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EQUIVALENCE CLASSES OF MIXED INVARIANT
SUBSPACES OVER THE BIDISK

KEI JI IZUCHI AND MASATOSHI NAITO

ABSTRACT. A closed subspace N of the Hardy space H? over the bidisk is said
to be mixed invariant under 7, and 7}, if TN C N and T;;N C N. In this
paper, we study unitary, similar and quasi-similar module maps for mixed invariant
subspaces. We give some characterization of these maps. All unitary module
maps are multiplication operators of unimodular functions. Under the condition
dim(N & zN) = 1, we can describe similar and quasi-similar module maps by
outer functions.

1. Introduction

Let D? be the bidisk and I'? be the distinguished boundary of D?. We use z,w as
variables over I'?. Let L? = L?(I'?) and H? = H?*(T'?) be the usual Lebesgue and
Hardy spaces over I'?. We denote by H?(z) and H?*(w) the z and w variable Hardy
spaces, respectively. For ¢ € L*°(T'?), we define the Toeplitz operator T, on H? by
T,f = Py2(pf), where Pg2 is the orthgonal projection from L? onto H?.

A closed subspace M of H? is called invariant if 7,M C M and T,,M C M. In
[10, 11], K. H. Izuchi and the first author studied M satisfying rank(R, R} — R R.) =
1, where R, = T,|y and R, = Tyl It is still open to describe all M satisfying
the above condition. Let L = H> & M. Then T;L C L and T}L C L. The space L
is called backward shift invariant. In [12], K. H. Izuchi and the first author showed
that the form of L can be described under the condition rank(S,S! — S:S.) = 1,
where S, = P.T.|p, Sy = PLT,|r. From such a thing, the authors feel that some
problems on L are easier than same type problems on M. To overcome this thing,
in [13], K. H. Izuchi and the authors introduced the concept of “mixed invariant”
for closed subspace on H?.

A closed subspace N of H? with N # {0} and N # H? is called mixed invariant
under 7, and T, if I, N C N and T)N C N. We define the operators V, and V,, on N
by V.f =T.f and V,f = PyT,f. In[13], K. H. Izuchi and the authors described

the form of mixed invariant subspaces N under the condition V,V,, = V,,V,. This
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is a similar result for invariant and backward shift invariant subspaces. Moreover,
we showed that a wandering subspace N © V, N has a deep connection with the de
Branges-Rovnyak spaces studied by Sarason [15]. See [13] in detail.

It is well known result due to Beurling that for every invariant subspace M of the
Hardy space over the unit circle, M = @ H?(T") for an inner function ¢. But it is easy
to see that Beurling-type characterization is not possible for invariant subspaces of
H?(T'?) [14]. Hence this directs one’s attention to investigate equivalence classes of
invariant subspaces of H?(I'?), naturally. See [1, 3, 4, 5, 6, 9] for the related subjects.
In [1], Agrawal, Clark and Douglas introduced the concept of unitary equivalence of
invariant subspaces. They showed that two invariant subspaces of finite codimension
are unitarily equivalent if and only if they are equal. In [9], the first author gave
a complete characterization of pairs of invariant subspaces I and J of H?(I'?) such
that I = ¢J for an inner function . This is a generalization of Agrawal, Clark
and Douglas’s results. In [5, 6], Guo studied unitary equivalence from a module
theoretic viewpoint.

In this paper, we study unitary, similar, and quasi-similar module maps for mixed
invariant subspaces. For mixed invariant subspaces N; and N, of H? under T,
and 7177, we write Vz(j) =V, and Vu(,j) = V, on N;. Note that Vz(j) = TZ|N]. and
Vu(}j — T N;- A bounded linear map T : Ny — Ny is called a module map with
respect to (V,, V), (Vi, Vi), (VJ5, V), and (V5 V) if

