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DEFORMATION OF SURFACES INDUCED BY MOTIONS OF
CURVES IN HIGHER-DIMENSIONAL SIMILARITY GEOMETRIES*

CHANGZHENG QUT AND YANYAN LI

Abstract. In this paper, we study deformation of surfaces induced by adding one and two
extra space variables to the motions of space curves in higher-dimensional similarity geometries.
It is shown that the 2+1- and 3+1-dimensional nonlinear evolution equations including the 2+1-
dimensional mKdV equation and a generalization to the mKdV-Burgers system arise from such
motions.
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1. Introduction. Considerable effort has been made by a number of authors
to study motions of curves and surfaces in certain geometries, and many interest-
ing results have been obtained. It has been recognized that motions of curves and
surfaces in certain geometries are closely related to nonlinear evolution equations.
For examples, Mullins’s nonlinear diffusion model of groove development [1] describes
the curve shortening problem [2]. Hasimoto transformation [3] sets up a one-to-one
correspondence between the integrable Schrodinger equation and the binormal mo-
tion of a space curve driven by its curvature and torsion. Later, Lamb [4] utilized
the Hasimoto transformation to show that certain types of space curve flows can be
mapped to integrable equations such as sine-Gordon equation, Schrodinger equation
and Hirota equation etc. Langer and Perline [5, 6] further proved that the dynam-
ics of non-stretching vortex filament in R? gives to the NLS hierarchy. To interpret
the dynamics of a nonlinear string of fixed length in R?, Lakshmanan [7] considered
the motion of an arbitrary rigid body along it, deriving the AKNS spectral problem
without spectral parameter. Doliwa and Santini [8] found that the NLS hierarchy and
complex mKdV equation arise from motions on S3(R) where the radius R plays the
role of the spectral parameter. Goldstein and Petrich [9] related the mKdV equation
and its hierarchies to motions of non-stretching closed curves on the plane in R2.
Nakayama. Segur and Wadati [10] obtained the sine-Gordon equation by considering
a nonlocal motion of curves in R?. Nakayama [11] also showed that the defocusing
nonlinear Schrédinger equation, the Regge-Lund equation, a coupled system of KdV
equations and their hyperbolic type arise from motions of curves in hyperboloids in
the Minkowski space. In [12], he realized the full AKNS scheme in a hyperboloid in
M*?. An extended Harry-Dym equation and sine-Gordon equation from binormal mo-
tions of curves with constant curvature or torsion were derived by Schief and Rogers
[13]. Recently, motions of curves in Klein geometry were investigated systematically
by Chou and Qu et al. [14-20], they showed that a couple of 1+1-dimensional in-
tegrable equations arise from the curve motions. Motions of curves in Riemannian
geometry were studied by Beffa, Sanders and Wang [21]. The relationship between
invariant curve flows in conformal, Poisson, Lagrange-Finsler geometries and homoge-
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neous space and Hamiltionian structure was investigated in [21-29] by Meffa and Anco
et al. The flows of curves on adjoint orbits were studied by Terng and Thorbergsson
[30], which provided a systematic study of the construction of curve flows on adjoint
orbits from solutions of AKNS-type soliton equations.

As for the interaction between differential geometry of surfaces and nonlinear
differential equations has been studied since the 19th century. In particular, the
relationship between deformations of surfaces and integrable systems in 2+1 dimen-
sions were studied by several authors [29-44]. In [35-42], Myrzakulov et al extended
the theory of moving space curve formalism in 141 dimensions to 2+1 dimensions
by adding an extra space variable to the motion of curves in R3. They showed
that the 241-dimensional Ishimori equation, Myrzakulov I equation, Myrzakulov
IIT equation, 2+41-dimensional isotropic Heisenberg ferromagnet model and the 241-
dimensional Schrédinger equation arise from such motions. In a similar manner, the
2+1-dimensional integrable shallow water wave equation was obtained by Qu and
Zhang [43] by considering the motion of space curves in centro-affine geometry.

