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1. Introduction

The present paper is concerned with the solution of the Cauchy problem for the
abstract quasi-linear evolution equation

(1) $\frac{d}{dt}u(t)+A(t, u(t))u(t)=F(t, u(t))$ , $0<t\leq T$,

(2) $ u(0)=\varphi$

in a Banach spaoe $X$, where $A(t, p)$ is, for every $t\in[0, T]$ and $p\in X$, not necessarily a
bounded linear operator acting in $X$ and $F(t, p)$ is a non-linear perturbation which takes
values in $X$.

We have tried to integrate the above equation in the case when $A(t, p)$ does not
contain $p$ : $A(t, p)=A(t)$ ([5]). In this paper, however, we assume neither this nor the
condition that the domain $D(t)=D(A(t, p))$ of $A(t, p)$ is independent of $t$ .

To this end we shall consider the following integral equation associated with (1)$-(2)$ :

(3) $v(t)=V(t, 0;v)\varphi+\int_{0}^{t}V(t, s;v)F(s, v(s))ds$, $0\leq t\leq T$,

wher $V(t, s;v)$ is, for a certain function $v(\cdot)$ on $[0, T]$ to $X$, a bounded-operator valued
function on $0\leq s\leq t\leq T$ satisfying among other things (Definition 1)

$\frac{\partial}{\partial s}V(t, s;v)g=V(t, s;v)A(s, v(s))g$

for any $g\in D(s)$ .
Here we call $v(t)$ a mild solution of (1)$-(2)$ in $[0, T]$ if $v(t)$ is strongly continuous

on $[0, T]$ and satisfies (3). As is verified in Proposition, a mild solution $v(t)$ in $[0, T]$ is
also a strict solution (Definition 2) in $[0, T^{\prime}]\subset[0, T]$ as long as $F(t, v(t))$ is strongly
continuous on $[0, T^{\prime}]$ if $v(t)$ belongs to $D(t)$ and is strongly differentiable for $0<t\leq T^{\prime}$ .

It is our main object of this article to construct a solution of (1)$-(2)$ as the strong
limit of the sequence $u_{m}(t),$ $m=0,1,$ $\cdots\cdots$ defined by
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$\frac{d}{dt}u_{m}(t)+A(t, u_{m-1}(t))u_{m}(t)=F(t, u_{m-1}(t))$, $0<t\leq T$,

$ u_{m}(0)=\varphi$, $m=1,2,$ $\cdots\cdots$

and /

$ u_{0}(t)=\varphi$ .
This argument would be admitted to be very natural. To make this sketch possible, we
suppose that $A(t, p)$ and $F(t, p)$ satisfy for example the assumptions (A), (B) and (C),

and use the semi-group method, above all, T. Kato and H. Tanabe’s theory on abstract
linear evolution equations ([1], [3]). Namely $A(t, \varphi)$ are, for a fixed $\varphi\in X$, assumed to
fulfil the hypothesis on $A(t)$ in H. Tanabe [3] and to be densely defined uniformly on
$[0, T]$ in the sense that for any $x\in X$ $\exp(-hA(t, \varphi))x$ converges to $x$ uniformly on
$[0, T]$ as $h\downarrow 0$ .

But the solution obtained is merely a mild one although it is strongly Lipshitz conti-
nuous in $t$ . The unique existence of the mild solution $v(t)$ of (1)$-(2)$ in $[0, T_{0}]\subset[0, T]$

with an arbitrary initial value $\varphi\in D(O)$ is established in Theorem 1. While Theorem 2
shows that if this mild solution $v(t)$ is strongly continuously differentiable on $[0, T_{0}]\subset$

$[0, T]$ , then it becomes a strict one there and further the associated operator $V(t, s;v)$

coincides with the evolution operator $U(t, s;v)$ to the linear equation

$\frac{d}{dt}u(t)+A(t, v(t))u(t)=0,0<t\leq T_{0}$,

that is,

$V(t, s;v)=\exp(-(t-s)A(t, v(t)))+\int_{s}^{t}\exp(-(t-r)A(t, v(t)))R(r, s;v)dr$,

where $R(t, s;v)$ is the solution of the integral equation

$R(t, s;v)=-(\partial/\partial t+\partial/\partial s)\exp(-(t-s)A(t, v(t)))$

$-|_{s}^{t}(\partial/\partial t+\partial/\partial r)\exp(-(t-r)A(t, v(t)))R(r, s;v)dr$.

2. Definitions and assumption8

We begin this section with the following definitions:

Definition 1. We call $v(t)$ a mild solution of (1)$-(2)$ in $[0, T]$ if
(i) $v(t)$ is strongly continuous on $[0, T]$ ,
(1i) $F(t, v(t))$ is strongly integrable on $[0, T]$ and $v(t)$ satisfies

$v(t)=V(t, 0;v)\varphi+|_{0}^{t}V(t, s;v)F(s, v(s))ds$ , $0\leq t\leq T$,

where $V(t, s;v),$ $0\leq s\leq t\leq T$ is a family of bounded operators on $X$ to $X$ and has the
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properties:
(1) $V(t, s;v)$ is strongly continuous for $0\leq s\leq t\leq T$ ;

(2) $V(t, r;v)V(r, s;v)=V(t, s;v),$ $V(r, r;v)=I$ ;
(3) for any $g\in D(s),$ $s-\lim_{h\rightarrow 0}h^{-1}\{V(t, s+h;v)-V(t, s;v)g$ exists and is equal to

$V(t, s;v)A(s, v(s))g$ .
Definition 2. We call $v(t)$ a strict solution of (1) $-(2)$ in $[0, T]$ if

(i) $v(t)$ is strongly continuous on $[0, T]$ and strongly differentiable in $t\in(O, T$],

(1i) for each $t\in(O, T$], $v(t)$ belongs to $D(t)$ ,
(iii) $v(t)$ satisfies (1) and (2).

From the above dePnitions we can prove

Proposition. Let $v(t)$ be a mild solution of (1)$-(2)$ in $[0, T]$ . Suppose that $v(t)$ belongs

to $D(t)$ and is strongly differentiable or $0<t\leq T^{\prime}(\leq T)$ and that $F(t, v(t))$ is strongly

continuous on $[0, T^{\prime}]$ .
Then $v(t)$ is a strict solution of (1)$-(2)$ in $[0, T^{\prime}]$ .

