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As pointed out by A. Wulfsohn in Zbl. 372 #46061, the argument of the theorem of [3]
is incomplete. We give a correct proof (Theorem 5) as a consequence of a characteriza-
tion of a type I factor direct summand of a W*-tensor product of two W*-algebras. The
author wishes to take this opportunity to deeply thank Professor A. Wulfsohn for his use-
ful suggestions.

1. Tensor products of abelian W*-algebras

For a locally compact Hausdorff space X with a Radon measure m let L~(X, m) be the
algebra of all essentially bounded measurable functions on X, and let L2(X, m) be the
Hilbert space of all measurable square integrable functions on X. Each function f& L™
(X, m) gives rise to a multiplication operator = (f)& B(LX, m)), defined by (#(f)g)(s)
=f(s)g(s) (@ELH X, m),s&X). We may identify f& L*(X, m) with =(f), and L=(X,
m) with = (L>(X, m)) [1, I, §7, Théoréme 2].

Let X and Y be compact Hausdorff spaces with Radon measures m and »n respec-
tively. Then we have canonically L2(X XY, m ® n)=L¥ X, m) ® LAY, n), the Hilbert
space tensor product. In this situation, we have the following two lemmas.

LemMma 1. Let Lo(X, m)® L=(Y, n) be the W-tensor product of L= (X, m) and L>(Y,
n). Then L°(XX Y, m@n)=L> (X, m) Q L>(Y, n).

Proor. For each f&B(L2(X, m))x, the predual of B(L2(X, m)), let Ry : BULAX, m))
® B(L2(Y, n))—>B(LXY, n)) be a unique o-weakly continuous linear map satisfying
Rr(@a@b)=<f,a>bla EB(LA X, m)), bE B(LAY, n))). Let gcL=(XxXY, m® n) with
£>0. For a vector state f:a—>(afl|é) (eEBUI2(X, m)), § ELA X, m)), we have Rs(g)
&L>(Y, n). Then for a normal state f, Rs(g) ©L>(Y, »), and for f EB(L2(X, m))%, Rr(g)
&L>(Y, n). Hence Ry(g)EL>(Y, n) for any g=L>(X XY, m@n) and fESBLAX, m))x.
Similarly, for each fEB(LAY, n))x let Ly : BILAX, m))R B(L2(Y, n))—> BILXX, m)) be a
unique o-weakly continuous linear map satisfying Lr(a ® b)=<f, b >a (a EB(LAX, m)),
bEBLAY, n))). Let g&L=(XXY, m @ n). For each f&EB(LXY, n))x we have Ls(g)&
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L>(X, m). Since L*(Xx Y, m®n) 2 L=(X, m)Q L>(Y, n), by [5, Theorem 2. 1] L*(Xx Y,
m @ n)=L>(X, m) @ LY, n).

LeMMA 2. If p is a minimal projection in L=(X, m)Q L>(Y, n), then there are minimal
Drojections py and ps in L(X, m) and L>(Y, n) respectively such that p=p, Q p.

Proor. Let Ni={s&X, m({s})#0}, N;={¢t€Y, n({¢})#0}. Then N; and N, are at
most countable. Let m; be the atomic part of m, defined by m;(E)= m(ENN,) for each
measurable set <X, and put my=m—m,;. Then L*(X, m)=L>(X, m) & L*(X, my).
Similarly, let », be the atomic part of », defined by n(F)=n(FNN,) for each measurable
set FC Y, and put n,=n—n;. Then L>(Y, n) =L>(Y, n) ® L=(Y, n,). Since m, satisfies
my({s})=0 for each s& X, m, ® n also satisfies m, ® n({sx¢})=0 for each sx¢t EXX Y.
Hence for each €0 and sx & X x Y there is a neighborhood U (s X £) of sx ¢ such that m;
® n(U(sx #))<e. Then there is a finite open covering {U;}?., of XX Y with m,; @ n(Ui)
<e (i=1,...,n). If qis a miminal projection in L= (X, my) ® L=(Y, n), by Lemma 1 we
have & L=*(Xx Y, m; @ n). Hence there is a measurable subset E of XX Y such that
n(xE)=q, where = (xE£) is the multiplication operator of the characteristic function y£ of E.
Then there is a subset U in the above covering such that z(yenuv)+#0. Since ¢ is a mini-
mal projection, #(xe)=q<n(yenv). Hence m; @ n(E)<my; @ n(ENU) my @ n(U)<e.
Since ¢ is arbitrary, m, ® n(E)=0, and so = (yg)=¢=0. This is a contradiction. Thus
there is no minimal projection in L=(X, my;) ® L=(Y, n). Similarly, there is no minimal
projection in L=(X, m;) ® LY, n,). Consequently, we have p EL>(X, m;) ® L>(Y, ny).

The algebra L>(X, m,) ® L>(Y, n,) is *-isomorphic to the algebra L=(N;x N,) of all
bounded functions on Nj X N,. Since each minimal projection in L*(N; X N,) is the charac-
teristic function of a point of N; X Ns, p can be written in the form: p= p; @ p,, where p,
and p, are minimal projections in L=(X, m) and L=(Y, n). This completes the proof.

LEmMMA 3. Let A and B be abelian W*-algebras. Let p be a minimal projection in the
Wk-tensor product AQB. Then there are minimal projections p, and p, in A and B respec-
tively such that p=p,Qp.

