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SIMULTANEOUS RECONSTRUCTION OF SHAPE AND
IMPEDANCE IN CORROSION DETECTION*

FIORALBA CAKONIT, RAINER KRESS!, AND CHRISTIAN SCHUFT$

Abstract. Corrosion detection can be modelled by the Laplace equation for an electric or a heat
potential in a simply connected planar domain D with a homogeneous impedance boundary condition
on a non-accessible part of the boundary dD. We consider the inverse problem to simultaneously
recover the non-accessible part of the boundary and the impedance function from two pairs of Cauchy
data on the accessible part of the boundary. Our approach extends the method proposed by Kress
and Rundell [16] for the corresponding problem to recover the interior boundary curve of a doubly
connected planar domain and is based on our previous work on reconstruction of the impedance
function for a known shape or the shape for a known impedance function [4, 5]. Based either on a
potential approach or on a Green’s integral formulation the inverse problem is equivalent to a system
of nonlinear and ill-posed integral equations that can be solved iteratively by linearization. We will
present the mathematical foundation of the method and, in particular, establish injectivity for the
linearized system at the exact solution. Numerical reconstructions will show the feasibility of the
method.

Key words. Inverse boundary value problems, corrosion detection, determination of boundary
coefficients, shape reconstruction, nonlinear integral equations, mixed boundary value problems.
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1. Introduction. We consider an inverse problem that models corrosion detec-
tion. Let D C R? be a simply connected bounded domain with piece-wise smooth
boundary dD. By v we denote the outward unit normal to dD. We assume that
the boundary is composed of 9D = T, UT. where T, and T, are two connected
open disjoint portions of D of class C? without cusps at the two intersection points.
The electrostatic or heat potential u in a conducting medium D with a non-accessible
boundary part I'. affected by corrosion is modeled by the following boundary value
problem

(1.1) Au=0 in D,

(1.2) u=f onl,,,
0

(1.3) a—Z—I—)\u:O on I'c,

where )\ is a nonnegative L function on I'. which can be interpreted as the corrosion
coefficient and f is the imposed voltage or temperature, i.e., the Dirichlet data on the
accessible boundary part T',,,. The resulting (and measured) current or heat flux, i.e.,
the Neumann data on I',, is denoted by

_ Ou

(1.4) 9= o

on I',.
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For a detailed discussion of this model and related inverse problems we refer to
Kaup and Santosa [11], Kaup, Santosa and Vogelius [12] and Inglese [10] and for a
recent bibliography to Fasino and Inglese [8]. The inverse problem we are concerned
with in this paper is to determine both the shape of I'. and the impedance function
A from two pairs (f1, ¢1) and (f2,g2) of Cauchy data according to (1.1)—(1.4).

To formulate the boundary value problem (1.1)—(1.3) and the inverse problem
more precisely we recall the definitions of some Sobolev spaces (see [17]). Let I C 9D
be a generic open subset of the boundary. If H*(D) denotes the usual Sobolev space
and H'Y?(dD) its usual trace space, then we define

H1/2(F
f_j—l/2(1‘*

2(T) := (HY*(T")) the dual space of H/2(T),
121 := (HY*(I')) the dual space of H'/?(I).

{ulr : w e HY?(OD)},

) =
)= {uEHl/Q( ) :suppu C T'},

Note that the extension by zero of functions in HY/? (T") to the whole of D belongs
to H'/2(OD) (which is not the case in general for elements in H'/?(T')). The norm
on HY?(T) is given by

lull a2y = it {0l g1/2(0p) = v € HY?(OD), vl = u}
and the following chain of inclusion holds
HY*(T) c HY*(T) ¢ L) ¢ H-Y(T) ¢ H™Y*(D).

It is known [3, 9] that for f € H'/?(T,,) there exists a unique solution u € H'(D)
of (1.1)—(1.3). Hence we can formulate the inverse problem as follows: given two
pairs fi, f» € HY/?(T',,) and g1,92 € H-Y/?(T,,), determine T'. and a nonnegative
L*> function A on I'; such that the unique solutions u; € H'(D) of (1.1)-(1.3) with
Dirichlet data u; = f; on Iy, satisfy Ou;/0v = g; on I'y, for j =1,2.

As a preparatory version of this inverse shape and impedance problem, in [4, 5] we
considered the inverse shape problem where we reconstructed only the shape assuming
A to be known as a function of the parameter describing the boundary part I'.. In
general, for direct and inverse boundary value problems in potential theory one has the
choice between two complementary solution methods via boundary integral equations:
the potential approach and the direct approach via Green’s representation theorem. In
[4], by two of us, it was suggested to solve the inverse shape problem using an approach
based on a single-layer potential with a density on 9D leading to a system of nonlinear
and ill-posed integral equations that is equivalent to the inverse shape problem and
can be solved using regularized iterations. As the complimentary approach, in [5] we
derived another equivalent system of nonlinear and ill-posed integral equations based
on Green’s representation theorem. This second approach extends a method suggested
by Kress and Rundell [16] to determine the shape of a perfectly conducting inclusion
in a homogeneous background from a pair of Cauchy data on the accessible exterior
boundary. The inverse problem to simultaneously recover the shape and impedance
of an inclusion was recently considered by Rundell in [20] where, in particular, an
algorithm was proposed which also can be considered as extension of [16]. It is the
aim of the current paper to extend the analysis of [4, 5] to the simultaneous inverse
shape and impedance problem for the case of corrosion detection.
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The question of uniqueness for the inverse shape and impedance problem was
addressed by Bacchelli [2] who established that two pairs of Cauchy data on I',, that
is, (f1,91) and (f2, g2) uniquely determine both the shape of the domain D and the
impedance function A on 0D provided that f; and f are linearly independent and
one of them, say f1, is positive. In a recent paper Pagani and Pierotti [18] extended
this analysis.

