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Abstract. In this paper, we shall establish the well-posedness of a mathematical model for a
special class of electrochemical power device — lithium-ion battery. The underlying partial differential
equations in the model involve a (mix and fully) coupled system of quasi-linear elliptic and parabolic
equations. By exploring some special structure, we are able to adopt the well-known Nash-Moser-
DeGiorgi boot strap to establish suitable a priori supremum estimates for the electric potentials.
Using the supremum estimates, we apply the Leray-Schauder theory to establish the existence and
uniqueness of a subsystem of elliptic equations that describe the electric potentials in the model.
We then employ a Schauder fix point theorem to obtain the local (in time) existence for the whole
model. We also consider the global existence of a modified 1-d governing system under additional
assumptions. In particular, we are able to derive uniform a priori estimates depending only on the
existence time 7', including the supremum estimates for electric potentials and growth and decay
estimates for the concentration c. Using the uniform estimates, we prove that the modified system
has a solution for all time ¢ > 0.
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1. Introduction. In this paper, we study a special class of coupled elliptic-
parabolic system of nonlinear partial differential equations which has its origin in
the mathematical modelling of electro-chemical devices such as Lithium-ion battery
system. This system of equations can be prescribed on a bounded domain @ C R™
(1 <n < 3) such that

Q=Q, U, UQ. CcR",

where Q,, Qs and Q. are rectangular subdomains of {2 that correspond to the neg-
ative electrode, the separator and the positive electrode of the Lithium ion battery
respectively, see Fig.1.1 below.

Set Q' = Q, U Q.. The system of partial differential equations that we are inter-
ested takes the following form:

=V (k(e)VP.) + V- (1k(c)VInc) = S. =0, z€Q,
—V  (oV®;) + Se(Ps — Pe,c) =0, z €, (1.2)
0(ecc)
ot

— V- (DVe¢) = 8.(®s — Pe,c) =0, z€Q, (1.3)
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negative electrode separator positive electrode

Fi1c. 1.1. The domain €

Here @, and &, are electric potentials (in the electrolyte phase and solid phase re-
spectively) and ¢ is the concentration of the lithium ion in the electrolyte. Proper
Neumann boundary conditions are prescribed for ®., ®, and, together with an initial
condition, for c.

The above system of equation represents certain mathematical model for the
Lithium-ion battery system. Details of this model can be found in Gu and Wang [8],
Wang [16], Fuller et al [5] and [3, 2, 9]. Similar but more complicated model equations
can also be found in the modelling of other electrochemical device such as fuel cell
systems, see [16].

In this paper, we are mainly interested in the new mathematical features that
present in this type of partial differential equations. Equations (1.1-1.3) is a fully
coupled system of quasi-linear elliptic and parabolic partial differential equations.
There are at least two distinctive features that contribute to the complication of
this system. First of all, the system is highly degenerate as the diffusion coeflicients
k(c) vanishes when ¢ = 0 and ¢ = 0 on some entire subdomain Q; (the separator).
Secondly, the “source” terms S. and S, are highly nonlinear with respect to ®, and
®, and singular at ¢ = 0.

To our knowledge, such coupled elliptic-parabolic partial differential equations
with the aforementioned complications have not been well-studied in the literature.
By exploring a special structure in the system, we are able to employ the well-known
Nash-Moser-DeGiorgi boot-strap [14, 15] (which is often used for scalar equation) to
establish ‘conditional’ a priori supremum estimates for the elliptic sub-system (1.1)
and (1.2) that describe the electric potentials in the model. With these estimates,
we use the Leray-Schauder theory to establish the existence and uniqueness of this
sub-system. A Schauder fix point theorem is then applied (to the concentration ¢) to
establish the local (in time) existence for the entire system (1.1-1.3).

The global (in time) existence of the solutions to the model is a more complex
matter and it is not yet established in this paper. Based on some physical arguments
and numerical evidences, we tend to believe that a global existence of the solution can
not be expected in general. We are, however, able to prove a global existence result
for a modified system in one spatial dimension.

The paper is organized as follows. Section 2 contains the discussion and simplifi-
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cation of the (mathematical) governing (partial differential) equations of the system,
including solution spaces. The local existence for the Lithium-ion model is proved in
Section 3. Section 4 is then devoted to establish the global existence for the slightly
modified model when the spatial dimension n = 1.

2. The model equations. In this section, we will describe some details related
to the system (1.1)-(1.3).

First of all, let us introduce some standard notation and terminologies.

