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HYPOELLIPTIC CONVOLUTION EQUATIONS IN §8'(R) FOR THE
DUNKL THEORY ON R*

SLAIM BEN FARAH! AND KAMEL MOKNI#

Abstract. The aim of this paper is to characterize hypoelliptic convolution-equations in 8’ (R) for
the Dunkl theory on the real line. For this we determine the spaces of convolution and multiplication
operators in §'(R) for the Dunkl convolution and we show that the Fourier-Dunkl transform is a
topological isomorphism between them.
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1. Introduction. Let 3’ be one of the spaces D’'(R?) or §'(R?) of distributions
and tempered distributions on R%. We denote by O%(H') the space of usual con-
volution operators on H’' and by O¢(H') its dual space. We consider convolution
equations of the form

SxU=F,

where S € O, (H'), F € H' and the indeterminate U € H'. Such equations or S are
said to be hypoelliptic, if any solution U belongs to O¢(H') whenever F' belongs to
Oc(H").

In the case H' = D'(R?Y), we note that O (H') = &(R?) the space of compact
support distributions on R, and O¢(H') = E(R?) the space of > -functions on R
L. Ehrempreis [7] and next L. Hérmander [9] have characterized hypoelliptic distrib-
utions by giving necessary and sufficient conditions on their usual Fourier transforms.
Analogous result is obtained by Trimeche [18] for the Dunkl convolution on R¢. Sim-
ilar characterizations are established for other convolutions, see for example [1], [11]
and [19].

In the case H' = §'(R?), and according to Schwartz [16], O (H') is the space
of rapidly decreasing distributions on R? which we denote by O (R%), and Oc(H')
is the space of very slowly increasing C>-functions and is denoted by Oc(R?). Let
us also denote by Oy/(R?) the space of multiplication operators on 8'(R¢). For this
situation, Zielezny [20] has characterized hypoelliptic convolution equations. He uses
essentially the properties of the spaces O (R?) and 0j;(R?) developed in [16], and
the fact that the usual Fourier transform is a continuous isomorphism between them.
We note that such equations has been studied in [3], for the Jacobi convolution on R
instead of the usual convolution.

In this work, we are interested by hypoelliptic Dunkl-convolution equations in
8'(R), so we have to investigate the spaces of Dunkl-convolution operators and mul-
tiplication operators on 8'(R), and the relation between them via the Dunkl Fourier
transform. We organize this paper as follows

In chapter 2, we collect some properties and results about the Dunkl theory on
the real line. Then we establish some properties of the Schwartz spaces $(R) and
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8'(R), related respectively to the usual derivative of and to the Dunkl operator. In
Chapter 3, we prove some equivalent properties of the spaces of multiplication and
Dunkl-convolution operators in 8'(R). In particular we show that the Dunkl-Fourier
transform, denoted by Fy, is a topological isomorphism between them, and that the
space of Dunkl-convolution operators in 8'(R) is equal to the usual space O (R). In
the last chapter we characterize hypoelliptic Dunkl-convolution equations in §'(R).

2. Basic properties of the Dunkl theory on the real line.

2.1. Dunkl convolution. Let C*°(R) and D(R) be respectively the spaces of
C*°-functions and C*>°-functions with compact support on R. For n > 1 integer and
f € C®(R), we denote (d/dz)"(f) by f™.

For a fixed real a > —1/2, we consider the differential-difference operator, defined for
a C*°-function f on R, by

f(@) = f(==)
2z '

This operator maps the spaces C°(R), D(R) and $(R) into themselves. It is known
as the Dunkl operator on R of index (a4 1/2) related to the reflection group Zs and
the weight function |z|2*T!. We are going to collect some results about harmonic
analysis associated with this operator. For this, and for the general Dunkl theory, we
refer to [5], [6], [10], [13], [14] and [15] and their bibliographies.

For each z € C, we denote by E(.,iz) the unique holomorphic solution of the
problem

Af(x) = f'(x) + (2a +1)

AV = 2V,
vo) = 1.

The function E satisfies |E(z, iy)| < 1, for all real z,y.
Let du(x) = |z[***'dx and L, (R) be the space of p-integrable functions on R. The
Dunkl-transform Fy is then defined for all f € L}L (R) and y € R, by

TN = - [ @B (o),
where
Cu :/e_$2/2du(x).
R

It is clear that for a such f, F4(f) is a bounded continuous function and

1
1Fa(Hllee = —IIfll2sw)-
m

Moreover, F is a topological isomorphism of §(R) onto itself, and for each f € §(R),
z,y €R

T (F)(@) = Fa(f)(~z) and  Fa(Af)(y) = iyFa(f)(y)-

As in the classical analysis, we have a Dunkl-convolution g4, defined for f,g € L},(R)
and x € R by

[ *ag(x) :Af(y)fmg(*y)du(y)-
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Here 7, is a related translation operator, which has the following explicit formula

i@ = - / FVaE 2 —2mgt) (1 ——2—Y eyt

V2 + i,j2__y2xyt (2.1)
+ / F(—/a2 + % = 2ayt)(1 — m)d)(t)dt,
where
__Tla+1) _ 2ye-1/2
D(t) = Jal(a+ 1/2)(1 +¢)(1—1t%) . (2.2)

Tey *q4, Fq and A satisfy the following properties and relations between them.
) (Li (R), +,*q4) is a commutative Banach algebra.

