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1. Introduction

In recent years considerable attention has been given to Markov games with a speci-
fied discount factor 8, 0=<3<1, so that the unit reward on the nth day is worth only p*-1.
The optimization problem, then, is to maximize the total expected discounted gain of
player I as the game proceeds over the infinite future and to minimize the total expected
loss of player II.

But, if =1, the total expected gain of player I or total expected loss of player Il may
diverge. Then, we need to consider the expected average reward as a criterion of opti-
mality. For this reason, in this paper, we shall treat the problem, that is, to maximize
the expected average gain per unit time of player I as the game continues on the infinite
future and to minimize the expected average loss per unit time of player II. Then, under
this criterion and some assumptions, we shall show that Markov game has a value and,
moreover, we shall give an algorithm for finding the value of the game and for finding
e-optimal strategies. Furthermore, we shall show that, under some assumptions, Markov
game with the expected average reward criterion is reduced to one with some specified
discount factor.

This paper consists of four sections. In Section 2, we shall give the formulation of
the problem treated by us in this paper. In Section 3, we shall show the existence of
optimal stationary strategies and give an algorithm for finding e-optimal strategies.

2. The formulation of the problem

In this paper, our Markov game is determined by a tupel (S, A, B, ¢, ). Here, Sis
a non-empty Borel subset of a Polish space, the set of states of a system; A is a non-empty
Borel subset of a Polish space, the set of actions available to player I; B is a non-empty
Borel subset of a Polish space, the set of actions available to player II; ¢ is the law of
motion of the system, it associates Borel measurably with each triple (s, @, 5)ESxAxBa
probability measure ¢(-|s, @, b) on the Borel measurable space (S, ®(S)), where ®(S) is
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the o-field generated by the metric on S; 7, the reward function, is a bounded Borel
measurable function on SxA xB.

Periodically, player I and player II observe the current state s and choose actions @
and b according to the current state s and the full knowledge of the history of the system.
As a consequence of the actions chosen by the players, player II pays player I reward
7(s, @, b) units of money and the system moves to a new state s’ according to the condi-
tional distribution ¢(«|s, @, b). Then, the whole process is repeated from the new state
s’. Here, our optimization problem is to maximize the expected average gain per unit
time of player I and to minimize the expected average loss per unit time of player II.

A strategy m for player I is a sequence of =, =3,..., Wwhere =, specifies the action to be
chosen by player I on the nth time by associating Borel measurably with each history
hn=(s1, @1, b1, S3,..., @n_1, bu_1, Sn) Of the system a probability distribution z»(+|%4x) on

(A, B(A)). A strategy r is, particularly, said to be stationary if there is a Borel measur-
able map f from S into Pa such that z,=f, for all », where P4 is the set of all probability
measures on (4, ®(A)). II denotes the class of all strategies for player 1. Strategies
and stationary strategies for player II are defined analogously. I” denotes the class of all
strategies for player II.

For each =, a pair (&, o) of the strategies for player I and player II associates with
each initial state s the total expected reward In(z, ¢)(s) of player I up to the nth time
and the expected average gain per unit time of player I up to the »th time:

In(ﬂ'; 0)(3) (2. 1)

n

Then, player I wants to maximize

,}irg _I_”Cf’_nﬂs_)_ . 2)
and player II wants to minimize
lim Mni)_(i)_ 2. 3)

71—

For each n the function I.(x, o) is, plainly, Borel measurable and, consequently,

Tim In(m, a)(s) and lim In( ﬂ'sn" (s

78--»00 n 71—»o0

are Borel measurable.
A strategy =* is optimal for player I if for all strategies ¢’ for player II and all s&S,

inf sup Tim
CEL RE]J] n—rco

In(m, 0X(8) — piy An(x*, 0 X(8) Q. 4)
n - n

7n—»00

A strategy o* is optimal for player Il if for all strategies =’ for player I and all s&S,
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sup inf lim ——M—)—Z T LT ,e* (s 2. 5)

n€]] 6E€ ~n-sco N—>o0 n

We shall say that the Markov game has a value if for all s& S,

inf sup T 2% 9XS) — qup inf lim LT 9X(s) (2. 6)
oE 7€l no n nE€J]] €I “n—s n

In case the Markov game has a value, the quantity

inf sup Trm 2T oXS)
OET 7E€E]] n—roo n

as a function on S, is called the value function.

