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SPECTRAL ASYMPTOTICS AND QUASICLASSICAL ANALYSIS OF
SCHRODINGER TYPE OPERATORS*

ANDREA ZIGGIOTOf

Abstract. In this work we consider a general class of Schrédinger type operators, associated to
multi-quasi-elliptic symbols introduced by Buzano and Ziggioto in [9]. We develop their quasiclassical
analysis and we obtain a uniform asymptotic formula for their counting function Ne(7), in the sense
that it holds as 7 — 400 and for all 0 < e < 1.
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1. Introduction. Quasiclassical analysis and spectral asymptotics are strictly
related to each other (this is particularly evident when dealing with homogeneous
symbols, see [6],Remark A.2.2). In both of them, the object of study is the counting
function (which we denote by A/(7) in the case of spectral asymptotics and by N (7)
in the case of quasiclassical analysis) associated to the operators we are dealing with.

In spectral asymptotics we analyze the behavior of A'(7) as 7 — +oo, while in
quasiclassical analysis we study the behavior of NV (7) as € — 0, where € plays the role
of the Planck constant in Quantum Mechanics.(")

In this paper we take into consideration multi-quasi-elliptic operators of
Schrodinger type hY, introduced by Buzano and Ziggioto in [9]. We already ob-
tained an asymptotic formula for their counting function N (7) as 7 — +oco and in
particular we proved an estimate of the remainder term, showing that it always goes
to 0 as 7 — 4-o00.

Now we consider quasiclassical operators associated to A" and their counting
function N (7). Using the so called Tauberian condition (see condition 2. of Theorem
1 in Section 3), we manage to obtain a uniform asymptotic formula for N;(7), in the
sense that it is valid as 7 — 400 and for all 0 < e < 1.

We can make a comparison with the results obtained in one of our previous pa-
pers, see [8]. In that case we treated quasiclassical analysis of more general operators
(hypoelliptic operators), but we didn’t manage to obtain a uniform asymptotic for-
mula, holding as 7 — 400 and for all 0 < € < 1. Moreover, in our uniform asymptotic
formula obtained for multi-quasi-elliptic operators (see (10)) we don’t need to exclude
the critical values of the symbol h(z, ) (i.e. the values 7 for which grad h(z,£) =0
on the surface {(z,¢) : h(x,&) = 1}).

We employ the following notation: given two functions f,g: X — R, and a subset
A C X, we write

f(z) < g(z), VzeA,
if there exists a constant C' such that
f(z) < Cg(x), VzeA
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2. Multi-quasi-elliptic operators of Schrédinger type. We begin by recall-
ing some basic notations and results about multi-quasi-elliptic weights and symbols.
For references see [9], [1].

A convex polyhedron P C R™ is the convex hull of a finite set of points in R™.

One can show that P can be obtained as the convex hull of a finite subset V/(P) C
R™ of points, which are convex linearly independent, called the wvertices of P and
univoquely determined by P. Moreover if (0,0,...,0) € P, then there exists a finite
set N(P) = No(P) U N1 (P) C R™ such that )

P={zeR"|v-2>0,Vve Ny(P)IN
N{z eR" |v-2 <1, VveNi(P)}

The boundary of P is made of faces F,, which are the convex hull of the vertices of P
lying on the hyperplane H, orthogonal to v € N(P) and of equation

v-z=0, ifve Ny(P),
v-x=1, ifve N(P).

We set

FP)= |J F.

vEN1(P)

DEFINITION 1. A complete polyhedron is a convex polyhedron P C M ®) with
the following properties:
1. V(P) CR%;
2. (0,...,0) e V(P);

3. V(P) #{(0,...,0)};
4. No(P) ={e1,...,en}, withe; = (0,...,0, 1 ,0,...,0),forj=1,...,m;

5. Ni(P) C R™.

Consider now a complete polyhedron P with integer vertices:
V(P) C N".
To such a polyhedron we associate the multi-quasi-elliptic weight function:
1/2
A&P) = ( > 5‘“) :
acV(P)\0

DEFINITION 2. Given a complete polyhedron P, we set

m(P) = sup max{i |j—1,...,n}.

veEN1(P) Vj

(®) In R™ we always consider the norm |z| = |z1|+ - - - + |zn].
C)Ry ={zeR|z >0}
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m(P) is called the formal order of P.