LP(Q)(p > 1) denotes the space of measurable functions v defined on € such that
[v|P is integrable. L*°(£2) denotes the space of measurable functions on € that are
bounded almost everywhere.

HY(Q) = {u e L*(Q) | Du e L*(Q)}
CP(Q) (0 < B < 1) denotes the set of the functions v such that

[v(z) —v(y)|
Vg0 = sup —————— < 00.
| ]ﬁ rye% |z —yl|?

o t) = uly, 7|
PP (0,1 = (| [lygony = s DT
PRI e (0 — P + 1t = 7D)o7
In (1.1), % represents the effective diffusional conductivity which is a (continuous)
piecewise smooth function of ¢ satisfying

k(0) = 0; k(c) > 0 for ¢ > 0.

This degenerating property of x is one of the many complications of our model equa-
tion.

In (1.2), o is another effective diffusional conductivity. It is piecewise constant,
positive on €’ but identically zero in the subdomain domain Qs (the separator). This
is another degenerating feature of the system. In (1.3), both D and e. are positive
and piecewise constant.

The function U is a known bounded smooth function of ¢. The function S, is a
nonlinear function of ®., ®, and ¢, taking the following form:

S, =j= { e sinh (oo (@, — @, — U(c))), in &

0, in Q, (2.1)

and
SC = O[gj = O[gSe.

We note again that S vanishes in the domain ;.

Finally, o; (1 < ¢ < 4) are all positive constants, see [8, 16] for the values of all
the constants.

Let us now discuss the initial and boundary conditions. We first impose conditions
on the ‘external’ boundary I'; UT. of Q' as follows:

0D,
=1
on ’

—0
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where [ is a given current and 'y = 09, N 99, T'. = 9Q. N IN. We assume that

/ IdA =0.
I',Ul,

This means, for lithium-ion battery, no charge is generated or consumed within the
battery. Since ®; is only defined in Q' one prescribes for @, on the ‘inner’ boundaries
of &

B 0D,
7 on

=0, on (89 NIN) U (80 NO).

(no current through the separator for the solid phase).
Let ®0 € H(Q) N L*°(Q) that satisfies the same boundary conditions for @,
namely
oPY 0D,

!
= o x € 0f)

and satisfies the following equation
~V - (oVO) =f xcQ,

where f be a constant function on Q, and . respectively, satisfying

[r=[ taa [ =] 1
Qa Q4 Qe Q.

By the choice of f, it is easy to see that ®? is well-defined.
For convenience, with the help of the above function ®
change of variables

0

ER

we make the following

P, — O, — Y, o, — &, —ajlng, Ulc) « Ule) — 0.

We have the following equivalent system of partial differential equations:

-V (k(c)VP,)— S, =0, z€Q, (2.2)
V- (oVP)+S.+f=0, ze,
Oeee) _ V- (DVe)—S.=0, (z,t)€Qx(0,T) (2.4)

ot

with homogeneous Neumann boundary conditions:

0d, Oc
5 = o 0, for z € 99, (2.5)
D,
Ua@n =0, for z € OY; (2.6)
and also the initial condition:
c(z,0) =cox), x€Q, (2.7)

where we assume that co > ¢p > 0, and co € C%%0(Q) for some Gy > 0.
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Given T > 0, by a weak solution of (2.2-2.7), we mean a triple (®., @y, ¢) with

®, € C([0,T], H'(Q) N L>=()),

o, € C([0,T], H'(Q) N L=(Q)),
and
ce C([0,T), H*(Q) N L>¥(Q)), ¢; € L*>([0,T],L*(Q)), ¢ >0

satisfying
/ K(c)VD, - VO, —/ S.®, =0, Yo, € HY(Q), tc(0,T) ae.
Q Q

/ oV, Vo, + / (Se + f)®, =0, YO, H(Q), t € (0,T) ace.
/ Q

/(sec)té—i—/ DVC-VE—/ S.c=0,
Q Q Q

vé e HY(Q).

We notice that, for any m(t) € C([0,T]), (P + m(t), &5+ m(t)) is obviously a
solution of the system (2.2) and (2.3), if (®., P;) is a solution.
For uniqueness, we shall assume that ®. satisfies the following condition

/ D .dx =0, Vit € (0,T), (2.8)
Q
which is necessary for uniqueness. For convenience, we define

HYQ) = {ue Hl(Q),/Qudm — 0},

and we can define L$°(Q) and C¢(Q) similarly.