TV =vAT and TV = VT,

z z w

TV = VAT and TV = VT,

w

TV =vV*T and TV = VOT,

w

TV = V@*7 and TVV* = V2T,

w

respectively. We say that N; and N, are unitarily equivalent (similar) if there is a
unitary (invertible) module map 7" : N; — N, for each respective type. We also say
that N; and Ny are quasi-similar if there are one to one module maps T : N1 — Ny
and T, : Ny — N; with dense range for each respective type. For a fixed Ny, we
denote by orbe,v,,vz)(N1), orbs,v, vz (N1), and orbgs v, vz (N1) the family of mixed
invariant subspaces N which are unitarily equivalent, similar, and quasi-similar to
Ny with respect to (V,, V), respectively. We may consider other types of orbits of
N;. We have a characterization of unitary equivalence by unimodular functions. In
Corollary 2.2, we shall prove that the followings are equivalent;

Vo Vi)

(i) T': Ny — N3 is a unitary module map with respect to ( o
(ii)) T': Ny — N3 is a unitary module map with respect to (V,,V,,)
(V2 Vi)
(

(iv) T : Ny — Ns is a unitary module map with respect to (V, V,,).

(v) There is a unimodular function v (z) satisfying Th = 1¢(2)h for h € Nj.

)

(iii) T': Ny — Ny is a unitary module map with respect to
)
)
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Under the conditon dim(N © zN) = 1, we can describe similar and quasi-similar
module maps by outer functions.

2. Theorems

First, we prove the following theorem. The idea of the proof comes from Douglas
and Foias [4].

Theorem 2.1. Let N, and Ny be mized invariant subspaces of H? under T, and Tr.
Let T : Ny — Ny be a unitary map. Then the following conditions are equivalent.

(i) T': Ny — Ny is a unitary module map with respect to (V,, V.¥).
(ii) T : Ny — Ny is a unitary module map with respect to (V., V).
(iii) There is a unimodular function ¥ (z) satisfying Th = ¥ (z)h for every h €

Ny.

Proof. (i) (or (ii)) = (iii): Suppose that T': N; — N, is a unitary module map with
respect to (V2, V) (or (Vz,Vy)). Let ]V be the closed linear span of {T"N; :

0} = {w”N :n > 0}. Then N is a mixed invariant subspace under 7, and T;,
and T, N C N By [13, Corollary 2.5], there are inner functions ¢;(z) and ¢2(2)

satisfying
Ny = qi(2)H? and N, = go(2)H?. (2.1)

For F = ST h,, h, € Ny, we define TF = S T"Th,,. Since TT: = T:T (or
TVu(,l) Vu(,Q)T) on Ny and T : Ny — Ny is unitary, we have

ITF|? = Z{T”Thn, TEThy)

- Z (Thy, T3P Thy )+ (Ta* ™ Th,, Thy,)

n>k n<k
(or = S VO T, Th) + Y (Th, Vf)’“*”ThQ)
n>k n<k
= D (Thy, TT;" i)y + > (TT* " hy, Thy,)
n>k n<k
<Or _ Z (TVO"h,, Thy) + Z (Th,, Tvu(jl)k—nhk>>
n>k n<k
= > (ha T Phyy > AT E b, by
n>k n<k
(or = N VI )+ Y (B, Vﬁ”“*“h@)
n>k n<k
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= Z <Tnhn, Ttﬁhk> + Z <Tnhn> Tzﬁhk>

n>k n<k
= 1> Toml® = |IFI”

Hence T : Ny — Ny is well defined and a unitary map.
We shall prove that

TTw = ij: and sz = TZT on N,. (2.2)
Since TT, =T, T on Ny, we have
TT.F=T(Y TiT.h,) =Y TaTT.h, = T.TF.
We also have
IT,F=T(> Tpth,) =Y Tut'Th, = T,TF.
Thus we get (2.2).
By (2.1), we can define the operator % on H? by

T:H?>=q(2)N, > ¢(2)F — qu(2)TF € H?.