DEFINITION 3. A multi-quasi-elliptic operator of Schrddinger type is a differential
operator h" of domain C§°(R™) and Weyl symbol

h(z,&) =p(z,€) + q(x) = Y aa(@)€" + q(x)
acA

satisfying the following hypotheses.
1. The convex hull of A is a complete polyhedron P.
2. The potential g is real valued and

q(z) > 1, for all x € R™.
3. There exists 0 < § < 1/m(P) such that for all § € N" we have
(1) |DPq(x)] < q(x)tTo181, Vo eR"

4. The coefficients a,, are real valued.
5. There exists 0 < p < 1, such that for all @« € A and 8 € N, we have

(2) |DPag(z)| < q(a)t—F(@P)etdlB] VzeR,
where

E(a;P) =inf{t >0 |t 'a € P} = max v-a.
vEN1(P)

6. There exists Ry > 0 such that
3) po(z, &) = AM&GP),  VI[E[ = Ro, Vo €R™,

where

po@ &= 3 aala)e

Q€ANF(P)
is the principal symbol of p*.

REMARK. We can say that multi-quasi-elliptic symbols generalize elliptic and
quasi-elliptic symbols. More specifically, limiting ourselves to dimension n = 2, we can
represent the complete polyhedron P associated to a multi-quasi-elliptic symbol as a
polygon with more than one face, as it is shown in Figure 1. The complete polyhedron
‘P associated to an elliptic symbol can be represented instead as an isosceles triangle,
as shown in Figure 2. Finally, the complete polyhedron P associated to a quasi-elliptic
symbol can be represented as a right-angled triangle, as shown in Figure 3.

We are going to use the Weyl-Hormander calculus with locally temperate metrics
and weights: see [2], and [4] for more details.
Let

1/2

Me, &) = {AM&P)* +q(2)*}

Then the Riemannian metric

(4) 9oy, m) = Nz, ) [y|* + A(z, &) =2/ P |p|?
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F1c. 1. multi-quasi-elliptic case 5%2 + 5%05%0 + 5%4

Fic. 2. elliptic case f% + {g

(where 4 is the same as in (1)) is locally o temperate with respect to the slowly varying
metric
2
Gu(t) = [t q(2)*.

In particular M is locally o, g temperate with respect to G. See [9], Proposition 3, for
further details. Moreover we can show the following result:

PROPOSITION 1. The so called principle of indetermination is satisfied by the
metric g defined in (4), that is

sup =

< +00.
ve 97y m)

Proof. In the case of the metric g defined in (4) it is standard to show that

sup 228 = \(z, )27,

o6 Yo.¢
Then, since 0 < § < m(lp) and g(x) > 1 for all x € R™, we have that
sup gi,g(ym) <1
R

Finally, we define the counting function associated to the operator h":

N3 (7) = number of eigenfunctions of the closure of h* corre-
sponding to eigenvalues less or equal to 7.
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F1G. 3. quasi-elliptic case §‘11 + 526

3. Quasiclassical Analysis of Multi-Quasi-Elliptic Operators of
Schrédinger Type. Consider a multi-quasi-elliptic operator of Schrédinger type
h".

Let us introduce the operator h? whose Weyl symbol is

hé(xvg) = h(EZZ?, Ef) = p(e:c, 66) + q(ECC),

where € is a real parameter such that 0 < e <1.
Starting from the metrics defined in (4), let us define the following new Rie-
mannian metrics gy ¢(y,n) and ‘G, (¢) in this way:

“Gue(ysm) = oo celeysen) = € (Mew, ) |yl + Aea, €€)~ 70 [nf?)
and
“Go(t) = Geplet) = 2|t2q(ex)?.

