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Let M be an orientable closed surface with genus m, and let a;, 3; (¢=1,---ym) be sta-

ndard generators of H; (M;Z). (Note that M has a unique differentiable structure.)
We studied in (17 whether &= % (piai+9iB:) & Hy (M;Z) can Be represented by
i=1

a differentiably inbedded l-sphere or not, and obtained the following results.
THEOREM 1. When m=1, leiting a and B be the standard generators of Hy (M;Z), the

non-zero homology class pa+qB can be represanted by a differentiably imbedded 1-sphere vf
and only if G. C. M. (p,g)=1.

In general cases we have,
TueoreM 2. The non-zero homology class €= 3 (psai+q:B:) cin-be represented by a
i=1

dif ferantiobly imbedded 1-sphare if G. C. M. (pi,gi)=1 for some ¢ or G. C. M. (pj,q;)
=1+G. C. M. (pw9r) for some j ond k.

In this paper we improve above results using the instruments prepared in (13.
1. Preliminaries

- In this section we recall the graphic representations and some lemmas given in [(1J.
Let T be a torus and a,-B bz th= standard generators of H (T ;Z).

- We construct 7", the connected sum of 7 and S2as follows; take away the neighbor-
hood U of the base point in T and the interior of a disk D in §2 and identify the
boundary cf U with the boundary K ¢f D. Then 7" is hcmeomorphic to 7, accordingly
diffeomorphic to T. We regard T-U to be inside of K and S2-D to be outside of K, and
indicate by vectors which lie across K the differentiable curves which lie across K and
have no self intersection and no mutual intersection in T-U,

When this graphic representation is consist of p parallel vectors and ¢ other vectors
which are orthogonal to the formers, we call it a graph of type (p,9).

We put the base point 2y of 7' outside of K, i. e. in 82-D, then combining every
initial and end points of all vectors to #; we obtain a representation of some element of
H (I";2)=H, (T';2). ‘ ‘

In this case we say that the element is represented by a graph of type (p,9). Note that



different classes may be represented by graphs of same typs.

The element pa+¢B is naturally represented by a graph of type (p,g). (Cf. Fig. 1 and
2 in [A1). It may be represented by graphs of various types, but the following represen-
tations given i1a (1] are essential.

Let r=G. C. M. (p,g).

LemMa 1. pa+gB cin bz represznted by o graph of type (r,0).

LEMMA 2. pa-+¢B cin be represznted 'by o graph of type (r,r).
Now we add two lemmas to bz used in the next section.

A graph of type (p/p’,9) denotes the graph composed of p parallel vectors succeeded by
P’ inversely oriented vectors and ¢ other vectors orthogonal to them.

LemMA 3. The cohomology cliss which s rapresanted by a graph of type (p,g) can be
represanied by o graph of type (p+n/n,g) for any integer n.

ProorF. We can add n horizontal vectors with the same orientation above the given p
horizontal vectors and n horizontal vectors with the inverse orientation below the given
p vectors, without changing the represesnted homology class, as follows. When ¢=0, the
2 n: vectors may be those which represent trivial homology class.

When ¢2c0, the uppermost and the lowest vectors of p horizontal vectors represent the
same homology class. Let the upper n vectors indicate the curves running along the curve
which is indicated by the uppermost vector of given horizontal vectors, and let the lower
n vectors indicate those running with inverse orientation along the curve which is indic-
ated by the lowest vector of given horizontal vectors, then they mutually subtract and do
not change the represented homology class.

LEMMA 4. The homology class which is raprasznizd by o graph of type (p,g) cin bz repr-
esznted by a graph of type (p+q,9).

Proor. As in the preceding proof, we may add ¢ horizontal vectors above the given
p horizontal vectors and add ¢ inverszly oriented ‘horizontal vectors below, without chan-
ging the represented homology class. Then we combine the end points of lower ¢ hori-
zontal vectors with the initial points of ¢ vertical vectors. This graph may be transfo-
rmed into a graph of typz (p+¢¢) without changing the represented homology class.
(Cf. Figures in [1)). S

2. Theorems

Let M be an orientable closed surface with genus m, and let @;,A, (¢=1,---,m).be

the standard generators of Hy(M;Z). Then we have the following theorem which contains
Theorem 2.

TaEORMM 3. Thz non-zero homology clmss &= % (piai+qiBi) cin be raeprasanted by o
i=1

dif ferentiably imbedded 1-sphere if G. C. M. (rj, rx)=1 for somz j and k. Where r; =0
if pi=q.=0, and r; =G. C. M. (p., qi) otherwisa,
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Froor. We may consider M to be as follows. Let K; (¢=1,---,m) be circles which
have mutually no intersection and stand side by side along the equator on S2. At each
K ;, we take away the interior and attach to it a holed torus 7'; by the way used in
§ 1. Then the resulting connected sum M is an orientable closed surface with genus m,
and has an unique differentiable structure.