In this paper, we will consider motion of space curves in n-dimensional similar-
ity geometries by the approach in [35-43], which induces deformation of surfaces in
similarity geometries. The paper is organized as follows: In Subsections 2.1 and 2.2
of Section 2, we investigate respectively motion of space curves in four-dimensional
similarity geometry P4 by adding one and two extra space variables. Motion of space
curves in n-dimensional geometry P" (n > 4) by adding one and two extra space
variables are discussed respectively in Subsections 3.1 and 3.2. Section 4 contains a
concluding remarks on this work.

2. Motion of space curves in P*.

2.1. Motion of curves in P* by adding an extra space variable y. Mo-
tion of curves in similarity geometry and related topics have been studied by Sapiro,
Tannenbaum, Chou and Qu et al in [14,15,45,46]. In this section, we consider motion
of space curves in P* by adding an extra space variable y.

We denote by k1, ko, k3, s and 7;, ¢ = 1,2,3,4 the curvatures, arc-length and
unite frame vectors of curves in Euclidean space R*.

In the case of space curves in P4, the Serret-Frenet formula reads as

tl —Q 1 0 0 tl

t2 _ -1 —Q Qo 0 t2 (1)
t3 0 —Qy —O1 [0 % t3 ’

t4 0 0 0 —Qs3 — Q7 t4

where a1, asz, as, 6 and t;, i = 1,2, 3,4, are respectively the curvatures, arc-length
and frame vectors in P4, they are related to the Euclidean’s by

o :/@115//@%, o = Ko/K1, az = k3/k1, df = kids, t; = (1/k1)Ti, 1 =1,2,3,4.

It is readily to show that they are invariant with respect to the similarity transforma-
tion. The invariant geometric motion in P* is governed by

Y = A1t1 + Aoty + Asts + Aty (2)

where A;, i = 1,2, 3,4, denote velocities along the frame vectors, which depend on
curvatures ap, ag, as.
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It follows from (1) and (2) that the time evolution of the frame vectors in P* is
given by

t E F G H t;

to - —-F E Fi G1 to (3)
t3 o -G -—-F E Hy t3 ’

ty -H -Gy —-H; FE ty

t

where FE, F', G, H, F1, G1, H; depend on the curvatures ay, s, as too.
The compatibility condition of equations (1) and (3), i.e.

t; t;
to | te
ts | ts
b1/ ta /g
gives rise to the following system
alt = _E97

agy =G+ F1 g — aszGy,
agy = Hi g+ asGh,

Fyp = asG, (4)
Fl = 062F+ Gg — O[gH,
G1 = a3G + Hy,

H = —a3F, — G0+ axH;.

Let’s extend the theory of moving space curve formalism in 1+1 dimension to the
case in 241 dimension by endowing an extra space variable y to the motion of curves
in P". Let’s assume that the y-evolution of the frame vectors is determined by

t1 € f g h t1

to _| - e i a to (5)
t3 —g _fl (& hl t3 ’

t4 v —h —ag1 —hl & t4

where e, f, g, h, f1, g1, h1 are functions of curvatures oy, as and ag, to be determined.
The compatibility condition between equations (1) and (5) yields

Q1,y = —€9,
gy =g+ f1,0 — a3g1,
a3,y = h1g + a2g1,

f9:a2.ga (6)
Ji=aaf + g9 — ash,
g1 = Oégg+h9,

h = azh — Oésfl — 9g1,6-
Similarly, the compatibility condition

ty ty
to ] te
t3 |t
ta /4, ta )
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leads to the following equations

ey = Ey,

fe=Fy+gF1+hGy — LG — g1 H,

gt =Gy + fiF — fF1 +hHy — hi H,

he = Hy + g1 F + G — fG1 — gHy, (7)
fitr=Fiy+ fG+agH —gF —hGa,

g1t = Gry + fH+ b Fy — f1H — hFE,
hit=Hyy+gH + f1Gy — hG — g1 F1.

