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S. Tachibana [4] proved -that in a compaets 2n- (g>2) dimenstonal- conformally. flat.
K-space, an almost-analytic transformation is an automorphism and a 2n (n>1) dimen-
sional K-space of positive constant curvature cannot admit a non-trivial automorphism
provided that n3c3. In this paper, we shall prove that in a compact 2n (n>1) dimen-
sional *O-space of positive constant curvature, an almost-analytic transformation is an
automorphism. An *O-space is a more general almost-Hermitian space than a K—sp;ace
and its example was given by K. Yano and T. Sumitomo [6].

In §1 we shall give some definitions and propositions. In § 2 we shall give some iden-
tities in an *O-space. In §3 we shall prepare some lemmas on contravariant almost-
analytic vectors in an *O-space. The last §4 will be devoted to discussions on an auto-

morphism of an *O-space-of -positive constant -curvatuare.

1. Preliminaries
Let X3, be a 2n dimensional almost-Hermitian space which admits an alfnost—complex
structure ;¢ and a positive definite Riemannian metric tensor gj; satisfying
1. D QiQit =—0;
1. .2) 9ueit 0i'=gj.
Then from (1.1) and (1.2), we have
a. 3 Cji=—0ij
where ;=0 g;;.
Now in an almost-Hermitian spacz X2,, we introduce the operators

O =380, —o"0yt), *0O 7 =300, +@,"0,t)

and a tensor is called pure (hybrid) in two indices, if it is annihilated by transvection
of *O (O) on these indices.
We have easily the following propositons which will be used in every calculation

concerning with purity and hybridity.

PROPOSITION 1. *O 22V 0,=0," 0%}V jo,b=0
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where V j denotes the operator of covariant derivative with respect to the Riemannian conneclion.
PrROPOSITION 2. For two tensors Tj; and Sii, if Tj; is pure in j, @ and Sii 4s hybrid
wm g, v, then T'j; Sii vanishes.

ProrosiTiOoN 3.  If Tji is pure (hybrid) in j, i, then we have
(ptlT]t:(DJtTtl (‘DtlT]t:—(D]thl>‘
Lf Sii is pure (hybrid) in j, 1, then we have

0iSli=@iSit  (@iSti=—@iSit),

2. *0O-spaces

An almost-Hermitian space Xz, is called an *O-space, if it satisfies
2. D *O 98V (@4, =00
and it is called a K-space, if it satisfies
V j0in+V i0jp=0.

It is easy to show that a K-space is an *O-space.
From (2.1), we have easily o
2. 2) V ;7 =0.
Let Rpj» and Rj;=R;j;! be Riemannian curvature tensor and Ricci’s tensor respec-
tively.

Assuming we are in an *O—Spvace and.putting
If*ji=%¢“b15abti¢jf,
then by the Ricci’s identity and (2.2) we get the following
2. 3 V7V 0, i=3%03RB i+ Ri"0,¢

where V=gV ; and @ab=gt%,b.
Transvecting (2.3) with ¢;z and taking account of (1.1) we have

(2. 4 @irV'V j@,i=R*,j— Rjp.

3. Contravariant almost-analytic vectors

In an almost-Hermitian space a contravariant vector vi is called almost-analytic if it

satisfies

L£0i=vIV 0 — @IV Wi+ @iV jui =02
v

1) S. Koto [13].
2) 8. Tachibana (3].
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where £ is the operator of Lie derivative. This is a generalization of the notion of
v - I

contravariant analytic vectors in a Kahlerian space.

The-above equation is equivalent to
3. D VIV — @iV 0 — @itV ju;=0

where v;=g;v".

Interchanging j and ¢ in (3.1) and adding the equation thus obtained to (3.1), we get
3. 2) V 05+ V 10;—0,%05(V 5+ V 5 V) =0
i.e.

3. 3) 092 (V qup+ V 30)=0.

In an almost-Hermitian space we know the following

Lemma 3.1.3) In a compact Einstein *O-space, an almost-analytic vector vi can be decom-
posad as
(3. 9 Vi=pi i

where pi 1s a Killing vector and ri is a vzctor such thit ri=Vir for a czrizin scilar r.
Lemma 3.2.9  In an almost-Hermitinn space, 1f a tensor Sjs 18 skew-symmetric, then we
havz

3. 5 V5V18,=0.

Now, we shall prove the following
Lemma 3.3. In a compact *O-space, i©f a contravmriont almost-analytic vector vi cin be
decomposed as

@G. & : vi=pi4pi

where pi is a Killing vector and v s o vector sueh thd vi=Vir for a cartyin scilar r, .then

we have

@D 77t (Rgp— B*54) =0.

ProorF Interchanging j and % in (3.1) and subtracting the equation thus obtained .. .

from (3.1), we get
3. 8 20tV 10— @ (V 0;— V 1) + @t (V 20—V ju) =0.

Substituting (3.6) into (3:8)-and taking account of V,p,=—Vp; and V=V, we

have

7tV @i+ PV @i+ 0V '+ @,V tpi=0.

3) S. Sawaki and S. Koto (2].
4) K. Takamatsu [5].
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Since V;:=0 and ¥V ;pi=0, this equation can be written as
G 7V @i+ VE(pwji+pi0ej+pi®ir) =0.
Operating V¢ to (3.9) we have
(3.10) VirteV @i +rtViv i+ ViviSi;;=0

where Sjii=pij0is+pi@ii+pi@ji.
Similarly, substituting (3.6) into (3.2), we have

(3.11) V iri— @%@V 4rp=0

i. e, Vjr; is hybrid in j,7 and therefore by Proposition 2, we have Virt. V,(Qj,"-;zo. More-
over, since Sj;; is skew-symmetric, by Lemma 3.2 we have ViV £8;;,=0.

Hence, from (3:10) we have
(3.12) | PV iV 0;=0.
Transvecting (3.12) with 70y, we get
rirsQiViv wj;=0.
Consequently, by (2.4) it can be written as

£ (3.13) rirS(Rse— B*s) =0.

4. An automorphism of an *Q-space of constant curvature

\
In a 2n dimensional Riemannian space of constant curvature, Riemannian curvature

tensor takes the following form
R
4. D Brjin= g5 ton—1) Irndii—9ingri)

where B=g/iRj;.
From (4.1) we have easily

R
(4. 2) Rji=-5.9ii
4. 3) B Ji=oy (z,n_l>9.11-
From (4.2), we can see that a space of constant curvature is an Einstein space.
Now, substituting (4.2) and (4.3) into (3.13) we have

1 1
M G~ Zn @1y, £t =0

or

n

mlﬁ‘t?t =0.
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Therefore if B30 and n>>1, then we have =0 and hence from (3.4), we get vi=pi.
Thus we have the following
TaeoreMm. In a compact 2n (n>>1) dimensional *O-space of positive constant curvature, an

almost-analytic transformation ts an automorphism.
NncaTta UNIVERSITY
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