We know that g, ¢(y,n) is locally o temperate with respect to G, (t) and that X is
locally o, ¢ temperate with respect to G (t). Therefore, it follows that also g, ¢ is
slowly varying, locally o temperate with respect to °G,(¢) for all 0 < € < 1 and that
also A(ex, €€) is locally o, g temperate with respect to ¢G,(t), for all 0 < e < 1 (see
3], 8])-

Let us analyze the principle of indetermination in the case of the metric “g.

PROPOSITION 2. We have that the principle of indetermination is satisfied by the
new metric ¢g , for all 0 < e < 1.

Proof. We have

Yz, = 64)\(6$,6§)2(67ﬁ) =

2m 2 67#
= (/\(E:E,ef)e&n(%) (9= ter) =
— )\E(x,g)?(‘s—ﬁ)’

for all 0 < € < 1. Therefore, repeating the same arguments of the proof of Proposition
1, we obtain that the principle of indetermination is satisfied also by €g. O

Due to this proposition, from now on we will work with the following symbol:

H(2,€) = e5nP177 h(x, €).
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Now we formulate Proposition 4 of [9] in this new context:

PRroPOSITION 3. Consider a multi-quasi-elliptic operator of Schrodinger type
h" =p" +q. If q(x) — +o00 then the operator HY , corresponding to the new symbol
H., is semi-bounded from below and essentially self-adjoint in L2(R™), for all 0 < ¢ <
1.

Moreover its closure in L>(R™) has discrete spectrum diverging to +oo.

Proof. Thanks to Proposition 2 of [9] (which is trivially satisfied also by H. and
Ae), there exists ¢y > 0 such that

Ae(2,€) < coe™ImP) + H(2,€) < Ae(w,€), V(x,€) € R" x R",

~ m(P)
for all 0 < e < 1. Then H, = coelzémﬂ’) + H. is locally temperate for all 0 < e < 1.
Thanks to Proposition 2 of [9] again, it is easy to check that H, belongs to the class

of Weyl-Hormander S(H,,€g) for all 0 < ¢ < 1 and the result is a special case of
Proposition 6.1 of [2]. O

REMARK. Thanks to Proposition 3 we can define the counting function of the
closure of the operator H:

Ny, (7) = number of eigenfunctions of the closure of HY, cor-
responding to eigenvalues less than or equal to 7.

It is clear that Proposition 3 also applies to

2m(P)
Hy,e = hg €71,

where hg . is the symbol of the principal part of Y, that is

ho.e(x, &) = po(ex, €€) + q(ex).

In particular we have that Hg’, is essentially self-adjoint and that its closure has a
discrete spectrum diverging to +oo (see also Proposition 4 of [9]).

Before claiming our main result, we have to state the following theorem, which is
a direct consequence of Proposition 5 of [9]:

PROPOSITION 4. Consider a multi-quasi-elliptic operator of Schrodinger type h™
and assume that q(x) — +00 as |x| — +oo. If there exists k > 0 such that

(5) ho* € L'(R*"),
then there exists 1o such that
NHO,& (1) = W(r; Ho,){1 + O(Re,uo)}a
for all T > 19, uniformly with respect to 0 < € < 1, where
W(r;Hpe) = (2m)~" // dz d€,
Ho, <7

W(T + Tli#o;HO,e) B W(T - Tli#o;HO,e)

Re,#o (T) = W(T; HO,e) )
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and
2 1—4om(P)

O _
SRS 3T

Proof. By means of a change of coordinates we immediately obtain that
—k 2km(P)_ _k
[Hyl Nl = €= [ |hoe(z,§)[" dwdf =

2km (P)
— 5T [ ho(er, | dodg =

m(P)
T imtE 20 / Iho(, &) F da dé <

IN

/m@m*M%:mﬁm,

2km(P)
1—-om(P)

if we take —2n > 0, that is

L R S
m(P) n~ m(P)’

Therefore we obtain that the integrability of hy k (z,€) implies the integrability of
Hy. f (7,€) and that the L' norm of Hy. f is uniformly bounded with respect to 0 <
€ < 1. The remaining part of the proof is an immediate consequence of Proposition 5
in[9]. O

Now we can state and prove our main result.

