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Let $M$ be an orientable closed surface with genus $m$ , and let $a_{i},$ $\beta_{j}(i=1,\cdots,m)$ be sta-

ndard generators of $H_{1}(M;Z)$ . (Note that $M$ has a unique differentiable structure.)

We studied in [1] whether $\xi=\sum_{i=1}^{m}(p_{i}a_{i}+q_{i}\beta_{i})\in H_{1}(M;Z)$ can be represented by

a differentiably inbedded l-sphere or not, and obtained the following results.
THEOREM 1. When $m=1$ , letting $a$ and $\beta$ be the st.mdard generators of $H_{1}(M;Z)$ , the

non-zero homology class $pa+q\beta c:\iota n$ be represented by a differentiably imbedded l-sphere if
and only if G. C. M. $(p,q)=1$ .
In general cases we have,

THEOREM 2. The non-zero homoZogy clgss $\xi\leftrightarrow\sum_{j=1}^{m}(p_{t}a_{i}+q_{i}\beta_{i})Cjl$ be represented by a

differentUtb$ly$ imbedded $1-sph_{-}^{\circ,}re$ if G. C. M. $(p_{i},q_{i})=1$ for some $ io\gamma$ G. C. M. (pj.qj)

$=1+G$ . C. M. $(pk,qk)$ for some $j$ and $k$ .
In this paper we improve above results using the instruments prepared in [1].

1. Preliminaries

In this section we recall the graphic $representatio_{--}^{\neg}S$ and some lemmas given in [1].

Let $T$ be a torus and $a,$ $\beta$ be $th\circ$ standard generators of $H_{1}(T;Z)$ .
We construct $T^{\prime}$, the connected sum cf $T$ and $S^{2},as$ follows; take away the neighbor-

hood $U$ of the base point in $T$ and the interior of a disk $D$ in $S^{2}$ , and identify the
boundary cf $U$ with the boundary $K$ cf $D$ . Then $\tau/$ is hcmeomorphic to $T$, accordingly
diffeomorphic to $T$ . We regard $T-U$ to be inside of $K$ and $S^{2}-D$ to be outside of $K$, and
indicate by vectors which lie across $K$ the differentiable curves which lie across $K$ and
have no self intersection and no mutual intersection in $T-U$ .

When this graphic representation is consist of $p$ parallel vectors and $q$ other vectors

which are orthogonal to the formers, we call it a graph of type $(p,q)$ .

We put the base point $Ji_{\delta}$ of $T$ ‘ outside cf $K,$ $i$ . $e$ . in $S^{2}-D$, then combining every

initial and end points of all vectors to $x_{0}$ we obtain a representati\’On of some element of
$H_{1}$ $(T^{\prime} ;Z)=H_{1}(T;Z)$ .

In this case we say that the element is represented by a graph of type $(p,q)$ . Note that
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different classes may be represented by graphs of same type.

The element $ pa+q\beta$ is naturally represented by a graph of type $(p,q)$ . (Cf. Fig. 1 and
2 in [1]). It may be represented by graphs of various types, but the following represen $\cdot$

tations given $i_{\urcorner_{-}}[1]$ are essential.
Let $r=G$ . C. M. $(p,q)$ .

LEMMA 1. $pa+q\beta C^{\prime}l$ be $repres.,nted$ by a grmph of type $(r, 0)$ .
LEMMA 2. $pa+q\beta c:m$ be $re\prime pres.nted$ by a graph of type $(r,r)$ .

Now we add two lemmas to $b\vee\supset$ used in the next section.
A graph of type $(p/p^{\prime},q)$ denotes the graph composed of $p$ parallel vectors sueceeded by

$p^{\prime}$ inversely oriented vectors and $q$ other vectors orthogonal to them.
LEMMA 3. The cohomology $cl\prime x_{i}s;$? which is $rpre\backslash \backslash c’ nted$ by a $gr\psi h$ of type $(p,q)cxn$, be

$repres_{-}.nt^{\rho}d$ by a graph of type $(p+n/n,q)$ for any integer $n$ .
PROOF. We can add $n$ horizontal vectors with the same orientation above the given $p$

horizontal vectors and $n$ horizontal vectors with the inverse orientation below the given
$p$ vectors, without changing the represented homology class, as follows. When $q=0$, the
2 $n$

. vectors may be those which represent trivial homology class.
When $q\neq 0$ , the uppermost and the lowest vectors of $p$ horizontal vectors represent the

same $homol\dot{o}gy$ class. Let the upper $n$ vectors indicate the curves running along the curve
which is indicated by the uppermost vector of given horizontal vectors, and let the lower
$n$ vectors indicate those running with inverse orientation along the curve which is indic-
ated by the lowest vector of given horizontal vectors, then they mutually subtract and do
not change the represented ho-nology class.