3. The elliptic system for potential variables. For M > 0, T" > 0 and
B € (0, o], denote

Zn = {e € CPPR@Qx[0,T]); ¢ > 1/M, ||C||cﬁ,ﬁ/2(ﬁx[o,T]) < M}

Fixing ¢ € Zy;, we first study the elliptic sub-system given by (2.2) and (2.3)
with homogeneous Neumann boundary conditions.

3.1. Uniqueness. First we show that the solution, subject to (2.8), to the el-
liptic system of (2.2) and (2.3) is unique. Let (®%,®%), i = 1,2, be two solutions to
the system. Set

(6,9) = (2 — D, &5 — D).
Multiplying the difference of the equations for ®¢ by ¢ and integrating, we obtain
(5(c)Ve, Vo) + (¢, S; — ) =0,
where

S =52 =Se(®; — @) — Se(®F — D7) = SL(E) (¢ — )
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for some & between (&1 — ®1) and (92 — &2). Clearly, S’ (£) is positive in Q' (zero in
Q) by (2.1). Similarly,

(vau V¢) - (wvsel - Sg) =0.

Taking the sum we then obtain

k(c 2dx o 2dx — )28 (&)dz = 0.
| r@IvePdn+ [ olvuldn [ (6-upsiedr =0

Q/

It follows that
[ w@Iver =0, te @1 ac,
Q

which, by (2.8), in turn immediately implies

¢ =0, a.e. in Q x (0,7).
Similarly, we have

P =0, a.e. in Q' x (0,7),
since now

vide = [ (0= v2Sids o

Q Q

This gives the uniqueness of the solution to the elliptic system.

3.2. A priori supremum estimates. The “source” term is

Se = auc? sinh(ag(®s — P — a1 lnc — U(c)))

_ a4(hcl/2fdea2(<bsf<l>e) _ h7161/2+d67a2(<1>57<1>6))

where d = a9,

1
7 <h=e V0 <K< (3.1)

for some fixed constant K > 0 since that U is a bounded smooth function of c.
For simplicity, in the following exposition, we take

h = Qg = 1. (32)

We note that the subsequent analysis without the above assumption is a little bit
more complicated but can be carried out similarly.
We define

X = L>(Q) x L=(), Y = H(Q) x HY ().
Given any V = (u,v) € X and § € [0, 1], consider the following decoupled system,
/ K(c)VP, - Vo — / (6(Se(v —u,c) —u)) —®)p=0, VpeHLQ) (3.3)
Q Q

/ oV, - Vip +/ (5(Se(v —u,¢) + f—v) + B =0, Voo € HY(). (3.4)
, o
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The existence of a solution & = (P, P5) € X NY to the system of (3.3) and (3.4) is

standard via a minimization argument. The uniqueness of such a solution is obvious
(same as shown in 3.1.1.).

Now define a mapping
Z: X x[0,1] - X, Z((u,v),0) = @ = (D, Dy),
where & = (@, P;) € X NY is the unique solution to the system of (3.3) and (3.4).

LEMMA 3.1. If ® = Z(®,0) is a solution to the elliptic system (3.3) and (3.4)
with (u,v) = ® = (D, D), then

[ r@rvag+ [ avaea-s [ atca- [ o

+6/ |(I) —(I)| 1/2da2<1>e<I>)+Cl/2+d—a2(<1>€<1>))+5 f(I)
Q/
< (2/as + 2¢°) / He)
Q

where H(c) = ¢'/?~4 4 /244,

Proof. Adding (3.3) to (3.4) with ¢ = ®. and ¢ = &, we obtain

/n(c)|V<I)e|2+/ a|v<1>5|2+(1_5)/ q>§+(1—5)/q>g
Q Q/ Q/ Q

+6 [ (@ —®)S.+6 [ fP,=0.
Q 94

Let
Gi={zeQ: d;,—P.>1}, Go={2xeQ: &, -, < -1},
and
Gs={zeQ: |P;— D < 1}.

Thus Q' = G1 UG5 U Gs. Clearly

]/Gg(cbs—@e)se S/Gg

< / Oz|(1)5 _ (I)e|(cl/2—de—a2(<1>3—<1>e) + Cl/2+de—a2(<1>s—<1>e))
G3

< 260‘2/ (127 4 (1/2+dy < gea / H(c)
G Q

((I)s - (I)e)Se

On G1, we have

(@5 — ®)em 2P mP))| < max(re” ") < (2a2) 7,
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and in turn

/ (@ — B)S = | (By — B,)(e2(BemPe)1/2-d _ gmeur(®ame) 1/244)
G1 Gl
:/G By — B, |(e02(Pe—Pe) (1/2-d | —0a(@e—B0) (1/24d)
1
_2/ ((I)s _ (I)e)e—ag(@s—Qe)cl/Q-‘rd
G1

2/ By — D |(£22(Fo =0 1/27d | g=0n(0=20) 1/244)
G1

1
ol/2+d.

