Nihonkai Math. J.
Vol.ll(2000), 7-96

JOINT SPECTRA OF DOUBLY COMMUTING n-TUPLES
OF OPERATORS AND THEIR ALUTHGE TRANSFORMS

M. Cuo*, I. H. JEON**, AND J. I. LEE

Abstract. '

We show equalities of various joint spectra of doubly commuting n-tuples of arbitrary
operators and their Aluthge transforms, which enable us to extend recent results proved
by Jung, Ko, and Pearcy ([12]) for a single operator. Then we give its applications to the
class of p-hyponormal operators that the partial isometry part in its polar decomposition
is unitary.

1. Introduction. Let B(H) denote the algebra of all bounded linear operators on a
separable infinite dimentional complex Hilbert space H. An operator A € B(H) has an
unique polar decoposition A = U|A|, where |A| = (A*A)Y/2 and U is a partial isometry
with the initial space the closure of the range of |A| and the final space the closure of
the range of A. In the context of p-hyponormal operators(to be defined later), Aluthge
([1]) has introduced an operator A = |A|/2U|A|'/2 associated with A. We remark that
for a *-homomorphism 7 from a C*-algebra containing an operator A to a C*-algebra,
the image 7(A) = m(U)7(]A|) is not generally the polar decomposition. Then we need to
consider a decomposition with a weaker condition. Let A = V|A| with partial isometry V.
Since |A|V*V|A| = |A|]? = |[A|U*U|A|, V*V and U*U are projections, we have Ker(V) C
Ker(U). And since Ker(U) = Ker(|A]), we have Ker(V) C Ker(]A|). Moreover, we have
A =|A[V2U|A|M? = |A|M2V|A|Y/?, because U|A|Y/2 = V|A|Y/2.

In a vast literature this Aluthge transform have been used as a useful tool to study
p-hyponormal operators ([1],[3],[8],(9],{11]). Most of all these studies were accomplished in
a special case that the partial isometry U in the polar decomposition A = U|A]| is unitary.
Recently, however, Jung, Ko, and Pearcy ([12]) derived equalities of various spectra of an
arbitrary operator and its associated Aluthge transform, and gave some applications about
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‘the invariant subspace problem’ to p-hyponormal operators. Throughout this paper we let
A = (A1, -+, Ap) denote a commuting n-tuple of operators and denote A* = (A}, --- , A}),
A= (A, --,A,) and (A)* = ((A1)*,---,(An)*). If A;A; = A;A; and ATA; = A, A?, for
every ¢ # j, then A = (A1,--- , Ay) is said to be a doubly commuting n-tuple. In this paper
we extend all equalities of various spectra of arbitrary operator and its Aluthge transform
proved in [12, Theorem 1.3] to doubly commuting n-tuples of arbitrary operators and their
Aluthge transforms. Then we give its applications to doubly commuting n-tuples of p-
hyponormal operators that the partial isometry part in its polar decomposition is unitary,
which enable us to generalize or recapture most of all results proved in [3], [9], and [11].
Let’s review definitions ([6], [7]) of joint spectra of a commuting n-tuple A = (A4;,--- , A,)
of operators in B(H). If there exists a non-zero vector = such that

(Ai = A)z=0 foreveryi=1,---,n,

then A = (A1, ,An) € C" is called a joint eigenvalue of A and the joint point spectrum,
denoted by 0,(A), of A is the set of all joint eigenvalues of A. The joint approzimate point
spectrum, denoted by 0,,(A), of A is the set of all points A = (A1,---,\,) € C" such that
for a sequence {zx} of unit vectors

[1(A; = A)zk]] =0 ask — oo foreveryi=1,---,n.

Sometimes we can deal with questions on the approximate point spectrum by looking at the
situation for the point spectrum. To do so, we often use a technique, so called ‘Berberian
extension’, as follows:

PROPOSITION A. Let H be a Hilbert space. Then there exist a Hilbert space H° D H and
an isometric *-isomorphism of B(H) into B(H®):A; — A{ preserving the order such that
Oap(Ai) = 0ap(A7) = 0p(A7). Furthermore, if A = (Ay,--- , A,) and A° = (A§,---,A2),
then 0ap(A) = 04p(A°) = 0p(A°)

For a proof, see 2, Proposition 1] or [14].

