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BESSEL POTENTIAL SPACES IN BEURLING’S
DISTRIBUTIONS

BYUNG KEUN SOHN

ABSTRACT. We introduce the generalized Bessel potential spaces in the Beurling’s
distributions. We give the topological characterizations of the generalized Bessel
potential spaces and consider multiplication and convolution operations in the
generalized Bessel potential spaces.

1. Introduction

The Bessel potential spaces are of interest since they include the classical Sobolev
spaces and they have close relationships with many other spaces, for example,
Lorentz- Zygmund spaces [6], Orlicz spaces [5] and Besov spaces [9], etc. J. Barros-
Neto and B. E. Petersen considered many topological properties of the Bessel po-
tential spaces (Sobolev spaces) in the sense of Schwartz’s distributions in [1] and [7],
respectively.

In the mean time, A. Beurling presented the foundation of a more general theory
of distributions in [2] and G. Bjorck developed the Beurling’s generalized distribution
theories in [3].

The purpose of the present paper is to extend Bessel potential spaces in Schwartz’s
distributions to Bessel potential spaces in the Beurling’s tempered distributions.
We will investigate the characterizations of the generalized Bessel potential spaces
in the Beurling’s tempered distributions. Also, we will consider multiplication and
convolution operations in the generalized Bessel potential spaces in the Beurling’s
tempered distributions.

2. Beurling’s Distributions and Preliminaries

Fistly, we review the Beurling’s distribution spaces and related results which we
need in this paper. We denote M the set of all real-valued functions w on R"
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satisfying the following conditions;

(@) 0=w(0) Sw(+n) <w)+wh), &neR"
(B) Ju(w) = [n garmndé < 00

(7) w(§) > A+ Blog(1+ [¢]) for some constants A and B > 0
(%)

For example, w(&) = log(1 + [£|) and w(§) = |§]é,oz > 1, satisfy all conditions.
Throughout this paper, w represents an element in M. Let D, (U) be the set of

w(§) = o(J¢]) for an increasing continuous concave function o on [0, c0).

all ¢ in L'(R™) such that ¢ has a compact support in an open set U and

Joll? = [ 16619 de < o

for any A > 0. The topology on this space is given by the inductive limit topology
of the Fréchet spaces D, (K) = {¢ € D, : supp ¢ C K} induced by the above
semi-norms where K is a compact set in U. From Proposition 1.3.6 in [3], if w(§) =
log(1+ [¢]), then D, = C° = D (in the notation of Schwartz), where C2° is the set
of all continuous functions with compact support in R".

Theorem 2.1. Let wy,ws € M¢. If for some real A and positive C' we have
wp(§) <A+ Cwi(§), £€R",
then D,, C D,, and D, () is dense in D,,(2) for each Q@ C R™.
Proof. Theorem 1.3.18 in [3]. O

We denote by &,(U) the set of all complex-valued functions ¢ in U such that ¢
is in D, (U) for any ¢ € D, (U). The topology in &,(U) is given by the semi-norms
Y — ||¢@Z)||(Aw) for any A > 0 and any ¢ € D,(U). The dual space of D,(U) is
denoted by D/,(U) whose elements are called the Beurling’s distributions. Because
of D,/(U) D D'(U) by (v), Beurling’s distributions are generalized distributions.
D, (U) is equal to D'(U) when w(€) = log(1 + |¢]). The dual space & (U) of &,(U)
can be identified with the set of all elements of D/ (U) which has a compact support
in U. £,(U) is related to the Gevrey class when w(§) = ]§|5, d>1.

Theorem 2.2. Let K be a compact convex set in R™ with support function H. The
Fourier-Lapalace transform of u € E'(K) is an entire function U(C) in ( = {+in =
((1,C2y -, Cn) € C™ if and only if for some real X\ and all positive € there exists a
constant C) . such that

\U(€ 4 in)| < Cy eHmTeml+r(e)

Proof. Theorem 1.8.14 in [3]. d



We denote by S,, the set of all functions ¢ € L'(R") with the property that (¢
and ¢ € C* and) for each multi-index « and each non-negative number A we have

Pax(@) = sup @ DY(7)| < oo
rxeR™

and

Tan(9) = sup O |DUG(€)] < oc.
£ERn

The topology of S, is defined by the semi-norms p, » and 7, . Then it can be seen
that D, C S, C &,.