Since T : Nl — NQ is unitary, T:H?— H?is unitary. By (2.2), it is easy to see
that 7T, = T, T and TT,, = T,,T on H?. Hence we get T = ¢ for some ¢ € C with
lc| = 1. Thus we get go(2) )TF = ¢qi(2)F for F € Ny. Therefore TF = cq,(2)q2(2)F
for every F € Ny. Since T|y, = T, Th = cq1(2)g2(2)h for every h € Ny. Thus we
get (iii).
(iii) = (i) and (ii): Suppose that Th = ¢ (z)h for h € Nj, where ¥(z) is a
unimodular function. It is trivial that TV\" = V.T. We have
TV h = h(2)Tih = T (¥(2)h) = VD*Th.
Hence TV = V&' T.
We write wh = hy®g; € Ny @®(H?*©Ny). Since ¢(2)Ny = Ny C H?, (2)g, € H?.
Since g; L Ny, we have ¢(z)g; L ¥(2)N; = N,. Thus
D(z)wh = () S Y(2)gr € No @ (H? © Ny).
Hence Py, (1 (z)wh) = 1(2)h; and
TV\Vh = Thy = ¢(2)hy = Py, (¢Y(2)wh) = VO Th.
Therefore we get TV = VAT, U

Corollary 2.2. Let Ny and Ny be mized invariant subspaces of H* under T, and T
Let T : Ny — Ny be a unitary map. Then the following conditions are equivalent.

(i) T': Ny — Ny is a unitary module map with respect to (V,, V.r).

(ii) T : Ny — Ny is a unitary module map with respect to (V., V).
(iii) T : Ny — Ny is a unitary module map with respect to (V, V).

z w
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(iv) T : Ny — Ny is a unitary module map with respect to (V},V,,).
(v) There is a unimodular function ¥ (z) satisfying Th = ¢ (z)h for h € Nj.

Proof. Conditions (iii) and (iv) are equivalent to that 7% : Ny — N; are unitary
module maps with respect to (V,V,,) and (V., V,}), respectively. By Theorem 2.1,

(iii) and (iv) are equivalent, and also they are equivalent to that T*h = p(2)h,h €
Ns, for a unimodular function ¢(z). Hence Thy = p(2)hy for every hy € Nj. O

Corollary 2.3. Let Ny be a mized invariant subspace of H* under T, and T.*. Then

Orb(u,Vz,Vu’j)(Nl) = OTb(u,VZ,Vw)(Nl) = 07’6(%\/2*7‘/1;?)(]\[1) = Orb(u,Vz*,Vw)<Nl)

and this family consists of mized invariant subspaces N of H* such that N = 1 (z) N
for some unimodular function (z).

In the above argument, the condition of unitarity of the module map 7' is impor-
tant. It seems difficult to describe similar-orbits of N; generally, so we study for a
special case of Ny with dim (N; © zN;) = 1, which is studied in [13].

Let ® be the family of pairs (a(z),b(z)) in H>(z) satisfying |a(z)| < 1 a.e. on I'
and |a(z)|> +10(z)[* =1 a.e. on I'. For (a(2),b(z)) € @, we write

b(2)
N = Ny = GH? h G=—"—.
(a,b) (z), where = wa(?)
By [13, Theorems 2.4 and 3.2], N is a mixed invariant subspace of H? under T, and
T with N © zN = C - G, and a(z) is constant if and only if [V, V,,] = 0. We note
that |G| =1,

1E)GI = [IE)I and  (£(2)G,n(2)G) = (£(2),n(2)), (2.3)
Vi (€(2)G) = a(2)8(2)G, (2.4)
and V*(£(2)GQ) = (T7£(2))G for every £(z),n(z) € H?(z). Moreover by [13, Lemma
5.1] we have
Vi(§(2)G) = (T7€(2))G. (2.5)
Lemma 2.4. Let

bl (Z)
N — Na = G H2 s G e A—
1 (a1,b1) 1 (Z) 1 1 — way (Z)
for some (a1(2),b1(z)) € ® and Ny be a mized invariant subspace of H* under T,
and T);. Let T : Ny — Ny be a one to one bounded linear map with dense range. If

TV = VAT, then
— _ 2 _ bh(?)
N2 = N(a%bQ) = GQH (Z), G2 = 1_ U)CLQ(Z)
for some (as(2),ba(2)) € © and there is an outer function h(z) in H>(z) satisfying
T(6(2)G1) = M2)8(2)Ga £(2) € H?(z) and T*(n(2)Ga) = (T;n(2))Gy for every
§(2),m(2) € H*(2).
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Proof. We have T'(zN;) = 2T'N; C zNy. Since C - TGy + zT'N; is dense in Na,
C-TG; + 2N, is dense in N,. Hence dim (Ny © zN3) = 1. When [VZ@), Vu(,z)] =0, by
[13, Theorem 2.4] there exist an inner function ¢(z) and ¢ € D satisfying

