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ASYMPTOTIC COMPLETENESS FOR RELATIVISTIC KINETIC
EQUATIONS WITH SHORT-RANGE INTERACTION FORCES*

SEUNG-YEAL HA', YONG DUCK KIMf, HO LEEf AND SE EUN NOHT

Abstract. We present an L!-asymptotic completeness results for relativistic kinetic equations
with short range interaction forces. We show that the uniform phase space-time bound for nonlinear
terms to the relativistic nonlinear kinetic equations yields the asymptotic completeness of the rel-
ativistic kinetic equations. For this space-time bound, we employ dispersive estimates and explicit
construction of a Lyapunov functional.
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1. Introduction. The purpose of this paper is to address an L!'-asymptotic
completeness for the relativistic kinetic equations (in short RKE) with short range
particle-particle or particle-field interactions. Consider an ensemble of classical par-
ticles moving with a velocity not negligible with respect to the speed of light. We
assume the speed of light and the mass of particle to be unity. In this case, hydro-
dynamic variables for classical relativistic particles can be calculated by the velocity
moments of the one-particle distribution function F' = F(z, &, t) satisfying an integro-
differential equation:

OF +v()  VoF = N(F,VeF), 2,6 €R®, LE€Ry,

- Fle,€,0) = F(z,6),

where v(§) = is the relativistic velocity corresponding to momentum &, and

¢
V1+[ER?
N(F,V¢F) denotes the nonlocal collision operator registering particle-particle inter-
actions, or particle-field interactions. When the nonlinear collision term N is not
present, the resulting equation represents the free streaming of the distribution func-

tion in phase space:

atF0+U(§)'vwF0:07 xaé-E]R?)? tER-i-u

(1.2) .y
Fo(z,£,0) = F*™(x,8),

The RKE (1.1) reveals the competitions between ”free streaming” and “nonlinearity”.
Therefore the resulting dynamics of (1.1) is determined by the relative strength of
these two competing mechanisms.

Asymptotic completeness for the perturbed system (1.1) refers to the situation
that globally perturbed solutions to (1.1) approach to free solutions to (1.2) time-
asymptotically. Scattering theory including asymptotic completeness compares the
behavior of solutions in the distant future and past of a system evolving in time. In
last three decades, potential scattering theory has been extensively studied for classical
and quantum N-particle systems, PDEs in quantum equations such as Yang-Mill’s
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equation, Schrodinger type equations, the Klein-Gordon equation (see [17, 25, 31] for
detailed summary). For the classical and quantum N-particle system, the potential
scattering is now well established (see [11]) and happens only when the interaction
forces are short-ranged. However for particle systems with long-range forces like a
Coloumb’s force, the standard scattering does not hold. Then the natural question to
arise is whether the Vlasov type equations which correspond to the mean-field limit
of interacting particle systems show similar scattering behaviors or not. To author’s
knowledge, this issue has not been much addressed in the previous literatures. We
refer to [21, 22, 33] for the corresponding issue to the linearized Boltzmann equation.
Since the full-time rigorous derivation of the Vlasov equation from the interacting
particle system is not complete [23], the scattering picture for Vlasov type equations
is also not complete.

One of the motivation of this paper is to address the scattering issue from the
kinetic level directly without resorting to particle systems. In order to fix the idea, we
restrict ourselves to the two relativistic kinetic equations with short range interactions:
the relativistic Boltzmann equation and the relativistic Viasov- Yukawa system.

The rest of this paper is organized as follows. In Section 2, we present an
L'-asymptotic completeness framework and provide a sufficient condition for L'-
asymptotic completeness. In Section 3, we study the asymptotic completeness for the
relativistic Vlasov-Yukawa system which is a short-range correction of the relativistic
Vlasov-Poisson system. Finally Section 4 is devoted to the relativistic Boltzmann
equation with constant cross sections. We present a relativistic counterpart for the
collision potential measuring all possible future collisions between particles, and as a
byproduct of the time-decay estimate of this functional, we obtain the L!-asymptotic
completeness of the relativistic Boltzmann equation.