From (4) and (6), one obtains
F = 8;1(a2G),
F, = azagl(azG) + Gy — asH,
Gl = a3G + H@,
H, = 042_1[H99 + (1 — Ozg)H + 203Gy + 04319G + 04204380_1(042G)],

_ (8)
f = 8‘9 1(0(29),
f1 = 20, ' (a2g) + g6 — ash,
g1 = a3g + h97
hi = a3 '[hee + (1 — a3)h + 20390 + 3,09 + 230, ' (azg)],
and that the curvatures fulfill the following equations

ay ¢t = — Ee;

Qg ¢ :(892 + Oé% — Oég +1+ 042798071042)6; —2a3Hy — 04319H,

s =20203G + @300, ' (a2G) + asHy
+ oy ' (Hoo — a3 H + H + 203Gy + 3,0G)]o, (9)

a1,y = — €p,
Qg y =05+ a5 —a3+1+ agﬁae_lag)g — 2ai3hg — as gh,
a3,y =200039 + 3,00, ' (a2g) + azhg + (a5 ' (heo — a3h + b + 20390 + a3,09)]e.
Substituting equations (8) into (7), we obtain
Gt :Gy =+ ggagl(azG) — Ggagl(azg) + Oéglh(Hgg + 2a3Go + OtgﬁgG)
— ay ' H(hgo + 20390 + a3.09),
hy =H, + hgagl(agG) - Hgagl(agg) + a;lG[hgg +(1- ozg)h + 2a390]
—ay tg[Hoo + (1 — a2)H + 2a3G4).

(10)

Setting
G = —Q2,y,
and assuming that H satisfies 2a3Hp — aiaz, + azoH = 0, i.e.

H = (306 + Opx3) ' 030ra,y,
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one deduces from (9) that

gt + 02,96y + 02,005 (0202 y) + 0305, + a2y =0,
gy = —2000302,y — 03,90, (a202,y) — [0y ' (a30s + Dpas) oz ylo (11)

+ oy 1 (0F + a3 — 28y tang — a3 + 1) (a30p + Jpaz) L akas e
Using the compatibility condition v:p = ¢, we arrive at the following system

E=A49p—a1A — Ay,
F=A4+A0— 0142 — aAs,
G = Ay + Az g — 1Az — a3 Ay,
H=a3A3+ Asp — a1 As.

From F = 0y(asG), we also have

Ay =— Ag g+ a1 As + asAz + 0, Hao(Asz g + ands — a Az — azAy)),
al,t :[(89 — ] — 0117980_1)(892 — 89041 — Oé%) =+ 89]142 — (89 — ] — 0117980_1) (12)

* (890[2 + a0y — 041012)/13 =+ (89 — Q1 — 0411980_1)012043144.
Letting A2 = —ay in (12), one obtains the following equation for the curvatures ay

2 2 -1
Q1 = — Q1,000 + 307 g + 311,09 + 32,002y + 20202 0y — 3710 — 1,00, (202 y)
2 -1 2
— Q2 y — Q1.9 — Q1,905 — 30 Q20,9 — Gaas(Ogas + a3dg) ™ asany
2 -1 -1
— (02,00 + 10029 — 203)[(0g — 1) (s — o y) + (09 — 1) g (0g — o

+ a3(0p — a1)71a3)71[(a389 + 89a3)71a§a27y — a3(0p — al)fl(alag —asy)]]

— (23,9 + a2z 6 + a10a3) [0 — a1 + az(9p — ay) tag] !

* [(a309 + 39043)71(1%0[2@ — as(0p — 041)71(041042 — o)l
(13)
It is noted that the first equation in (11) is the 2+1-dimensional mKdV equa-
tion, which is integrable [47]. The equations (11) and (13) can be regarded as a
generalization of the mKdV-Burgers system [15].

2.2. Motion of curves in P* by adding two extra space variables y and z.
On the basis of Section 2.1, we introduce another one more space variable z. Assume
that the z-evolution is governed by

h t

t e f g
t2 —-f € fi o t2

_ : g , 14
ts -9 —fi € I t3 (14)
ty o —h —571 —hy € ty

where €, f, g, ]~7,, fl, J1, hy are functions of curvatures a1, ag and ag, to be determined.
The compatibility condition

ty ty
to ] te
t3 | ts
ty ty

z0 0z
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leads to the following system

a1, = —eg,
as: =G+ fro— asg,
3. = h1g+ aad,

fi = oaof +Go — ash,

1 = asd+ he, fo=asg,

(15)

> @

= —asfi — §1.0 + a2ha.