Theorem 2.3. D, is dense in S,,.

Proof. Theorem 1.8.7 in [3]. O
Theorem 2.4. The Fourier transform is a continuous automorphism of S,,.
Proof. Proposition 1.8.2 in [3]. O

Theorem 2.5. S, is a topological algebra under point-wise miltiplication and also
under convolution.

Proof. Proposition 1.8.3 in [3]. O

A continuous linear form on &, is called an Beurling’s tempered distribution.
The space of all Beurling’s tempered distributions is given the weak topology and
denoted by S!,. Also, we can see that S, C D/,. If u € S/, and ¢ € S,,, we define the

~

Fourier transform @ by u(¢) = u(¢) and the convolution u * ¢ as the function given

by (ux ¢)(x) = uy(p(z —y)).
Theorem 2.6. The Fourier transform is a continuous automorphism of S.,.
Proof. Remark of Definition 1.8.9 in [3]. O

Theorem 2.7. If u € S, and ¢ € S,, then p xu € S, and dxu = ¢ -4 and
pu(§) = (2m) " (¢ * @)(8).

Proof. Theorem 1.8.12 in [3]. O

For details about the Beurling’s distributions, we refer to [2] and [3].

3. Generalized Bessel Potential Spaces

We will extend Bessel potential spaces in the Schwartz’s distributions to Bessel po-
tential spaces in the Beurling’s distributions, and investigate the topological prop-
erties of the generalized Bessel potential spaces.



The classical Bessel potential spaces in the Schwartz’s distributions, (or, Sobolev
spaces,) L2(R"), is defined as

LR = { e’ sl = ([ latra+ |f|>28d5)é < oo},

for s € R.
In [8], Pahk and Kang defined Sobolev spaces in Beurling’s distributions, H?, as

3
e = ( / |a<§>|2e2w<f>ds) < oo} |
for s € R.

We are ready to introduce the generalized Bessel potential spaces in the Beurling’s

follows;

H?(R") = {u eS8 ||ul

distributions.

Definition 3.1. Given s € R and 1 < p < 0o, we define by the generalized Bessel
potential spaces, L? ,(R"), the set of all u € S, such that

LP (R") = {u : / |0(€)[Per©de < oo}.

The norm in L£  is given by

v = ([ la@pe=oac)”. 1)

Among these spaces one has the classical Bessel potential spaces (or, Sobolev
spaces) L?(R™) when w(&) = log(1 + |¢]), p = 2 and the Segal algebra So(R") when
s =0,w=1log(1+£) and p = 1. Only if p = 2, several results in this section reduce
to the results in [7].

In the mean time, Hérmander introduced the function spaces B, x in [4] as follow;

I

IC is the set of all positive functions £ in R" with the following property. There
exist positive constants C' and N such that k(& + 1) < (1+ Cl¢])Vk(n) for all
§,neR".

By i (R") = {U €D (Hu”p,k = (QW)_”/ |k(§)ﬁ(€)|pd§) < OO},
RTL
for ke K and 1 < p < .
The spaces B, were extended to By, by Bjorck in [3] as follow;

IC., is the set of all positive functions k£ in R™ with the following property. There
exists positive constants A such that k(& +n) < e?(9k(n) for all £,y € R™.

2(RY) = { e 2 (Nl = m) " | \k(é)ﬁ(é)V’di); < oo} ,



for k € K, 1 <p < oo and F, in Definition 1.8.10 in [3].
Clearly, we know that when w(&) = log(1 + [¢]) and k(§) = (1 + [£]), LY (R") =
B, x(R") and when k(&) = e~(® , L7 ,(R") = By .(R") by the property of (§) of w.