Proof. For any $t\in(O, T^{\prime}$ ]

$V(\tau, t;v)v(t)=V(\tau, 0;v)\varphi+\int_{0}^{t}V(\tau, s;v)F(s, v(s))ds$, $0<t\leq\tau\leq T$,

which implies

$\frac{\partial}{\partial t}\{V(\tau, t;v)v(t)\}=V(\tau, t;v)F(t, v(t))$ .

Hence, thanks to (3), we have

$V(\tau, t;v)\frac{d}{dt}v(t)+V(\tau, t;v)A(t, v(t))v(t)=V(\tau, t;v)F(t, v(t))$ .

Puttin$g\tau=t$ , we can conclude

$\frac{d}{dt}v(t)+A(t, v(t))v(t)=F(t, v(t))$ , $0<t\leq T^{\prime}$ .

Throughout this paper we shall make the following assumptions for an arbitrarily
fixed $\varphi\in X$.
(A) For each $t\in[0, T],$ $A_{0}(t)=A(t, \varphi)$ is a closed linear operator whose domain is $D(t)$

and satisfies:
(A. 1) The resolvent set of $A_{0}(t)$ contains a fied closed sector

$\sum=\{z;\theta\leq\arg z\leq 2\pi-\theta\}$ $(0<\theta<\frac{\pi}{2})$ .

For any $t\in[0, T]$ and $ z\in\sum$ it holds that

$\Vert z(z-A_{0}(t))^{-1}\Vert\leq M(M>0)$ ;

(A. 2) $A_{0}(t)^{-1}$ is continuously differentiable in $t$ in the uniform operator topology.
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The range $R(\frac{d}{dt}A_{0}(t)^{-1})$ of $\frac{d}{dt}A_{0}(t)^{-1}$ is contained by $D(A_{0}(t)^{\rho})$ and

$A_{0}(t)^{\rho}\frac{d}{dt}A_{0}(t)^{-1}$ is continuous on $[0, T]$ with $\Vert A_{0}(t)^{\rho}\frac{d}{dt}A_{0}(t)^{-1}\Vert\leq N(0<\rho\leq 1, N>0)$ ;

(A. 3) For any $x\in X,$ $x_{h}(t)=\exp(-hA_{0}(t))x$ converges uniformly on $[0, T]$ to $x$ in
the strong topology as $h\downarrow 0$ (See [4], Theorem 1).

(B) For each $t\in[0, T]$ and $p\in X,$ $A(t, p)$ is a closed linear operator with the $doma\dot{i}$

$D(t)$ and fulfils:

$\Vert\{A(t, p)-A(t, q)\}A_{0}(f)^{-1}\Vert\leq a(\Vert p\Vert+\Vert q\Vert)\Vert p-q\Vert$

for any $p,$ $q\in X$ and $t\in[0, T]$ ;

If $u(t)$ is continuously differentiable on $[0, T]$ in the strong topology, so is
$A(t, u(t))A_{0}(t)^{-1}$ in the uniform operator topology with

$\Vert\frac{d}{dt}\{A(t, u(t))A_{0}(t)^{-1}\}\Vert\leq b(\Vert u(t)\Vert+\Vert\frac{d}{dt}u(t)\Vert)$

for any $t\in[0, T]$ and $u(t)\in X$.
(C) $F(t, p)$ is a function defined on $[0, T]\times X$ to $X$ satisfying

$\Vert F(t, p)-F(t, q)\Vert\leq c(\Vert p\Vert+\Vert q\Vert)\Vert p-q\Vert$ ,

$\Vert F(t, p)-F(s, p)\Vert\leq d(\Vert p\Vert)|t-s|^{\rho;}(0<\rho^{\prime}\leq 1)$

for any $p,$ $q\in X$ and $t,$ $s\in[0, T]$ .
Here $\theta,$ $M,$ $N,$

$\rho$ and $\rho^{\prime}$ are some constants dependent only on $\varphi$ at the most and $a,$ $b,$ $c$

and $d$ are non-decreasing continuous functions on $[0, \infty$) to $[0, \infty$) which generally depend
on $\varphi$ . For the sake of simplicity we assume $\rho=\rho^{\prime}$ with $N$ or $d$ a little changed.

3. Preparatory lemmas

Under the assumptions (A. 1), (A. 2) and (C), the fundamental solution (evolution

operator) $U_{1}(t, s)$ . $0\leq s\leq t\leq T$ of

(1) $\frac{d}{dt}u(t)+A_{0}(t)u(t)=F(t, \varphi)$ , $0<t\leq T$

can be constructed in the folowing manner:

(4) $\left\{\begin{array}{ll}U_{1}(t, s)=\exp(-(t-s)A_{0}(t))+\int_{s}^{t}\exp(- & (t-r)A_{0}(t))R_{1}(r, s)dr,\\\exp(-(t-s)A_{0}(t))=\frac{1}{2\pi i}|_{\Gamma}d & (t))d_{Z}\\R_{1}(t, s)=\sum_{k-1}^{\infty}R^{k_{1}}(t, s), R^{1_{1}}(t, s)=-(\frac{\partial}{\partial t} & +\frac{\partial}{\partial s})\exp(-(t-s)A_{0}(t)),\\R^{k_{1}}(t, s)=|_{s}^{l}R_{1^{1}}(t, r)R_{1^{k-1}}(r, s)dr, & k=2,3, \cdots\cdots,\end{array}\right.$
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Whrer $\Gamma$ is a smooth path running in $\sum$ from $\infty e^{-\theta i}$ to $\infty\phi$ . And (1) $-(2)$ admitts a
unique solution in $[0, T]$ which is given by

$u(t)=U_{1}(t, 0)\varphi+\int_{0}^{t}U_{1}(t, s)F(s, \varphi)ds$ .
For the details, see T. $KATo\cdot H$ . TANABE [1] and H. TANABE [31.

