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1. Introduction

In this note, we shall prove the following

THEOREM 1.  Let M be a closed, smooth simply-connected n-manifold whose homology
groups are torsion free. Then the immersibility of M in R2r»~3 ((2n—3)-dimensional Eucli-
dean space) implies the embeddability of M in R*-2 if n > 7.

This is a corollary to the folloWing

THEOREM 2, Let M be a closed, smooth (n- k—1)-connected n-manifold whose homol-
0gy groups are torsion free. If M is immersible in Rntk with vanishing Euler class,
2> n+3 and k < n—2, then M is embeddable in Rk,

We shall sketch an outline of our proof. Let M be immersed in R»t* with
normal disk bundle ». Then the total space E of v is parallelizable manifold and
contains M as a submanifold (the image of the zero cross section). Let E, be
the total space of the restriction of v to My=M—int D». Then E, is also parall-
elizable manifofd and contains M, as a submanifold. Note that bM, is embedded
in bE,. We kill homotopy groups of E, and obtain a contractible manifold C in
which M, is embedded and dM, in 8C. We can show that dC is simply connected
and hence C is an (n+£k)-disk. Thus we have an embedding of M, in D»tk, By
attaching a cone on bM, in the complemetary disk to D»*tk in S»*k, we have a
piecewise linear embedding of M in S»tk. By a result of Haefliger, this is appro-
ximated by a differentiable embedding under a suitable assumption on # and k.

This note is motivated by the method of the proof of THEOREM 14 in Wall’s
paper “Classification Problems in Differential Topology. V On certain 6-manifolds.”
Invent. Math., 335-374(’66).

2. Statements of results

Throughout this section, M denotes a closed, smooth simply-connected n-ma-
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nifold whose homology groups are torsion free. Let & be a k-dimensional vector
bundle over M and E the total space of the associated disk bundle and bE the
total space of the associated sphere bundle. Let M, denote the complement of an
embedded open n-disk D» in M. We define E, as the total space of restriction of
E to M,. We shall assume that E is parallelizable and the Euler class of & vani-
shes. By performing surgery on E, we can prove the following proposition *

ProposiTioN 1. We can construct two sequences of parallelizable manifolds ;
C.,=E,, Cyy -+--- s Ch-ss
and
D1=E, DZ) ...... , Dk—z, .
with the properties ;
@ Ch:Ch_IU(U:"':DhHXDin+k_h_1)

Dh=Dh_1UCh

(2) Ch and bCh-y are h-connected and H; (Cr)=Hi(Cr)=Hi(Ch_1)
for i >h+1,

(3) Dn and bDn are h-connected and Hi; (Dr)=H;: (Dr-1) for
i > h+2,

(4 Hpyr (Cr)=Hpya (Dn)

and
(5) bDn is h-connected and Hpiy (bDr) has no torsion,

where 2< h < k-2. Moreover M embeds in Dn and (M,, bMy) in (Ch, bCh).

We construct Cx and D; inductively. From (5), we can choose maps fi : S#t1
—bDn (1=1,2, ------ ,7h) representing basis of Hpyy (bDn). If n+k—1>2 (A+1)+1,
we may assume that fi’s are embeddings with trivial normal bundles and have
disjoint images. It is easy to show that fi (S#*1) can be pushed into dDwnCh. By
attaching handles Di*+2x Dintk~h-2 to Cp with attaching maps fi, we construct Ciyy
=ChU( U:_thh+2X D'—n+k'h—2.)

It is known that Cry; is a smooth manifold Moreover Cis; is parallelizable.
Define Dky; by Dn y Chyy, then Dy is also parallelizable manifold. Using the
Mayer-Vietoris exact sequence, we can show that Csy; and Dy, satisfy the prope-
rties (1)~()

We can show the following

ProprosiTION 2, The (k-1)-th homology group of bDr_s contains the infinite cyclic
group genmerated by the fiber over the center of the disk which is to be removed from M to
construct My as a direct summand ; Hre—y (bDr_)=ZPG.

