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On the non-embeddability of Dold’s manifold
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1. Introduction

Let P(m,n) be Dold’s manifold of tvpe (m,n). P(m,n) is defined as follows.
Let S™ be the unit sphere in R”*l: S”= {x=(xq, %y, =**» 4m) ER™*1; >x;2=1} and
CP, the complex n-dimensional projective space: CP, ={z=[z2,, 2z,:-*, 2»] 2; complex
number}. Now P(m, n) is the manifold obtained from S~ x CP, by identifying (x, 2)
with (—x,2) where —x denotes the antipodal of x and z the conjugate of 2. The
dimension of P(m, n) is m-+2n.

Y. Ando showed that when m=2% and n=2/+1 (0<k<1) P(m,n) ¢C (cannot be
embedded) R2(m+22)—5 [1]. In this paper we will show some general results in
analogous cases by the similar methods.

The author wishes to express his thanks to Prof. K. Aoki, Prof. K. Kaneko and
T. Watabe for their kind discussions and valuable suggestions.

2. Stiefel-Whitney class

By A. Dold [2] we know that
(1) H*(P(m,n)), the cohomology ring of the coefficient Z, of P(m, n), generated
by ceH! (P(m,n)) and d=H?2(P(m, n)) such that ¢»+1=0, d»+1=0 and Sgld=cd;
@) w®Plm n)=A+c)m(A+c+d)»+*1 where w denotes the total Stiefel-Whitney
class.

Now, we consider the case of m=2% and n=2!4r (1=k<l, 1=r<2)). There
exists a p such that 22-1<r+1<2# (for r=2), 2¢-1<r+1<2# (for r=1), and it
is unique. Clearly p<1. Using this p, we have

2+1 (0
@ r+1=20—3"0"2q; 2i— f for r= ; (mod 4)
0 3

where ¢;=0 or 1. Then, from (2) and (1)
w(P(m, w))=(1+c)%F (L 4c4d)? +r+1
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@  =A+HA+EDA+e+DPIIZFA+e+d)=a.
Hence, by ww=1 and (1), we obtain the dual total Stiefel-Whitney class of P(m,
) (m=2% n=2'4r):

w(P(m, W)=+ A+d) Atet+d)~PIZA+c+d)a?

(A4c+d) (1+c2+d2)1
(1+c2+d?)

(5 =@+e?y A+aHBC DR @l T [

1

2
3
where the sum 3} is taken for the integers s, ¢ such that 0<s<2k-? (if k=p),
s=0 (f k<p) and 0<¢=2!-2.
In the expansion of (5), the number of the terms of the form cid? +i (0<i< 2k,
0<j<r) is even. For, (s -:0)=(S+§I_ﬁ) (mod 2) for any s. On the other hand,

IO
M2§(A+c+d)ea?  for r= ll (mod 4)

the number of the term 272 —(r+D equals 1: s=0, t=2I-»—1. (Cf.[6] §2) Hence,
©) W(P(m, 1)) =1++eeeepomdn=2r-1,
Therefore, we have
Wi 4 2n— 47 —2(P(m, 1)) %0
and
) P(m, n)C Re(m+2m)—4r—2
where m=2% and n=2'+r (1<k<1, 1=<r<2D).
Next, we consider the case of r=0: m=2*% and #n=2! (1<k<D).
Then, similarly to above methods, we have

w(P(m, 1)) =1 +c2") A+d?") A+c+d)

and

w(PCm, ) =1+ A+ )D(SF oot =14 o' -1,
Hence,
® P(m, n) R2(m+2m—2

where m=2% and n=2! (1<k<1).

3. Steenrod square

The Steenrod square operation is a homomorphism Sg¢i: Hi (X)—Hiti (X)
such that



9> Sq°x =x,
, x (if dimx=1)
(10 Sq"xz{
0 (f dimx<d),
an Sgi(xy)=33_0Sqix-Sgi~iy (Cartan formula),
03] p_1—; e .
12) SqaSqb=31 ;.o (a—-z i )Sqa*'b iSqi  (0<a<<2b) (Adem relation)

where the binomial coefficient is taken mod 2. (Cf. [5] Chapter 1, §1) From (12),
in particular,