) 8(R) x4 S(R) C S(R).

) 7. maps the spaces C°(R), D(R), L} (R) and 8(R) into themselves.
) Tef(=y) =71 f(—x).

) e flloe < M1 floo-

) e flleyey < flles )

) Falf *ag] = Falf)-Falg).

) Alf*ag] = (Af)*ag.

Now we give two technical useful lemmas for the next.

LEMMA 2.1. There is a positive constant C such that, for all f € S(R), k € N
and z € R,

11+ 5*) o 7e flloo < O+ 2*)*|(1+ 5*)* fll oo

Proof. Let f € §(R) and x € R. One has 7, f = 7 fe+7s fo, where fo = (f+fY)/2,
fo=(f—=fY)/2and fY(z) = f(—z). The fact that f, is even and f, is odd implies
that

1

L+ foly) = (L + 42 / (Va2 T~ Zagt)d(t)dr,

-1

1

(14 92 7 foly) = (14 42)" / oV T — 2ty a(p)ar.

-1 22 +y2? — 2yt

We conclude by using the well known fact saying that there is some constant Cy
independent of = and y, such that (14 y?)* < Cy1(1+22)*(1 + (|z| — |y)?)*. O

LEMMA 2.2. Let ¢ be a positive even function in D(R), with support in [—1,1]
and ¢ > 1 on [—1/2,1/2]. Then

i) there is a constant C' > 0 such that, 7,(¢)(z) > C/|z[***1 when |z| > 1,

1) 7.(p)(y) = 0 whenever ||z| — |y|| > 1.

Proof. ¢ is even, so 7, (p)(y) = f_ll o(/2? + y? — 2xyt)®(t)dt.
i) Let = be a real number such that || > 1, then

r(@)(@) = / VRV T= D)0
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The change of variable u = v/2|z|v/T — t and the expression (2.2) of ® implies that
C 2|.7)‘ U2
— +1/2, 2
T2(p)(x) = W/o p(u)(2 - ﬁ)a P du,
Ia+1)

20-1/2 /0 (a4 1/2)
2

If we use that ¢ is positive and that, p(u) > 1 and (2 — 2u—2) > 1 for u € [0,1/2], we

x
obtain

where C' =

C 1
(2a + 1)22a+1 |x‘2a+1 '

() (2) =

ii) This is quite trivial if we note that supp(p) C [-1,1] and

2? +y* = 2ayt = (|2| — [y])® + 2Jz[ly|(1 — sgn[ay]t) > 1.

We need also, the classical Taylor’s formula with integral remainder for a C>°-
function f on R, which asserts that, for any n € N, there is a polynomial @,, of degree
n such that

n!

() = Qula) + = / “(@— 1) O ), (2.3)

In [12], an extension of this formula to the Dunkl operator A proves the existence, for
any n € N, of a polynomial P, of degree n and a function W,, defined on R?, such
that
||
f(x) = Py(z) + W (2, ) A" F ()2, (2.4)
==l
Next we shall refer to this formula as Dunkl-Taylor’s formula. In fact the functions W,
are defined by induction, and we retain the following properties when (0 < |y| < |z|)
(1) Wo(z,y) = sgn(z)/2]z[>*F* + sgn(y)/2ly[** .
(2)  AWiia(z,y) = Wa(z,y).
(3) Wy(z,z) =W,(—z,z) =0.
(4)  Wi(z,y| < Claf*/[y>*.

In order to lighten the mean proofs of this paper, we conclude this section by the
lemma and remark below.

LEMMA 2.3. Let f € C*(R), then for all integer n > 1,

n 1 |z
A" f' () = Z 2|+ / | [As Wiz, t) + By oy Wi(—a, t)| A" f(2) [>T at.
i=0 —lx

where A; », and By, are constants.
Proof. The result can be obtained by induction on n, if we use the Dunkl-Taylor’s
formula

||
f(f) = Pn((E) + Wn(iv,t)An+1f(t)|t‘2a+1dt,

mikd
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and the fact that
d Wy (z,t) = Wy(—2z,t)
—Wh(z,t) = AW (2, t) — (2 1 ,
LW 1) (1) ~ (a4 1) -

with A, Wi, (z,t) = Wy (x,t). O

REMARK 2.1. Let f be a C®-function and define f¥ by fV(z) = f(—=x), then for
all m,k € N,
i) A™[(1 4 22)* f] is a linear combination of terms of the form

J}E(l + Z‘Q)SAjfvn,

where s,q,s,j are intelqers such that 0 <e,n<1,0<s<kyand 0< 7 <m.
(Here f¥V" = f and f¥V = fV).
ii) Am[

m} is a linear combination of terms of the form

ATV ()
(1 + a2)k+s’

where €,1, 5,7 are integers such that 0 <e,n<1,0< 4,5 < m.