NOTATIONS. Throughout the paper, C' denotes a generic positive constant inde-
pendent of ¢t and m, and we use simplified notations for local and global norms: For
any measurable functions h = h(z,¢,t) and g = g(z,t) defined on R} x R} x R; and

R3 x R; respectively, for 1 < p < oo,

Az, = [1BC - DllLeaxrg), ([P, O)l[z = |[h(z, - Dl Lo re),
1Oz 2z = sup 1Az, Ollze@y,  No@llzz =90 Dllzoes)-
xE
2. Asymptotic completeness framework in L'. In this section, we present
one sufficient condition to the asymptotic completeness for the RKE (1.1).
We now briefly explain several concepts for solutions and basic terminologies

in nonlinear scattering theory [25, 34]. We introduce auxiliary functions denoting
quantities evaluated along the free particle trajectory:

Fﬂ(a:,f,t) = F(z +tv(),&,1),
N(F,VeF) (x,6,t) = N(F,VeF)(x + tu(€),&,1).

Then along the particle trajectory, the equation (1.1) can be rewritten as a mild form:
t
(2.1) F¥(x,€&,t) = F™(x,€) —l—/ N(F,V¢F)(x,€,8)ds  t>0.
0

The definition of mild and classical solutions can be stated as follows.

DEFINITION 2.1. (i) Let T be a given positive number. A nonnegative function
F e C([0,T); LY. (R?*xR?)) is a mild solution of (1.1) with a nonnegative initial datum
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F™ if and only if for all t € [0,T) and a.e (7,£) € R3 x R?, F satisfies the integral
equation (2.1) pointwise.

(i) A function F = F(x,&,t) € CHR3xR?x [0,T)) is a classical solution of (1.1) with
a nonnegative initial datum F if and only if F satisfies the equation (1.1) pointwise.

Below, we restrict ourselves to the situation where the Cauchy problem (1.1) is
globally well-posed so that we can address the question of describing and classifying
the asymptotic behavior of global-in-time solutions. We introduce solution operators
related to the equation (1.1) and (1.2):

U(t), Uy(t) : solution operators for the nonlinear flow (1.1)
and free flow (1.2) respectively.

Then {U(t)} satisfies a one-parameter semi-group property of operator:
U)U(s) =U(t + s), U)=1, t,s € [0, 00),
and solutions to (1.1) and (1.2) can be formally represented as follows:
F(t)y=U®{)F™,  Ft)=Uy(t)F™,  t>0.
We define the ”asymptotic completeness” to (1.1) as follows.

DEFINITION 2.2. The nonlinear equation (1.1) satisfies ”asymptotic complete-
ness” in L' if and only if for every global solution F' to (1.1), there exists asymptotic
state F satisfying

lim ||U(t)F™ — Uo(t)Fill:, = 0.

t—=4oo

REMARK 2.3. The scattering operator S is defined as the operator F_ — F
acting between pairs of free states, and the wave operators W, and W_ are the
operators Fy — F'| acting from free states to interacting states.

We next present a sufficient condition for the time-forward asymptotic complete-

ness condition:

/OOJ\/(F, VeF) (x, €, t)dt < 0o, a. e. (2,€) € RS,

(22) o

/ IN(F,V¢F)?(x, €, t)|dédedt < oo.
0 RS

PROPOSITION 2.1. Let F be a global mild solution in C(R*; L1(R3 x R3)) to (1.1)
with initial datum F™. Suppose F satisfies the scattering condition (2.2). Then there
exists the unique L'-scattering state Fy € LY (R®) such that

Jim (U ()™ = Uo(t)Fs 1y, =0

Proof. Let F be a global mild solution in C(R™; L*(R? x R?)) to (1.1) with initial
datum F™. Then we have

(2.3) Fi(x,&,t) = F™(z,8) + /OtN(F, VeF) (x,€,8)ds  t>0.
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We set the asymptotic scattering state Fly by
(2.4) Fi(2,8) = F"™(,€) +/ N(F,VeF) (2, €, s)ds.
0

Then it follows from (2.2) that the asymptotic state F is well-defined a.e. We now
subtract (2.4) from (2.3), and take an L'-norm to find

(2.5) IF5(t) = Pyl S/t /R N (F, Ve F) (x, &, 5)|dédwds.