The plan of the paper is as follows. In section 2 we will derive our systems of inte-
gral equations and prove equivalence to the inverse shape and impedance problem in
a Sobolev space setting. However, the ill-posedness of the inverse problem suggests to
treat these systems in an L? setting that is appropriate for quantifying measurement
errors on the data ¢ in the image space and the discussion of the Tikhonov regu-
larization for their stabilization. After describing the linearization and the iteration
scheme for the inverse shape and impedance problem in section 3 we show injectiv-
ity of the linearization at the exact solution using two Cauchy pairs. Whereas for
the Green’s representation approach, the local injectivity result is a straightforward
extension of the corresponding theorem from [5] for shape reconstruction alone, it is
a completely new result in the case of the single-layer potential approach. For the
latter case in [4] local injectivity was only considered for the limiting case A = oo of a
Dirichlet boundary condition. The paper is concluded with some numerical examples
for simultaneous shape and impedance reconstructions.

2. Nonlinear integral equations. In this section we present the equivalent
systems of integral equations that we employ for the solution of the inverse problem.
We begin by noting that the inverse problem is closely related to the following Cauchy
problem: Given the pair f € H'/2(T',,) and g € H-'/%(T',,) find a € HY?(T,) and
B € H-/2(T,) such that there exists a harmonic function v € H' (D) satisfying

u=f and @:g onl,,
v

and u = a and Ju/dv = B on T'.. Note that this Cauchy problem admits at most
one solution and is known to be ill-posed. Our two solution methods for the Cauchy
problem are based on Green’s representation theorem and on a single-layer potential
approach, respectively. They provide alternatives to the numerous approaches that
have been developed in the literature (see e.g. [1], [4] and the references therein).

For the presentation of these two methods, in terms of the fundamental solution

1 1

® =—In——
(z.y) L r— T # Y,

we introduce the single- and double-layer potential operators

S:H Y?(@D) —» HY?(@D) and K :HY*(D) — HY?0D)

defined by
(2.1) W¢Wﬂﬁ=AD¢@Jﬂﬂwddw’ €D,
and

(2.2) (o)) = | O2@Y) ) dsy), € dD,

ap Ov(y)
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as well as their restrictions to the boundary portions given by

(2.3) (Sts) (@) = / B(z,y)py) ds(y), =T,
and
(2.4 (Kig)e) = [ TG ) dsty). e

for k,j =m,c.

2.1. Green’s theorem approach. From now on, without loss of generality
because of the possibility of scaling, we assume that there exists a point zy € D
such that |x — xg| # 1 for all z € 9D. Then Theorem 3.16 in [13] guarantees that
the operator S defined by (2.1) is injective which is essential for the validity of the
converse part of the following theorem taken from [5]. We note that its statements are
immediate consequences of Green’s representation theorem for harmonic functions.

THEOREM 2.1. Let a € HY2(T,) and B € H=Y/?(T,) be a solution to the Cauchy
problem. Then there exist ¢ € HY?(0D) and ¢ € H=/%(8D) such that

(2.5) §+K¢—S¢:O

and ¢ and ¢ have restrictions p|r, = f, ¢|lr. = « and P|r,, = g, Y|r. = B, re-
spectively. Conversely, for any solution o € HY?(dD) and 1 € H=/2(0D) of (2.5)
satisfying o|r,, = [ and Y|r,, = g we have that o := @|r, and B := Y|r, is a solution
of the Cauchy problem.

COROLLARY 2.2. The inverse shape and impedance problem is equivalent to solv-
mng

(2.6) %JFK%—S@ =0, i=1,2,

for T, @ilr., Yilr, and X under the constraints @;|r,, = fi, ¥ilr,, = g; and

Yi

r. + Agilr, =0
fori=1,2.

The question of existence of a solution to the ill-posed integral equation (2.6) as
stated in Corollary 2.2, that is, a characterization of two Cauchy pairs (f1,¢91) and
(f2, g2) for which a solution to the inverse shape and impedance problem exists, is an
inappropriate question to ask since, in general, it cannot be answered. Instead of this,
regularization schemes need to be developed that allow a stable numerical solution
under the assumption that the given Cauchy pairs are exact data for a boundary
curve 0D = T',,, UT. or small perturbations of such exact Cauchy pairs. Since the
L?-norm is the appropriate norm to measure the data error, it is natural to consider
the equation in L? spaces rather than in the trace spaces that are appropriate only
for the corresponding forward problems. Hence, for the remainder of the paper we
will assume that the data f; and g; are in L?(T,,) and look for solutions of (2.6) with
@ilr, and ¢;r, in L*(T;).
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To simplify notations, in terms of the given Cauchy data we define the combined
single- and double-layer potentials

(2.7) w;(x) ::/F {fz(y) w —gi(y)q)(x,y)} ds(y), = €R*\T,,, i=1,2.