This remark can be obtained by induction on m, if we use the following formulas

AfY)=—=(AN)Y (==
A(1+2%)Pg) = 2pz(1 4+ 2°)P " g + (1 + 2°)PAg,

Az(1+23)Pg) = (14+2p)(14+22)Pg—2p(1422)P Lg+a(1+2%)P Ag+(2a+1) (1+22)Pg",

where p is any integer in Z. O

2.2. Definitions and properties of some functional spaces. The topology
of 8(R) is defined by the family of semi-norms, given for all k,n € N by

_ 2\k £(m)
pra() = mas (1422470

We consider the semi-norms associated to the operator A, defined on §(R) for all
k,neN

gran(f) = max [|(1+2%)*A™ f]| .

0<m<n

It is known that the py, and the g, generate the same topology on S(R) (see [2]).
In fact it can be proved that, for any integers k and n, there are positive constants
C, D such that

C-pk,n < dk,n < D-pk,n-
In particular this implies that

S(R) = 84(R) := {f € C°(R) ; Vn,k € N, ||(1 + 22)*A" f||o0 < c0}.
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We introduce now two classes of functions, which are a natural generalization of the
usual spaces denoted by B(R) and D g)(R) in [16].

1) B(R) is the space of @ -functions f on R, such that f(™) is bounded on R, for
all n > 0. Its topology is defined by the family of semi-norms ||f™||o, n € N.

1) B4(R) will be the space of C*-functions f on R, such that A™f is bounded
on R for all n > 0. The semi-norms for this space are ||[A" f||o, n € N.

2) Drir)(R) is the space of C®-functions f on R, such that £ is L*(R) for all
n > 0, equipped with the family of semi-norms Hf(n)HLl(]R), n € N.

2’) D (r)(R) will be the space of €>-functions f on R, such that A" f is L, (R)
for all n > 0, and the semi-norms are Hf(")HL}L(R), n € N.
We are going to prove that B4(R) = B(R) as topological spaces, this is a consequence
of the following proposition which is useful for the remainder.

ProrosiTiON 2.1. For all kK > 0, n > 0 there exist C; and Cy positive real
numbers such that, for all f € B(R),

A f

A"l n
/ I £lle < Call 3 el

ﬁ”oognﬁ

In particular, B(R) = B4(R) as topological spaces.

Gy

Proof. The inequalities will be proved by induction on n. They are trivial for
n = 0, suppose that

n

for some positive constant C, then
ALf (Af)™
HmHoo_CH( )k||oo7
but Af(z) = f'(z) + (2a + 1)%, S0
AL fon N A
gyl < CUl Gl + @ /2l e (7))

using the Taylor formula:

we obtain

f(z) = f(==)

x

= Rp-1(z) + %% /Ox(x — )" [fD @) + (=1)" f D ()] dt.

So, by Leibnitz Formula, there are some constants (A;)o<;<n such that

n

(=L @) = > Aj# /Oz(z =t [fOI@) + (~1)" f I ()] dt. (2.5)

T ,
J=0
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Observe that, for |¢| < ||

\f("+1)(t) + (_1)nf(n+1)(_t)| - |f(n+1)(t) + (_1)nf(n+1)<_t)|
(1 + x2)k - (14t2)k
(n+1)

(14 z2)k 1%

< const.||

soforany 0 <j<n

1 1
(14 x2)k gi+1

f (n+1)

S D) _qyn plnt) const |
| /0< 07 100 + (1) 1) ()] ] < const|

This gives the first inequality.
For the second inequality, we suppose that

II( )k”oofcuﬁ”oo

for some positive constant C, then

f(nJrl) Anf/
I < -4
H(l_,'_xQ)kHOO—C”(l_i_ )k”oo

In the other hand, by Lemma 2.3 one has

n ||
A" f'(a Z |z |Z+1 /r| Ai Wi, t) + BinWi(—a, ) A" f (1)t dt,
n+1 n+1 (n+1)
ATLAO] ATEO] o ACTE
1422k = (1+2)k (14 22)"

and

||’
Wiz, t| < C|t|2oz+1’

combining all this as before we get the result. O

3. Dunkl-Convolution operators in 8'(R). The aim of this section is to define
and characterize, as in [16], the spaces Opr,a(R) and O 4(R) of Dunkl-multiplication
and convolution operators on 8'(R).

3.1. Multiplication operators. Let us recall some properties of O, (R), this
space is identified with the space of C*>°-functions slowly increasing together with all
their derivatives. In other words, for a C*°-function f one has

feOu®) & VpeN, VpedR); |lp.fP|le <400

(p)
< VpeN, 3k, eN; |M||w<+o®.