LEMMMA 4. The homology $ cljfs_{i}\iota$ ’pohich is $r_{L}pr_{\backslash }.s_{-}:nt_{-}^{\circ},d$ by a graph of type $(p,q)$ cm $b=$ repr-
$e_{i}s.nted$ by a graph of type $(p+q,q)$ .

PROOF. As in the preceding proof, we may add $q$ horizontal vectors above the given
$p$ horizontal vectors and add $qinverS_{\vee}^{\Leftrightarrow 1y}$ oriented“horizontal vectors below, without chan-
ging the represented homology class. Then we combine the end points of lower $q$ hori $\cdot$

zontal vcctors with the initial points of $q$ vertical vectors. This graph may be transfo-
rmed into a graph of $typ_{\vee}^{a}$ $(p+q,q)$ without changing the represented homology class.
(Cf. Figures i-n [1]).

2. Theorems

Let $M$ be an orientable closed surface with genus $m$ , and let $a_{i},\beta_{\iota}$ $(i=1,\cdots,m)$ be
the standard generators of $H_{1}(M;Z)$ . Then we have the following theorem which contains
Theorem 2.

THEORMM 3. $Th_{-}^{\circ}$ non-zero homology $cl?8S\xi=\sum_{i=1}^{m}$ ($p_{i}$ a $ i+qi\beta\iota$ ) cm be repres$\vee nted$ by a

$differentid,ly$ imbedded $1-sph_{-}^{\circ,}re$ if G. C. M. $(rjr_{k})=1$ for isom3 $j$ and $k$ . Where $r_{j}=0$

if $p\iota=q_{\iota}=0$ , and $r_{i}=G$ . C. M. $(p_{\iota}, q_{i})$ otherwise.



PROOF. We may consider $M$ to be as follows. Let $K_{\iota}’(i=1,\cdots,m)$ b\’e circles which
have matually no intersection and stand side by side along the equator on $S^{2}$ . At each
$K_{i}$ , we take away the interior and attach to it a holed torus $T_{i}$ by the way used in
\S 1. Then the resulting connected sum $M$ is an orientable closed surface with genus $m$ ,

and has an unique differentiable structure.

At each $K_{i}(i\neq j, k)$ , we represent $p;a_{j}+q_{j}\beta_{i}$ by a graph of type $(r_{i}, 0)$ by Lemma 1.
We assume that $r_{k}$ is larger than $rj$ by $\epsilon$ . As $rj$ and $r_{k}$ are relatively prime, there are
positive integers $nj$ and $n_{k}$ such that $njrj=n_{k}r_{k}+1$ . Usirg Lemma 2 and Lemma 4, we
represent $pjaj+qj\beta j$ by a graph of type ( $(s+1)njrj+rj$ , njrj), and $p_{k}a_{h}+qk\beta_{k}$ by a graph
of type $((s+1)vk?k+rk, -n_{k}r_{k})$ . (Note that a graph of type $(p,q)$ may be transformed
into a graph of type $(p,-q)$ without changing the repres-nted homology class.)

We may assume without loss of generality that $(s+1)nkrk+rk>ma_{i}\lambda r;$ .

Putting the base point $a_{\dot{4}}$ of $M$ at the north pole of $S^{2}$ , we give a $\mathfrak{c}^{1}1iffer\circ.ntiably$

imbedded l-sphere which combines $x_{0}$ and all vectors as follows.
We start from $gi_{0}$ and pass through uppermost horizontal vectors of $K_{i}(i=1,\cdots,m)$ in

order, where if $r=0$ go round the south side of $K_{i}$ . After going round one time, we go

towards the initial poi.nt of second horizontal vector of $K_{1}$ and pass through all second
horizontal vectors as above.

After repeating such prccess $\{(s+1)nj\gamma J+\gamma j\}$ times, from the. end pcint of the last
(i.e. the lowest) horizontal vector of $K_{j}$ we $ret\iota^{-}rn$ towards the initial point of the last
(coumting from the left) vertical vectcr of $Kj$, then we pass through the remaining

vertical vectors of $Kj$ and $K_{k}$ alternately, and then from the end point cf the first
vertical vector of $Kj$ we return to $i?i_{0}$ . (Cf. Figures in [1]).

As easily seen, this prccess may be carried out such as the resulting curve has no self
intersection and is differentiable.

The necessary condition of Theorem 1 is generalized to the case of genus $m$ as follows.