We let t — +o00 and use the scattering condition (2.2) to conclude

, li_ir{l ||F*(t)— Fy || 11 =0, or equivalently . lig_n U ) F™ —Up(t)Fy || 12 =0

O

REMARK 2.4. 1. For the non-relativistic Boltzmann equation, asymptotic com-
pleteness in L> and L!-norms are well studied in previous literatures [18, 22, 26, 32,
35].

2. For the relativistic Vlasov-Poisson system, the L;f—norm of the nonlinear term
N(F,V¢F) = V- Ve F is not integrable in ¢. More precisely, for small and decaying
classical solutions in [3, 4, 8], we have

IVop®)llz, <CA+OT2 (IVeF (), < C(1+1),

These estimates yield
| / Vag VeF (@, 0)d6da| < ClIVag(®) o=, IVeFOllzy, < CO+0)7

Hence Proposition 2.1 is not applicable for the Vlasov-Poisson system in three dimen-
sions.

In the following two sections, as an application of Proposition 2.1, we consider
two relativistic kinetic equations with short-range interactions: the Viasov- Yukawa
system and the Boltzmann equation. For the Vlasov-Yukawa system, we use direct
dispersion estimates to prove that small classical solutions satisfy the asymptotic
completeness condition (2.2). In contrast, for the relativistic Boltzmann equation,
since the pointwise estimates for solutions are not available yet, we instead employ a
detour route to get (2.2) via a Lyapunov functional in a priori setting.

3. The relativistic Vlasov-Yukawa equation. In this section, we consider
the ensemble of classical particles moving with a velocity not negligible with respect
to the speed of light and interacting with a scalar Yukawa field [36]. In this case
the dynamics of the distribution function F' is well described by relativistic Vlasov
equation coupled with the scalar Yukawa equation [7, 20]:

OF +v(€) Vo F —Vypy -VeF =0, EeR3 t>0,

(31) 1 / e_m‘m_y‘
r,t)=— [ ———p(y,t)dy, pE/ fdg,
ey (2,1) 7 Joo oyl (y,t) »

with initial datum

F(.’L‘,&O) = Fi"(gc,f), z,§ € R37
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where v is a constant representing the nature of interaction force, say v = 1 for
repulsive force, v = —1 for attractive force, and m denotes the mass of a force carrier
particle (e.g. pions in proton-neutron interactions).

The global existence of classical solutions to the non-relativistic system (3.1)
with unbounded mass was first considered by Caprino, Marchioro and Pulvirenti [7]
in two dimensions, whereas the small global classical solutions with finite mass in
three dimensions was recently studied by Ha and Lee [20] employing the standard
arguments in Vlasov theory [30]. The system (3.1) can be viewed as a short-range
correction of the relativistic Vlasov-Poisson system:

WE +v(€) - VoF —Vape -VeF =0, x, £€R3 >0,
(32) v 7t
oz, t) = / Py )dy pE/ fdg,
]R3

4 R |7 =yl

As m — 0, classical solutions of the Vlasov-Yukawa system converge to the corre-
sponding solutions of the Vlasov-Poisson system a.e. (see [20] for detailed proof).
Below, we cite the global existence theorem in [20] for classical solutions with small
data without a proof.

LEMMA 3.1. [20] Suppose the nonnegative initial datum F™ € CY(R®) has a
compact support in x and &, and is small in W -norm, more precisely,

Do IVEVF e <0<,
0<|al+]B]<1

Then the Viasov- Yukawa system (3.1) has a global-in-time classical solution, and the
solution and force Fy = —V oy satisfy the following uniform estimates.

co
IF@lz, <5 POl <O IFOllrwy < qoyge
co
IVeF @iy, < CO0+0), IVFOllizwey < r e
co

k+1
Ol + 10:Vaoy (O]l pee < —20 . k=0.1,2.
||vw (PY( )”LI + || tv SDY( )||Lz = m(1+t)3

REMARK 3.2. For the dispersion type estimates for the Vlasov-Poisson system,
we refer to [9, 10, 29].