[6%) Q

Similarly, we have

/ ((I)S _ (I)B>S — / ((I)S _ (I)e)(ea2(<bsf<bc)cl/2fd _ efa2(<bsf<l>e)cl/2+d)
G2 G2
> / |(I)s _ (I)e|(6a2(<b57¢e)cl/27d + efa2(<l>sf<bc)cl/2+d)
Ga

1 -
_ = [ /2d
Q

Combining the above three inequalities, we have,

/ (Ps — ®.)S = / (®s — fI)e)S—F/ (Ps — D)5 —|—/ (Ps — D.)S
Q/ G1 G2 GS
2/ (B — (2 (BemPe)(1/2-d | per(@=e) 1244
Q/

_ (_+2ea2> / H(e

Combining (3.5) and the above inequalities, we complete the proof. O

Next we shall use the classical Moser iteration [14, 15] to establish a priori supre-
mum estimates for ® = (®.,P,) € X NY. First, we prove the following uniform
L?-estimates.

LEMMA 3.2. For M >0, let c € Zpr and © = (P, Ds) € X NY be a solution of
the equation ® = Z(®,0) for some § € [0,1]. Then there exists a(M) > 0 such that

/q>§+/ o2 < a(M
Q ’

and

Proof. Obviously ® = Z(®, ) is a solution to the elliptic system (3.3) and (3.4)
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with (u,v) = ® = (P, Ps). Then

/Q’””(C)'V(I’Au/ﬂ, a|v<1>5|2+(1_5)/lq>§+(1—5)/ﬂq>§

45 |(I)e _ (I)S|(Cl/2—deoz2(<1>€—<1>s) + Cl/2+de—a2(<1>e—<1>3)) +5 f(I)s
Q Q'

< (2/042—}—260‘2)/91‘[(0).

In the rest of the proof, we should use the special notation < and 2. z < y means
x < B(M)y for some positive constant G(M) depending on M similarly z 2 y means
x > v(M)y for some positive constant v(M) depending on M.
Evidently
|®e — @S|(ea2(q’6_q’s) + e—ag(ée—%)) 2 [P — @[

Using the fact that ¢ € Zys, we have

1<a, /274 /2% H(e), k(c) < 1.

It follows that

/K(C)|V‘I>e|2+0/ |vq>s|2z/ |V<I>e|2+/ Vo,
Q Qf Q Q

and
_ 1/2—d oz (®e—) 1/24d ,—az(®c—P5)\ > _ 2
|, — Dg|(c e +ec e )2 |, — D |°.
9% 9%
It follows that

/|vq>e|2+/ |vq>s|2+5/ @, — (3.5)

Q Q/ Q7

+(1—5)/ <1>§+(1—5)/q>§5(1+ / o).
Q/ Q Q/

By (2.8) and the Poincaré’s inequality,

/«pg =s/ Vo> S 1.
Q Q

We now write ¢s = 0(ds — ¢e) + (1 — §) s + d¢pe. It follows from (3.5) again

1
—/ P2 <6 |<I>e—<1>5|2+(1—5)/ <b§+5/q>§
3 Q Q Q Q

+/f<1>s)§/<1>§+/ P
Ql Ql ’

Finally, taking ¢ = 1 in (3.4) yields
’ Q/

[

S (1

) <(1-9) s| +0 S L
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The proof is complete. O

With the aid of Lemma 3.2, we are in a position to derive the following a priori
estimates, independent of both ¢ and the solution ® = (®.,®;) € X NY. In the
following, a(M) denotes a generous constant which depends on M.