THEORMM 4. If G. C. M. $(r_{1};\cdots,\varphi_{m}^{})\neq 1,$ $th^{\circ}n\xi=\sum_{\iota=1}^{m}(p_{j}a_{j}+q_{j}\beta_{j})c_{\alpha}^{\gamma}nnotb^{\circ}rel)res\circ,nted$

by an imbedded l-sphere.
To prove this theorem, we prove the following lemma at first.
LEMMA 5. I’or any integer $r\geqq 2$, all $vecto\gamma s$ of $gr_{c}^{\gamma_{\psi}}phs$ of type $(\gamma,\gamma)$ and $thos^{\sigma}$, of type

$(r, 0)$ on $Mc^{\gamma_{\theta}}nnot$ be combined by $curv3S$ on $S^{2}-\bigcup_{i=1}m$ Int $K_{i}$ to be an $imb\vee\circ dded1-sph^{\circ\gamma}\lrcorner e$ with

s.zme $orient7_{\theta}tion$ to the $v_{c^{Q}}.cto\gamma s$, where Int $K_{j}$ meAns $ th^{\circ}\vee$

’ inside pzrt of $K_{i}$ on $S^{2}$ .
PROOF. When all graphs are of type $(r, 0)$ , our lemma is trivial. Next we consider

the general case. Now we assume that the graph at $K_{1}$ is of type $(r,r)$ and all vectors

are combined to be an imbedded l-sphere with compatible orientation. We start from
the $j$-th horizontal vector of $K_{1}$ and go along the imbedded l-sphere. Let the vertical
vector of $K_{1}$ at which we arrive for the first time be the $k$-th vertical vector.

In this process, if the curve we have passed has outwardly no self intersection, this
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outwardly closed curve must outwardly intersect with same number of vectors to go in
and to go out. Here we say that two curves outwardly intersect if they outwardly inte-
rsect in some $Kj,$ $i$ . $e$ . the vectors of $K$; which indicate the parts of curves intersect if
they are regarded to be lines on the disk which is bounded by $Kj$ . On the other hand,
$r$ vectors with same orientation are arranged in a neighborhood acrossing our curve,

with the exception of tbe vectors of $K_{1}$ . So the numbers of vectors of $K_{1}$ to go in and
to go out must be the same. Thus $j=k$ .

When the curve has outwardly self intersections, any case may be decomposed into the
cases with one outward self intersection. And so the increase of outward self interse-
ctions has no influence to the difference of numbers of vectors to go in and those to go

out from the outwardly closed curve which passes $K_{1}$ . Thus in any case, if we start from
the $j$-th horizontal vector of $K_{1}$ , the vertical vector of $K_{1}$ at which we arrive for the
first time must be the $j$-th vertical vector.

This fact proves also that our curve does not pass other horizontal vectors of $K_{1}$ on
the way. In the same way, if we start from the $j$ -th vertical vector of $K_{1}$, we arrive at
the $j$-th horizontal vector of $K_{1}$ , without passing any other vector of $K_{1}$ .

These facts contradict with our first assumption, and thus Lemma 5 is proved.

PROOF of Theorem 4. Let $r=G$ . C. M. $(r_{1},\cdots,r_{m})$ , and assume that $r>1$ .
$1^{o}$ . When we represent $ p_{i}a_{i}+q;\beta$ ; by a natural graph of type $(p;,q;)$ for every $i$ . These

graphs cannot be combined by curves in $S^{2}-\bigcup_{\dot{\iota}=1}^{m}$Int $K$; to be an imbedded l-sphere as seen

below. If they are combined as required, the resulting figure may be regarded to be a

figure obtained by $combining\sum_{i=1}^{m}p_{i}q_{j}/r^{2}$ graphs of type $(r,r)$ , and this fact contradicts with

Lemma 5.
$2^{o}$ . Various ways to combine graphs by curves in $M$ wtihout changing the represented

homology class may be considered. Any of such ways may be regarded as follows; tran-

sform the graph of type $(p;,q;)$ into a graph of suitable type without changing the repr $\cdot$

esented homology class for each $i$ , and combine them by curves in $S^{2}-\sum_{t\leftarrow J}^{m}$ Int $K_{i}$ to be

an imbedded l-sphere. There are three kinds of transformations. One of them is to

combine two vectors with a trivial (in the sense of having no influence to the repre-
sented homology class) curve in the neighborhood of $T_{j}$ and deform it to a curve in
$T_{i}$ . This transformation is used in the proof of Lemma 1, 2 and 4. If the graphs obtained

by this transfoimation can be combined by curves in $ s_{i}^{m_{1}}2-\cup$ Int $K_{i}$ to be an imbedded

l-sphere, then the original graphs is the same, because above transformation may be

obtained by combining two vectors with a curve in $S^{2-}\bigcup_{i=1}^{m}InlK_{i}$ and deforming it. The

second one is the transformation given in Lemma 3. The proof of this case is $c\circ vered$

by $1^{o}$ , because Lemma 5 can be generalized for this type as easily seen. The third trans-
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formation is to add, at an open edge of each $K_{j}$ , vectors which represent trivial classes.
$lt$ is trivial that this transformation has no influence to the proof.

Thus every cases reduce to $1^{o}$ .
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