Then, after separating and renaming the unknowns, in view of Corollary 2.2 we solve
the inverse shape and impedance problem by a regularized solution I'., A and ¢, @2 €
L?(T.) of the system of integral equations

(2.8) % + Keepi + Sec(Api) = —wilr, i=1,2,
and
(29) Kurn(pz + SCWL(A()OZ') = _wi|Fm7 1= 17 27

where w;|r,, in (2.9) represents the limit obtained by approaching I',,, from outside
D. Clearly, these equations are nonlinear with respect to I'.. For convenience we note
that

wilr, = Kmefi — Smegi  and  wj|p,, = fi + Kpm fi — Smm8i-

i
2

For the further investigation of the integral equations and, in particular, for their
numerical solution a parameterization is required. For the sake of simplicity we confine

ourselves to smooth boundaries 9D of class C2, that is, we represent
(2.10) 0D ={z(t) : t € 0,27}

with a 27 periodic C?-smooth function z : R — R? such that z is injective on [0, 27)
and satisfies 2/(t) # 0 for all t. Without loss of generality we may assume that T, and
T, are given by

I'e={z(t):te(0,m)}, Iy ={z2(t): t € (m,2m)}.
From now on we denote
Ze = 2|(0,;y and  zp = 2|(r,20)-
Setting 1) = poz. we obtain from (2.3) and (2.4) the parameterized integral operators
~ 1 (™ 1
(211) Bl = 5= [ I () dr
! 2 Jo o 12(t) = ze(7)]

and

(2.12) (Ko (t)

L7 e - [25() — 2(7)] Jcj
7 e oee iyl AU
for t € [0,27] and j = m, c. Here we used the notation a' = (ag, —a;) for any vector
a = (a1, az), that is, a* is obtained by rotating a clockwise by 90 degrees, and the
convention dj; = 1 if j = € and 60 = 0 if j # ¢ for j,¢ = c¢,m. For the explicit
parameterized form of the combined single- and double-layer potentials w;; = w; o z;
evaluated on I'j, j = ¢, m, corresponding to (2.11) and (2.12) we refer to [5].

With the identification of A = Aoz, the parameterized form of the equations (2.8)
and (2.9) now reads

(2.13) I?cc"/)i + gcc()"(/}z) = — Wi, 1= 1, 27
and

(2.14) Kem®i + Sem (M) = —wipm, i=1,2.
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2.2. Potential approach. We now proceed with nonlinear integral equations
based on an alternative solution method for the Cauchy problem by a single-layer
potential approach

(2.15) ua)= [ @ay)et)dsty). weD.

with a density ¢ € H-1/2(9D). After defining the normal derivative operator
K':H 'Y2(dD) — H~Y%(dD)
by

(2.16) (K'o)o) = [ O@Y) ) ds(y), € oD,

p Ov(z)
and recalling our assumption that there exists a point ¢ € D such that |z — z¢| # 1
for all x € 0D, we can state the following theorem.

THEOREM 2.3. Let a € HY?(T,) and B € H=Y/?(T,) be a solution to the Cauchy
problem. Then there exists ¢ € H=/2(dD) such that

SSD = f on Fm,
2.17
( ) KIQO + % — g on Fm7
and u defined by (2.15) has the restrictions ulr,, = f, ulr, = a and Ou/ov|r,, = g,
Ou/Ov|r, = B, respectively. Conversely, let ¢ € H=Y/2(0D) be a solution of (2.17)
and define u € H(D) by (2.15). Then a = ulr, and B = du/dv|r, provide a solution
to the Cauchy problem.

Proof. Let u € H'(D) correspond to a solution to the Cauchy problem. Clearly,
ulr,, = f, ulr, = @ and Ou/dv|r,, = g, Ou/Ov|r, = . Now we represent u by (2.15)
with a density ¢ € H~/2(dD). By approaching the boundary 9D from inside D we
obtain (2.17) with the aid of the jump relations.

Conversely, if o € H~'/2(9D) solves (2.17) clearly u defined by (2.15) is an H'(D)
solution of the Laplace equation. Furthermore, approaching the boundary 9D from
inside D the system (2.17) yields that u|r,, = f and Ou/dv|r,, = g. Hence, a = u|r,
and B = Ju/Ov|r, provide a solution to the Cauchy problem. O

COROLLARY 2.4. The inverse shape and impedance problem is equivalent to solv-
mng

S@z:fz Onrmv i:1727
(2.18)

K’(pi—k%:gi onT,,, i=1,2,
and
(2.19) Ko+ 2 4080, =0 onT., i=1,2,

2
fOT Fm P1, P2 and .

Since again the question of existence of a solution to the ill-posed integral equa-
tions stated in Corollary 2.4 is an inappropriate question to ask, in the context of
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regularization methods we will assume that the data f; and g; are in L*(T,,) and we
look for solutions of (2.18)—(2.19) with ¢; in L?(dD).