For the topology, a sequence (f,), converges to 0 in O/ (R) if and only if

Vp e N, Vo € §(R); |\<p.f7(f)\|oo—>0 as n — oo,
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the convergence is uniform on ¢ when it belongs to a bounded subset of §(R). This
is also equivalent to

(p)
VpeN, Jk, €N; |‘(1+HT)’%||°° —0 as n— oo,
where £, depends only on p and not on n.

In fact the spaces O q(R) and Opr(R) are the same space, since we have the same
Schwartz space 8'(R), we shall then use the notation O,/ (R) for them. Moreover the
above definitions are compatible with the Dunkl-operator, indeed, Proposition 2.1
allows us to assert trivially the following

PROPOSITION 3.1.
i) If f is a C®-function then

feOu(R) & VpeN, Vo e8(R); |[lg.APf|lo < +00
p

< VpeN, Jk,eN; | kp||oo<—|—oo.

(14 22)
1) A sequence (fn)n in Op(R) converges to 0 if and only if
VpEN, Vo € 3(R); |[lpAfullc =0 as n— oo,

the convergence is uniform on ¢ when it belongs to a bounded subset of S(R). This is
also equivalent to

AP fn

loo =0 as n— oo,

where ky, depends only on p and not on n.

3.2. Dunkl-bounded distributions . Now to define O, ,(IR) we need the topo-
logical dual space of D () (R) which we denote by B/(R). For its topology, a se-
quence (T,), converges to 0 in B/,(R) if, for any bounded subset A of DLL(R) (R),
(T, ) tends to 0 uniformly on ¢ € A. D(R) is dense in D1 (r)(R), so By(R) is a
space of distributions and we have

THEOREM 3.1. The following assertions are equivalent, for a distribution T
i) T € Bi(R).

ii) Vo € D(R); T *q ¢ is bounded.

iii) There are bounded functions fi1,..., fq such that T = 25:1 Ab fidpg, .

Proof. i) = ii): Suppose that 7" € B/,(R) and let ¢ € D(R). For all real x, one
has |T %4 ¢(z)| = |(T,72¢)|. But T € B/(R), so there are a positive constant C'
and a positive integer k, such that | (T, 7,¢)| < C||A*(7.9)| L1(r), this implies that
T %a p(x)| < C||A*¢]| L1, ), and then

IT 4 ¢lloo < ClIA"o]

LL(R)-

ii) = iii): Let ¢ € D(R), by hypothesis T x4 ¢ is bounded. Then, as function of
¢ € D(R)NL,,(R) such that ¥y () < 1, the quantity I := | Jp T*a(x)(x)du(x)]
is uniformly bounded. But I = | [, T x4 ¥(z)¢(x)du(z)|, so {T x4 Ydu; ¥ € D(R) N
L} (R) and |[¥]l21r) < 1} is bounded in D'(R). This means that for any compact set
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K of R, there are a positive constant C' and a positive integer m such that, for all
¢ € Dk (R) and ¢ € D(R) N L}, (R) such that [Pl ) < 1

l
[ 7 s vt@)e@)in(o)] < O mx 14 o

We remark that this inequality can be extended to ¢ € D2(R), to affirm that T x4 ¢
stays bounded for those .

Let ¢ be the Dirac measure at the origin and E a solution of the equation APE = g,
where p is chosen such that E is of class €™ (R). Take v € D(R) equal to 1 in a
neighborhood of 0 with support K, then AP(yE) = §y + ¢, where ( € D(R). To
conclude we observe that

T:T*d(sozAp(T*d’yE)—T*dC,

this is the desired because ¢ € D(R) and vE € DE(R), so T *4 ¢ and T x4 vE are
bounded.
iii) = i): If 7 = >39_) Ab fydu, with fi,..., f; bounded, then for all ¢ € D(R) N
D1 (R)

\<Z/|f] HA elalie) < 3 15

this proves that 7' € B/,(R). O

3.3. Dunkl-Convolution operators. Now, we can define the topological space
of Dunkl-convolution operators on 8'(R) by

ta®) ={T € 8'(R); Vk e N, (1+2*)*T € B)(R)},

and we say that a sequence (7)), converges to 0 in Op 4(R) if, for all k£ € N, the
sequence ((1 + 22)*T,,),, converges to 0 in B/(R).
The space O 4(R) is characterized as in ([16] p. 244) by

THEOREM 3.2. The following assertions are equivalent, for a distribution T .

i) T € 0g 4(R).

ii) Vo € D(R); T x4 ¢ € $(R).

iii) Vk € N, {(1 + 22)*7,T; = € R} is bounded in D'(R).

i) Vk € N, there are functions fi,...,fq such that T = ?:1 Aljfjdu with
(1+ 22k f; bounded for 1 < j <q.