At each K; (ixj, k), we represent p;a;+¢;3; by a graph of type (r;, 0) by Lemma 1.
We assume that 7, is larger than r; by s. As r; and 7 are relatively prime, there are
positive integers »; and nz such that njrj=nzrr+1. Usirg Lemma 2 and Lemma 4, we
represent pja;+qiBj by a graph of type ((s+1) njrj+rj, njr;j), and pr ar-+qeBr by a graph
of type ((s+1) wgrg+re, -ngry). (Note that a graph of type (p,9) may ke transformed
into a graph of type (p,—¢) without changing the represznted homology cless.)

We may assume without loss of generality that (s+Lnprg+re>mza r;.

i

Putting the base point 2y of M at the north pole of S2 we give a differantiably
imbedded 1-sphere which combines #p and all vectors as follows.

We start from 2 and pass through uppermost horizontal vectors of K; (i=1,--;m) in
order, where if =0 go round the south side of K;. After going round ore time, we go
towards the initial point of second horizontal vector of K; and pass through all second
horizontal vectors as above.

After repeating such' prccess {(s+1)#w;rj+r;} times, from the.end pcint of the last
(i.e. the lowest) horizontal vecter of K; we rettrn towards the initial point of the last
(counting from the left) vertical vecter of Kj, then we pass through the remaining
vertical vectors of K; and K alternately, and then from the end point cf the first
vertical vector of K; we return to . (Cf. Figures in [17).

As easily seen, this prccess may be carried out such as the resulting curve has no self
intersection and is differentiable.

- The necessary condition of Theorem 1 is generalized to the case of genus m as follows.
m

. TargormM 4. If G. C. M. (ry--rm) 1, thon &= 3 (p;a;+9; B;) cxnnot bz represznted
1=1

by an tmbadded l1-sphere. ,
To prove this theorem, we prove the following lemma at first. i
LEmMA 5. For any integer r==2, aoll vectors of graphs of type (r,r) and thosz of type

(r, 0) on M cannot be combined by curvas on S2- [Jn Int K; to bz an tmbadded l-sphere with
=1

is
syme orientytion to the vactors, where Int K; mens the inside part of K; on S2.

ProOF. When all graphs are of type (v, 0), our lemma is trivial. Next we consider
the general case. Now we assume that the graph at Ky is of type (rr) and all vectors
are combined to be an imbedded l-sphere with compatible orientation. We start from
the j-th horizontal vector of K; and go along the imbedded 1l-sphere. Let the vertical
vector of K; at which we arrive for the first time be the k-th vertical vector.

- In this process, if the curve we have passed has outwardly no self intersection, this



outwardly closed curve must outwardly intersect with sames number of vectors to go in
and to go out. Here we say that two curves outwardly intersect if they outwardly inte-
rsect-in some Kj, i. e. the vectors of K; which indicate the parts of curves intersect if
they are regarded to be lines on the disk which is bounded by Kj;. On the other hand,
r vectors with same orientation are arranged in a neighborhood acrossing our curve,
with the exception of the vectors of Kj. So the numbers of vectors of K; to go in and
to go out must be the same. Thus j=k.

When the curve has outwardly self intersections, any case may be decomposed into the
cases with one outward self intersection. And so the increase of outward self interse-
ctions has no influence to the difference of numbers of vectors to go in and those to go
out from the outwardly closed curve which passes K;. Thus in any case, if we start from
the j-th horizontal vector of K;, the vertical vector of K; at which we arrive for the
first time must be the j-th vertical vector.

This fact proves also that our curve does not pass other horizontal vectors of K; on
the way. In the same way, if we start from the j-th vertical vector of K;, we arrive at
the j-th horizontal vector of K;, without passing any other vector of Kj.

These facts contradict with our first assumption, and thus Lemma 5 is proved.

Proor of Theorem 4. Let r=G. C. M. (ry---y'm), and assume that r>1,

1°, When we represent p;a;+9;8; by a natural graph of type (p;9;) for every 7. These

m
graphs cannot be combined by curves in S2- {J Int K; to be an imbedded 1-sphere as seen
i=1

below. If they are combined as required, the resulting figure may be regarded to be a
m

figure obtained by combining ¥ p;¢;/r2 graphs of type (r,r), and this fact contradicts with
i=1

Lemma 5.
2°, Various ways to combine graphs by curves in M wtihout changing the represented
homology class may be considered. Any of such ways may be regarded as follows; tram-

sform the graph of type (p;,9;) into a graph of suitable type without changing the repr-

m
esented homology class for each i, and combine them by curves in 82-3 Int K; to be
=]

an imbedded l-sphere. There are three kinds of transformations. One of them is to
combine two vectors with a trivial (in the sense of having no influence to the repre-
sented homology class) curve in the neighborhood of 7'; and deform it to a curve in

T;. This transformation is used in the proof of Lemma 1, 2 and 4. If the graphs obtained

by this transformation can be combined by curves in S2- .’ljl Int K; to b= an imbedded
=

1l-sphere, then the original graphs is the same, because above transformation may be

obtained by combining two vectors with a curve in S2- Gl Int K; and deforming it. The
i=

second one is the transformation given in Lemma 3. The proof of this case is cuvered

by 1°, because Lemma 5 can be generalized for this type as easily seen. THe third trans-



formation is to add, at an open edge of each K;, vectors which represent trivial classes.
It is trivial that this transformation has no influence to the proof.

Thus every cases reduce to 1°,
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