By the same arguments as above, we can kill the group G and obtain the
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following proposition ;

ProrosiTION 3. We can construct smooth manifolds Cr-y and Dr-y with the pro-
perties ;

Q) Ck-1 and bCr-y are (k-1)-connected and Hi (Cr-1)=
Hi (Ck-z) for i > k,
(2) H;i (Dk-1)=Hi (Dr-p) for i > k+1,
and
(8) bDk-1 is (k—2)-connected and Hr_y (bDr-1)=Z.

Since bDk_; is (k—2)-connected, the Hurwicz homomorphism H: nx (bDe_y)—
Hr (bDr—y) is an epimorphism. Note that Hr (bDr—;) is free. By performing
surgery on elements of Hx (bDk-,), We can construct a smooth manifold C with
the properties ;

ProrosiTion 4. € is k-connected and H; (C) is isomorphic with Hi (My) for i >
k+1. Moreover (Mg, bMy) is embeddable in (C, bC).

We shall apply the arguments above to the normal bundle » of an immersion
of M in Rn»*k, which is assumed to have vanishing Euler class. We can construct
a smooth manifold C with the properties of proposition 4, The (#-k-1)-conne-
ctedness of M implies that all homotopy groups of C vanish. We can show that
bC is simply-connected and hence C is an (n+k)-disk Thus M, is embeddable in
Drtk and bM, in bDn+tk=Sn+k~1, The desired embedding of M in S»*k is obtained
by attaching a cone to dMy=S»"! in the complementary disk of C in S#*k  This
proves Theorem 2.

3. Surgery on a disk bundle

We use samie notations in the preceding section. Moreover we assume that
k=n—2, By the assumptions, E, Ey, bE and bE, are simply-connected and s-para-
llelizable, and their homology groups have no torsion. It is easy to prove the
following lemma ;

LemMA.  Let f be an embedding of S7 in bE such that f(S7) does not meet the fibre
over the cemter of D» (the disk which is to removed from M to construct My). Then
F(SY) can be pushed into bE q Ey. Hence if r<n—1, then we may assame that f(S7)
CbENE,.

We kill H; (bE). Since all elements are spherical, we can find maps fi: S?2
—bE (i=1---:-- , T2) Which represent a base of H, (bE). If n+k—12>5, we may
assume that f;i ’s are embeddings with trivial normal bundles and their images are
disjoint. Let C; be the manifold obtained from E, by attaching handles D8x D;»+k-3



20 T. Watabe

(=1, - , 72) to EynbpE by the maps fi. Note that C, is parallelizable manifold.
We put D,=FEUC,. Using the Mayer-Vietoris exact sequence, we can immeadiately
prove the properties (2)~(5) of Proposition 1 for C, and D,.

Suppose that we have constructed manifolds Ci=E, Cj--- » Ch and D,=E,
Ds,-++---, Dn, with the properties (1)~(5) in Proposition 1 for 2=<ks<k—3. Since all
elements of Hryy (bDr) are spherical, we can find maps fi: S¥1—sbDp (G=1, .-
rr) which represent a base of Hr1(bDr), where rr=rank of Hryy (bDs). Since n-
k—1>h+k+1, we may assume that fi(S¥*1) C bDr-1nCr by the same argument of
Lemma. Thus we can construct Cay=CrU(Ui=17aDh+2X Dntk-h~2) and Dpyq1=DpYChy;.
It is easy to show (1), (2), (3) and (5). We prove (4). Consider the following
commutative diagram;

Hhy3(Dny1y Du)=—>Hhis(Drn)—> Hh12(Dhsy)—> H hi2(Dhy1, Di)—> Hniy(Dh)

i o~ i1 io i | = is | =~

H h+3<cch+1, Ch)'—>H h+2<Ch> —H h+2(Ch+1>'—'">H h+z(Ch+1, Ch>—>H h+1(Ch>

By excision, Hi(Dhy1, Di)=Hi(Ch+1, Cr) for all i. From the following commutative
pagarm, in which all homomorphisms are induced by inclusion and all homomorp-
hisms except i_; are isomorphisms, it follows that i_; is an isomorphism.

Hhio(Dn)«—H hys(Dhy) <+ «——Hhyo(E)
i it

Hp2(Cr) «—Hhy2(Choy) -+ «——Hny3(Ey).