In what follows, Lf  means Lg,w(R").
Theorem 3.1. L7 is a Banach space with the norm || - ||z in (3.1). We have
S,CcLt, CS,
in the topological sense. D,, (hence S, ) is dence in L%

Proof. Let LP(eP*©)d¢) be the Banach space of all measurable functions v with

norm |[[v||2 such that
e G

By the definition of S,,, S, C LP(eP*©)d¢) in the topological sense. To prove that
LP(er©d¢) C 8!, we note that Holder inequality gives

Jle©v(€)lde = [le(€)le= v (€)le S dg
< llge™ @ - [[o(&)e* 1,

sw (&)

where ¢ € S, and %—I—é = 1. Since ||pe~
have LP(eP*©)d¢) C 8, so

S, C LP(er**®de) C 8., (3.2)

From Theorem 2.1 with wy(§) = w(§) and we(&) = log(1 + [£]), D, is dense in

C. Then since C*® is dense in LP(eP**€)d¢), D, is dense in LP(eP**©dg). From

Theorem 2.3 and (3.2), D, (hence S,) is dense in LP(eP**©€)d¢). If we take the
Fourier transform in (3.2) and use Theorems 2.4 and 2.6, we have the results. [

|4 is a continuous semi-norm in S, we

Corollary 3.1. If s <t, then L}, C L, and this inclusion is continuous.

S,w

Proof. If s < t, then e#**(®) < e#™(®) and so LY, C L2, and |jul|rz < fullge,- O

Corollary 3.2. If P is a polynomial of degree m with constant coefficients, then
P(D) maps L%, continuously into L;_,,

Proof. By the property () of w,
PPyl =/ [P(D)ufrerdg
= [|P(&)afPer=©)d¢

<C Z\a|<m [la(©)lefprers©de
< CQf |u )|Peplstm)e(©) q¢



Theorem 3.2. [fs; < s < s9, €>0 andu € Lt then

HUHZE}S’ < ZPEHUHLI; .t 2p€7m”“”igl’w,
(s—s1)
(s2—s)"
Proof. Let a,b > 0,0 < t < 1 and define g(x) = tz'""a+ (1—t)z'b. Then g takes its
minimum on (0, 00) at x = 2. Thus g(z) > a'b'~". Taking a = €"*©®) and b = ¢*2(©)
and s = ts; + (1 — t)sy we obtain

where m =

5w () < g(z) = trl-tesw(® 4 (1-— t)x—tesw(&),
which implies that for any = > 0 we have
lullfe, <20t ullf, | +2°(0 =t lullf,
S 2pl'17t||U||Z£p +2p$7t||U”IIip .
S1,wW S9,w

1

By setting = ¢+, we have the result. 0
IfuedS, and ¢ € S, we define
< u, ¢ >=u(e). (3.3)
For u e LP

L o> the map v — f §)d§ is a linear functional on L%
]; + 5 = 1. In fact,

Jo©a)ds = [ @(5)6‘5”(5)5(5)65“1(5)616 1
< (J[@©Per=©de) - ([ [p(©reOde)T (3.4

- HU” Lg,w ”UHLq—s,w

where

S,w?

Hence the conjugate linear functional < u,- > on S, in (3.3) can be extended

uniquely to a conjugate linear functional on L%,  such that

—S,w

<v,u>= /@(5)5(5)d§, (3.5)

for u € L%, and v € L?

—S,w"

Hence < v,- > is a conjugate linear functional on L?

Theorem 3.3. The pairing in (3.5) identifies LY _ , isometrically with the antidual
of Lt ,. If u € D, then uw € L, if and only if there is a constant C' such that
| < u, (b > | < CH(bHLq , for ¢ € D and * —|— 2 = 1. Moreover, the best value of C'
is ||ulz,, that is HuHLp <C.

Proof. 1f we let (L% ,)* be the antidual of L? , that is, the space of continuous

conjugate linear functionals on L% , we define G : L, , — (L% ,)* by

S,w?

G)u =< v,u >= /ﬁ(g)ﬂ(f)df.



Firstly, we will show that G is an isometric isomorphism from L%, onto (L% )*.
From (3.4), we have [|[G(v)|[zz ) < |lvllge,  for all v € L%, which implies

|Gz, y—@e.y < 1. To show the isometry, let v € LY, and put u € L%

such that 5(6)] © -
FOE) — o)l §omasw(6) _ 0(E) 157y ja—1 —asw(e)
a(§) 50 [0(&)[7e |@(£)|\v(§)| e :
Since [lully, = [0t

= [ 1)+ e @ dg

= ol
ollzn,_ - ol
= [l -

Then ||G(v)||(zz )+ = l[vllze__, which implies ||Gl|z(ze_ y—zz,.) = 1. Hence

1Gl cqwe, y—wrny =1

Now, if G(v) = 0, then G(v)u =< v,u >= f@(f)ﬂ(f)dg =0 for all u € S,. Hence
v=0in S, ie, v =0in L?, , which implies the injectivity of G. Next, we will
show the surjectivity of G. We note that (L% ,)* C (S,)* by Theorem 3.1. We can
identify L% , with the closed subspaces of LP, {f € L? : V(u) = f,u € L%}, by
the isometric isomorphic map V : u(z) — @(£)e**®. Then, by Riesz representation
theorem for L7, if F' € (L% ), there exist a u; € L such that