More generally we have
Lemma 1. Let $v(t)$ be strongly continuously differentiable in $t\in[0, T]$ and satisfy

$v(O)=\varphi\in X$. Then there exists a positive number $T_{1}$ with $T_{1}\leq T$ and the fundamental
solution $U(t, s;v),$ $0\leq s\leq t\leq T_{1}$ of

(1) $\frac{d}{dt}u(t)+A(t, v(t))u(t)=F(t, v(t))$ , $0<t\leq T_{1}$

can be constructed by the formula

$(4_{v})$ $\left\{\begin{array}{ll}U(t, s;v)=\exp(-(t-s)A(t, v(t)))+\int_{s}^{t} & (-(t-r)A(t, v(t)))R(r, s;v)dr,\\R(t, s;v)=\sum_{k-1}^{\infty}R^{k}(t, s;v), & \\R^{1}(t, s;v)=-(\frac{\partial}{\partial t}+\frac{\partial}{\partial s})\exp(-(t-s)A & t, v(t))),\\R^{k}(t, s;v)=\int_{s}^{t}R^{1}(t, r;v)R^{k-1}(r, s;v)dr, & k=2,3, \cdots\cdots\cdots\end{array}\right.$

The unique solution $u(t)$ of (1) $-(2)$ in $[0, T_{1}]$ is given by

$u(t)=U(t, 0;v)\varphi+i_{0}^{t}U(t, s;v)F(s, v(s))ds$ .
Proof. Let $K_{1}$ and $K_{2}$ be the maximum values of $\Vert v(t)\Vert,$ $\Vert\frac{d}{dt}v(t)\Vert$ respectively:

$\Vert v(t)\Vert\leq K_{1},$ $\Vert\frac{d}{dt}v(t)\Vert\leq K_{2},$ $t\in[0, T]$ . Next let $T_{1}$ be the maximum value of positive $t$

satisfying
51

$t\leq T,$ $a(K_{1}+\Vert\varphi\Vert)K_{2}(M+1)t\leq\overline{2}$ .

Then the resolvent of $A(t, v(t))=A_{1}(t)$ is given by the Neumann series

$(z-A_{1}(t))^{-1}=\sum_{k-0}^{\infty}(z-A_{0}(t))^{-1}\{(A_{1}(t)-A_{0}(t))(z-A_{0}(t))^{-1}1^{k}$

because of the inequality

$\Vert(A_{1}(t)-A_{0}(t))(z-A_{0}(t))^{-1}\Vert\leq a(K_{1}+\Vert\varphi\Vert)K_{2}(M+1)t\leq\frac{1}{2}$,

which implies

(3. 1) $\Vert z(z-A_{1}(t))^{-1}\Vert\leq 2M$, $t\in[0, T_{1}]$, $ z\in\sum$ .
Moreover we have
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(3. 2) $\Vert A_{0}(t)^{\alpha}A_{1}(t)(z-A_{1}(t))^{-1}A_{0}(t)^{-\beta}\Vert$

$\leq|z|\Vert A_{0}(t)^{\alpha}(z-A_{1}(t))^{-1}(A_{1}(t)-A_{0}(t))(z-A_{0}(t))^{-1}A_{0}(t)^{-\beta}\Vert$

$+\Vert A_{0}(t)^{1-\beta+\alpha}(z-A_{0}(t))^{-1}\Vert$

$\leq C|z|^{\alpha-\beta}$, $ z\in\Sigma$ $(0\leq\alpha\leq\beta\leq 1)$

if we note

$\Vert A_{0}(t)^{\alpha}(z-A_{1}(t))^{-1}\Vert\leq 2\Vert A_{0}(t)^{\alpha}(z-A_{0}(t))^{-1}\Vert$ .
In what follows, we use $C,$ $C_{0},$ $C_{1},$ $\cdots\cdots$ to denote constants depending only on $\theta$,

$M,$ $N,$
$\rho$ and $T$.

From the differentiability of $A_{1}(t)A_{0}(t)^{-1}$ and $A_{0}(t)^{-1}$ it folows that

$A_{1}(t)^{-1}=\sum_{k-0}^{\infty}A_{0}(t)^{-1}\{(A_{0}(t)-A_{1}(t))A_{0}(t)^{-1}\}^{k}$

is continuously differentiable in $t\in[0, T_{1}]$ in the uniform operator topology and that

$dA_{1}(t)^{-1}/dt=\{dA_{0}(t)^{-1}/dt-A_{1}(t)^{-1}\frac{d}{dt}(A_{1}(t)A_{0}(t)^{-1})\}$

$\times\sum_{k-0}^{\infty}\{A_{0}(t)-A_{1}(t))A_{0}(t)^{-1}\}^{k}$, $t\in[0, T_{1}]$ .

For the proof of the above formula, we have only to show that

$\sum_{k-0}^{n}4_{0}(t)^{-1}\frac{d}{dt}\{(A_{0}(t)-A_{1}(t))A_{0}(t)^{-1}\}^{k}$

is continuous on $[0, T_{1}]$ and converges unifomly on $[0, T_{1}]$ to

$-A_{1}(t)^{-1}\frac{d}{dt}(A_{1}(t)A_{0}(t)^{-1})\sum_{k-0}^{\infty}\{(A_{0}(t)-A_{1}(t))A_{0}(t)^{-1}\}^{k}$

in the uniform operator topology as $ n\rightarrow\infty$ .
From the above argument it follows that $R(\frac{d}{dt}A_{1}(t)^{-1}))\subset D(A_{0}(t)^{\rho})$ holds and

$A_{0}(t)^{\rho}\frac{d}{dt}A_{1}(t)^{-1}$ is continuous in $t$ and that

(3. 3) $\Vert A_{0}(t)^{\rho}\frac{d}{dt}A_{1}(t)^{-1}\Vert\leq 2\{N+2\Vert A_{0}(t)^{\rho-1}\Vert b(K_{1}+2K)\}\leq D$, $t\in[0, T_{1}]$ ,

$D=2N+C_{0}b(K_{1}+K_{2})$ .
Hence, by (3. 2) and (3. 3) we have

(3. 4) $\Vert\frac{d}{dt}(z-A_{1}(t))^{-1}\Vert=\Vert A_{1}(t)(z-A_{1}(t))^{-1}A_{0}(t)^{-\rho}\cdot A_{0}(t)^{\rho}\frac{d}{dt}A_{1}(t)^{-1}$

$\times A_{1}(t)(z-A_{1}(t))^{-1}\Vert\leq CD|z|^{-\rho}$, $ z\in\Sigma$

and
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(3. 5) $\Vert A_{0}(t)^{\alpha}\frac{d}{dt}(z-A_{1}(t))^{-1}\Vert\leq CD|z|^{\alpha-\rho}$, $ z\in\sum$ $(0\leq\alpha<\rho)$ .

Consequently making use of $($3. $1)-(3.5)$ we can construct the fundamental solution
$U(t, s;v)$ by the formula (4) and the unique solution

$u(t)=U(t, 0;v)\varphi+\int_{0}^{t}U(t, s;v)0F(s, v(s))ds$ .