LEMMA 3.3. Let @ = (D.,P5) € X NY be a solution of & = Z(P,0) for some
0 € [0,1]. Then there exists a positive constant a(M) such that

[PellLoe() < (M) [[PsLoe(ar) < a(M).
Proof. For zy € ', let R > 0 such that R < dist(zq,9Q’). Put Bgr = Bg(xo),

the ball centered at zp with radius R. Let £ € C§°(Br(zo)) be a standard cut-off
function with £ = 1 on Bg/,. Given any even integer p > 1, we use the test function

_ g2 2gp—1 1
¢=¢er! T / &£t e H)
n (3.3) ((u,v) = (P, Ps)) to obtain

| wave.vi@arn - [ @s - q-aegeer
Br Br

2or- 1/ Se = 0.
oo ),

Similarly, using ¢ = 202~ in (3.4)
/ oVd, - V(2071 + / (6Se +6f 4+ (1 — 8§)D, )22~ = 0.
BR BR
Taking the sum, we then obtain
/ K(c)V®, - V(£20P 1) +/ oVd, - V(2P
BR BR

+6 [ S (@@ 4 (1-6) [ (P +DD)
Br

/52@1’ 1/ Se+06 [ fee =0
el B

Using (2.1) once more, we have
Se(Ps — Pe,c) = Se(0,¢) + Sh(n, ) (P — D),

where S’ (n,c) > 0. It follows that
[ s - enag@r - o
Br

> —a(M) - E(|2[P7" + |25 |P ) der
R

since (recall p even)

((I)Zs)_l - (1)15—1)(@8 - (I)e) >0
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/ FEB < | £l / €20,
Br Br

By Lemma 3.2, we have

5/ gort [ S, > —a(M) 2|, P
Q Q Br
Therefore

EIver2P 4+ | &|ver/2)?
BR BR

< a(M) (/B VEP(@2 + 8) 4 p /B (1D + 8. + p? /B s2|<1>s|1’-2>.

With the above estimate, we can use a standard argument from the classical Nash-
Moser-De Giorgi boot-strap to show that there exists a(M) > 0 such that (see [7, 11]

for details)
M M
sup [0 < S [ o+ S [ o
Br/» |Br| JBg |Br| JB,

M M
sup @, < 24 )/ .| + & )/ ).
Brys |Br| JBg |Br| JB,

and

Clearly the above estimates are valid on all of  (including the boundary) for ®,.
and Q' for ®,, in view of the homogeneous Neumann boundary conditions. Namely,
Vag € Q and R < 1, we have

sup (0] < a0 [ ol + [ o),
Q Q

BR/Q(I[))QQ

and

sup (8. < a(M)( [ o]+ [ foul).
)neY Q Q

Brya2(zo
Now the proof follows directly from Lemma 3.2. O

3.3. Existence using Leray-Schauder theory. Now, for ¢t € (0,7), we shall
prove the existence of a solution (in H! x H') to the system of (2.2) and (2.3) using
the Leray-Schauder theorem (see Theorem 11.6, p.280, [7]). Specifically, we want to
show that V = Z(V,1) (V € X) has a fixed point in the Banach space X. To this
end, let us first state and verify the following properties of Z:

1. Z(V,0) =0 for all V € X. This is obvious.

2. Z: X — X is compact. Let ® = Z(V,0). That is, ¢ satisfies the system (3.3)
and (3.4). A standard De-Giorgi estimate shows that ® € C2*(Q) x C%1 (@)
for some #; > 0 (independent of 3). The claim follows by the fact that the
imbedding C’f1 x CPr — X is compact.

3. There exists a positive constant «(M) (independent of 6 and W) such that

IWllx <a, YW e{Vex|3el0,1],V =2V,

This is the estimate proved in Lemma 3.3.
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Thus by the Leray-Schauder theorem, the mapping V = Z(V,1) has a fix point
® in X.

THEOREM 3.4. Let 8 € (0,50], M > 0 and T > 0. Suppose ¢ € Zp;. Then for
any t € (0,T), the system of (2.2) and (2.3), with homogeneous Neumann boundary
condition, admits a unique solution ® = (®.,Ps) € X NY. Moreover, there exists

a(M) > 0 such that
[Pelloe (@) + |Ps]| oo () < a(M).

Proof. The fixed point ® = (®.,P;) € X NY of z = Z(z,1) obtained above
clearly satisfies the system of (3.3) and (3.4) with (u,v) = ® = (., P;) and 6 = 1.
Moreover, there exists (M) > 0 such that

[Pellzoe@) + [PsllLe () < a(M).
Clearly there exists a constant a(M) such that
Se(®s £ (M) — B, c)dx = 0,
%
in view of the definition (2.1), since
c, ¢l | B, |Pe] < a(M).

® = (P, P; + a(M)) is the desired solution to the system (2.2) and (2.3) with
homogeneous Neumann boundary conditions. O
We close this section by giving the following regularity of ® in ¢.