We recall the boundary parameterization (2.10) and set ¢ = |2’| (p 0 z). Then we
obtain from (2.1) and (2.16) the parameterized integral operators

G =5 | ﬁlnz(t)l b(r)dr

T o — z(71)]
and
oL TEOE O -] )
() = 27r|z/<t>|/o EOEE G LR IO

for ¢t € [0,27]. After the identifications A = Aoz on [0,7], fi = fioz and g; = g; 0 2
on [, 2m| for ¢ = 1,2 the parameterized form of the system (2.18)—(2.19) reads

S = fi on [m,2m],

(2.20) N

K'; =g; on [m,27]
and
(2.21) K'; + AS¢; =0 on [0,7]
fori=1,2.

3. Iterative solution.

3.1. Green’s theorem approach. We now turn to the iteration scheme for
solving the system (2.13)—(2.14) and start by linearizing the equations with respect to
1,12, A and T (note that the integral operators are linear with respect to ¢;,7 = 1,2,
and A). This leads to

I}cc(djh Zc) + [?cc(Xi; Zc) + dl}cc(d}iy Zes C)
(3'1) +§cc()‘¢iv Zc) + §CC(AXi7 Zc) + d§w(/\"/}ia Zcs C) + §cc(ﬂ¢i, Zc)

= *wicfc' (gradwi)ozc; 1=1,2,
and

[?cm(’lpi; Zc) + I?cm(Xi; Zc) + d[?(‘m(wu Zc; g)
(3'2) +§cm(/\¢i, Zc) + gcm ()‘Xia Zc) + dgcm(A¢i7 Zes C) + gcm(u% Zc)

= —wp,, i=1,2.

Here, we have indicated the dependence of the operators both on the density
and the boundary parameterization. The operators dK ., dKopm,dSce, dK oy de-
note the Fréchet derivatives with respect to z. in direction ¢ of the operators
Kooy Kemy Scey Kem, respectively. They are obtained by formally differentiating the
kernels of the integral operators with respect to z. (see [19]) and for their explicit
representation we refer to [5]. Note that the perturbation ( is different from zero only
on I'..

Solving the inverse shape and impedance problem via equations (3.1)—(3.2) can
be summarized by the following algorithm:
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1. We make an initial guess for the non-accessible boundary part I'., parame-
terized by z., and for the impedance function A. Then we find the densities
11 and vy for the two pairs of Cauchy data (f1,¢1) and (f2,g2) by solving
(2.13).

2. Given an approximation for z., ¢, 12 and A, the linear system (3.1) and (3.2)
is solved for ¢, x1, x2 and p to obtain the update z. + ¢ for the parameteriza-
tion, Y1 + x1, %2 + X2 for the boundary values and A + u for the impedance.

3. The second step is repeated until a suitable stopping criterion is satisfied.

Clearly, the ill-posedness requires to incorporate a regularization in order to
achieve stability. For this, we propose Tikhonov regularization with a Sobolev penalty
term on the parameterization as well as on the impedance and an L? penalty term on
the boundary values.

For the following results on injectivity of the linearization (3.1)—(3.2) at the exact
solution we need some assumptions on the regularity of the solution v on the boundary.
We assume that the exact solution u is continuous on I'. and twice continuously
differentiable on I'. such that 1) = u o z. satisfies

(3.3) (r =)W (t) <e, 0<t<m,

for some positive constants ¢ and § < 1. In view of the regularity results for the direct
problem (see [7]) this regularity assumption is not too restrictive. We also assume that
T, is of class C? to ensure that ¢ = ¢[z/]* € C?[0, 7] for a scalar function ¢ € C2[0, 7).
(Recall that 9D is assumed to be of class C2.)

THEOREM 3.1. Let 2. be the parameterization of T, let 11,y € CH0,7] N
C?(0,7) satisfy the condition (3.3) and the integral equations (2.13)—(2.14) for a non-
negative A € C[0, 7] and linearly independent Dirichlet data fi and fo. Then for any
solution ¢ = q[z/]* € C?[0,7], x1,x2 € L?[0,7] and p € C[0, 7] to the homogeneous
system

I?CC(X’D Zc) + dl}cc(wia Zcs 4) + §cc()\Xi7 Zc) + dgcc(/\wia Zecs C)

(3.4) N
+Scc(/’6,¢)ia20)+<'(gradwi)ozczo7 1= 1a25

and

(35) KemOcinze) + ARem[ibis 23 €] 4 Sem (Vs 26) + dSem (A 265€)
+Sem Uiy zc) =0, i=1,2,
we have that x1 = x2 =0, =0 and u = 0.

Proof. Analogous to [5, Theorem 4.4] it can be shown that

(3.6) Xi = —|2'|Aqy;
and
(3.7) [q) + |2/ PAN + K)qup; — pabs| 2’| = 0

for ¢ = 1,2, where k denotes the curvature of I'.. Note, that the additional term
uil 2’| in (3.7), as compared to [5], is due to the jump p1); of the normal derivative
of the single-layer potential

/Oﬂ ()i (1)@ (, ze(7))|2e(7)| dr, @ € R®\ T
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This potential corresponds to the additional operators §cc(ﬂ¢i7 z.) and gcm(u¢¢7 zc)
in the homogeneous system (3.4)—(3.5) (compared to the system for the inverse shape
problem as treated in [5]). Linearly combining (3.7) for ¢ and 1o we find

Yolq}] — Yrfqus]’ =0

and from this as in [5, Theorem 4.8] we can conclude ¢ = 0. (We note that in this
step the assumption (3.3) is essential.) Then (3.6) implies that x; = x2 = 0.