Lemma 2. If $\varphi$ belongs to $D(O)$ , then the solution $u(t)$ in $[0, T_{1}]$ of (1) with $ u(O)=\varphi$

is strongly differentiable on $[0, T_{1}]$ and satisfies
i) $\Vert u(t)-\varphi\Vert\leq E_{1}t^{\rho}$,
ii) $\Vert\frac{d}{dt}u(t)+A_{0}(0)\varphi-F(O, \varphi)\Vert\leq\Vert\{I-\exp(-tA_{0}(0))\}(A_{0}(O)\varphi-F(O, \varphi))\Vert+E_{2}t^{\rho}$ for

all $t\in[0, T_{1}]$ , where $E_{1}$ and $E_{2}$ are constants depending only on $K_{1},$ $K_{2}$ and $\varphi$, and $K_{1}$ and
$K_{2}$ are the maximum values on $[0, T]$ of $\Vert v(t)\Vert,$ $\Vert dv(t)/dt\Vert$ respectively.

Proof. Writing

$A_{1}(t)U(t, 0;v)\varphi=\exp(-tA_{0}(0))A_{0}(0)\varphi+\{A_{1}(t)\exp(-A_{1}(t))$

$-A_{0}(0)\exp(-tA_{0}(0))\}\varphi+\int_{0}^{t}A_{1}(t)\exp(-(t-s)A_{1}(t))R(s, 0;v)\varphi ds$

and marking use of the inequalities

(3. 6) $\Vert A_{1}(t)\exp(-(t-s)A_{1}(t))-A_{1}(s)\exp(-(t-s)A_{1}(s))\Vert\leq CD(t-s)^{\rho-1}$,

(3. 7) $\Vert R(t, s;v)\Vert\leq E(t-s)^{\rho-1},$ $E=\sum_{k\approx 1}^{\infty}(C_{1}D\Gamma(\rho))^{k}T^{(k-1)^{\rho}}/\Gamma(k\rho)$ ,

$\Vert A_{0}(t)^{a}R(t, s;v)\Vert\leq\Vert A_{0}(t)^{\alpha}R^{1}(t, s;v)\Vert+\Vert\int_{s}^{t}A_{0}(t)^{\alpha}R^{1}(t, r;v)R(r, s;v)dr\Vert$

$\leq CD\{(t-s)^{\rho-\alpha-1}+E(t-s)^{2\rho-\alpha-1}\}(0<\alpha<\rho)$ ,

we obtain

(3. 8) $\Vert|_{0}^{t}A_{1}(s)U(s, 0;v)\varphi ds\Vert\leq C_{2}(\Vert A_{0}(0)\varphi\Vert t+D\Vert\varphi\Vert t^{\rho}+DE\Vert\varphi\Vert t^{2^{\rho}})$ .

From

$\Vert F(t, v(t))\Vert\leq c(K_{1}+\Vert\varphi\Vert)(K_{1}+\Vert\varphi\Vert)+d(\Vert\varphi\Vert)T^{\rho}+\Vert F(0, \varphi)\Vert=H$,

we get

(3. 9) $\Vert]_{0}^{t}U(t, s;v)F(s, v(s))ds\Vert\leq C_{3}(t+Et^{\rho-1})H$.

In view of (3. 8), $($3. $9)^{-}$ and the expessiop

$u(t)-\varphi=-]_{0}^{t}A_{1}(s)U(s, 0;v)\varphi ds+]_{0}^{t}U(t, s;v)F(s, v(s))ds$ ,

we can conclude i) if we put

(3. 10) $E_{1}=C_{2}(\Vert A_{0}(0)\varphi\Vert T^{1-\rho}+D\Vert\varphi\Vert+DE\Vert\varphi\Vert T^{\rho})+C_{3}(T^{1-\rho}+TE)H$

Next, by means of (3. 2) and (3. 4), we have
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(3. 11) $\Vert\{(z-A_{1}(t))^{-1}-(z-A_{1}(s))^{-1}\}A_{0}(s)^{-1}\Vert$

$\leq\int_{s}^{t}\Vert\frac{d}{dr}(z-A_{1}(r))^{-1}\{A_{0}(r)^{-1}-A_{0}(s)^{-1}\}\Vert dr$

$+\int_{s}^{t}-\rho$
and hence

(3. 12) $\Vert\{A_{1}(t)\exp(-tA_{1}(t))-A_{0}(0)\exp(-tA_{0}(0))\}\varphi\Vert\leq C_{4}D\Vert A_{0}(0)\varphi\Vert t^{\rho}$ .
$Writ^{;}ng$

$-\int_{0}^{t}A_{1}(t)U(t, s;v)F(s, v(s))ds+\{I-\exp(-tA_{0}(0))\}A_{0}(0)\varphi-F(O, \varphi)+F(t, v(t))$

$=\{I-\exp(-tA_{0}(0))\}(A_{0}(0)\varphi-F(O, \varphi))+\exp(-tA_{0}(0))\{F(t, v(t))-F(O, \varphi)\}$

$-\int_{0}^{t}A_{1}(t)\exp(-(t-s)A_{1}(t))\{F(s, v(s))-F(t, v(t))\}ds$

$+\{\exp(-tA_{1}(t))-\exp(-tA_{0}(0))\}F(t, v(t))$

$-\int_{0}^{t}dr\int_{r}^{t}A_{1}(t)\exp(-(t-s)A_{1}(t))R(s, r;v)F(r, v(r))ds$

and marking use of (3. 6) and (3. 7), we obtain

(3. 13) $\Vert\{I-\exp(-tA_{0}(0))\}\cdot A_{0}(0)\varphi-F(O, \varphi)+F(t, v(t))$

$-\int_{0}^{t}A_{1}(t)U(t, s;v)F(s, v(s))ds\Vert$

$\leq\Vert\{I-\exp(-tA_{0}(0))\}(A_{0}(0)\varphi-F(O, \varphi))\Vert$

$+C_{5}c(K_{1}+\Vert\varphi\Vert)K_{2}t+c(2K_{1})K_{2}t+d(K_{1})t^{\rho}+DHt^{\rho}+DEHt^{2^{\rho}}$ .
Noting