3. Existence of optimal stationary strategies

In this section, we shall study the existence of optimal stationary strategies for our
Markov game. First, we shall state several assumptions and lemmas necessary for the
proofs of main results. We shall assume the following assumptions: (A1) S, A and B
are compact metric spaces, (A2) r=7(s, @, b) is a continuous function on SxA x B, (A3)
whenever sy—>Sy, an—>ayg and bp—>by, q(*|sn, an, bn) converges weakly to g(+|so, @,
bo), (A4) there exist a continuous function #(s) on S and a constant d such that for each
SES,

d+u(s)= sup inf {r(s, 2 A+ Ss u(s’)dq(s’ |s, ¢, 2)} , 3. D

FE A EPB

where, for each #& P4 and A& P,
7Cs, 11 D=\ 7Cs, @, DY duCad dacv) (3. 2)
and, for each EE®R(S), p=Ps and A=Pp,
aCEls, 15 D={ a(Els, a, b)dp@> ai(b). (3. 3)
Then, by (Al), Pa and PB, endowed with weak topology, are compact metric spaces.

Moreover, from (Al) and (A3), we can show the following lemmas:

LemMma 3.1 Let f(s, a, b) be a continuous, real-valued function on SXxAxB. Then,
(s, p, D)= SS 1(s, a, b)dp(a)dA(b), s&S, p=Pa, A=PB is a continuous function on Sx Pa
X Pp.

LemMMA 3.2 Let u be a bounded, continuous, real-valued function on Xx Y, where X is
a Borel subset of a Polish space and Y is a compact metric space. Then, u*(x)=ma); u(x, ¥)

ye

is continuous. Moreover, u,(x)= m1n u(x, y) is also continuous.
3%

These lemmas are given in [1]
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Let C(S) denote the family of all bounded, continuous functions on S. For #»=C(S)
we define ||#||=sup|#(s)|. Then (C(S), d) is a complete metric space, where d(«%, v)=
|l#u—v] for each zsfve C(S). For each #E P4 and A& P, we define an operator L(g, 1) on
C(S) as follows: for each #=C(S) and s&S,

LCp, Du(s)=7Cs, 1, D+ u(sddaCs' |5, 11 D) 3. 9

Then, by virtue of Lemma 3. 1, L(g, )% is a continuous function on Sx Pax Pp. Since
L(p, Du, Pa and Pp satisfy the conditions of Sion’s minimax theorem (Theorem 3. 4 of
[41), we can show that for each ¥ C(S),

sup inf L(g, Du(s)=inf sup L(g, 2)u(s). (3. 5)
ﬂEPA lEPB ZEPB [lEPA

Moreover, since L(#, 2)u(s) is continuous on Sx P4 x Pp and P4 and Pp are compact, sup
and inf can be replaced by max and min, respectively, and we can prove the following
lemma under (Al), (A2) and (A3).

LemMma 3.3  For each u=C(S), there exist Borel measurable maps py and 2y from S
into Pa and PB, such that

min L(ps, A)u(s)=max min L(g, D) u(s) (3. 6)
ZEPB FGPA IEPB

=min max L(g, Duls)
lEPB [‘EPA

=max L(g, 44 u(s)
KEP4y

=L(fts, Ax)u(S).

The proof of this lemma is stated in Lemma 2. 4 of [1].
Then, under (Al), (A2), (A3) and (A4), we can prove Theorem 3. 1, Theorem 3. 2
and Theorem 3. 3 by using the lemmas.

THEOREM 3. 1 Our Markov game has a value in a sense of (2. 6), i.e., for all s&S,

inf sup Tim 2% 9 _ qup inf lim _I."C”+XS)_ 3.7

CE €]l N n RE]l 6E’ noo
and player I and player II have optimal stationary strategies.