0 (for odd )
as Sq'Sqi= (G=0),
Sqi*ti  (for even i)
Sql+iSqt (for i=1,2 (mod 4))
(14) Sq2Sq¢ ={ (=2).
Sq2+i4-Sql+iSql  (for i=0,3 (mod 4))
For ¢, d (the generators of H*(P(m, n))), we have
ici=(1)ci+i
(15) Sq 6’—(,-)0 +5,
i7ie=sI—\( 7\ s 751
(16) sqdi=3("71)(] )esaite,

where the sum 37 is taken for the non-negative integers s, # such that s-+2¢=i.
The equalities (15), (16) are proved by the induction on i, j. (Cf. [5] §2.4, p5)
From (16), in particular, |

Soigs {cdf (for odd ;)
q )=
0 (for even j)
( §)erdi+di+t  (for odd j)
an Sedi={
( é)czdi (for even §)
s [(g)csdf (for odd 7
q =
0 (for even j).

4. Non-embedding theorem

In this section, we give the main theorem which includes the result by Y.
Ando [1], and prove it by the similar methods to Massy [4], Y. Ando [1].



THEOREM. Let m = 2% n=24r where 1<k<l, 1=r<2!. Then P(m n)C
R2(m+2n)—4r—1,

ProorF. We assume P(m, n) CR2m+2n-4r-1 Let (E, p, P(m, n), Sm+2n—4r-2) be
the normal sphere bundle of this embeding. Then, by Massey [4], we obtain the
following results.

There exists a subring A* = 3147 of the cohomology ring H*(E) and ele-
ment @ of Am+2»n—-4r—2 guch that

(18) A* is closed under any cohomology operation (e.g. Sg-operation),
a9 Ha(E)=p*(H1(P(m, n)))+Ae (direct sum, 0<g<2(m+2n)—4r—2),
(@/1)) A2m+2m)—4r—2=(),
(21) any element y=H*(E) can be expressed uniquely in the form y=p*(y)+
ap*(y,) where y;cH*(P(m, n)),
(22) if y=Sq¢i(a) in (21), then y,=wi.
From (22), we have

0 Gf m+2n>8r+4)
23 a?2=ap*(cmdn—2r-1) + ' .

¥ ihiy icid?)  (if m+2n<8r+4)
where i j=0 or i+2j=2m+4n—8r—4, i, j=0.

Now, we consider an element x of Am+2n—-2r—-2 guch that

(24) x=p*(vlc"'d""'—1+vzcm —2dn—rf.eenee +vr+2cm—2r—2dn)+ap*<dr)

where »;=0 or 1; if the power number of ¢ is negative, then the coefficient »; of
its term equals 0.

(A) The case of r=0 (mod 4).

From (5),

_ d+04--- k=1)
w(P(m, n))=1+c+
?+d) 434  (k=2).
Hence, by (18), (21) and (22)
Sq1(a> =p*<slcm —1gn—2r +-s,cm —3gn—2r+1 Foeeeenn +32r+lcm —4r -1dn> +dp*<6‘),
quca) =p*(tlcmdn—2r +t2€m —2dn—2r +1+ ...... t2r+lcm—4rdn)
{ap*(d) (k=1)
+
ab*(cz'{'d) (k_2_2>)



0 (k=1)
S¢3(a) =
p*(ulcm—l dn—2r+1 +uzcm~3 an—2r +2+ ...... uzrcm—4" +1 dn>+ap*(c3) (k_ZZ)

where s;, ti, ui=0 or 1; if the power number of ¢ is negative, then the coefficient

of its terms equals 0. Then, by the calculation of Sg-operation we have
Sg?(x) =p*(01Sq?(cmdn=7=1) +v5¢%(cm ~2dn~7 )+ -+ ) +Sg*(a)p*(dr)
+Sg'(@)p*(Sqdr) +ap*(Sq?dr)

{j*(vltﬁdn-r  E )
*(Ul Cmdn—r_l_vzcmdn—r_]_ ...... >

ap*(dr+1) (k=D
+{ap*(c2dr+dr+1) (k=2)

P*((1+t)c?dn =7+ ) tap*(@ ) (k=1
:{p*CCvl+vz+t1)cmd"‘f+ ------ D) +ap*(ctdr +dr+1) (k=2).

Hence, using (23),

aZP*Cer +1) Ckz 1)
#S@2(%) =tap*(cmdn) + {
aZP*(CZer +d2r +1) (k%Z)

=(1+tDap*(cma»).
Here, note that n<<(n—r)+(m—r+1) and n<2r+(—%n—+2n—4r—2).