$\Vert\frac{d}{dt}(z-A_{1}(t))^{-1}\cdot A_{0}(t)^{-1}\Vert\leq CD|z|^{-\rho-1}$, $ z\in\Sigma$

and taking $\Gamma=\Gamma_{1}U\Gamma_{2}U\Gamma_{3}$, where

$\Gamma_{1}=\{re^{-i\theta};(t-s)^{-1}\leq r<\infty\},$ $\Gamma_{3}=\{re^{i\theta};(t-s)^{-1}\leq r<\infty\}$

and

$\Gamma_{2}=\{(t-s)^{-1}e^{i\varphi};\theta\leq\varphi\leq 2\pi-\theta\}$ ,

we have

$\Vert R^{1}(t, s;v)A_{0}(t)^{-1}\Vert=\Vert\frac{1}{2\pi i}\int_{r^{e^{-z(t-s)}}}\frac{d}{dt}(z-A_{1}(t))^{-1}\cdot A_{0}(t)^{-1}dz\Vert$

$\leq CD(t-s)^{\rho}$

and $hen\infty$

$\Vert R^{1}(t, s;v)A_{0}(s)^{-1}\Vert\leq\Vert R^{1}(t, s;v)\{A_{0}(s)^{-1}-A_{0}(t)\}^{-1}\Vert+\Vert R^{1}(t, s;v)A_{0}(t)^{-1}\Vert$

$\leq CD(t-s)^{\rho}$ .
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In view of (4) , we can prove

$R^{k}(t, s;v)=\int_{s}^{t}R^{k-1}(t. r;v)R^{1}(r, s;v)dr,$ $k=3,2,$ $\cdots\cdots\cdots$

by induction and henoe obtain

$R(t, s;v)=R^{1}(t, s;v)+\int_{s}^{t}R(t, r;v)R^{1}(r, s;v)dr$.
From this formula and (3. 7) we get

(3. 14) $\Vert R(t, s;v)A_{0}(s)^{-1}\Vert\leq CD\{(t-s)^{\rho}+(t-s)^{2^{\rho}}E\}$ .
From

$\Vert A_{0}(t)^{\alpha}\frac{d}{dt}(z-A_{1}(t))^{-1}\cdot A_{0}(t)^{-1}\Vert\leq CD|z|^{\alpha-\rho-1}$, $ z\in\sum$ $(0<\alpha<\rho)$

which is true because of (3. 2) and (3. 3), we have similarly

$\Vert A_{0}(t)^{\alpha}R^{1}(t, s;v)A_{0}(s)^{-1}\Vert\leq CD(t-s)^{\rho-a}$

and by (3. 14)

(3. 15) $\Vert A_{0}(t)^{\alpha}R(t, s;v)A_{0}(s)-1\Vert$

$\leq\Vert A_{0}(t)^{\alpha}R^{1}(t, s;v)A_{0}(s)^{-1}\Vert+|_{s}^{t}|\}A_{0}(t)^{\alpha}R^{1}(t, r;v)\cdot R(r, s;v)A_{0}(s)^{-1}\Vert dr$

$\leq CD\{(t-s)^{\rho-\alpha}+D(t-s)^{2^{\rho-a}}+DE(t-s)^{3^{\rho}-\alpha}\}$ .
Thus we have by (3. 6), (3. 14) and (3. 15)

(3. 16) $\Vert\int_{0}^{t}A_{1}(t)\exp(-(t-s)A_{1}(t))R(s,0;v)\varphi ds\Vert\leq C_{6}\Vert A_{0}(0)\varphi\Vert\{Dt^{\rho}+D^{2}t^{2\rho}+D^{2}Et^{3^{\rho}}\}$

Collecting (3. 12), (3. 13) and (3. 16) and writing

$\frac{d}{dt}u(t)=-\exp(-tA_{0}(0))A_{0}(0)\varphi-\int_{0}^{t}A_{1}(t)U(t, s;v)F(s, v(s))ds$

$+F(t, v(t))-\{A_{1}(t)\exp(-tA_{1}(t))-A_{0}(0)\exp(-tA_{0}(0))\}\varphi$

$-|_{0}^{t}A_{1}(t)\exp(-(t-s)A_{1}(t))R(s, 0;v)\varphi ds$,

we can conclude ii) if we put

(3. 17) $E_{2}=C_{4}\{|A_{0}(0)\varphi\Vert+C_{5}\{c(K_{1}+\Vert\varphi\Vert)K_{2}T^{1-}+c(2K_{1})K_{2}T^{1-\rho}+d(K_{1})+DH+DEH\mathcal{I}^{\varphi}\}$

$+C_{6}\Vert A_{0}(0)\varphi\Vert D(1+DT^{\rho}+DET^{2\rho})$ .
From the argument above it will be clear that $\frac{d}{dt}u(t)$ is strongly $cont\dot{i}$uous on

$[0, T_{1}]$ .
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4. Construction of the solution

By virtue of the lemmas established in the previous section, we can construct a sequ-
enoe $u_{m}(t),$ $m=0,1,2,$ $\cdots\cdots\cdots$ defined in the following manner:

(1) $du_{m}(t)/dt+A(t, u_{m-1}(t))u_{m}(t)=F(t, u_{m-1}(t))$ , $0\leq t\leq T_{1}$,

(2) $u_{m}(0)=\varphi,$ $m=1,$ 2, ;

$ u_{0}(t)=\varphi$, $\varphi\in D(0)$ .
In this section we investigate the strong limit of this sequenoe and that of the sequ-

enoe $U_{m}(t, s),$ $m=1,2,$ $\cdots\cdots\cdots$ of the fundamental solutions to (1) , $m=1,2,$ $\cdots\cdots\cdots$ con-
structed by (4) , $v=u_{m}$ .