Now, by (3.7) we conclude that also pw;|2’| = 0 for ¢ = 1,2. An application of
Holmgren’s theorem and the homogeneous impedance boundary condition (1.3) for u;
on I'; lead to the conclusion that u; cannot vanish on an open subset of I'.. Therefore,
in view of ¢; = u; o z., it follows that y = 0. O

3.2. Potential approach. Based on Corollary 2.4 now we present a second
iteration scheme for solving the inverse shape and impedance problem that is obtained
by linearizing the parameterized equations (2.20)—(2.21) with respect to 91,9, A and
I'.. This leads to

S, 2) + S(xi, 2) +dS(i, 2;¢) = f;  on [m, 2],

(3.8) _ N N
Kl(wl,z)+K/(X“Z)+dK/(d)“Z,C) =g¢gi on [7T327T]a

and

(3.9) K'(¢i, 2) + K' (x4, 2) + dK' (¥, 2;€)

+ A{S(ww z) + (X’Lv z) + dg(%%()} + /U'g(qvbhz) =0 on [0,7]

for ¢ = 1,2. Here, the operators dK' and Qg denote the Fréchet derivatives with
respect to z in direction ¢ of the operators K’ and S, respectively. Again, they are
obtained by formally differentiating the kernels of the integral operators with respect
to z and are given by

(310)  dS(, =) (1) = = / TE@ LW = SO gt e (0,200,

2 |2(t) — 2(7)|?
and
dK" (1, 2 ) (1)
1 /2” {z[z'<t)]L [2(t) = 2(7)] [2(t) = 2(7)] - [¢(t) = ¢(7)]
2m|2'(t)] Jo |2(t) = 2(T)|*
(3.11) O ) — )] + (@) - [2(t) - 2(7

|2(t) = 2(7)?
Z(t) - ()
- t €10, 27].
S Ko, te .2
Recall that the perturbation ( is different from zero only on T',.
Solving the inverse shape and impedance problem via equations (3.8)—(3.9) can
be summarized by the following algorithm:
1. We make an initial guess for the non-accessible boundary part I'., parame-
terized by z., and for the impedance function A. Then we find the densities
11 and vy for the two pairs of Cauchy data (f1,¢1) and (f2,g2) by solving
(2.20).
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2. Given an approximation for z., 1,19 and A, the linear system (3.8)—(3.9) is
solved for (, x1, x2 and u to obtain the update z.+( for the parameterization,
1 + X1, %2 + X2 for the densities and A + p for the impedance.
3. The second step is repeated until a suitable stopping criterion is satisfied.
Again, the ill-posedness requires the incorporation of a regularization in order
to achieve stability and as above we propose Tikhonov regularization with a Sobolev
penalty term on the parameterization and on the impedance and an L? penalty term
on the densities.
To establish a result on local injectivity we require some preparations. As above
we assume that T, is of class C3.
For ¢ € H'[0,27] and ¢ € C[0,27] we define

(3.12) v(zx) = o% Y(T)®(z, 2(7)) dr

and

(3.13) V(z) :=— 0% (1) grad, ®(z, 2(7)) - (1) dr
for x € D.

LEMMA 3.2. For € HY0,27] and ¢ of the form ¢ = q[2']* with q € C[0,27]
such that q|jo,x] € C?[0, 7] and qlir,2x) = 0 we have that

(3.14) dS(,z¢) =V oz + |2 |g(grad v - v) o 2.

Proof. This follows straightforwardly from the jump relations for single-layer
potentials.

LEMMA 3.3. Under the assumptions of Lemma 3.2 we have that

1 d d

(3.15) dK'(¢,2¢) = || kq(gradv-v) oz — @ a2 (voz)+(gradV -v)oz

where k denotes the curvature of 0D.
Proof. The operators K and K' are adjoint in the sense of

2m

R (p,z)dt = / 2| B (4, 2) de
0 0

for all p, € H'[0,2x]. From this, differentiating with respect to z in direction ¢, we
find that

2m

~ 27T ~
(3.16) vak(p. 0= | {z’wK’w,z;o T

0

Z/'CI

2’|

<pf(’(¢,z)}dt

for all p,1 € H[0,27]. We use the representation

_ 2m
dK (¢, 2 C)(t) :/O ¢'(1) grad, (z(t),2(7)) - {[C(7)] = [C()]*} dr, ¢ € 0,27),
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from equation (4.8) in the proof of Lemma 4.1 in [5] (where due to periodicity the
terms at the end points of the interval cancel). Interchanging the order of integration
we obtain

/O " dR (.2 ¢) di = / ") / " grad, ®(z(t), 2(r) - ([T — O} (r) drdt.