Proor. By (A4) and Lemma 3. 3, there exists a Borel measurable map g, from S
into Pa such that

d+u(8)=”§:111,1; zlensz{ r(s, & 2)+SS u(s’)dq(Cs'|s, 1, 2)}
~=sup inf L(g, Duls)
pEP 4 A€Pp
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= inf L(py, Du(s).
i EPB

For a pair (=, o) of the strategies of player I and player II, let Ex - be an integral oparator
associated with a probability measure on S generated by strategies # and o. Then, for a
stationary strategy p,*=Cg, tx, --.) for player I and any strategy o for player II,

Euo,o {:’f:;[ucsa—&.m,« (s 111} =0, (3. 8

where s; is the state of the system on #th time.
But, for each ¢ it holds that

Euy o [u(st) | hi—1] @G. 9
o I COL IR RORY I Wty
=7(st—1, #s(St—1), 2t-1)+Ss u(s') dq(s" |st—1, px(St—1)s At~1)

—r(st—1, ps(St1-1), At—1)
gmin{ r(st—1, ps(Si—1), 2)+Ss u(s')dq(s’ |st—1, ps(S1-1), 1)}

A€Ppg

—7(St—1, ps(St—1), At—1)
=Xm;n L(ftay D u(St—1)—7(St—1, Px(St—1), At—1)

€Pp

=d+u(st—1)—1r(st—-1, ps(St—1), At—1),

where 4:—; denotes a probability measure on B determined By a1—1( | ht—1).
Hence, by (3. 8) and (3. 9), we have ' '

0= Buum, o {3 LuCs0)—~(dHuCst-)—=rCsm, @iy, o)1} (310)
or

A= Em o (511 B, L) T L™, 0o, (3. 1)
where

InCttar a><s1>=§:1 By, o [7(st, a1, b 1.

Using the fact that |Ju||=<M, we get, for any strategy ¢ for player II and all s&S,
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d<lim Lot a)(s) (3. 12)
N—>o
Thus, from (3. 12), it holds that for all sES,
d < inf lim InCpts™, @ )(8) =sup inf lim In(r, a)(s) (3. 13)
oET S™ n ‘REJ] 0ET T

Similarly, we get, for all s€S,
d=supTm -22(% '2* X8 > inf supTim I"(”’ a)(s)_ (3. 14)

XE]J] n—roo oE €]l n—roo

where 4, is a Borel measurable map from S into Pp satisfying the equation in Lemma
3. 3. On the other hand, it is generally true that, for all s&S,

sup inf lim —L’-(—EL"—)L—S inf sup lim Ln(m, 0> s) (3. 15)

nE€J]] 0E N> CEI nE€E]] noxo

< inf sup lim _Iﬁnal& .

OE tE€]] n—o

By (3. 13), (3. 14) and (3. 15), we have a constant d as the value of the game and g,™ and
Ay~ are optimal stationary strategies for player I and player II, respectivery. Thus the
proof is complete.
Now, we define an operator T on C(S) as follows: for each &= C(S),
Tu(s) = sup 1n£ Ly, Du(s). (3. 16)
B

BEP 42

Then, by Lemma 3. 2, we can define a sequence of bounded, continuous functions d.&
C(S), n=0, 1, 2, ..., suth that, for each s& S,

do(s) —"SéerA zlélfBr(S, 2 A) .17
and
dny1(s)=Tdn(s), n=0,1,2, .... (3. 18)
THEOREM 3. 2 There exists a constant M such that, for all s &S and n,
|dn(s)—nd|<2M . (3. 19)

Proor. Since #(s) and 7(s, @, b) are bounded, there exists a constant M such that,
forall sES, |#(s)|=M and u(s)—M=dy(s)=u(s)+M.
By (3. 18) and (A4), we have, for all s&ES,

di(s)=Tdo(s)