Lemma 3. There are positive constants $L_{1},$ $L_{2}$ and $T_{0}$ dependent only on $\varphi$ such that
the sequence $u_{m}(t),$ $m=0,1,2,$ $\cdots\cdots\cdots$ satisfies

$\Vert u_{m}(t)\Vert\leq L_{1}$ and $\Vert\frac{d}{dt}u_{m}(t)\Vert\leq L_{2}$

for all $t\in[0, T_{0}]$ and $m=0,1,2,$ $\cdots\cdots\cdots$

Proof. Let $L_{1}$ and $L_{2}$ be some constants such that

$ L_{1}>\Vert\varphi\Vert$ , $ L_{2}>\Vert A_{0}(0)\varphi-F(O, \varphi)\Vert$

and $T_{0}$ be the maximum value of positive $t$ satisfying

$t\leq T$, $a(L_{1}+\Vert\varphi\Vert)L_{2}(M+1)t\leq\frac{1}{2}$, $ E_{1}(L_{1}, L_{2})t\circ\leq L_{1}-\Vert\varphi\Vert$

and $\Vert\{1-\exp(-tA_{0}(0))\}(A_{0}(0)\varphi-F(O, \varphi))\Vert+E_{2}(L_{1}, L_{2})t^{\rho}$

$\leq L_{2}-\Vert A_{0}(0)\varphi-F(0, \varphi)\Vert$ ,

where the functions $E_{1}$ and $E_{2}$ of $L_{1}$ and $L_{2}$ are dependent only on $\varphi$ and are defined by
(3. 10) and (3. 17) together with

$D=2N+C_{0}bL_{1}+L_{2})$ , $E=\sum_{k-0}^{\infty}(c_{1}D\Gamma(\rho))^{k}T^{(k-1)^{\rho}}/\Gamma(k\rho)$ ,

$ H=c(L_{1}+\Vert\varphi\Vert)(L_{1}+\Vert\varphi\Vert)+d(\Vert\varphi\Vert)T^{\rho}+\Vert F(O, \varphi)\Vert$ .
Arguing (1) and (4) and noting, for instance, that $D>N$ and $ H>\Vert F(t, \varphi)\Vert$ ,

we have easily

$\Vert u_{1}(t)\Vert\leq L_{1}$, $\Vert\frac{d}{dt}u_{1}(t)\Vert\leq L_{2}$, $t\in[0, T_{0}]$ .

If we suppose that

$\Vert u_{k}(t)\Vert\leq L_{1}$, $\Vert\frac{d}{dt}u_{k}(t)\Vert\leq L_{2}$, $t\in[0, T_{0}]$,
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then with aid of Lemma 2 we have

$\Vert u_{k+1}(t)\Vert\leq E_{1}(L_{1}, L_{2})t^{\rho}+\Vert\varphi\Vert\leq L_{1}$ ,

$\Vert\frac{d}{dt}u_{k+1}(t)\Vert\leq\Vert\{I-\exp(-tA_{0}(0))\}(A_{0}(0)\varphi-F(O, \varphi))\Vert+E_{2}(L_{1}, L_{2})t^{\rho}$

$+\Vert A_{0}(0)\varphi-F(O, \varphi)\Vert\leq L_{2}$, $t\in[0, T_{0}]$ .

Thus we have established this lemma by induction.

Lemma 4. $u_{m}(t)$ converges uniformly on $[0, T_{0}]$ in the strong topology as $ m\rightarrow\infty$ and
$v(t)=s-\lim_{m\rightarrow\infty}u_{m}(t)$ satisfies

$\Vert v(t)\Vert\leq L_{1},$ $\Vert v(t)-v(s)\Vert\leq L_{2}|t-s|$

for all $t,$ $s\in[0, T_{0}]$ with $ v(O)=\varphi$ .
Proof. From the definition of $u_{m}$ , it follows that

$\Vert u_{m+1}(t)-u_{m}(t(\Vert\leq|_{0}^{t}\Vert U_{m}(t, s)\{F(s, u_{m}(s))-F(s, u_{m-1}(s))\}\Vert ds$

$+\int_{0}^{t}\Vert U_{m}(t, s)\{A(s, u_{m}(s))-A(s, u_{m-1}(s))\}u_{m}(s)\Vert ds$, $m=1,2,$ $\cdots\cdots$

Estimating as

(4. 1) $\Vert U_{m}(t, s)\Vert\leq C_{7}(1+ET_{0^{\rho}})=R_{1}$ ,

(4. 2) $\Vert A_{0}(t)u_{m}(t)\Vert\leq\Vert\{A(t, u_{m-1}(t))-A_{0}(t)\}u_{m}(t)\Vert+\Vert A(t, u_{m-1}(t))u_{m}(t)\Vert$

$\leq\frac{1}{2}\Vert A_{0}(t)u_{m}(t)\Vert+L_{2}+H$,

we can show that

$\Vert u_{m+1}(t)-u_{m}(t)\Vert\leq G|_{0}^{t}\Vert u_{m}(s)-u_{m-1}(s)\Vert ds,$ $m=1,2,$ $\cdots\cdots$

where $G=R_{1}c(2L_{1})+2R_{1}a(2L_{1})(L_{2}+H)$ and henoe that

$\Vert u_{m+1}(t)-u_{m}(t)\Vert\leq L_{2}G^{m}t^{m+1}/(m+1)$ !

for all $t\in[0, T_{0}]$ and $m=0,1,$ $\cdots\cdots$ because of $\Vert u_{1}(t)-u_{0}(t)\Vert\leq L_{2}t$ .
This implies that $u_{m}(t)$ onverges uniformly $m[0, T_{0}]$ . The remaining part of this lemma
will be clear from

$\Vert u_{m}(t)\Vert\leq L_{1},$ $\Vert u_{m}(t)-u_{m}(s)\Vert\leq L_{2}|t-s|$ and $ u_{m}(0)=\varphi$ .
Lemma 5. If $m\rightarrow\infty,$ $U_{m}(t, s)$ converges uniformly for $0\leq t\leq T_{0}$ in the strong topology.

Put $V(t, s;v)x=s-\lim U_{m}(t, s)x$ for an arbitrary $x\in X$. Then the bounded operator

$V(t, s;v)$ on $X$ to $m\rightarrow\infty Xsatisfies(1^{0}),$ (2) and (3) of Definition 1.

Proof. First we shall prove that

(4. 3) $\Vert\frac{d}{dt}U_{m}(t, s)\cdot A_{0}(s)^{-1}\Vert\leq R_{2}$
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for all $t,$ $s$ with $0\leq s\leq t\leq T_{0}$ and somt positive constant $R_{2}$ depending only on $\varphi$ . Wribg

$\Vert A(t, u_{m}(t))U_{m}(t, s)A_{0}(s)^{-1}\Vert\leq\Vert A(s, u_{m}(s))\exp(-(t-s)A(s, u_{m}(s))A_{0}(s)^{-1}\Vert$

$+\Vert\{A(t, u_{m}(t))\exp(-(t-s)A(t, u_{m}(t))-A(s, u_{m}(s))\exp(-(t-s)A(s, u_{m}(s))\}A_{0}(s)^{-1}\Vert$

$+\int_{s}^{t}\Vert A(t, u_{m}(t))\exp(-(t-r)A(t, u_{m}(t))R(r, s;u_{m})A_{0}(s)^{-1}\Vert dr$,

we have easily

$\Vert\frac{d}{dt}U_{m}(t, s)\cdot A_{0}(s)^{-1}\Vert\leq C_{8}\{1+D(t-s)^{\rho}+D^{2}(t-s)^{2^{\rho}}+D^{2}E(t-s)^{8^{\rho}}\}$

$\leq C_{8}(1+D\mathcal{I}^{v_{0}}+D^{2}T^{p_{0}}+D^{2}ET^{3^{\rho_{0}}})=R_{2}$

by replacing $v$ with $u_{m}$ in (3. 2), (3. 11), (3. 14) and (3. 15).