After a partial integration, together with (3.16) this implies
20 -C0)

0 R w000 + T R )0
(3.17) PR
=5 [ s 9.0 - (O~ KO () ar
In view of ¢ = q[2/]*, that is, (* = —¢ 2/, using the jump relations for the derivative

of single-layer potentials, we compute

(3.18) / " grad, @(=(1), 2(r)) - (O] w(r) dr

I
|
L
—~
~+
~—
&
B
<
—~
I
—~
~
~—
~

A further partial integration yields

2m 27
d
[ e, @at0),20) - P wtrydr == [ lalr)utr)) @), 2(r) dr
0 0
whence, from Maue’s formula for the normal derivative of double-layer potentials (see
also equation (4.9) in the proof of Lemma 4.1 in [5]) it follows that

319) G [ e, B0 50) - (1 o) dr = 0] Grad V- 2)(a(0)

Finally, from the jump relations for the normal derivative of single-layer potentials,
we note that

Z/-(/

(3.20) 7

f(’(qp,z) = —K |Z’|2q(gradv ‘v)oz

where for the curvature x we have used the expression
2" [t
A
Now, combining (3.17)—(3.20) yields the assertion (3.15). O
LEMMA 3.4. Let ¢ solve (2.20)—(2.21) for a nonnegative A € C[0, 7] and let the
single-layer potential u with density v satisfy the condition (3.3). Assume that ¢ is

of the form given in Lemma 3.2 and that x € L*[0,2x], u € C[0, 7] and ¢ solve the
homogeneous system

KR =

S(x,2) +dS(¥,,¢) =0 on [r,2n],

(3.21) N ~
K'(x,2) + dK' (i, 2,¢) =0 on [, 27]

and

(3.22) K'(x;2) + dK" (¥, 2;,¢) + AS(x, 2)

+AdS (P, 2;¢) + uS(¥,2) =0 on [0,7].
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Then
(3.23) [g(uo2)T + 2'PAN+ K)g(uo 2) — p(uo z) |2'| = 0.

If q=0 on T, then x = 0.

Proof. Recalling definition (3.12), we identify u = v and note that u satisfies the
impedance boundary condition (3.3) since 1) solves (2.20)—(2.21). We define

21
Vola) = / X7V, (7)) dr
0
for x € D and set
W .=Vy+ V.

Then, in view of ( = 0 on I'y,, combining (3.14), (3.15) and (3.21) we observe that
W =0 and OW/0v = 0 on T',. Hence, Holmgren’s theorem implies that W = 0 in
D.
From Lemma 3.2 and 3.3, the integral equation (3.22) and W = 0 in D we
conclude that
1

Ty latwe 2)T = |(A+ k)g(gradu - v) o z — puo 2

= —dK'(¢;,2,¢) + (grad V - v) 0 2 — XdS (¢, 2:C) + AV 0 2 — uS(v), 2)

:I?’(X,z)—|—(gradV~V)oz—i—)\(g(x,z)—i—voz) = (gradW - -v)oz+ A(Woz)=0.

The differential equation (3.23) now follows by observing the impedance boundary
condition (1.3) for the solution w.

If g=0o0nT, then W =V,. Now I, = 0 in D implies x = 0 because of the
injectivity of S. O

Finally we can state the injectivity result on the linearized system (3.8)—(3.9) at
the exact solution.

THEOREM 3.5. Let z be the parameterization of the boundary 0D, let 11,12 solve
(2.20)~(2.21) for a nonnegative A € C[0,n| and for linearly independent Dirichlet
data f1 and fo such that the corresponding single-layer potentials satisfy the condition
(3.3). Assume that ¢ is of the form given in Lemma 3.2 and that x1,x2 € L?[0,27],
u € C[0, 7] and ¢ solve the homogeneous system

S(xi,2) +dS(;,2,¢) =0 on [, 2],

(3.24) N 1
K'(xi,2) + dK'(15,2;¢) =0 on [r,27]

and

(3.25) K'(xi; 2) + dK' (13, 2;.C) + AS (X 2)

DS (Y5, 2;C) + S (i, 2) =0 on [0, 7).

Then x1 = x2 =0, =0 and p = 0.
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Proof. The proof is analogous to that of Theorem 3.1. First from the differential
equation (3.23) we conclude that ¢ = 0 and from the second statement of Lemma 3.4
we observe that x; = x2 = 0. Then, from (3.23) we have that p(u;02)|2’'| = 0 and the
proof is concluded as in Theorem 3.1 using Holmgren’s theorem and the impedance
boundary condition. O

Of course, the occurrence of the same ordinary differential equation in the injec-
tivity proofs for both approaches further illuminates their close connection.

4. Numerical method and examples. For the numerical solution of the inte-
gral equations arising in the two algorithms, in principle, we propose to use the usual
Nystrom and collocation methods based on trigonometric interpolations for boundary
value problems for the Laplace equation as described in [15]. However, because of sin-
gularities of the solution to (1.1)—(1.3) at the two intersection points, discretizing the
equations with equidistant points on [0, 27] would lead to a poor accuracy. For this
reason, it is more appropriate to use a mesh that is graded towards the intersection
points. Such a grading can be achieved most efficiently by using a sigmoidal transfor-
mation, i.e., a strictly monotonically increasing function w : [0, 27| — [0, 27] with the
derivatives vanishing up to a certain order p — 1, p > 2, at the two intersection points
t =0 and t = . For details we refer to [5, 6, 14] and note that the discretization is
obtained by replacing the parameterization z in the integral operators by z = z o w
and then discretizing on an equidistant mesh.