The asymptotic completeness of the Vlasov-Yukawa system follows from Lemma
3.1 and Proposition 2.1.

THEOREM 3.3. Let F be a classical solution to (3.1) with initial datum F™.
Then there exists the unique scattering state Fy such that

lim [|U(t)F™ — Uy(t)Fy||: = 0.
t—o0 z,§
Proof. Tt suffices to show that F satisfies the asymptotic completeness condition

(2.2).
(i) Since N(F,V¢F) = =V, 0y - V¢F,

Cé?
WI(F, VeF)|(2,6,t) < ||Vapy |l Vel L, < A0
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This verifies the first condition in (2.2).
(ii) Note that

C5?
. ) - VeF(z, &, 0)|dédr < ||Vaoy (8)||ne [|VeFO)|| 1 < —————.
L 19eov (@) VeP@, & ldede < | Vaor Ol IVeF Oz, < mis

We now integrate the above inequality to get

oo 2
/ [Vapy (z,t) - VeF(x,&,t)|dédxdt < oo < 0.
0o Jre m

Hence Proposition 2.1 yields the desired result. O

4. The relativistic Boltzmann equation. In this section, we consider the
relativistic Boltzmann equation dealing with the spatial-temporal evolution of the
distribution function F' of identical dilute relativistic classical particles undergoing
binary collisions. In the absence of external forces, F' satisfies

OF +v(€) -V, F=Q(F,F), x,(€R3 t>0,

@1 F(x,€,0) = F™(x,¢),

where Q(F, F') denotes a collision operator which takes binary collisions between par-
ticles into account.

Let (&,&) and (£,£.) be pairs of pre-collisional and post-collisional momentum
respectively, and they satisfy conservation of momentum and energy

E+&=¢ + &, €0 + &0 = & + &L §o = V1+ (¢
The above relations yield the following collision transformation:
5/ Zf—a(f,f*,w)W, 6; :§*+a(§7§*7w)wu [BAS S27

where

0l 0. ) = 2o T8 ~v(E)) -wléobo
e (€o+ &) —[(E+&) w2

The relativistic collision operator Q(f, f) takes the form of

(4.2) MRN@@QE/ £n0(g.0)(F'F, — FF.)dwi..

R3xS3%
with the standard handy notations:
F, = F(z,&,t), F' =F(z,¢,t) and F.=F(z&.t).

Here o = 0(g,0) and s denote the scattering cross section and the Mgller velocity
respectively. We now introduce some quantities employed in the collision integral.
We set

s=2(V1+[&PVI+H[EP -6 -E+1),

4g° =2(V1+ [&PVIF [P -6 € - 1)
=s—4.
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The Mgller velocity £ is defined as

& = [0(€) — v(&)1* = [v(€) x v(&)*.
This implies

g =00 g < e (el
4505*0

The local existence of mild solutions to (4.1) was studied in [1, 2, 5, 6], and
the global existence for space homogeneous problem was treated in [28]. In a close-
to-a global Maxwellian regime, the existence theory for the space inhomogeneous
relativistic Boltzmann equation is now well established in [15, 16], whereas in a close-
to-vacuum regime, we do not have satisfactory results yet for the existence of global
mild solutions, even if we have some partial results [5, 12, 13, 27]. Recently, Glassey
[14] obtained global mild solutions to the relativistic Boltzmann equation near vac-
uum data employing an interesting function space and the standard Kaniel-Shinbrot
argument [22, 24] under the rather strong assumption on the collisional cross section
o(g,0).

Below we define a set Spq(e, T'), where we look for a priori asymptotic completeness
estimates, and list main framework and assumptions A. For positive constants p, ¢, ¢,

Spale,T) = {9 € O (B x B x [0,1)) [lgll = sup g (z. &, 1) 1oV et/ 7FEF < } |
x,&,t

and main assumptions are as follows.
e Al : The differential cross section o(g,0) in (4.2) is bounded, i.e.,

0(g,0) < o* < 0.

o A2 : The size ¢ of classical solutions satisfies

3
q b
O<e< —.
c 32m20* \/;

REMARK 4.1. (1) For the non-relativistic Boltzmann equation with the velocity-
momentum relation v(§) = &, the existence of global mild solutions to the non-
relativistic Boltzmann equation:

OF +&- VoI =Q(F, F),

is well established in the set S,q(e,00) with e < 1 (see Glassey’s book [14]). In
fact, the non-relativistic Boltzmann equation is globally well-posed in the class of
algebraically decaying solutions (see [18, 22, 32]). In contrast for the relativistic
Boltzmann equation, it is not known whether we can find the global mild solutions in
the set Spq(e, 0).