2. Joint spectra of operators and their Aluthge transforms. In this section we
shall give a joint spectral version of Theorem 1.3 in [12]. We first begin with the following

lemmas:
LEMMA 1. Let A = (A1, -+ , An) be a doubly commuting n-tuple of operators in B(M).
Then there exists an n-tuple (V1,--- ,V,.) of partial isometries such that A; = V;|A;| (i =

1,---,n), A= (Zl, ‘.- ,En) is also a doubly commuting n-tuple and

(1) Vi, V¥ and |Ai| commute with V;, V" and |A;| for everyi # j.
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Proof. It immediately follows from Theorem 2 in [10] and the similar arguments of the
proof of Lemma 1 in [9]. O

LEMMA 2. Let A = (Ay, -+, Ap) be doubly commuting and A; = V;|A;| be a polar de-

composition of A; with partial isometry satisfying (1) (i=1,---,n). If ( H |4;|Y?)x #
1<i<n

0, then ( [] VilAil'*)z #0.

1<i<n

Proof. Tf Vi( [] 14:i*/?)z = 0, then [4;*/2( J] 14:'/*)z = 0 because Ker(V;) C
1<i<n 1<i<n
Ker(|A1|!/?). Hence we have
1ALl [ 14"z =0and ( [] |4:f*/?z=0.
2<i<n 1<i<n
It’s a contradiction. Since
il [T 142 = 1422 as 2 T 14 2)z # 0,
1<i<n 3<i<n
similarly we have
Vald2'2vilaa|2( T 14ilY?)z # 0.

3<in
Repeating this process, we have

( [T vilai®z#0. O

1<i<n
THEOREM 3. If A = (A,, -+, Ay) s a doubly commuting n-tuple of operators in B(H),
then
(2) 0p(A) = 05(A) and 0,p(A) = 04p(A).
Proof. For the first equality of (2), let A = (A1,---,An) € 0p(A). Let a non-zero
vector x € H be A;xz = A;x for every i = 1,.-- ,n. We may, without loss of generality,
assume that Aj,---,A; are non-zero and Agy; = -+- = A, = 0. Let I; = {1,--- ,k} and

Io={k+1,---,n}. Put y = [I,¢p, |Ag|Y/2z. Since every \; # 0 (i € I1), we have y # 0.
Since A;|A;|1/2 = |A;|1/2A; and |As]|A;| = |A;]|A;| for every i # 7, for each i € I,

Ay= [[ I14.1"2 4AijA %z

s(#i)el
3) = [ A2 14 %A
s(#i)en
=Ai- H |A3|1/2.’E = Aiy.
sel
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On the other hand, for each i € I3,
Ai$=0:> |A,~|1/2x:O=>Zz=O.
So, for each i € I,

4) Ay =4[] 147 = [T 1A' Az =0.
sel selh
Therefore by (3) and (4) we have that A € GP(K).

Conversely, let = (u1,--- , tn) € ap(x) and let a non-zero vector u € H be A;u = wi
for every i = 1,.-- ,n. We may, without loss of generality, assume that pui,---,ux are
non-zero and px41 =+ =pn=0. Let ) = {1,--- ,k} and o = {k+1,--- ,n}. We may
only prove following three cases (a), (b) and (c):

(a) If |A¢|*?u = 0 for every t € Iy, let v; = H Vi|A;|/?u. Since every p; # 0 (i € I),

i€l
we have v; # 0.

For j € I;, we have
Ajuy = [] Vil4il 2 - (Aju) = pjvr.
i€l
For j € I, it is easy to see that Ajv; = 0. Hence we have p € o,(A).

(b) If H |A¢|Y?u £ 0, let vy = H Vi|A;i|*?u. Since every u; # 0 (i € I,), we have
tel, 1<i<n
va # 0 by Lemma 2.