Proor. There is a locally compact Hausdorff space X with a Radon measure m such
that UXi=X, X;NXj=¢ for i+, each X; is compact and open, and L=(X, m) is *-isomor-
phic to A; there is a locally compact Hausdorff space Y with a Radon measure n such
that UYr=Y, YrNY;j=¢ for k+jJ, each Y is compact and open, and L>(Y, ») is *-isomor-
phic to B [1, I, §7, 2-3]. Let m; be the restriction of m to X; and let nx be the restriction
of n to Yr. Since L*(X, m)=23:® L= (X;, m:) and L=(Y, n)= 3t ® L* (Y, nk), we have
L>(X, m) & L=(Y, n)=3i #®L=(Xi, mi)® L=(Y&, nr). Since p is a minimal projection,
there is a W*-subalgebra L= (Xi, mi) ® L~(Yk, nt) which contains p. By Lemma 2 there
are minimal projections p; and p, in L=(X;, m;i) and L=(Y%, nt) such that p=p, ® Do.
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2. The main results

THEOREM 4. Let M and N be Wk-algebras. If z is a central projection in MR N such
that (M ® N). is a type I factor. Then there are central projections p and qin M and N
respectively such that (M @ N):= Mp Q Nj.

Proor. By [4, Proposition 2. 2. 10] M and N can be written as follows: M=Mas &®
Mc, N=Nag ® N, where M4, Na are of type I and M., N¢ are continuous. By [4, Theo-
rem 2. 6. 6] Ma ® Nu is the type I direct summand of M @ N. Hence z&Ma ® Ny, and
(M &® N):=(Ma&® Na)z; so we may assume that M and N are of type I.

By [4, Theorems 2. 3. 2 and 2. 3. 3] M can be written as follows: M=23:® Ai ® L(H)),
where A: is an abelian W*-algebra and H; is an i-dimensional Hilbert space. Similarly,
we have N=2J3; ® Bi ® L(K;), where B;j is an abelian W*-algebra and K; is a j-dimen-
sional Hilbert space. Then there is a canonical *-isomorphism of M ® Nonto 5 ; ® (A;
& L(H)) ®(Bi ® L(Kj)). Since each (4: ® L(H)) ® (B; ® L(K;)) is *-isomorphic to (4 ®
Bj) ® L(H; ® Kj;), there is a *-isomorphism of M ® N onto X; ; ® (4i ® Bj) ® L(H; R Kj).
Hence there is a canonical *-isomorphism @ of the center of M ® N onto 3i,; @ Ai ® B;.

Since (M &® N). is a factor, there is a pair (7, j) of cardinal numbers such that @(2)&
A;i® Bj and @(z) is a minimal projection in A;:® B;. By Lemma 3 there are minimal pro-
jections pi€ Ai and ¢;E B; such that @(2)=p: ® ¢;. Hence there are central projections p
and ¢ in M and N such that z=» ® g, so that (M ® N)z:=MpQNj.

Let A and B be C*-algebras and let A** and B** be second duals of A and B. The
spatial C*-tensor product A ®, B is canonically embedded in A** & B** by [6, Théoréme
1].

THEOREM 5. In theabove situation, let © be an irreducible representation of A Q.B on
a Hilbert space H. Suppose that a state x—>(#(x)&|8) EEH) on AQR.B has a normal
extension g to A% @ B¥*,  Then there are representations ©, and ; of A and B respectively
such that n is equivalent to ©, Q ;.

Proor. Let (p, 7) be the representation associated with g. Since p(A®.B)7 is dense
in the representation space of p, and |p(x)7|=|=(x)¢] for x& AR .B, we may assume that
p is a normal extension of 7 to A% ® B** on H and »=¢§. Hence p is irreducible. Then
there is a central projection z in A%*& B**k such that (A%**& B*¥), is *-isomorphic to
p(A¥* @ B¥¥), so that (A%*® B*¥); is a type I factor. By Theorem 4 there are central
projections p and ¢ in A%k and B** such that (A% Q B¥¥), = A%*, X Bek, By [4, Theo-
rem 2. 6. 6] factors A%, and B**, are of type L Let  be the restriction of 7 to A ([2, p.
9, Definiton 3]). Then the weak closure of ;(A) is p(A%*® I), and is *-isomorphic to A¥¥,,
Hence = is a type I factor representation. By [2, p. 7, Proposition 2] there are represen-
tations 7; and 7, of A and B respectively such that #—~n; ® =,.

EXAMPLE 6. Let A and Bbe UHF algebras. Under the embedding AR B A** R Br*,
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the canonical injection T of AR B into (AR B)** has no normal extension to A%k R B¥*,
Proor. By [2, p. 20, Proposition 7] the spatial C*-tensor product A ®.B is a unique
C*-tensor product of A and B. Then. by [2, p. 32, Theorem 6] and Theorem 5, there is a
pure state f on A ®.B which has no normal extension to A%k @ B¥k,
Suppose that ¥ has a normal extension & to A**® B**, Since f may be regarded as
an element f of the predual of (A ®,By**, we have

F@)=F @ (%)) *EAR.B).

Hence f has a normal extension to A*k® B**¥ This is a contradiction, and completes
the proof.
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