S,w

F(u) = /ﬁl(ﬁ)ﬁ(f)esw(ﬁ)df,

for all w € L . Since ¢ — J (g 5 )o(€)e*Ed¢ is a continuous linear functional on
S., there is a dlstrlbutlon up € Lq_sw such that 1(¢) = 1;(€)e*® a.e. Then we
have

= [a1(¢ es“’ W(€)es©dg¢

= fUQ ol (g)esw(g)dg

=< Uy, u >= G(uz)(u),
for all u € L . Hence F' = G/(uz), which implies the surjectivity of G.

For the last statements, let u € L . Then,

1G] — supd @) u(6)
=16t = sup{mqs Ge L} > sup{||¢“Lq b Dw},

which implies | < u,¢ > | < @]l e
Finally, if v € D/, and | < u,¢ S \ < Cl|¢[lps_, for ¢ € D, then the map

¢ — u(¢) extends to an element of (L%, )" with norm < C. Thus there exists




a unique w € L% such that G(w)(¢) =< u,¢ > for each ¢ € D,. But, then
<w, ¢ >=<u,¢p > for each ¢ € D, ie., u=w. O

Corollary 3.3. Let A : D, — D!, be a linear map. Then A extends uniquely to a
continuous linear map A : L2 , — Lt , if and only if

| < Au,T> | < Clul

v vl
Ls L—t,u’

for u,v € D,. Moreover, the best value of C is the norm ||Al|s: of the operator
ALE, — Ly,

Proof. If u € D, and Au € LY, we have

twr

[(Au)(v)| = < Au,v> | <|[[Aulrp vl
— [ Allullzz. ol
= Cllulle vl oo, .
for v € D, from Theorem 3.3. The converse comes from Theorem 3.3. ]

It is convenient to introduce the intersection and the union of the spaces L% ,. We
let

Lgo,w = ﬂsERLg,w? Lgoo,w = USGRLg,w'
We provide LE, , with the weakest topology so that the inclusion map L5, , — LE

p
—00o,w

locally convex topology so that the inclusion map L? , — L”

is continuous for each s (projective topology). We provide L with the strongest

is continuous for

o0,w

each s (locally convex inductive topology).
From the definition of &, by

&= {vilovlly) = [ 18O <

for all A > 0, we can define £, as follow:
We denote by EF(2) the vector space of all locally integrable functions u on
such that

L/@mmw@<w

for all ¢ € D,(2) and a non-negative integer k.
We note that Ng=oEX(Q) = £,(Q) and EF(Q) C C*(Q), for any non-negative k, by
Proposition 3.1 in [8]. Now we are ready to give an imbedding theorem for L% .

Theorem 3.4. If s > (2) + k, then L, C EF where % + é =1



Proof. Let u € L% , and ¢ € D,,. Then

f|¢“ (&)]e*®dg = flqbu ) ek S)w(ﬁ)d§
<f|¢u |pep8w §)d§'> (f eqk s)w( )

Q|

for s > (2) + k. Hence u € Ek. O

Theorem 3.5. L CE&, and g cL?

—0oo,w*

Proof. The first statement follows from Theorem 3.4. Let u € €. By Theorem 2.2,
there exist some constant A > 0 and C) such that |a(£)] < Cye ). Then

f|u |pepsw df <Cpf€ps+/\ df
< C J(1+Jg)rerhde

< 00,

for p(s + ) < —2n. Hence u € LI(J_A_n) which implies v € L” . O
4. Mutiplication and convolution operations in L
Theorem 4.1. If o € S, and u € LE ,, then the product ¢u belongs to Ll ,, where

1; + E = 1. Furthermore, the bilinear map
SU-’ X Lg,w = (¢7 U) - ¢U S Lg,w
18 separately continuous.

The proof of Theorem 4.1 is based upon the following Lemma.