= GoH?*(2), where Gy = —”1_|C|2q(z)
1—cw
Here we used condition dim (N © zN;) = 1. Write aa(z) = ¢ and by(z) =
1 —|c|?q(2). Then (az(2),b2(2)) € ® and Ny = Nayp,)-
Suppose that [V V(Q)] # 0. By [13, Theorem 3.2], there exists (ay(z), ba(z)) € ®
such that as(2) is nonconstant and

ba (2
Nz = Niaypo) = G2H*(2),  where Gy = %.
Since TGy € Ny, there is h(z) € H*(2) with TGy = h(2)Gy. For £(z) € H>(2), we

have T(£(2)Gy) = h(2)&(2)Gs. By (2.3), it is not difficult to see that h(z)H?(z) is
dense in H?(z), so h(z) is an outer function in Hoo(z). For n(z) € H*(z), we have

(T"(1(2)G2),6(2)G1) = (n(= Gz, (2)Gs2)
= <h GQ, z G2>
= QI;n())G% (2)G2) by (2.5).
Thus we get T*(n(2)G2) = (Tyn(z))Ga. O
Theorem 2.5. Let
Ni = Ny oy = G1H*(2), Gy = %

for some (a1(2),b1(2)) € ® and Ny be a mized invariant subspace of H* under T,
and T;. LetT : Ny — Ny be a one to one bounded linear map with dense range. If T'
is a module map with respect to (V,,V.), then there exists by(z) € H*™(z) satisfying
(a1(2),b2(2)) € © and

b
No = Nay by) = G2H2(Z), where Go = &

1 —waqy(2)’
and there exists an outer function h(z) € H*(z) satisfying

h(2)ba(2)

T(EG) = HE(EIG = H ot e(:)
for every £(z) € H?(2).
Proof. By Lemma 2.4, we have

b2<2)

2 (a2,b2) 2 (2)7 2 1_ U)CLQ(Z)
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for some (as(z),b2(2)) € ®, and there is an outer function h(z) € H*(z) satisfying
T(&(2)G1) = h(2)&(2)Gy for every £(z) € H*(z). By (2.4),

TVugl)*Gl = T(CLl(Z)Gl) = h(z)al(z)Gg.
Also we have
VAP TGy = VP (h(2)Ge) = h(2)az(2)Ga.
Since TV = VA" T, we get a1(z) = as(z). Hence

T(£(2)G1) = h(2)é(2)7 _bifz(z) - h(;) E)j)(Z)

£(2)G.

Theorem 2.6. Let
b1 (Z)
N — Na = G H2 G e —
1 (a1,b1) 1 (Z)a 1 1— wal(z>
for some (a1(2),b1(2)) € ® and Ny be a mized invariant subspace of H* under T,
andT). LetT : Ny — Ny be a one to one bounded linear map with dense range. If T'

is a module map with respect to (V,,Vy,), then there exists by(2) € H*(z) satisfying
(a1(2),b2(2)) € © and

by(2)
Ny = N(a, by) = GoH(2), where Gy = = wa (o)
and there ezists an outer function h(z) € H*(z) satisfying
h(z)ba(z
T(E(:)Gh) = h(2)E(2)G, = M)
bl(Z)

for every £(z) € H?(z). Moreover if a;(z) is nonconstant, then h(z) is a nonzero
constant function.

£(2)Gy

Proof. By Lemma 2.4,

N2 = N(a27b2) = GgHz(Z), where GQ = %
for some (ay(2),b2(2)) € @, and T(£(2)Gy) = h(2)E(2)Ga, &(2) € H?(2) for an outer
function h(z) € H*(z). By (2.5), we have TVU(,1 (&(2)Gy) = (z)( v &(2))Gy and