THEOREM 1. Let N.(T) be the counting function associated to the operator hY.
Assume that
1. ¢(x) — 400, as |x| — +o0,
2. there exists 19 > 0, such that

V(Q2r) <V(r), V7=,

where

q(z)<T
3. for all v > 0 we have
(6) inf po(ﬂi,f) > Oa
z€ER™
|€=r

4. there exist to > 0, w € R} and Cy > 0, such that
po(z, (1 +1)“€) > (1 + Cot)po(x,§),
for all0 <t <tg and all (z,£) € R™ x R™, where

(1+ )€ = (1+8)2€1, ..., (1 + 1) &),
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Then for
4_ vl
7 0<d< <
@ SES3T
21-0om(P) |v|
8 O<p<= ,
®) =3 m(P) 1+ v
|
9 <(1-p)1— :
) pE == O
with
vl 7|
= max —
14+ v]  seni(P) 1+ |7
and

= k(a; P),
¢ el M)

we have that
(10) N(1) = 6_2"W(T; ho){1 + O(edT_“)},

as T — +oo and for all 0 < € < 1, where

W(r;iho) = (2m)™"

-

[=}

IN

ﬂ\"
IS
8
QA

v

REMARK. As already remarked in the introduction, in order to obtain the result
of Theorem 1, we don’t need to avoid the critical values of the symbol h(z,&) from
our asymptotic formula, as instead we are compelled to do in the case of hypoelliptic
operators (see [10]). Moreover, in the case of hypoelliptic operators we don’t have a
uniform asymptotic formula, in the sense that it holds only as € — 0 (see [8]).

4. Proof of Theorem 1. In order to prove Theorem 1, let us begin to estimate
the remainder term R ,,, () for the counting function associated to hg',, as 7 — 400
and for all 0 < e < 1.

PROPOSITION 5. Under the same hypotheses of Theorem 1 we have that
(11) Nio. (1) = € "W(r3 ho) {1 + O(e?r7 )},
as T — oo and for all 0 < e < 1, where

0 < <21—5m(73) V]
=3 m(P) 1+

and
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Proof. Since N, (7) is the counting function associated to the operator hy,
2m(P) .
then it is clear that Hy’, has exactly Np,  (e7-7"7 1) eigenvalues less than or equal

to 7 and that

W(r; Ho,e) = (2m) ™" / / di dE = 2" W(eT570 3 ).

2m(P)

_2m(P)
ho(e@,e€)e™mPIT <r

2 1-0m(P)

3 TP there exists a real

Thanks to Proposition 4, we obtain that for all 0 < po <
number C,, > 0 such that

2m(P) o 2m(P)
| Nho, (€T 7) — € 2" W(eT=7mTP) 75 b)) | <
2m(P) 2m(P)

< Cme_% (W(elfém“’) (T + Tl_“o); ho) — W(eT=6m® (1 — Tl_“o); ho)) ,

as T — 4o0, for all 0 < e < 1.

Letting eT=3m™ 7 = X\ and provided that also Ae®=™ -1 is sufficiently large, we
obtain:

Nio.. () = € "W ho)| <

(12) _9 2m(P)pg 2m(Plpg
< Cppe (WAL + €25 A710); o) = WAL = €500 A0, )
for A large enough, 0 < pg < %1:2?71)()7)) and 0 <e < 1.