(2) The bounded differential cross section in A1 has been employed in previous liter-
atures [5, 6].

We next explicitly construct a Lyapunov functional which yields the scattering con-
dition (2.2). Define the relativistic collision potential D and the collision production
rate A along the classical solution F’:

D(F(t)) = / F¥(x,&,t)

R6
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<[ [ 100 = o€IFH ot 4 m0(6) = o)) 6 Ords. s
AF@) = [ 1006 = o6 )l 0. & OFH o +H0(6) = o(6.). € ).

The positive quantity inside the bracket in D(F'(t)) denotes the total number of par-
ticles to collide with test particles F¥(z,&,t) in future. Note that

Q" (F, F)(x,&,t)d¢ds

R6

- /Rg . EpoF(x +tv(€), 6, ) F(x + tv(€), &, t)dwddEdx

<2mo* | |u(€) = v(&)|F (@, &, 1) F* (2 4+ t(v(€) — v(&4)), &, t)dEudEda
= 2w A(F(t)).

Since [ Q*(F, F)dédz = 0, we have

/ Q% (F,F)(z, &, t)dedx :/ Q" (F,F)(x, &, t)dédx < 2mo* A(F(t)).
RS R6

Next lemma establishes that the collision potential in Spq(e, 00) is well-defined.

LEMMA 4.2. Suppose the main assumptions Al — A2 hold, and let I be a classical
solution satisfying | F|| < e. Then we have

)—w Fa T -0 T sm —€.
L [ 100 = €01+ 1+ ) (0(6) = w6 € tydrae, < 25 [

Proof. Since ||F|| < e, we have
Flz+ (t+ 1) (0() — v(&,)), &, t) < gePlTHEHFN@E—v(E" may/1+IE]?,

Hence we use the above inequality to see

L[ @ = sl ¢+ o) - vie), e arde.

<e / [u(€) — v(&,)|e” IV IHIE \2(/ e p\z+(t+r)(v(£)fv(£*))\sz)dg*
< e —/ e~V IFIE P ge,
=< o
< / e~ 9&lge,
= Rg
87r5
ra p’

where we used

1
ol D) WO —v(EDI g < \/f PP S—
/]R+ p [v(§) — v(&)]
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REMARK 4.3. The collision potential D(F(t)) is a priori bounded by the total

mass.
< 8T [T in
ID(F @) < ra ;HF llzz -

We next show the collision potential is a Lyapunov functional.

LEMMA 4.4. Suppose the main assumptions Al — A2 hold, and let ' be a classical
solution in Spy(e,00) corresponding initial datum F™. Then the collision potential
D(F) satisfies

+CO/ A(F(s))ds < D(F™™),  ¢>0,

where Cy is a positive constant independent of time t.

Proof. Tt follows from (4.1) that

(4.3) OuFF(x,€,1) = QHE, F)(, &, 1),
(4.4) O FH(z + (t+7)(0() — v(E)), s t)]
= G[F(x +to(&) +7(v(E) — v(E)), &, t)]
= (OF + (&) - Vo F) (@ + to(&) + 7(v(§) — v(£4)), &, 1)
() = v(&)) - VaF*(x + (¢ + 7)(v(€) = (&), &)
+ QUE, F)(x + (t+ 7)(v(€) — (&), &, ).