Lemma 4.1. Let K(z,y) be a continuous function on R™ x R™ and suppose that
there is a constant C' > 0 such that [, |K(z,y)|dz < C uniformly on Y and
Jn 1K (z,y)|dy < C uniformly on X. Then

AF(z) = . K(z,y)f(y)dy

defines a continuous linear operator from LP into L, where ]lj + % =1.



Proof. Let f € LP and g € L?. We have

| <Af,g>|=

- Af(x)ﬁda:

/ LK (x’y)f(y)dedy‘

< [ [ K@K ) o) dsdy

< (/ [ IGalis |pdxdy) (/ [ Il >|qudy)

< ClIfllp - llgllg (4.1)
which implies that A : LP — L7 is a continuous linear operator. U

Remark 4.1. Tt follows from (4.1) that the norm, ||AJ|, is at most equal to C.

Proof. (Proof of Theorem 4.1) 1. Let ¢ € S, and v € LZ . By Theorem 2.7, we
have

pu(e) = (2m) (@ x w)(§) = (2m) " . O(& = m)a(n)dy. (4.2)

In order to prove that ¢u € L? . it suffices to show that @(5)65‘“(5) € L1

By (4.2), we have

@(g)esw(f) — (27’(’)_” fRn {5(5 . n)ﬂ(n)esw(g)dn
= (20) " [, B — e O ()t dy

S,w?

Set
K(&,n) = ¢3(£ _ n)esw(é)efsw(n)'
Since ¢ € S, we have

K& mn)| = |¢;(§ —n) e5w(8) g—sw(n)
< |p(& — m)lesE=m
< |B(€ — n)|elsr2neE—n) o ~2nw(en) (4.3)
< Cre ) < Gyl [ — )~

by the property («) and () of w. Hence K (&, n) satisfies the assumption of Lemma 4.1.
Since u € L% ,, we have i(n)e**™ € LP. Thus @(ﬁ)es“’(@ € LY by Lemma 4.1, which
implies ¢u € L .

2. We will mention the results on the convolution in [1, p.90]. Let r, s, and ¢ be
real numbers such that 1 < r,s,t < oo and % = %—l— % — 1. If fe L and g € L?,

then f*g € L' and
1f = glle =11~ llglls-



Since ¢ € S,, we have gzg(~)e‘9“(') € L' for any real number [ > 1. Hence, for

1 _ 1,1
q_l+p 1,

et

pe = (S lOu(E) 1 di)}’
< fRn< fRn — )d77> eqsw(&)dg)
= <fR" ( fR” (€ —ne Sw(g n)u( )e”("’dn)qdé)

< [|ge™ x ae||,
< [lge*lli - llae™1l,
< Cllullg,,

Q|

Q|

(4.4)

which implies the continuity of the map (¢, u) — ¢u with respect to u € L2

Now, suppose that ¢; — 0 in S, and let C; = supecpn [0;(¢)]e“T*"<©) be the
corresponding constant in (4.3). By the remark followed the proof of Lemma 4.1
and (4.4), we have

lgullze,, = léu(¢)e O, < CiC'llullz,..- (4.5)

Since ¢; — 0 in S, hence C; — 0, the last inequality (4.5) implies the continuity
of the product ¢u with respect to ¢ € S,,. O

Combined with Corollary 3.2, we have following useful result:

Corollary 4.1. Let P(z,D) = 3", <, 4a(z)D* be a partial differential operator of
order < m and a,(z) € S,,. For every real number s, P(x, D) defines a continuous

linear map from L% , into Li_,, .

Theorem 4.2. Ifp € S, andu € LP
map

the convolution ¢pxu € L% , and the bilinear

S,w’ w

wanga((ﬁ7 )—>¢*uEst,

is separately continuous. Furthermore, ¢ x u € L

Proof. If ¢ € S, and u € L2, then ¢xu € S, by Theorem 2.7. Since @(£)e*©) € LP
and ¢(&) € S, we have 4(&)d(€)e™® € LP by the property &\u = ¢ 4 in
Theorem 2.7. Hence ¢ xu € L%

The inequality

S,w?

v = (Jm U PIG©Per©dc)”
< supep [H(6)] -

implies the separate continuity of the convolution product ¢ x u. Finally, if ¢ € S,

[l % w

for every real number k, ¢(€)e"© € S,,. Hence
Qe e 17,



for every k, which implies that ¢ * u € LE_ . O
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