For every j = 1,--- ,n, we have Ajvy = H Vi|Ai]Y/2 - (Z;u) = p;vy. Hence we have
1<i<n
U E op(A).
(c) If there exists £ (k < £ < n) such that |Ax1]|Y/2- - |A¢|Y/2u # 0 and

|Ags1|Y/2- - |Ag|Y/2|Ag|V/2u = 0 for every s = £+ 1,--- ,n, let v3 = H Vi|Ai|Y 2.
1<i<e
Since every u; # 0 (i € I), we have vz # 0 by Lemma 2.

For 1 < j < ¢, we have Ajvy = H Vi A2 (Z;u) = [jV3.
1<i<¢
For £+1<s<n,

Avy = V| A,|V2 - TT Vil T Ve- (JAksalM?- -+ |Ae)/?|Au]H2u) = 0.
i€l k+1<t<e
Hence we have A,v3 =0 and u € g,(A).
Therefore, by (a), (b) and (c) we have that ;. € o,(A). On the other hand, using
Proposition A and just proved the first equality of (2), it is easy to prove the second
equality of (2). Indeed, we have

Tap(A) = 0p(A°) = 0p(A°) = 0,p(A) O
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THEOREM 4. If A = (A1, -+, A,) is a doubly commuting n-tuple of operators in B(H),
then

(5) op(A)\[0] = op((A)")\ [0] and  oap(A”) \ [0] = oap((A)") \ [0],
where [0] = {A = (A1,- ,An) €C™ : \; =0 for at least onei € I = {1,--- ,n}}.

Proof. Suppose A = (A1, ,An) € 0p(A*)\ [0]. Let a non-zero vector z € H satisfy
Atz = Mz for every i € I. Putgz [Lier IAjl1/2U;‘m. Since every A; # 0 (i € I), we have
y # 0. Since (|A:|Y/2V;*)Ar = (A:)*(|A:|*/2U}), we have

Ay= T 14173 (A" 1A 2Vie
Jj(#i)el
= [ 1417207 1Al 2V Aiz = [ 1417207 - |42V e
J(#i)el j(#i)erl

=X [ 1412V z = M.

JEI
Thus X € o,((A)*)\ [0].
Conversely, suppose that u = (g1, , tn) € a,,((&)*) \ [0]. Let a non-zero vector u € ‘H

satisfy (A;)*u = psu for every i € I. Put v = [Ler |A;1/?u. Since every p; # 0 (i € I),
we have v # 0. Similarly above we have

Ajv = pv foreveryie I.

Thus p € o,(A*) \ [0], and so the first equality of (5) holds. On the other hand, using
Propositon A and just the proof of the first equality of (5), it is easy to prove the second
equality of (5). Indeed, we have

Tap(A*) \ [0] = 0(A*°) \ [0] = 05((A)"°) \ [0] = 0ap((A)") \ [0].

Hence the proof is complete. 0O

Recall([6], [7], [9]) that the left (right) joint spectrum, denoted by o‘(A) (067(A)), of
A is defined by the set of all points A = (A1,:--,An) € C™ such that {A; — A\i}icicpn
generates a proper left (right) ideal in the algebra B(H). It is well known ([6], [7]) that,
for a commuting n-tuple A of operators in B(H),

(6) f(A) = 0ap(A) and o7 (A) = gap(A*).
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Thus the second equalities of (2) and (5), respectively, can be written as follows:
(7) o*(A) = o*(A) and o"(A)\[0] = o"(A)\[0].

Let K(H) be the set of all compact operators on H and C(H) = B(H)/K(H) be the Calkin
algebra with the canonical map 7 : B(H) — C(H). Then the left (right) joint essential
spectrum, denoted by of(A) (67(A)), of A is defined by

o%(A) = o*(r(A)) (05(A) = 0" ((A))), where m(A) = (m(A1),"- , 7(An)).
COROLLARY 5. If A = (A, -+ ,A,) is a doubly commuting n-tuple of operators in
B(H), then
8) 0i(A) =0l(A) and o7(A)\[0] = o7(A)\ 0]

Proof. For the first equality of (8), let p be a faithful representation of the C*-algebra
generated by m(A1),--- ,m(A,) and 7(I) on a Hilbert space H,. By Theorem 3 and (7),
at(p(m(A))) = o¥(p(m(A))). Since by the spectral permanence of o (see [5]), we have

o“(p(n(A))) = o’(n(A)) = 0£(A) and o*(p(r(A))) = o*(n(A)) = o¥(A),

and so of(A) = of(A). For the second equality of (8), using Theorem 3 and (7), a similar
proof can be given. O