The first term in the right hand side of (4.4) can be rewritten as

(’U(f) - ’U(f*)) : VIFﬁ(CL' + (t + T)(U(f) - ’U(f*)),f*,t)
= 0 [FH(a + (t+ 1) (0(€) = v(6)). &, 1))

We use the above relation to see

01 (j0(6) = v(E) IFH (@, &, ) FH (@ + (1 + T)(0(€) — v(€), &,1))
(45) = 0 (I0(&) = v(€)IF¥ (&, €, OF (@ + (£ + 7 (0(€) — v(€.)).60.1))
+10() — w(E)IQF(F, F) (&, &, )FH (@ + (¢ + 1) (v(€) — v(€.)), &, 1)
+10(8) — (&) F¥ (2, €, )QHE, F)( + (¢ + 1) (0(€) — v(€4)), &, 1)

Since the integrand and its 9, derivative inside D(F(t)) are continuous, and [ d;(---)
exists, we can interchange time-derivative and integral, when we perform time-
derivative of D(F(t)). We integrate (4.5) over R® x R® x R?® x R, with respect
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to (x,€,&x,7) to get
(4.6)

dD(F

DD - [ (0 = o€, OF o+ (0(6) — 0(6.)), e, s
Rg

[ O - e)I@HE

RIXR4

X FH(a 4 (t+7)(0(8) = v(&.)), &, t)dTdE dEd

+ / [0(8) = (&) Q(F, F) (@ + (t+ 7)(v(€) — v(&)), & 1)
R xRy

x F(z, &, t)drde, dédx

= —A(F(t)) + I1(t) + Z2(2t).

By the change of variable (z + (t + 7)(v(§) — v(&«)) — &), we have Z; = Z,. Now we
use Lemma 2 to estimate 7

Ti(t) < 9 Q% (F, F)(z,£)

an <[ O =o€ (D) — ol€)), e i, |dsd

16720* |7
< —eA(F(t)).
< T [T )

In (4.6), we use (4.7) and Z; = 75 to see
dD(F(t)) 32m20* [7
", ‘—a——ﬁ(—““iﬁ—VgﬂMF@)

where Cj is a positive constant independent of time ¢. Finally we integrate (4.8) with
respect to t to get the desired result. O

PROPOSITION 4.1. Let F be a classical solution in Spq(e, 00) with initial datum
F™™  moreover assume that F satisfies

/ QY(F,F)(z,&,1)dt < oo,  (z,£) € R,
0
Then there exists the unique scattering state Fy such that

Tim [U()F™ — Uo()F 12 , = 0.
Proof. Let F be a classical solution in S, (e, 00) with initial datum F™ satisfying

(4.9) /OOO QY (F, F)(z,&,t)dt < oo,  (z,€) € RE.

We now need to check scattering condition (2.2) to prove the main result.
(i) We follows the procedure of the pointwise estimate of Q* (F, F) given in [18, 19]
to get
C(e, 0%, q)e Pl emaVitlel
(1+1¢)3 '

Q™ (F, F)|(z,€,t) <



SCATTERING THEORY FOR RELATIVISTIC KINETIC EQUATIONS 261

This yields
(4.10) / Q" (F,F)(x,&,t)dt < oc.
0

On the other hand, the pointwise estimate for Qﬂr (F, F) is not available yet. This is
one of the main reason that we do not have a global existence in Spq(e, 0). We now
combine the assumption (4.9) and (4.10) to check the first condition in (2.2).

(ii) We now check the second condition in asymptotic completeness criterion (2.2).
The second condition follows from the Lemma 4.4:

4™

/Oo/ |Q*(F, F)(z, €, t)|dzdédt < dmo™* /Oo A(F(t))dt < D(F™) < oc.
0 RE 0

0
Then Proposition 2.1 implies the desired result. 0

5. Conclusion. In this paper, we have presented a sufficient condition for the
L'-asymptotic completeness to the relativistic kinetic equations with short-range in-
teractions, and as a direct application of this condition, we showed that the relativistic
Vlasov-Yukawa system and the relativistic Boltzmann equation with a bounded dif-
ferential cross section satisfy asymptotic-completeness in suitable solution spaces. To
the authors’ knowledge, the L'-asymptotic completeness problem for Vlasov equations
with long-range interaction forces have not been not addressed in previous literatures,
and we think that this problem is an interesting open problem in kinetic scattering
theory.
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