By 5—1¢mma, we have Hhyo(Dry)=Hhs2(Cry1) (note that i; is an isomorphism).
This completes the proof of Proposition 1, |

We shall prove Proposition 2, Write Y =5b0Dr_pCk-p and Y =0bCr_p—Sn"1x Dk
=bDr_s—Dnrx Sk, Consider the Mayer-Vietoris exact sequence;

0—> Hr(YD—>Hr(bCr2)—H 1 (S IXSE DY) —s Hp (V) —>Hr3(bCr_)—0.

Since Hx(bCr_p) is free, Hr(Y) is also free and has the same rank as Hr(bCr-z2).
Hence we have an exact sequence; ;

0—->Hk_1(S”"'1 X Sk—l)—>Hk_1(Y)——’Hk_q(bCk—z)_"O.'
Since Hr1(bCr_g) is free, we have Hr_1(Y)=Hpr (571X Sk'l)@H F1(bCr—z). From
the Mayer-Vietoris exact sequence;
0—>Hr1(S* xSk V) — Hp (Y YPHp_1(D? X Sk 1)—> Hp_1(bDi—3)—>0,

and the- fact that Hp_(bDr_,) is free, we have Hr_,(bDr_2)=Z@G, where Z is
generated by the fibre over the center of the disk and G is isomorphic with Hg_,
(bCr=z). This completes the proof of Proposition 2,- By selecting embeddings fi:
Sk1——pDr_onCr—p With trivial normal bundles, which represent a base of G, we
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construct smooth manifolds Cr_; and Dr_; as before. We shall prove Proposition
3. It is not difficult to show (1) and (2). Write Y=bDr_1nCr—;. Applying the
Mayer-Vietoris exact sequence to bCr_;=YUSn"1x Dk, we have Hi; (Y)=Z (note
tht Hr(Y)—> Hr(bCr—y) is an epimorphism). Since H: (bDr—y, Y)=H: (Drx Sk,
Sn—1x Sk1), we have Hr_y(Y)=Hr-(bDr—1) and hence Hr_1(bDr_1)=Z. This implies
Proposition 3.

Finally we shall prove Proposition 4. Since C=Cr_U(Ui=17*Dht1x D»~1) by the
Mayer-Vietoris exact sequence, we have H;(C)=0 for i<k-1 and H:(C)=Hi(Cr-1)
for i>k+2  Consider the exact sequence;

I '
0—> Hrp1(Cr)— Hb1(C)—> Hr(UiSk X Di*)—> Hr(Ck_1)—> Hr(C)—0,

We show that ji is an isomorphism. In fact, we consider the following commu-
tative diagram ;

HR(UiSkX Din™y—> Hk(Cr—1)

He GDe) = | LA
i NHx(bDi_1 1 Ch—g)—> Hr(bCr—1).
7%

Since Hi(bDk—1, bDr_1nCr_)=H:i(Dnx Sk™1, Sn—1x Sk 1), if k<n-2, iy is an isomorp-
hism. From the exact sequence;

WS
0—> Hr(bDr_1NCry)—>Hr(bCr_1)—> Hr(S? ' X Dk, Sn—' x Sk~T)
—>Hp_3(bDr_1NCr_)—>0,

it follows that j’4 is an isomorphism and hence jx is an isomophism. Therefore
Hr(C)=0, and hence H:(C)=Hi(Cr_1) for i=k+1.

4. Application

In this section, we shall prove Theorem 2 and hence Theorem 1. ‘Let M be a
closed, smooth simply-connected manifold whose homology groups have no torsion.
Suppose that M be immersed in R#** with normal bundle » whose Euler class
vanishes. Applying the arguments in Section 3 to the associated disk bundle, we
have a smooth manifold C with boundary with following properties;

1) (Mo, bMy) is embeddable in (C, bC)

(2) C is k—connected and H:(C)=Hi(M,) for i=k+1,
and

(3) bC is simply—connected.

If M is (n—k—1)-connected, then H;(C)=0 for all i and hence C is an (n+k)-disk
(n+k=6). We obtain a piecewise linear embedding of M in S»t* by the method
mentioned in Introduction. By a result of Haefliger, if 26>#n-+3, this embedding
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can be approximated by a differentiable one.
easy to deduce Theorem 1 from Theorem 2.

NIIGATA UNIVERSITY

Thus we have Theorem 2.

It is
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