The synthetic data were obtained by reversing the roles of f and ¢ and, given
f, interpreting the integral equation of Theorem 2.1 as an integral equation of the
second kind for the unknown u|gp. To avoid an inverse crime we used different grading
parameters, i.e., p = 6 for the forward problem and p = 4 for the inverse algorithms
and twice the number of discretization points in the forward solver. In our examples
the synthetic Cauchy data (f;, g;),7 = 1,2, were obtained for the Neumann conditions

g1(t) =sin*t, go(t) = cos®t, t€ [r,27],
respectively, and with the impedance function A on I'. given by
(4.1) At) =sin*t+1, telo,7].

As boundary shapes we considered two cases: firstly, an apple-shaped smooth
contour with parameterization

0.5+ 0.4cost+ 0.1sin 2t
1+ 0.8cost

(4.2) z(t) =05 (cost,sint), ¢ € [0,2n],

and, secondly, a piece-wise smooth boundary with corners at the intersection points.
For the latter the upper part I',, is a peanut-shaped contour given by

1 1
(4.3) Zm(t) = — (1 + 3 sint — 5 sin Bt) (0.3cost,0.2sint), t€ [m, 27,
and the lower part T',, is a sink-shaped contour given by

% —
W,—o.Qsint), t e [0,7].
v

(4.4) 2(t) = (0.3

In the iterative inverse algorithm at each iteration step we solve the system (3.1)—
(3.2) or the system (3.8)-(3.9) approximately via Tikhonov regularization with an
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H? penalty term on ¢ with regularization parameter 3, an L? penalty term on the
densities v, with parameter o and an H? penalty term on the impedance y with
parameter 7.

The potentials and densities, respectively, were discretized using 2n = 64 grid
points on each boundary part. The update  of the boundary part I'. was given by

N
(= Zaqu‘ €Qn,

j=1
where the basis elements of the approximation space @y, N > 3, were chosen as
q;(t) = r;(t)(cost,sint), j=1,...,N, 0<t<m,
with radial parts
ri(t) =tr — )%, re(t) =t (m —t)
and
ri(t) =sin(j —2)t, j=3,...,N.

In the examples we choose N = 10.

We started the iterations with an initial approximation for I'. given by the half
circle in the lower half plane with end points coinciding with the end points z(7) and
z(2m) of T, and with an initial approximation for A given by a constant. In our
examples we used different constants Aipitia1 € {3, 5, 10}. For the approximation space
of the impedance function we choose the space of trigonometric polynomials of degree
less than or equal to L = 4.

We performed 30 iteration steps and present reconstructions after 1, 5 and 10
steps in Figures 4.1-4.4. In Figure 4.4 we also show the reconstructions using Green’s
theorem approach after the 30th iteration since the results could still be improved after
the first 10 steps. The exact boundary curve and impedance function are represented
by the full lines and the reconstructions by dotted lines for one iteration, the dash-
dotted lines for five iterations, the dashed lines for ten iterations and the initial guess
is given by the sparsely dotted curve. The regularization parameters were chosen by
trial and error and are presented in Table 4.1.

Green’s theorem Potential
Fc )\initial « 5 Y (&4 B v
(4.4) 5 107 10=* 1077 107 107* 1077
’ 10 1079 10=* 1078 10=% 10=* 1077
—7 —4 -6 -9 —4 —7
(4.2) 3 10 10 10 10 10 10

5 10°% 107* 107% 107 107* 107"

TABLE 4.1
Regularization parameters

In Table 4.2 the relative L2-error between the true impedance function and its
reconstruction is presented for both contours and various initial approximations for A
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—exact |=—exact
initial initial
Liter Liter
Siter 5iter

03 -+ 10 iter 25¢ -+ 10 iter

-04 *0‘3 *0.‘2 *U‘.l 6 0‘1 0.‘2 U‘.3 6 0‘.5 ‘l 1.‘5 é 2.‘5 :‘i
(a) Shape from Green’s theorem approach (b) Impedance from Green’s theorem approach

—exact |==exact
iniial iniial
Liter Liter
Siter Siter

03 =10 iter] 250 =10 iter]

04 *0‘3 *0.‘2 *D‘.l 6 0‘1 0.‘2 013 6 D‘.S ‘l 1.‘5 % 2‘5 :‘!
(c) Shape from potential approach (d) Impedance from potential approach

F1G. 4.1. Reconstruction of shape (4.2) and impedance (4.1) with Ainitial = 3

after a certain number of iteration steps. Furthermore, Table 4.3 shows the smallest
relative L2-error before it started to increase and the number of iterations needed to
reach this error level.

Based on these examples and further numerical experiments we can observe that,
in general, the potential approach produces good reconstructions in fewer iterations
than the Green’s theorem approach. Furthermore it can be seen that the potential
approach shifts the initial guess of the impedance function immediately to the correct
level whereas the Green’s theorem approach first moves it to zero and thereafter to
the correct level.