From

$U_{m}(t, s)x-U_{n}(t, s)x=(U_{m}(t, s)-(t, s))(x-x_{h}(s))+$

$+\int_{s}^{t}U_{n}(t, r)(A(r, u_{n}(r))-A(r, u_{m}(r)))U_{m}(r, s)x_{h}(s)dr$

and

$A_{0}(t)U_{m}(t, s)x_{h}(s)=-\{A(t, u_{m}(t))-A_{0}(t)\}U_{m}(t, s)x_{h}(s)$

$-\frac{d}{dt}U_{m}(t, s)\cdot x_{h}(s)$

together with (4. 1) and (4. 3), we get

$\Vert U_{m}(t, s)x-U_{n}(t, s)x\Vert\leq 2R_{1}\Vert x-x_{h}(s)\Vert+2R_{1}R_{2}a(2L_{1})\int_{s}^{t}\Vert u_{m}(r)-u_{n}(r)\Vert\Vert A_{0}(s)x_{h}(s)\Vert dr$

$\leq 2R_{1}\Vert x-x_{h}(s)\Vert+2C(M+1)R_{1}R_{2}a(2L_{1})\cdot h^{-1}\int_{s}^{t}\Vert u_{m}(s)-u_{n}(r)\Vert dr\Vert x\Vert$ .
Thus in view of the previous lemma and (A. 3) we can conclude the uniform conver-

genoe of $U_{m}(t, s)$ in the strong topology.
(1) is obvious and so is (2) from

$V(t, r;v)V(r, s;v)x-V(t, s;v)x=(V(t, r;v)-U_{m}(t, r))V(r, s;v)x$

$+U_{m}(t, r)(V(r, s;v)-U_{m}(r, s))x+(U_{m}(t, s)-V(t, s;v))x$

and

$V(r, r;v)x-x=(V(r, r;v)-U_{m}(r, r))x$ .
To complete this lemma we have only to show that (3) is valid.

Clearly

$A_{0}(t)^{-1}x-U_{m}(t, s)A_{0}(s)^{-1}x=]_{s}^{t}\{U_{m}(t, r)A(r, u_{m}(r))A_{0}(r)^{-1}$

$+U_{m}(t, r)\frac{d}{dr}A_{0}(r)^{-1}\}xdr$

for $0\leq s\leq t\leq T_{0}$ and $x\in X$.
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Hence, from (4. 1) and the compactness in $X$ of the sets

$\{A(t, v(t))A_{0}(t)^{-1} : t\in[0, T_{0}]\}$ and $\{\frac{d}{dt}A_{0}(t)^{-1}$ : $t\in[0, T_{0}]\}$

we get

$A_{0}(t)^{-1}x-V(t, s;v)A_{0}(s)^{-1_{x}}=\int_{s}^{t}\{V(t, r;v)A(r, v(r))A_{0}(r)^{-1}$

$+V(t, r;v)\frac{d}{dr}A_{0}(r)^{-1}\}xdr$.
Here we have only to note

$h^{-1}\{V(t, s+h;v)-V(t, s;v)\}g-V(t, s;v)A(s, v(s))g$

$=h^{-1}\int_{s}^{s+h}\{V(t, r;v)A(r, v(r))A_{0}(r)^{-1}$

$-V(t, s;v)A(s, v(s))A_{0}(s)^{-1}\}A_{0}(s)gdr$

$+h^{-1}\int_{s}^{s+h}(V(t, r;v)-V(t, s+h;v)\}\frac{d}{dr}A_{0}(r)^{-1}A_{0}(s)gdr,$ $g\in D(s)$ .

5. Results and their proofs

Now we shall state main result.

Theorem 1. Under the assumptions (A), (B) and (C) for an arbitrary $\varphi\in D(O)$ ,

there exist positive numbers $T_{0},$ $L_{1}$ and $L_{2}$ dependent only on $\varphi$ such that (1)$-(2)$ admitts
a unique mild solution $v(t)$ in $[0, T_{0}]\subset[0, T]$ satisfying

$\Vert v(t)\Vert\leq L_{1}$ and $\Vert v(t)-v(s)\Vert\leq L_{2}|t-s|$

for all $t,$ $s\in[0, T_{0}]$ .

Proof. In view of Lemma 4 and Lemma 5, it remains to show that $v(t)$ satisfies (3)

in $[0, T_{0}]$ and is unique for the initial value $\varphi$ .
From

$v(t)-V(t, 0;v)\varphi-]_{0}^{t}V(t, s;v)F(s, v(s))ds$

$=\{v(t)-u_{m+1}(t)\}+\{U_{m}(t, O)\varphi-V(t, 0;v)\varphi\}$

$+\int_{0}^{t}U_{m}(t, s)\{F(s, u_{m}(s))-F(s, v(s))\}ds$

$+]_{0}^{t}\{U_{m}(t, s)-V(t, s;v)\}F(s, v(s))ds$, $m=0,1,$ $\cdots\cdots\cdots$

and the compactness of the set $\{F(t, v(t));t\in[0, T_{0}]\}$ , we get

$v(t)=V(t, 0;v)\varphi+]_{0}^{t}V(t, s;v)F(s, v(s))ds,$ $0\leq t\leq T_{0}$ .
Next, let $u(t)$ be any mild solution of (1)$-(2)$ in $[0, T^{\prime}]$ :

