{1/2}\cdot\prod_{\ell+1\leq\ell\leq n}U_{t}u$
.

Since every $\mu_{i}\neq 0(i\in I_{1})$ and every $U_{t}$ is unitary $(\ell+1\leq t\leq n)$ , we have $v_{3}\neq 0$ . For
$1\leq s\leq P$ ,

$A_{s}^{*}v_{3}=\prod_{1\leq i\leq\ell}|A_{i}|^{1/2}\cdot\prod_{\ell+1\leq j\leq n}U_{j}\cdot((\overline{A_{s}})^{*}u)=\mu_{s}v$
.

For $P+1\leq s\leq n$ ,

$A_{s}^{*}v_{3}=\prod_{i\in I_{1}}|A_{i}|^{1/2}\cdot\prod_{\ell+1\leq j\leq n(j\neq s)}U_{j}\cdot|A_{s}|^{1/2}(|A_{k+1}|^{1/2}\cdots|A_{\ell}|^{1/2}|A_{s}|^{1/2}u)=0$
.

Therefore we have
$(\mu_{1}, \ldots, \mu_{n})\in[0]\cap\sigma_{p}(A^{*})$ .

Therefore, we have that $\sigma_{p}(A^{*})\supseteq\sigma_{p}((\tilde{A})^{*})$ . Hence we have the first equality of (9). For
the second equality of (9), using Proposition $A$ , we can easily prove it. Also, the third
equality of (9) immediately folows from Corollary 5. $\square $

An operator $A\in B(\mathcal{H})$ is called p-hyponormal if $(A^{*}A)^{p}-(AA^{*})^{p}\geq 0$ for some $ p\in$

$(0, \infty)$ . If $p=1,$ $A$ is said to be hyponormal and if $p=\frac{1}{2},$ $A$ is said to be semi-hyponormal
([14]). By the consequence of L\"owner’s inequality ([13]) if $A$ is p-hyponormal for some
$p\in(0, \infty)$ , then $A$ is also q-hyponormal for every $q\in(0,p$]. Thus we assume, without loss
of generality, that $p\in(0,1/2)$ . Let $\mathcal{H}\mathcal{U}(p)$ denote the class of p-hyponormal operators $A$

that the partial isometry $U$ in the polar decomposition $A=U|A|$ is unitary. Since the set
$\mathcal{U}$ properly contains the set $\mathcal{H}\mathcal{U}(p)$ , we have the following corollary:

COROLLARY 7. If A $=(A_{1}, \cdots A_{n})$ is a doubly commuting n-tuple of opemtors in
$\mathcal{H}\mathcal{U}(p)$ , then

$\omega(A)=\omega(\tilde{A})$ and $\omega(A^{*})=\omega((\tilde{A})^{*})$ ,

where $\omega(\cdot)$ denotes $\sigma_{p}(\cdot),$ $\sigma_{ap}(\cdot),$ $\sigma_{e}^{\ell}(\cdot)$ , and $\sigma_{e}^{r}(\cdot)$ , respectively.

REMARK. Now, we consider applicatons of results above to the calss of operators in
$\mathcal{H}\mathcal{U}(p)$ . It is well known([12, Lemma 1.10]) that if $A$ is p-hyponormal for some $p\in(0,1/2)$ ,

then its Aluthge transform $\tilde{A}$ is $(p+1/2)$-hyponormal and its double Aluthge transform
$\tilde{A}$ is hyponormal. Hence combining this fact with Corollary 7, we can easily generalize or
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recapture most of all results proved in [3], [9], and [11], and so we shall abbreviate the
details.
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