To also illustrate the stability of both methods we have generated 10 sets of noisy
data with noise of the form

o g sl
7|2

added to the Neumann data where g is the unperturbed data, 1 is a normally dis-
tributed random variable and § is the relative noise level. As an example we consider
the apple-shaped contour (4.2) and the impedance function (4.1). As initial approxi-
mation for the boundary we took the lower half-circle as above and for the impedance
we have chosen the constant Ainitiag = 5. The regularization parameters are given in
Table 4.4.
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— exact sk [—exact
L il il
o4 Liter 45 Liter
Siter Siter

03r -+ 101ter A& -+ 101ter

03- 4
0.4r 0.51
05¢ q
.
-04 0.3 0.2 0.1 0 01 02 03 0 05 1 15 2 25 3
(a) Shape from Green’s theorem approach (b) Impedance from Green’s theorem approach
0.5
— exact 5t [—exact
initial initial
o Liter 45 Liter
Siter Siter
03 =10 iter] a4 =10 iter]

0.3+ 1]

0.4 0.5/

05- q

04 0.3 0.2 0.1 0 01 0.‘2 03 0 05 1 15 2 25 3
(c) Shape from potential approach (d) Impedance from potential approach

F1G. 4.2. Reconstruction of shape (4.2) and impedance (4.1) with Ainitial = 5

Relative L? error

T, Ainitial  iterations  Green’s theorem Potential

5 0.0811 0.0533

5 10 0.0737 0.0648

(4.4) 30 0.0779 0.0761
) 0.2667 0.0179

10 10 0.1115 0.0191

30 0.1053 0.0350

5 0.0844 0.0537

3 10 0.0825 0.0529

(4.2) 30 0.0785 0.0551
5 0.1419 0.0792

5 10 0.0605 0.0782

30 0.0550 0.0804

TABLE 4.2

Relative L?-error between true and reconstructed impedance
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—exact
inial
Liter
Siter

03 -+ 10 iter

(a) Shape from Green’s theorem approach

=—exact
iniial
Liter
Siter
03 =10 iter]

(c) Shape from potential approach

B [—exact
iniial
251 Liter
5 ter
A - 10 iter

(b) Impedance from Green’s theorem approach

5t [—exact
initial
45 Liter
Siter
a4 [=+10 iter|

(d) Impedance from potential approach

F1G. 4.3. Reconstruction of shape (4.4) and impedance (4.1) with Ainitial = 5

Green’s theorem Potential
. Ainitial  least L2-error iterations least L%-error iterations
(4.4) 5 0.0726 7 0.0451 3
’ 10 0.0202 15 0.0175 7
(4.2) 3 0.0785 30 0.0529 12
’ 5 0.0515 13 0.0780 8
TABLE 4.3

Smallest relative L2-error between true and reconstructed impedance

Figure 4.5 shows the best and the worst reconstructions with respect to the rel-
ative L?-error between the reconstructed and the true impedance function. Here, we
used the noise level § = 0.03. In Figure 4.6 the same is shown for the noise level
0 = 0.06. For the purpose of illustration, although this is not practical, the itera-
tions were stopped as soon as the L?-error started to increase. The actual errors and
numbers of iterations are presented in Table 4.5.

The dash-dotted lines show the best reconstruction and the dotted lines the least
accurate reconstruction. The solid lines represent the exact boundary and impedance,
respectively. The initial approximations are again given by the dotted curves. For per-
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(a) Shape from Green’s theorem approach (b) Impedance from Green’s theorem approach

o3 —exact 1o0r (—exact
iniial iniia
Liter 9 Liter
Siter Siter
03 =10 iter ok -+ 10 iter

(c) Shape from potential approach (d) Impedance from potential approach

F1G. 4.4. Reconstruction of shape (4.4) and impedance (4.1) with Ainitial = 10

Green’s theorem Potential

noise level « B y a 154 0

§=0.03 10=7 1072 10=° 10°7 1073* 107°
§=0.06 10°% 1072 107* 1077 1073 10°°

TABLE 4.4
Regularization parameters for noisy data

turbed Neumann data with 3% and 6% noise we achieved fairly good reconstructions.
However, with noise levels above 6% the accuracy of the reconstructions deteriorated.

We can summarize that both approaches show accurate reconstructions with a
reasonable stability against noisy data. Only a few iterations are needed to obtain
good reconstructions. Furthermore, it seems that the potential approach does not
depend as crucially on a good initial guess and on the choice of the regularization
parameters as the Green’s theorem approach. For both approaches it turned out
that, in general, a smaller regularization parameter can be taken for the densities in
comparison to that for the boundary and the impedance.
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—exact] s —exac]
initial initial
best 45k best

03- worst worst

(a) Shape from Green’s theorem approach (b) Impedance from Green’s theorem approach

—exact s —exact]
initial initial
best a5k best

03- worst worst|

(c) Shape from potential approach (d) Impedance from potential approach

F1G. 4.5. Reconstruction of shape (4.2) and impedance (4.1) with Ainitial = 5 and 3% noise

Green’s theorem Potential
noise level rel. L%-error iterations rel. L?-error iterations
5= 0.03 least 0.1603 5 0.1074 3
e highest 0.3242 6 0.2832 3
5= 0.06 least 0.0644 15 0.1564 2
=00 highest  0.6196 2 0.3412 3
TABLE 4.5

Relative L?-error between true and reconstructed impedance for different noise levels
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