Proof. Note that ii) and iii) are trivially equivalent.
i) = ii): Let ¢ € D(R), to prove that T x4 ¢ € §(R) we have to show that

Vik,m e N; (14 23)*(T xqg A™ ) is bounded.
(1 4+ 22)*(T x4 A™¢) is continuous, so it is sufficient to prove that, for all f € D(R);
1 *|/ (1 + 22k f(2)(T g A™ ) (x z)dp(z)| < const.|| fl|L r)-
Let p € N such that 1/(1 4 ¢?)?~"' € L,,(R) and note that
I =Ty, [(1+2*)"f xa A" 9] ()]

= U+ Ty, s (128 w0 A7 W)
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The fact that (1+y2)**PT € B/,(R) implies that there are C' > 0 and [ € N such that

1
(L 2)* f xa A" 0)] ()] |1 =),

I <COA [
=<l y[(1+y2)

which means that
r<c [, [ S0 faduto)duty),

7(A"e) (@)

is a linear combination of terms of the form
(1+y?)kte ]

By remark 2.1, A;[

"1y (A" V") (2)
(14 y?)ktets

where €, 1, j, s are nonnegative integers such that 0 < e,7 <1 and 0 < j,s <. For
any one of those terms let

Ty (A™+I v )
gim 1 [ PSR () (),

we suppose that supp(p) C [—a, a], then supp(r,(A™ V")) C [~a — |y|,a+ |y|] and
S0

1 a+ly| e (1+22)k
Jﬁ/i/ 7y (A™ x f(@)|dp(x)dp(y).
T ﬂilyl\ o @7 )( )\(1 )k\ (@)|dp(x)dp(y)
Now if we use the inequality

Ty (A" ) (@) < sup [T,
0<g<m+l

(1422

and the fact that is bounded for all (z,y) € [—a — |y|,a + |y|] x R by a

(L+y2)*
constant depending only on supp(p), we obtain
J < const.  sup [|A"T ||| !
- 0<q<m+l (1+y2)

this implies the desired estimation for 1.

i) = ii): Let k € N, we have to prove that T can be written as T' = Z?:l Al fdp,
where f1,..., f, are functions such that (14 22)**?f; is bounded for 1 < j < ¢q. By
hypothesis, T 4 ¢ is in 8(R) so (1 4+ 22)*T x4 ¢ is bounded for all p € D(R), by the
same methods of Theorem 3.1, if we fix a compact set K of R and a positive integer
m, we can extend the above to say that (14 22)*T x4 ¢ is bounded for all ¢ € D7(R).
After this we take a solution FE of the equation APE = §y, where p is chosen such that
E is of class €™ (R). Let v € D(R) equal to 1 in a neighborhood of 0 and denote by
K its support, then AP(vE) = §y + ¢, where ¢ € D(R). As before

T‘:’I‘*d(SO:A:D(T1>0<d’y.E1)—T’*dc7

which is the desired.
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iv) = i): Let k € N, we shall prove that (1 + 22)*T € B/(R). We choose p € N such
that 1/(1+2?)P~1 e L}L(R). By hypothesis, for k£ + p, there are fi,..., f; such that
(1 + 22)**?f; bounded for 1 < j < g and T = Z;I,:l Al f;dp, in those conditions
(1+22)*f; € L\,(R). To have the result and according to Theorem 3.1, it is sufficient
to show that for all ¢ € D(R), the function (14 22)*T 4 ¢ is bounded. Let ¢ € D(R),
S0

[+ T ] = 3 [ H@AL [0 +a)r] (@)duta).

For 1 < j < gq, AY '[(1 4 2?)*7,¢](2) is a finite linear combination of terms of the

form x°(1 + 22)°1,(A™p"")(x),where €,7, s, m are integers such that 0 < ¢, < 1,
0<s<kand0<m<I; On the other hand

|/R$5(1+x2)sfj(x)7y(Am<ﬂvn)(x)du(l‘)l < const. Supl_I\A"s@\|oo-||(1+w2)kfj|

SNty

this estimation is independent of y, so (1 + 22)*T %4 ¢ is a bounded function. O
COROLLARY 3.1. Og,(R) = 0¢(R).

Proof. Let T € O¢(R). To prove that T' belongs to Or, ,(R) it is sufficient to show
that T+, ¢ € S(R) for all ¢ € D(R) (see Theorem 3.2 (ii)). For this we fix ¢ € D(R)
with support in [~a, a], k,n € N and show that (1+2%)*T %, A™¢(x) is bounded. But
(1 4+ 22)*(T *, A™ ) is continuous, so it is sufficient to prove that, for all ¢ € D(R),

| [ a6 T 5 A7) @) < const ]2
We have
(14 2?)*T %, A () = (1 +2*)" (T, 7o A" p(y))
= ()T, TR,
where p is such that 1/(1+3?)? € L},(R). In the other hand (1+y?)*?T is in B'(R),
so there are bounded even functions fy, ..., f, such that (1+y*)*PT = Z dcz o fi)s

j=1
and then

dli A
14 22)FT %, A™ (1 S .