VAT(E(2)Gy) = V2 (h(z) = (T2, (h(2)&(2))) Go.
(

az
Since TV = VT, we have h(z )Tx (2 ) = (h 2)€(2)) for every £(z) € H?(2).
Hence T, T, = T, T, on H?(z). Therefore ThTa1 = Tan on H%(z). By the Brown-
Halmos theorem (see [7]), either h(z) € H*®(2) or a;(z) € H®(z), so either h(z) or
a1 (z) is constant.
If h(z) = ¢ for some ¢ € C, since T has dense range, ¢ # 0 and Tg; = T,5;. Hence
ai(z) = as(z).
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If a1(2) = d,d € C, then Ty, = Ty Moreover if d = 0, then as(z) = 0 and this
is a contradiction. If d # 0, then as(z) = d, so a;(z) = az(2z). Thus we get the
assertion. U

Theorem 2.7. Let

bl (Z)

N — Na = G H2 s G e A—
! (a,b1) (2 YT way(2)

for some (a1(2),b1(2)) € ® and Ny be a mized invariant subspace of H* under T,
andT. LetT : Ny — Ny be an invertible bounded linear map. If T is a module map
with respect to (V}, Vi), then there exists by(z) € H*(2) satisfying (a1(z),ba(2)) € @
and

by(2)
1 —waqi(2)’
and there exists an invertible outer function h(z) € H>(z) satisfying T'(£(2)G1) =
(T36(2))C for cvery &(2) € H2(2).

Proof. Since TVAY" = VI2*T we have VAY*TG, = 0, so TGy € Ny © 2N,. Suppose
that No © zNy # C - T'G;. Then there exists a nonzero F, € Ny © zNy with
Fy, 1 C-TG,. Since T is invertible, there is F} € N; with TF, = F5. Then
TV R = VP*TE = 0, so VAY*F, = 0. Thus we get Fy € N; © 2N;. Since
N1 S, ZN1 =C- Gl, we have F1 = CGl, and F2 = TF1 = CTGI. But this is a
contradiction. Thus dim (Ny © zN;) = 1. By [13, Theorems 2.4 and 3.2], there
exists (az(z),be(2)) € © satisfying

Na = Na, bs) = GyH?*(2), where Gy =

bg(Z)

2 (a2,b2) 2 (Z), whnere 2 —1 _ waQ(z)

We have V.U = TV and V"' = TVP". By Theorem 2.5, we have
a1(z) = as(z) and there is an outer function h(z) € H*(z) satisfying

O R R
for every n(z) € H*(z). Note that |b(2)| = |ba(

have

z)| a.e. on T'. For £(z) € H?(z2), we

(T(E(2)G) n(:)Ga) = {£(2)Gr, T*(1(2)Go))
()6 —h@f;)(z)n(z)@}
= (R PG ()G

= (M(2)&(2)Ga,1(2)G2)

= ((T3¢(2))Ga,1(2)Gy).

— 152 —



Thus we get T'(£(2)G1) = (17€(2))Ga. Since T is invertible, T} is invertible on

H?(z). By [7, p. 140], h(z) is invertible in H>(z). O
Theorem 2.8. Let
b1(2)
Ny = N, G\H*(2), G
! (a,b1) () T way (2)

for some (a1(2),b1(z)) € ® and Ny be a mized invariant subspace of H* under T,
and T?. Let T : Ny — Ny be an invertible bounded linear map. If T is a module map
with respect to (V, V.5), then there exists by(z) € H*(z) satisfying (a1(2),ba(z)) € @

and

by(2)
1 —waq(2)’
and there exists an invertible outer function h(z) € H>(z) satisfying T'({(z2)G,1) =
(T3:&(2))Gy for every &(z) € H?*(z). Moreover if ai(2) is monconstant, h(z) is a
nonzero constant function.

No = Niay pp) = GoH?(2), where Gy =

Proof. As the first paragraph of the proof of Theorem 2.7,

N2 = N(a27b2) = G2H2(2’>, where G2 = %

By the assumption, 7" : Ny — N; is an invertible bounded module map with
respect to (V.,V,). Then by Theorem 2.6, a1(z) = az(z) and there is an outer
function h(z) € H>(z) satisfying

h(2)bi(2)

T =
for every 7(z) € H?(z). By the second paragraph of the proof of Theorem 2.7, we
have T'(£(2)Gy) = (T7&(2)) Gy for every £(z) € H?(z). O
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