On the other hand, the compatibility condition

ty ty
to ] te
t3 | ts
t4 zt t4 tz

leads to the following equations

e = FE.,
fo=F. +§F +hGy — f1iG - §.H,
§i =G, + fLF — fF + hH, — hy H,
hi = H. + GiF + G — fG1 — §H, (16)
fie=Fi.+ fG+gaH —§F — G,
G140 =G+ fH+hiFy — f{H; — hF,
hiy=Hy,+gH+ fiGy — hG — g1 Fi.
One can easily verify that the compatibility condition t; ., = t; 4., ¢ = 1,2,3,4, can
be obtained by the other compatibility conditions.
Thus from the compatibility conditions, one obtains the following equations
Ay =— Agg + 1Az + as Az + 0, Hao(Az g + ands — a1 Az — azAy)],
E=A19—a14; — A,
F=A9p+ A1 —a1As — agAs,
G =A39+ azAs — a1 A3 — a3 As,
H =A40+ azAz — a1 Ay,
Fy =A3 000 + 202429 — 01 A3 9 — 203 A4, + a2 A1 + (2,9 — a102) A
— (1,9 + 03 +a3) A3 — (a3 — ara3) Ay, (17)
G1 =Ausg0 + 203430 — a1 Asg + azazAs + (a3 — aras) Az — (a1, + a3) As,
Hy =a; a3 As.000 + A e + 2034300 — 1 Ay gg + 3aaaz Ag g
+ (Baz.p — 2a103) Az 9 — (2019 + 303 — 1) Ay g
+ asas Ay + (20,903 — alag + agaz9)As
+ [a3,00 — 0130 — a3(200,9 + Oz% + a§ —1)]A4s

— (a1,09 + 3azas g + oy — arasag)Ayl,
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f =0 (02g), [ = 05" (029),
fr =28 (aag) + go — ash,
g1 =asg + ho, Gi = s+ he, (18)
hi =g H[hee + (1 — a2)h + 2a390 + 3,69 + azagae_l(agg)],
fi =20, (2g) + Go — ash,

hy =a; Hheg + (1 — a2)h + 203G + 3,6 + aaazdy H(a2g)],

and the equations for oy, as and as

are =[(0p — a1 — 1,00, 1) (0F — Dpas — a3) + Fp] Az — (0p — a1 — 1,99, ')
* (Ogag + a0 — 1) Az + (0 — g — 041,939_1)042043/14,
o =(0F + 042,989_1042 + a3 — a3+ 1)ag Ay + [(0F + 042,989_1042 +a3—a3+1)
% (0p — 1) — (Opaz + a30p) 3] Az — [(0f + awaglaQ + a3 —a3+1)ag
+ (Opaz + a30p)(0p — 1)]As, (19)
Qs :[Bg(agl(?@(azag) + aglagﬁgag + a35;1a§) + ajaz] Az
+ [0l M (03 — 3 + D)ag + a5 ' (pas + az99)(0p — 1) + 30, ' aa(dp — a1)]
+ ag(Dpas + azdy — araz)] As + [Dplo, (05 — a3 +1)(9p — )

— a;l(agag + azdg)as — a38;1a2a3] + (09 (09 — 1) — ag)]A4,

o1y = — ey,
Qz,y =(0F + 2,005 a2 + a3 — af + 1)g — 2a3hg — azh,

a3, =209039 + 3,00, (ag) + ashg + [ag  (hes — a3h + h + 20396 + @3.09)]0,
Qa1,; = — €y, (20)
a2, =(0f + 200, 'z + a3 — a3 +1)§ — 2a3hg — a3 ph,