3. Applications. In this section we shall restrict our view to special classes of opera-
tors. First, we let U denote the class of operators A € B(H) that the partial isometry U in
the polar decomposition A = U|A| is unitary. For operators in &/ we have an improvement
of Theorem 4 and the second equality in Corollary 5 as follows:

THEOREM 6. If A = (Ay,---,A,) is a doubly commuting n-tuple of operators in U,
then

(9) 0p(A*) = 0, ((A)*), Tap(A*) = 0ap((A)*), and oT(A) = o7 (A).

Proof. To prove the first equality of (9), in the view of Theorem 4, it suffices to show
that
A= (Al) e )A‘n) € [0] N UP(A*) = A= (’\11 e a’\n) € [O] no‘p((&)*)
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Let A = (A1,---,An) € [0] Nop(A*). Let a non-zero vector x € H satisfy Ajz = A\
for every i = 1,--- ,n. Then from the definition of the set [0], without loss of generality,
we may let A\j,---, A be non-zero and A\gy; = -+ = A, = 0. Let I, = {1,--- ,k} and

Ip={k+1,---,n}. Let y = [[,cp, |As|Y/2U% -Tlier, Usz. Since every X; # 0 (i € I) and
every U, is unitary (t € I3), we have y # 0. For 1 < ¢ <k,

(A)"y = |4 207|412y = ] 14a120; - T] U2 (Ai2) = My,
sel tels

Fork+1<i<n,

Ay =[] 14120y - ] U:-14l?0r (1Al 20s ) = 0,
sel t(#i)els

because |A;|1/2U}z = 0. Therefore, we have A € [0] N 0,((A)*) and op(A*) C g,((A)*).
Next we prove the reverse inclusion. Let g = (u1,...,4n) € [0] N ap((;&)*). And let
a non-zero vector u be (E)*u = pu (i = 1,...,n). We may assume that pi,..., ux are
non-zero and gy =+ = pn =0. Let Iy = {1,--- ,k} and I = {k+1,--- ,n}. We may
only prove following three cases (a), (b) and (c):
(a) If |Aj]*?u = 0 for every j € Iz, let v; = H |A;|/2 . H Uu. Since every U, is

i€l tel
unitary (¢t € Iz), we have v; # 0.
For j € I,
Azoy = [T 1472 T] Ve - (&)*w) = pjon.
ielh tels
For j € I,

Ajv =TT 14;1"% T Ue- 1451201451 0) = 0.
ien t(#j)El2

Hence we have u € o,(A*).

(b) If H |A;|Y/%u # 0, let vg = H |A;|Y/?u. If vo = 0, then we have H |4;]Y2u =0
i€l 1<ign i€l
since every u; # 0 (j € I,). Hence, we have vz # 0.

For every j = 1,...,n, we have

Ajve = T 14l2((A7) ) = pjve.

1<i<n

Hence we have u € o,(A*).
(c) If there exists £ (k < £ < n) such that |Ag41]/2 - |Ae]/?u # 0 and
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[Aks1]M2 - |Ae|Y/?|As|*?u =0 for every s =€+ 1,--- ,n, let

vs= [T 1472 I 1412 ] Ue

il k+1<j<¢ £+1<t<n

Since every u; # 0(z € I1) and every U, is unitary (£ + 1 < t < n), we have v3 # 0. For
1<s</{,

Aws= [[ 142 JI U (A)™w) = psv.