By Leibnitz Formula (1 + 22)*T %, A™¢(z) is then a linear combination of terms of
the form

3 1 dT'
H(z) = (1+2?) /fg a [m}dy

where 1 < j <gand 0 <s,7 <[;. Now to get the desired we have just to prove that

[TxAm M )dy7

\/H z)dz| < const.|[¢[|11 =
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Taking account the support of ¢ we assert that

O R L T T
[ H@@an < [ G200 T r i AW ()

Now, if we use the inequality

d'l‘
m < . m-+s
gy A" @)]] < const. max [[A™ ]|,
(14 22k |
and the fact that Tt AF is bounded for all (z,y) € [—a — |y|,a + |y|]] x R, we
)

obtain

1
< . m+s | AL 5 .
|/RH(33)1/1(:c)dac| < const Orgnsaéj [IA" %] 0o ||(1+y2)p||Lb(R) I filloo- Y]] L1 ()

this implies the estimation.

For the converse we use the same technique with a few modification. O

We note that the result of Corollary 3.1 is obtained by Betancor in [2] by other
methods.

THEOREM 3.3. The mapping (S,T) — S xq T, from O (R) x 8'(R) to 8'(R), is
hypocontinuous.

Proof. Let (S,T,¢) € 0n(R) x 8'(R) x D(R), we have to show that if two of those
elements stay bounded and the third tends to 0, then the quantity (S, x T}, 29 (y))
tends to 0. For example, if S tends to 0 in O%(R) then for all I € N, (1+2).S, tends
to 0 in B/,(R). If T stays bounded in 8'(R) then there is k € N such that T, /(1 +y?)*
belongs to B/(R), and by Theorem 3.1, T, = (1+y?)* ;?:1 Ab fidp where f1,..., f,
stay bounded on R. We choose p € N such that 1/(1+2?)?~! € L,,(R) and | = k+2p,
in those conditions

(S0 % Ty, ap0) = (2. T v pla)) = (14 #2080, 2 S0

T x4 ¢(x)
(1 + z2)F+2p
T and ¢ when they stay respectively bounded in 8'(R) and §(R). This is equivalent
to fined, for all integer m, a positive constant M independent of T and ¢, such that

To conclude we must prove that is bounded in D LL(R) (R) uniformly in

T*dSD

A" [y

]||LL(R)5M'
T*d(p

AS before A™ [W

|(2), is a linear combination of terms of the form

2¥(T xq M)V (2)
(1 + x2>k+2p+s ’

where ¢,7, j, s are nonnegative integers such that 0 < e,n <1 and 0 < j < m. For
such a term
25 (T %q A )" 1 T xq Ao
|| NEk+t2pts ||L1(]R) < p) _1|| Nk Hood,u(x)a
(1+x>+p+ w ]R(1+a;)p (1—1—1‘)"‘1’
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T *q Aj(p
L+ a2)F i
the fact that T, = (1 +y)* 327_, Ab f;dju, to obtain

so it is sufficient to estimate || [|oo uniformly on T and . For this we use

|?1*iiiﬁ(fp) = (1+;512)k+p Z/RIfj(y)|.|A§; (14 y*) A} (9)dn(y).

On the other hand Aij [(1 4y 7, AM¢](y) is a finite linear combination of terms of
the form y7' (1 + y?) 7. (A" pV™®)(y),where o1,09,7, h are integers such that 0 <
01,02 <1,0<r <k and 0 < h <. If we denote

J = W /R 5@y (14 4%) 7 (A 0V ()| dp(y),

then

. 2\k+p o
= /R (1 %g))ll I 8 i gyczim Ta(A" V) ()l ooy dua(y).

By Lemma 2.1 there is a positive constant C' such that

(14 y?)Ftr . ‘
”WTI(A"“W Y (W)llooy < ClI(L +y2)FHPAPH )|
thus
n 1
J < const.  sup [[(1+ 2% FPA Q| |oo || £ ool .
0<n<m+l; ( z )
and then

T xq Ao

< const | pluL (R>Z sup {11+ 22 P Ao £

( 1 0<n<m-+l;

this is uniformly bounded in T, ¢ when they stay respectively bounded in 8'(R) and
S(R). O

As a consequence of Theorem 3.3 and the density of §(R) in O, (R) and in §'(R) we
have

COROLLARY 3.2.

i) Ox(R) %4 S(R) C 8(R),

i) On(R) %4 On(R) C 0L (R).

iii) The Dunkl-convolution product of a finite number of distributions of 8'(R),
all of which but one at most are in O (R), is associative and “commutative”.

As in the classical case, O (R) and Op(R) are related via F4 in the following
result.

THEOREM 3.4. Fy is an isomorphism from O (R) onto O (R), moreover
1) F4 and 3';1 are sequentially continuous.



400 S. BEN FARAH AND K. MOKNI

iii) Fa(f.T) = Fa(f) xa Fa(T) for oll f,T in Op(R) x §'(R).