=max min L(g, )dy(s)
prEP 4 AEPR
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< max m'}_} Ly, 2)(u(s)+M)

#EP, 2€Pp
=d+tu(s)+M.
By the same way, we get, for all s&S,
di(s)=(d+u(s))—M.
Repeating the above calculation, we can obtain, for all s&Sand #,
nd+u(s)—M=<dn(s)<nd+u(s)+M. (3. 20)

By (3. 20), we get (3.19). Thus, the proof is complete.
In order to find e-optimal strategies, for any strategies #=(g1, tt2, *++) and =4y,
Az, *++), we define »r and o as follows: #»m=(py, 2, **+, ttx) and n6=_%;, Az, ***, An).

THEOREM 3. 3 For any fixed €0, then there exist a number N and strategies «, ¢ for
Dlayer 1, I1, respectively, such that, for all s S and all n =N,

d<-t nC"ﬂ";z aX($) 4. for any Markov strategy o (3. 21)
and
4= In(x, ;0‘)(33 — for any Markov strategy ., (3. 22)

where a strategy = is said to be Markov if, for all n, 7 is a Borel measurable map from S
into Pa.

Proor. If we take ng such that no>4M]/e, then for all n=#,, it holds that

_dn(s)l oM _2M _ e
Id ) |2l LM 2 (3. 23)

On the other hand, by the definition of d» and Lemma 3. 3, there exists a Borel measur-
able map p»*¢ from Sinto P4 such that

dn(s)=Tdn_1(s)

=sup inf {rCs, s D+ dns(s )5’ 15, 1, D}

HEP4 A€Pp
=z‘3£3{'(3’ ity D+ a5 daCs' 15, pt, D}

ZL(n*, An)dn-1(S)

for any Borel measurable map 4, from S into Ps.
Thus, repeating the above calculation, we get

dn(s)ZL(pn*, An) dn—1( s)
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=L(ttn*, An) L(ptn—1*, An—1)dn—2(s)

-1
énﬂo L(#tn—1%y 2n—1) do(s)
=

=Ia(rt, #0)(s)+ | di(s D daCs' |5, wme, »),
where »n¢=(ptn*, ftn-1%, ..., t1*) and #0=(an, An-1, .-+, A1)
Since dn(s)=nd—ne/2 and ||do]| < M, by (3. 24),
nd < In(nn¢, no)(s )+ M-+ne/2. (3. 25)
Hence, we get, for all sufficiently large # and all s& S,

d< I”(”"';“’)(s ) te for any Markov strategy o. (3. 26)

Similarly, for all sufficiently large » and all s& S,

4= Iz, ’;‘7 ‘X$) _ ¢ for any Markov strategy . @G. 2D

Thus, the proof is complete.

Next, we shall show that, under (Al), (A2), (A3) and some conditions, our Markov
game with the expected average reward criterion is reduced to one with some specified
discount factor, In order to show the fact, we need impose on ¢ the following additional
assumption: (A5) there exists a state s and 1”>a>0 such that, for all s&S, &€ A and
bEB,

q( {30} Is’ a, b)?-_a- (3. 28)
Then, from (3. 28), it holds that, for all #&Pa and A& P,
a({so} |8, 1, D=a. (3. 29

For Markov game with the law of motion of the system satisfying the above assumption,
consider a new Markov game with identical state and action space, with identical rewards,
but with the law of motion of the system given for E&= ®(S) by

____._‘ICEIIS_’Z’ b) for so&EE
gd(E|s,a, b)=
q(EIsl,f,ab)—a for soE E.

We now call the game (S, A, B, g, r) original Markov game and the game (S, 4, B, ¢, r)
modified Markov game, or simply “original M. G.” and “modified M. G.”, respectively.
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It should be noted that ¢'(-|s, @, b) also satisfies the assumption (A3) since for all
u=C(S), acA and bEB,

Ss u(s')dq'(s'|s, a, b)=—1_1—aSs u(s')dq(s'|s, a, b)— 1-(-¥-a u( So)

(3. 30)

Since modified M. G. (S, A, B, ¢/, r) satisfies the assumptions (A1), (A2) and (A3), we
have the following lemma by the results of [1].