Qg . :2042053§ + ag)gae_l(()@g) + QQiLQ + [Ozz_l(ilgg — Ozgib + il + 2043_&9 + 04319‘&)]9,
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as well as the following equations

gt =(As 0 + ao Ay — a1 Az — azAs)y + go0y Haa(As g + asAs — a1 Az — azAg)]

— (As,0 + 24> — a1 Az — a3 Ay)p0y H(a2g) + a5 'h[(Ae + a3 Az — a1 Ag)ge
+2a3(A39 + asAs — a1 Az — agAs)e + az9(Asze + As — a1 As — azAs)]
— oy (Ao + azAs — a1 Ag)(heo + 20390 + a3,09),

hy =(Asg + azAsz — a1 Aq)y + hedy Haz(Asz e + azds — a1 Az — azAs)] — (A
+ agAs — a1 Ay)dy H(02g) + o N (As + a2 Ay — arAs — asAy)[hoe
+(1- ozg)h + 2a3g9] — a;lg[(A4,9 + agAs —a1Aq)ge + (1 — oz%)(A4,9 + a3 As
— a1 Ay) +203(As 9 + asAs — a1 Az — asgAy)e),

Gt =(Az 0 + an Ay — a1 Az — azAy), + §o0, Haa(Az g + agAs — a1 Az — azAyg))
— (A3 + agAs — a1 Az — a3 A4)p0, H(a2d) + ag 'h](Asp + azAsz — a1 As)eg
+2a3(As,0 + Ay — Az — a3Ay)e + a3,0(Az 0 + a2 Ay — a1 Az — azAy)]
— ay ' (A + azAs — a1 Ag)(heo + 2033 + @3,09),

hy =(A49 + a3A3z — a1 A4), + 5939_1[(12(143ﬁ + agAs — a1 Az — agAy)] — (Aap
+agAs — a1 A)edy ' (a2d) + ag ' (Asp + s s — an Ag — azAy)[heo + (1 — a3)h
+ 20336] — 0y 'G[(Asp + azAz — a1 Asg)eg + (1 — a3)(Asp + azAs — a1 Ayg)

+ 203(As9 + agAds — a1 Az — agAy)g).

(21)

Choosing Az, A3 and A4 properly so that the equations (19), (20) and (21) are com-
patible, we can obtain a system of 3+1-dimensional evolution equations for curvatures
a1, as and ag.

3. Motion of space curves in P".

3.1. Motion of curves in P" by adding an extra space variable y. Denote

by k1, K2, -+ , Kp—1, s and 7;, ¢ = 1,2, -- . n respectively the Euclidean curvatures,
Euclidean arc-length and Euclidean frame vectors of a curve. One can readily verify
that aqn = k1 s/Kk3, o = Kj/k1, ti = (1/k1)7 and df = kids, i = 1,2,--- ,n,
j=2,3,---,n—1 are invariant with respect to the isometry group of the similarity

geometry P”. We define them to be the curvatures, frame vectors and arc-length
element of the curve in P".
The Serret-Frenet formulas in P™ read as [15]

—Q 1 0

tl tl

t2 1 (651 (65) t2
: = 0 —Q2 —Q 0 : ! (22)

tn 0 Qp—1 t'n,

0 —-ap1 —o
The geometric motion flow in P is specified by

e = A1ty + Aoty + -+ Apty, (23)
where A;, ¢ = 1,2,---,n, are velocities depending on the curvatures o;, j =

1,2,3,---,n— 1.
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From ~9¢ = 19, we deduce that the time evolution for the frame vectors t; is
given by

ti,t = (ALQ — A2 — OélAl)ti + ZMijtj;i = 1, 2, e, N, (24)
Jj=1

where the n x n matrix M;; are determined recursively by
Mij = —Mj;,
Myj=A0 —a1Aj +éa;14; 1 —ajAi,2<j<n—1,
Mln = An,@ - alAn + an—lAn—lu
Mig15 =1/ i(Mijo + &iaMi1j — ;M jia + &1 Mij1),5 > i+ 1,

with
. L j=1
Oéj = .
a5, ] 7& 1.
The compatibility condition of equations (22) and (24) i.e.
t; t;
to to
tn 0 tn ot

leads to the equations
(A2,p — a1 As + A1 — anA3)g = a2(As g — a1 Az + Ao — azAs),
ary =—(A1,9 — a1 Ay — Az)e, (25)

i = M;it1,0 — i1 M 10 + 01 My 41,0 =2,3,--- ,n— 1.