Proof. Let T € O (R). For any positive integer p, we have to fined a polynomial P
and a bounded function g such that APF;(T") = Pg, this to prove that F4(T") € Op(R).
APFy(T) = (4)PF4(2PT), and 2T € B/(R) so, by Theorem 3.1, 2PT = Z?:1 A fidp
where f1,..., f; can be taken in L}L. Thus

q q

APFH(T) = (D)7 Fa(A f;) = (0)PHalF4(f;).

j=1 j=1
If k = max [;, then
1<j<q
q

APF4(T) = (1+2) ) (i) Hhs

j=1

mgd(fj)’

q 3
and Z(i)”li (l_fixz)k.‘”fd(fj) is a bounded function since fi,..., fq are in L}L.

Let f € Op(R) and consider the distribution Fy4(f). We have to show that for
any positive integer k, (1+2%)*F4(f) € B, (R). Since (1+22)*F4(f) = Fa((1-A2)*f)
and f € Op(R), then there are (k + 1) polynomials Py, ..., P, and (k + 1) functions
9o, ---» gk in L}, such that (1 —A%)*f = Z?:o P;.gj, this implies that

k
(1+ 22 Fq(f ZP] iN)Fa(g;),
7=0

to conclude we note that F4(g;) are bounded because g; € LL.

For the rest of the proof it is sufficient to show i), because the formulas in ii) and iii)
are true for f,S,T in §(R) which is dense respectively in O (R), 8'(R) and O (R).
So, let (fn)n be a sequence in Oy (R) converging to 0. To prove that (Fa(fn))n tends
to 0 in O, (R), we must show that for all k£ € N and for all ¢ € D(R) staying bounded
in D1 (r)(R), the sequence ((1+ 22)*F4(fn), ¢) tends to 0 uniformly on ¢. We have

k
(1422 Ta(fu),0) = (Fal(1 = A2FF)o0) = 3 a; (A% o, Falp)),
=0

here the a;’s appears in the development of (1 — A2)k. Now by the definition of the
convergence in O (R), see Proposition 3.1, there is a positive integer my such that
A%
||(1-|-J207)lk||oo tends to 0 for 0 < j < k. We choose p € N such that 1/(1 + 22)?
€T m

belongs to L,,(R), then

k 2j
(1 + 22T a( ), Z jas1-I{ % (L4 22T ()]

and finally

A fn i
HL ZI ajl- || v oo [1(1 = A% P |

(1 +2*) Fa(fo)s o] < Nl mr—ss )

1+
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Conversely, let (T,), in Oy (R) converging to 0. We have to show that for all k € N
and all f staying bounded in §(R), the quantity ||f.A*F4(T},)||s tends to 0 uniformly
on those f. Let g = ;' f then g stays bounded in §(R) as f, and we have

1f-A*Fa(To)lloo = IIf-Fa((i2) To)lloe = [1Fa[(i2)" T %a g]llso < 2" T %4 g1y,
In the other hand, if p € N is chosen such that D = ||1/(1 + yz)pHLb is finite, then

(1+9%)P

laTrraglly < DI+ T m)lloe < DI+ T, (o o)

Now (1 + 22)?P2*T,, tends to 0 in B/ (R), so it is sufficient to show that the family

(1+y?)P

e

9 ¥ € R},
stays bounded in D LL(R) (R) when f stays bounded in 8§(R). For this we just apply
Remark 2.1 and Lemma 2.1 with the above methods. O

4. Hypoelliptic Dunkl-convolution equations. In this section we are going
to study Hypoelliptic Dunkl-convolution equations. To expose the problem we need
the space E(8'(R)) of functions f € C*(R) N 8'(R) such that, for all S € O, (R),
S« f € €°(R) and the mapping S — S x f € C®(R) from Oy (R) to C*(R) is
continuous. In [8], E(8'(R)) is identified to O¢(R) the space of very slowly increasing
C*>°-functions, which is the dual of O (R). In other words f € £(8'(R)) if and only
if there is a constant p such that for all n € N, f = O(|z|*), as |z| — co. By
Proposition 2.1, this is equivalent to A™ f = O(|z|?) , as |x| — co. Moreover we have

PrRoPOSITION 4.1.
i) For all f € E(8'(R)) and all a € R, 7of stays in E(S'(R)).
it) f € E(8'(R)) if and only if, for all S € OL(R), S x4 f € C°(R), and the mapping
S+ Sxq f from OL(R) to C°(R) is continuous.
iii) For all f € E(8'(R)) and S € O(R), S *q f belongs to E(8'(R)).