2m(P)
Recalling Lemma 2 of [9] and letting 6 = ¢TomtP) \=H0 e obtain that

2m(Pig 2m(P)pg
WA(L + €700 X7H0); ho)=W(A(1 — 7om) \~0); hg) <
lv|  2m(P)ug

[v]
< ATHOTRT ¢T=om P T W(A; o),

1-8m(P)
for all e and X\ such that A > m and 0 < e < 9027”(77)”0 (we can suppose 11 > 1 without
any restriction). Therefore, if we let

||
1+ v’
g 2mPluo vl
T—om(P) 1+ 0]’

K= Ho

we have that formula (11) holds with
21-m(P) |v|

O _
SES3ITam) 11
4 v
O<d< = .
SES3T

We still need the following result:

PROPOSITION 6. Under the same hypotheses of Theorem 1, there exist Cy > 1
and 1o > 0 such that

(13) Nho,e(T _ 0271—(1—0(1—/9)) < M(T) < Nho,e(T + 0271—(1—4)(1—11))7
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forall™> 19, for all 0 < e < 1.

Proof. The operators h and hy. have the same domain D, because they have
the same principal symbol. Then we have the following variational characterizations
of the counting function. If £ is the set of all linear subspaces of D, then

(14) Nc(7) = inf{codimL|L € L : (h¥u,u) > 7||u||p2,Yu € L}
and
(15) No,e(7) = inf{codimL|L € L : (hy u,u) > T|ul|L2,Vu € L}.

In the proof of Proposition 5.1 of [5], it is shown that (14) and (15) together with
Proposition 7 in [9] imply (13) and the constant Cy can be chosen uniformly with
respect to 0 < e < 1.0

Now we are ready to prove our main theorem.

Proof of Theorem 1. From (11) we have
Nio.. (T + Cyrt=(1=00=p)
< EEW(r + cﬂl* O ) {14+ O(etr ) )
as T — 400 and for all 0 < € < 1. From (42) in Lemma 2 of [9], we have
W(T + Cort=(1=Q0=P) gy <
<W(rho) {1+ 0(r~ 070005}
and therefore
Nio.. (T + Cyrt = (1-00=0)y <
(16) <W(r {1+0 )}{1+0( 0-00-sn)
<€ PW(Tiho) {1+ O(e?r7H)},

with d satisfying (7) and p satisfying (8) and (9). Using (43) in Lemma 2 of [9], we
obtain in the same way the other estimate:

(17) Niro, (7 = Cor'=7QU=2)) > =2 W (7 g ) {1+ O(e?r7) .

Formula (10) now follows from (16), (17) and (13). The proof of Theorem 1 is com-
plete. O

5. An example: the quasi-elliptic case. At the end of our paper we take
into exam the special case in which po(z, £) is quasi-elliptic with respect to &, that is

(18) po(l’,twg) :tPO(‘Tué-) VtER-l‘u vx7§€Rn7

where w € R"} is defined in assumption 4 of Theorem 1.
In the quasi-elliptic case, (42) and (43) in Lemma 2 of [9] become (see [9], Section
6)
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for a suitable K > 0. Then, repeating the same arguments as in the proof of Propo-
sition 5 and of Theorem 1, we obtain the following result:

THEOREM 2. Let pg be quasi-elliptic with respect to &. Let N.(T) be the counting
function associated to the operator hY. Under the hypotheses of Theorem 1, for

4
0<d< g,
21— 6m(P)
PSS )
with
= max_ k(oP),
a€A\F(P)
we have that
(21) Ne(r) = € 2"W(r; ho){1 + O(e"r7)},

as T — +oo and for all 0 < e < 1.

REMARK. From Theorem 2 it is clear that estimates (7),(8) and (9) can be
improved with the following ones:

4

0<d<§,
2 1-4m(P)
O<w<s—0m

p<(l=p)(1=0).

Moreover, in the quasi-elliptic case, the Weyl term W(7; hg) can be expressed in a
more explicit form:

W(r: ho) = (2m)~" /(T — 4@ o (2) da

where (7 — ¢(x))+ is the positive part of T — ¢(z),

(22) ou(z) = ﬁ / pol, C(¥)) 11 ()] d,
\J

and |J,,(¢)| is the Jacobian of a suitable matrix (see [9], Section 4, for further details).
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