1<i<e £+1<j<n
For{+1<s<mn,
Avs= [[ 1472 JI Ui A2 Aka 2 - |Ad V| Al ?u) = 0.
i€ e+1<j<n(j#s)

Therefore we have
([.L], (33} Pln) € [0] n GP(A*)'

Therefore, we have that op(A*) 2 op((;&)*). Hence we have the first equality of (9). For
the second equality of (9), using Proposition A, we can easily prove it. Also, the third
equality of (9) immediately follows from Corollary 5. O

An operator A € B(H) is called p-hyponormal if (A*A)?P — (AA*)P > 0 for some p €
(0,00). If p =1, A is said to be hyponormal and if p = %, A is said to be semi-hyponormal
([14]). By the consequence of Lowner’s inequality ([13]) if A is p-hyponormal for some
p € (0, 00), then A is also g-hyponormal for every g € (0, p]. Thus we assume, without loss
of generality, that p € (0,1/2). Let HU(p) denote the class of p-hyponormal operators A
that the partial isometry U in the polar decomposition A = U|A| is unitary. Since the set
U properly contains the set HU (p), we have the following corollary:

COROLLARY 7. If A = (Ay,---,A) is a doubly commuting n-tuple of operators in
HU(p), then
w(A) = w(A) and w(A") = w((A)"),

where w(-) denotes op(-), Tap(*), oct(+), and a7 (-), respectively.

REMARK. Now, we consider applicatons of results above to the calss of operators in
HU(p). It is well known([12, Lemma 1.10]) that if A is p-hyponormal for some p € (0,1/2),
then its Aluthge transform Ais (p + 1/2)-hyponormal and its double Aluthge transform

Ais hyponormal. Hence combining this fact with Corollary 7, we can easily generalize or

— 94 —



JOINT SPECTRA OF ALUTHGE TRANSFORMS

recapture most of all results proved in [3], [9], and [11], and so we shall abbreviate the
details.

Acknowledgments. Authors would like to express their thanks to the referee for his

useful advice.

REFERENCES

[1]
[2]
(3]
[4]
[5]
[6]
[7]
(8]
[9]
[10]

[11]

A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integr. Equat. Oper. Th.,

113(1990), 307-315.

M.-D. Choi and C. Davis, The spectral mapping theorem for joint approzimate spectrum,
Bull. Amer. Math. Soc., 80(1974), 317-321. | |

M. Cho, Spectral properties of p-hyponormal operators, Glasgow Math. J., 36(1994),
117-122.

M. Cho and T. Huruya, p-hyponormal operators for 0 < p < 1/2, Commentationes
Math., 33(1993), 23-29.

R. E. Curto, Spectral permanence for joint spectra, Trans. Amer. Math. Soc. 270(1982),
659-665.

A. T. Dash, Joint essential spectra , Pacific J. Math., 64(1976), 119-128.

A. T. Dash, Joint spectra, Studia Math., 45(1973), 225-237.

B. P. Duggal, Quasi-similar p-hyponormal operators, Integr. Equat. Oper. Th.,
26(1996), 338-345.

B. P. Duggal, On the spectrum of n-tuples of p-hyponormal operators, Glasgow Math.
J., 40(1998), 123-131. '

T. Furuta, On the polar decomposition of an operator, Acta Sci. Math. (Szeged),
46(1983), 261-268.

I. H. Jeon, On joint essential spectra of doubly commuting n-tuples of p-hyponormal
operators, Glasgow Math. J., 40(1998), 353-358.

I. B. Jung, E. Ko, and C. Pearcy, Invariant subspace theorems for p-hyponormal opera-
tors, (preprint).

K. Lowner, Uber monotone matriz funtionen, Math. Z., 38(1983), 507-514.

D. Xia, Spectral theory of hyponormal operators, Birkhauser, Basel, 1983.

Muneo CHO
DEPARTMENT OF MATHEMATICS, KANAGAWA UNIVERSITY, YOKOHAMA 221-8686, JAPAN

— 95 —




M. CHO*, 1. H. JEON**, AND J. I. LEE

E-mail address: m-cho@cc.kanagawa-u.ac.jp
I. H. JEON

DEPARTMENT OF MATHEMATICS, EWHA WOMAN’s UNIVERSITY, SEOUL 120-750, KOREA
E-mail address: jih@math.skku.ac.kr :

J. 1. LEE
DEPARTMENT OF MATHEMATICS, SUNGKYUNKWAN UNIVERSITY, SUWON 440-746, KOREA
E-mail address: jilee@math.skku.ac.kr

Received November 12, 1999 Revised January 4, 2000

— 96 —