$u(t)=V^{\prime}(t, 0;u)\varphi+]_{0}^{t}V^{\prime}(t, s;u)F(s, u(s))ds,$ $0\leq t\leq T^{\prime}$ ,
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where $V^{\prime}(t, s;u),$ $0\leq s\leq t\leq T^{\prime}$ is a family of bounded operators satisfying the conditions
(1), (2) and (3) of Definition 1. Then as is easily seen, $\Vert u(t)\Vert\leq L^{1}$ and $\Vert V^{\prime}(t, s;u)\Vert\leq R^{\prime}$

with positive constants $L^{\prime}$ and $R^{\prime}$ .
Recalhing the definition of $u_{m}$ and noting

$ u(t)-u_{m+1}(t)=\{V^{\prime}(t, 0;u)-U_{m}(t, 0)\}\varphi$

$+\int_{0}^{t}V^{\prime}(t, s;u)\{F(s, u(s))-F(s, u_{m}(s))\}ds$

$+!_{0}^{t}\{V^{\prime}(t, s;u)-U_{m}(t, s)\}F(s, u_{m}(s))ds$

$=\int_{0}^{t}V^{\prime}(t, s;u)\{F(s, u(s))-F(s, u_{m}(s))\}ds$

$+|_{0}^{t}V^{\prime}(t, s;u)\{A(s, u(s))-A(s, u_{m}(s))\}u_{m+1}(s)ds$

and (4. 2), we have

$\Vert u(t)-u_{m+1}(t)\Vert\leq\int_{0}^{t}K\Vert u(s)-u_{m}(s)\Vert ds$, $t\in[0, T_{0}]_{\cap}[0, T^{\prime}],$ $ m=1,2,\cdots$ ,

where

$K=R^{\prime}c(L_{1}+L^{\prime})+2R^{\prime}a(L_{1}+L^{\prime})(L_{2}+H)$ .
Hence, passing to the limit in the above inequality we obtain

$\Vert u(t)-v(t)\Vert\leq|_{0}^{t}K\Vert u(s)-v(s)\Vert ds$

’

and conclude $u(t)=v(t)$ on $[0, T_{0}]_{\cap}[0, T^{\prime}]$ . Q. E. D.

Remark. In the above argument it holds that

$V(t, s;v)=V^{\prime}(t, s;v)$

for all $t,$ $s$ with $0\leq s\leq t\leq{\rm Min}(T_{0}, T^{\prime})$ . In fact, from

$V(t, s;v)x-V^{\prime}(t, s;v)x=\{V(t, s;v)-U_{m}(t, s)\}x-\{V^{\prime}(t, s;v)-U_{m}(t, s)\}(x-x_{h}(s))$

$+]_{s}^{f}V^{\prime}(t, r;v)\{A(r, v(r))-A(r, u_{m}(r))\}U_{m}(r, s)x_{h}(s)dr$

we get

$\Vert V(t, s;v)x-V^{\prime}(t, s;x)x\Vert\leq\Vert V(t, s;v)x-U_{m}(t, s)x\Vert$

$+(R^{\prime}+R)\Vert x-x_{h}(s)\Vert+2R^{\prime}R_{2}a(2L_{1})C(M+1)\cdot h^{-1}\int_{s}^{t}\Vert v(r)-u_{m}(r)\Vert dr\cdot\Vert x\Vert$

for $0\leq s\leq t\leq{\rm Min}(T_{0}, T^{\prime})$ and $x\in X$. Thus letting $ m\rightarrow\infty$ we obtain the desired relation.

Finally we shall give a condition for a mild solution to be a strict one.

Theorem 2. Let $v(t)$ be an X-valued function continuously differentiable on $[0, T]$ in
the strong topology such that $ v(O)=\varphi$ . Then $v(t)$ is a strict solution of (1)$-(2)$ in some
interval $[0, T_{0}]\subset[0, T]$ if and only if $v(t)$ is a mild solution in $[0, T_{0}]$ .
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Proof. Putting $M_{1}={\rm Max} 0\leqq t\leqq T\Vert v(t)\Vert,$
$ M_{2}={\rm Max} 0\leqq t\leqq T\Vert\frac{d}{dt}v(t)\Vert$ and letting $T_{0}$ be a positive

number such that $T_{0}\leq T$ and $a(M_{1}+\Vert\varphi\Vert)M_{2}(M+1)T_{0}<1$ , we can construct the funda-
mental solution $U(t, s;v),$ $0\leq s\leq t\leq T_{0}$ of

$\frac{d}{dt}u(t)+A(t, v(t))u(t)=0$, $0<t\leq T_{0}$

through the formula (4) in Ldmma 1.
If $v(t)$ is a mild solution in $[0, T_{0}]$, then we have

$V(t, s+\epsilon;v)U(s+\epsilon, s;v)x-U(t, s;v)x$

$=-\int_{s+\epsilon}^{t}\frac{\partial}{\partial r}\{V(t, r;v)U(r, s;v)\}xdr$

$=\int_{s+\epsilon}^{t}V(t, r;v)\{A(r, v(r))-A(r, v(r))\}U(r, s;v)xdr=0$

for any $\epsilon>0$ and $x\in X$ and henoe

$V(t, s;v)=U(t, s;v),$ $0\leq s\leq t\leq T_{0}$,

where $V(t, s;v),$ $0\leq s\leq t\leq T_{0}$ is a family of bounded operators satisfying (1), (2) and
(3) of Definition 1. Thus $v(t)$ belongs to $D(t)$ for $t\in(O, T_{0}$ ] and consequently $v(t)$ is a
strict solution in $[0, T_{0}]$ (See Proposition).

“Only if” part. Let $v(t)$ be a strict solution in $[0, T_{0}]$ . Then for $0<s\leq t\leq T_{0}$

$\frac{\partial}{\partial s}U(t, s;v)v(s)=U(t, s;v)(\frac{d}{ds}v(s)+A(s, v(s))v(s))$

$=U(t, s;v)F(s, v(s))$ .

Integrating this on $[\epsilon, t](\epsilon>0)$ we have

$v(t)-U(t, \epsilon;v)v(\epsilon)=|_{\epsilon}^{t}U(t, s;v)F(s, v(s))ds$

and by letting $\epsilon\downarrow 0$ we conclude

$v(t)=U(t, 0;v)\varphi+|_{0}^{t}U(t, s;v)F(s, v(s))ds$ , $0\leq t\leq T_{0}$ .
Remark. Obviously the mild solution $v(t)$ of (1) with $v(O)=\varphi\in D(O)$ in $[0, T_{0}]$

whose unique existenoe has been established in Theorem 1, is a unique strict solution
under the condition that $v(t)$ is continuously differetiable on $[0, T_{0}]$ in the strong topology.
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