We now introduce the extra space variable y to the curve motion flow. It follows
from (24) that the y-evolution for the frame vectors t; is

n
tiy = (a179 — a9 — alal)ti + Zmijtj,i =1,2,---,n, (26)
j=1
where a;, ¢ = 1,2,---,n, are velocities depending on the curvatures «j, j =
1,2,3,---,n—1, and n x n matrix m;; are determined recursively by
Mij = —Mya,

mij = aj9 — 105 + G101 — a;a41,2 < j<n-—1,
Min = An,p — Q10n + ap—1an-1,
Mit1,; = 1/ai(mije + &imimi—1,; — aymi jp1 + d-1myj—1),j > i+ 1.
The compatibility condition between equations (22) and (26) gives rise to the
following equations
(a2, — a1a2 + a1 — a2a3)s = az(as,g — a1a3 + aas — azaq),
a1y = —(a1,9 — a1 — az)o, (27)

Oy = My i41,0 — Qg 1My j42 + Q1M1 441,49 =2,3,--- ,n— 1.
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On the other hand, the compatibility condition

t; t;
to to
tn /4y tn /o
leads to the following equations for 2 < j < n
j—1 n—j
maje = Mg,y + Z(mleu —muM) + > (M jeM;jir —myjeM ). (28)
1=2 k=1
We note that the equations satisfied by mi1:, mije, ¢ = 2,3,---,n, j =

1,2,---,n, can be represented by (25), (27) and (28).

Choosing A;, j = 2,3,--- ,n, properly so that equations (25), (27) and (28) are
compatible, one can obtain 241-dimensional evolution equations for curvatures oy
i=1,2,--- ,n—1

3.2. Motion of curves in P" by adding two extra space variables y and
z. We assume that the z-evolution is governed by

n
ti. = (A1, — G2 — a1d1)t; + E mijty, i=1,2,---,n,
Jj=1

where &;, 1 =1,2,--- ,n, are some functions to be determined, and n x n matrix m;;
are governed recursively by

Mij = —Mi,

mij = aje — G + 01051 — 0aj41,2 < j <n—1,

mln = dn,@ - alan + o‘nfldnflv

Miv1,j = 1/ai(Mije + Qi—1Mi—1,; — ajmyjp1 + Q1M 1), J > i+ L.

From

t1 tq

to to

tn 20 t" 0z
we have

(G2, — 1l + @1 — 2G3)g = (2(A3,9 — 103 + Q282 — (r304),
o1, = —(G1,0 — @141 — G2)g, (29)

QG = My 11,0 — Q1M 512 + aiflmifl,iJrlvi =2,3,---,n—1

The compatibility condition

t1 t1
to to
tn tn

tz
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gives the following system 2 < j < n,

j—1 n—j
e = My + > My — M) + Y (i kM ok — Mg kM jix). (30)
=2 k=1
One can readily verify that t; ,. = t; .y, ¢ = 1,2,---,n, can be represented by

the other compatibility conditions.

Thus we can obtain 3+1-dimensional evolution equations for curvatures «;, ¢ =
1,2,---,n—1, by choosing properly 4;, j =2,3,--- ,n, subject to that the equations
(25), (27), (28), (29) and (30) are compatible.

4. Concluding remarks. In this paper, we have discussed integrable defor-
mation of surfaces induced by adding one and two extra space variables to the mo-
tions of space curves in higher-dimensional similarity geometries. The 2+1- and 3+1-
dimensional evolution equations including the 241-dimensional mKdV equation and a
generalization of the mKdV-Burgers system [15] were obtained. Similarly, we can dis-
cuss motions of curves by endowing one and two additional space variables in other
Klein geometries, and we believe that there will be some new integrable equations
associated with such motions.
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