Proof. To prove this result, we note that
i) is immediate from Lemma 2.1 and Proposition 2.1.
ii) is a consequence of i) and the fact that S %4 f(x) = (S, 7, f) = S * 7, f(0).
iii) Let f € E(8'(R)) and S € O (R), then S %4 f € C*(R) N 8'(R). Moreover if
T € O, (R) then, by Corollary 3.2, T xq (Sxq f) = (T %qS) *q f and (T %4.S) € O (R),
$0 T +—— T xq (S x4 f) is continuous and then S x4 f € E(8'(R)). O

We consider now the Dunkl-convolution equation
S+ U =F, (4.1)
where S € O (R) and U, F € 8'(R). This equation is well defined for fixed S, F and
we say

DEFINITION 4.1. The Dunkl-convolution equation 4.1 is said to be hypoelliptic in
S8'(R), if all solutions U € 8'(R) are in E4(8'(R)), when F is in E4(8'(R)). In this
case, we say also that S is hypoelliptic.

The mean result here is to characterize hypoelliptic distributions S € O, (R) as
was made by Zielezny in [20] in the case of the classical convolution on R?. For this
we need the following lemma
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LEMMA 4.1. Let (§,)n>1 be a real sequence such that
[nt1] > 2[€a| > 2™,
and (an)n>1 a complex sequence satisfying

an = O([€n]"),

for some real p. The series ), -, and¢, converges in 8'(R) and can be written as
F4(T). Then T belongs to E4(8'(R)) if and only if

an = 0(|§n|k)7
for every positive integer k.
Proof. The series ), -, and¢, converges trivially in 8'(R) and we have

T, =Y anE(x,it,).

n>1

Suppose that a, = o(|¢,[¥), then > <, an, E(z,i&,) converges uniformly on R together
with all its term-by-term derivatives, so T is a €* function. Moreover, T' € B(R)
because |E(z,i&,)| < 1 and a,, = o(|¢,|*), consequently T' € €4(8'(R)).

Conversely, if T belongs to €4(8'(R)) then AP(T).¢ € $(R) for all p € §(R) and p € N
and so F4[AP(T).¢| € 8(R), which implies that

[2PF4(T) g Fa(p)](t) — 0 as  [t| — +oo.
This means that

S anmi [Fa@)](6) — 0 as [t — +oc. (4.2)

n>1

Now suppose that for all positive integer k, the condition a,, = o(|&,|¥) is not satisfied,
then one can found ¢ € N, » > 0 and a subsequence of (a, ), (which can be taken the
whole (ay,), with a few modification), such that [{2a,| > r for all n.

Let ¢ such that F4(p) is a positive even function in D(R), with support in [-1, 1] and
Fa(p) > 1 on [-1/2,1/2]. If we note that ||&,| — [&n|| > 1 for m # n, then by Lemma
2.2 there is a constant C > 0 such that,

Te, (9)(Em) 2 C/m[* ™ and  7¢, (9)(€n) =0 for n#m.

And for t =&, and p > ¢+ (2a + 1) we have

1> an€hre, [Fal)] (€a)] = laml €01 |7e,, (9)(Em)| = 7C,

n>1

which cannot tend to 0 as m tends to +oo and then contradicts (4.2). O

THEOREM 4.1. A distribution S € O (R) is hypoelliptic if and only if there are
constants p and A such that F4(S) satisfies

[Fa(S)OI = [E]7 for LR, [(]= A (4.3)
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Proof. If condition (4.3) of the theorem is not satisfied then there is a sequence
(&€n)n>1, as in Lemma 4.1 such that

1Fa(S)(E)] < |n]~ Y, for  n>1. (4.4)

By Lemma 4.1 the series ), -, 0, converges in 8'(R) to a distribution denoted by
Fa(U) such that U € 8'(R) and is not in €4(8'(R)). Now

Fa(S*qU) = Fy(S erd (&n)de,

n>1

so, by inequality (4.4) and Lemma 4.1, S x4 U belongs to €4(8'(R)) and contradicts
the hypoellipticity of S.

For the converse we need the following construction. Let A be the constant in the
hypothesis and take ¢ € D(R) such that, 1) = 1 on [—A, A] and supp(¢)) C [-A —
1, A+ 1]. Define the distribution H by

0 for ‘§|SA7
Fa(H)(€) =4 1=9© €| > A,

the facts that Fyq(S) € Op(R) and verifies the condition (4.3) imply trivially that
Fa(H) € Op(R) and then H is in Oy (R), moreover

Fa(S *a H)(§) = Fa(S)(§)Fa(H)(E) = 1 = (§).
The inverse Dunkl transform gives
Sxq H =00 —F;' (1),
so if U € §'(R) is a solution of the equation
SxqU =F,
where F € €4(8'(R)), then
U=Uxg00=Uxq(Sxq H) +Uxg T () = F g H+U g F;1 (1)),

To conclude we use Proposition 4.1 to say that F' x4 H is in E(8'(R)). On the other
hand U xq F4(¢p) can be written as F4(F4(U).¢) i.e the Fourier-Dunkl transform of a
distribution of compact support, so by Paley-Weiner theorem (see [17]), U xq F4(v) is
an entire function slowly increasing of exponential type and then belongs to £(8'(R)).
Thus U € £(8'(R)) and S is hypoelliptic. O
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