On the other hand, using (13), (14) we obtain the following results.
From
0=Sqlsq1<a):p*(szcm_zdn_zr+1+ ...... ),
sp=0 (k=2). From

' 0 k=1
quca) =SqISq2<a> =p*<<t2+sl)cm-1dn"’27+1+ ...... ) +{ ( )
ap*(c®) (k=2),
0 (k=1)
ty+s1 ={ From
uy (k=2).

Sq2Sq2(a) =p*((t1+scmdn—2r+14...... Y+ap*(c?d)
(k=1

S5 {p*(tchdn—Zr+1+ ...... D
o (a)=
(k=2)

| }+ap*(c2d)
p¥((atudemdn—2r+14..)
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t2 (k=1)
trtuy  (k=2).
Hence, we have ;=0 and by (20)

and S¢2S¢%2=5S4¢354%, t1-+s1= {

(25) 0= A2im +2m~4r —23xSg2(x) = ap*(cmd*).
But this is a contradiction. Thus P(m, n) Rm+2n)—4r -1,
(B) The case of r=1 (mod 4).
From (56),

(k=D

0
0 eeeees
2 k=2).

‘w(P(m, n))=1+0+{
c

Hence,

Sq'(a)=Sg3(a)=0

0 (k=1)
Sq2(a)=
*(f1omdn=27 4 taem—2dn—2r+1p ... +tgr prcm—drdn) +ap*(c?) (k=2)

where #;=0 or 1; if the power number of ¢ is negative, then the coefficient of
its serm equals 0. Then, we have

S p*(vic2dn—r e Y+ap*(dr+1) (k=1)
x —
! {p*<(v1 +titopdemdnTr oo ) tap*(ctr +dr ) (kz2).
Hence,
ap*(czd™) (k=1)
x5¢%(x) ={
A+t ap*(cmdr) (k=2).

On the other hand, when k=2, from
0=S5¢35¢'(a) =Sq2Sq2(a) =p*(ticmdn—2r +14...... )
t;=0. Thus, we have a contradiction (25).
(C) The case of r=2 (mod 4).
From (5),
— (c3+d (k=1
w(P(m, n))=1+c+{ }+0+ ------
d (k=2).
Hence,
Sql(@) =p*(sicm=1dn—2r + spem—3dn—2r+14 ...... +S3,426m 47 =1dm) - ap*(c),
Sq2(@) =p*(ticmdn—2r +tuem—2dn—2r+14...... +t3y 4 10— 4rdn)



4 ap*(?+d) (k=1
{dp*(d) (k=2),
Sq3(a)=0

where the remarks for the coefficients s;, #; .are same with before.
have

{P*((lh it )c2dn=T e )+ap*(dr 1) (k=1)
Sg*(x) = :

Hence,

%5¢?(x) =1+t ap*(cmdn).
On the other hand, from
0=S5¢3(a) =S¢'Sq?(@) =p*((t2+s)cmtdn—2r+14...... )
t2+s;=0, and from
Sq2Sq2(@) =p*((t1+sy)cmdn—2r +1 4. ... )+ ap*(c2d)
Sq3Sql(@) =p*(tacmdn—2r +14...... ) +ap*(c?d)
t1+s1=¢,- Hence, we have #;=0 and a contradiction (25).
(D) The case of r=3 (mod 4).
From (5),
(k=1)

2
w(P(m, n))=1+0+{ ¢ }+0+ ......
0 (k=2).

Hence,
Sq'(a)=0=5¢%(a)
prQactdn =i Htdn "2 ) fap*(c®)  (k=1)
Sq¥(a)= {
0 (k=2)

where #;=0 or 1. Then, we have

Sty {j*(vl+ t)CZAn=T 4 eene Y+ap*(dr+b) (k=1)
*((014-02)cmdn—7 4 v ve e Ytap*(ctdr +dr+t)  (k=2).

Hence,

A4t Dap*(c2dr) (k=1)

ap*(cmdnr) (k=2).

On the other hand, when £=1, from

xSq2(x)= {

p¥((rtvatt)emdn= 7+ ) tap*(ctdr+drt)  (k=2).

Then, we



0= Sq3Sq1 (a) = Sq28q2<a) :p*(thZdn —2r+ 1)
t;=0. Thus, we have a contradiction (25).
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