LemMA 3.4 The modified M. G. (S, A, B, ¢, r) with a discount factor B, 0=<<1, has
a value, the value function is continuous, and player I and player II have optimal stationary
strategies.

Let fg*© and &s** be optimal stationary strategies for player I and player II in the
modified M. G. with a discount factor 0=<8<1, respectively, and ws*(s) be the value of
the game. Then, for fs*, &s* and ws*(s), it holds that

wg*( s )=min max{r(s, # D+B\ wg(s)dd (s s, 1, 1)} (3. 31)

ZEPBPE A

=max min {rCs, 1, D+8{ w*(sDde (5’15, 1 D ]

uEP, 2€Pp

=1(s, f5*(5D, &4 (s +B{ w*(sD dg(s'Is, f5*(s), 26*(s))

Then we can prove the following theorem.

THEOREM 3.4 Under the assumptions (A1), (A2), (A3) and (A5), there exist optimal
stationary strategies for player I and player II for the original M. G. with the expected ave-
rage reward criterion and the value of the game is eI’y _a(f <3, g5 )(so). Further, the
optimal stationary strategies for player I and player II are the sequences of Borel measurable
maps from S into Pa and PB, respectively, satisfying the following equation:

aw*y_a(So)+u'( s)=max min { r(s, 2)+S w'(s')dqg(s’|s, p, 2)}
rEPy 2€Pp S
(3. 32)
where
wW(s)=w*1—a(s)—w*1—a(S) : (3. 33)
Proor. A. Maitra and T. Parthasarathy [1] have shown that, since w*,_« is the
value of the modiﬁed M. G. with a discount factor 1—a, w*;_« satisfies the min max
equation, namely, for all sES,

w* —a(s)= max mm{ (s, # l)+(1-a)s *1-a(s") dq'(s' s, g l)}.

#EP4 A€EPp
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Using (3. 33), we get

W ()10 —a(50)=(1l—a) w0* ol 5o)+max min { rCs, 1, D+
n

+A-a)f W () dg (s Is, 1 D | (3. 30)
From #'(s0)=0, (3. 34) yields that
* ’ — : \ 17 ! ’
aw*;_a(so)+u'(s) %a}:’i fé‘}’;{ (s, & 1)+Ss w'(s')dq(s'|s, o, 2)}-
(3. 35)

This shows that the original M. G. satisfies, also, the assumption (A4).  Hence, by
Theorem 3. 1, a value of the game is aw*;_«(sg) and there exist optimal stationary stra-
tegies for player I and player II. Thus, the proof is complete.

In order to give sufficient conditions for the existence of the assumption (A4), fix -
some state sy and let

up(s)=w*p(s)J—w*s(so). (3. 36)
Then, from (3. 31) and (3. 36), it holds that

dp+ups(s)= max mi}p {r(s, # 2)+BSS up(s’) dg(s'|s, p, 2 } Q. 3D

,LCEPA e B

where ds=(1—pB)w*s(so).
We can prove the following theorem under the assumptions (Al), (A2) and (A3).

THEOREM 3. 5 If {ug} is a uniformly bounded equicontinuous family of functions, then
it follows that (A4) holds and (1—B) w*s(s) converges to d as p—>1— for all s&S.

Proor. By the Ascoli-Arzela’s theorem there exist a sequence 8.——1 and a con-
tinuous function #(s) such that #s,(s) converges uniformly to #(s) on S. Now, since ug
is bounded, we can also require that ds, converges to d. Hence, from (3. 37), we get

d+4u( s)= max min { (s, o, z)+§ LU da(s' [, g 2D } (3. 38)

ﬂEPA IEPB

For any sequence B.—1, there is a subsequence B’. such that lim dp,, exists. By the
above this limit is d. Thus, d= Errll ds. The result follows since s, is any arbitrary state.

Thus, the proof is complete.
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