LEMMA 3.5. Let 8 € (0,80], M >0 and T > 0. Suppose ¢ € Zp;r and k € CV for
some v € (0,1). Then the unique solution ® = (P.,Ps) € X NY given in Theorem
3.4 satisfies

® e CV([0,T), H{(Q) x H ('),
for some o' € (0,1).

Remark. The exponent 7' depends on the Holder exponents 3 and 7.

Proof. The proof is essentially the same as the uniqueness argument given in
4.1.1. Indeed, for t; € (0,T), i = 1,2, put
(I)i :(I)B(Iati)a (I)Zs :(I)S(Iati)a Ci :C(xvti)a

e

and
p=0, -0 =0, -
Similarly as in 3.1.1, we have
2 2 a2
[ renivor+ [ olvuk+ [ @-v2sie
+ / (6 = )*(Se(@F — B2, c2) — S (P — DZ,¢1))
Q/
+ / (k(c1) — K(c2)) VoV P2 = 0.
Q

Now the conclusion follows from Theorem 3.4, Lemmas 3.2-3.3 and their proofs, and
the assumptions. O
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4. Local existence. In this section, we shall prove that the system (1.1-1.3)
poses a unique solution upto certain time ¢* under some proper initial and boundary
value conditions.

Now we will prove a local (in time) existence result for the system of (2.2), (2.3)
and (2.4). Set

M = 2||COHL°° =+ 2||1/C()||Loo.

For 8 € (0,5] and T > 0, let Zj; be the set given in the beginning of this section.
Clearly Zj; is a nonempty, closed, bounded and convex subset of the Banach space
CPBI2(Q x [0,T)).
For v € Zjr, by Theorem 3.4 and Lemma 3.5, the system of (2.2) and (2.3) has a
unique solution ® = (&, P;) € X NY satisfying
[[@ell o) + [|Ps]| Loy < a(M)
and for some +' € (0,1)
® € C7([0,T), HX(Q) x H'(Y)).
One can solve the parabolic initial-boundary value problem (2.4) (with S. =
Se(®,v)), (2.5) and (2.7) in C([0,T], H*()).
A classical Holder estimate (cf. [10])* shows that there exists 31 € (0,30 (de-
pending only on ¢, and D) such that ¢ € C:51/2(Q x [0, T]) satisfying
le = collgmsrz < a(M)T??
for all 8 < (1. Now fix
ﬁ S (07 min[ﬁf)u 61])7
and define a mapping
T: Zy — CPP2Q x[0,T]), T =c
Clearly T is continuous. Take
TP? = oY (M) min{M/2,1/M}.
Then for T € (0, Tp]
2
lellonsrz@xqoy < leollos +a(MTy"™ < Mj2 + Mj2 = M
and
¢>co—a(MTP? >2/M —1/M =1/M.
It follows that
T : ZM i ZM

!Initial-Boundary (homogeneous Dirichlet) value problems were treated in [10]. But similar
arguments apply to Initial-Boundary (homogeneous Neumann) value problems
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for all T € (0,Tp] and 8 € (0, min[By, £1]). Finally, note that T is also compact since
B < i

Therefore T has a fixed point ¢ € Zj; by the Schauder fixed point theorem,
provided T € (0,Tp] and 8 € (0, min[Go, 51]). Clearly (P, Py, ¢) is a solution to (2.2),
(2.3), (2.4).

THEOREM 4.1. There exists T > 0 such that the system of the equations (2.2),

(2.8) and (2.4) with homogeneous Neumann boundary conditions admits a solution
(e, Ps,c) where O satisfies (2.8).

5. Some remarks on the local existence. Naturally, one wishes to know
whether the local solutions obtained can be extended globally (in time). From the
physical point of view, a battery can last only for a limited period of time. In the model
under consideration, it is assumed that the battery is either only being (continuously)
discharged (I > 0) or charged (I < 0). Hence the battery is expected to be either
drawn out (in the former case) or to be blown-up (in the latter case) within a finite
amount of time. Furthermore, our numerical examples tend to support a finite time
extinction theory. The following figures give the numerical results for i = 0.3C =
0.678A4 and i = 3C = 6.78A, where the current i = ch IdA is the major input
variable in the model.

In each of the above, we observe a sharp change of value of cell potential at
a critical time and the solution cease to exist beyond this time. As expected, the
battery life expectance gets shorter when the current ¢ gets larger. The following
tabular shows the relationship between ¢ and the critical time T* during discharge.

Current and critical time

Current (7) 0.3C 1C 1.5C 2C 3C
T* (s) 11732.91 | 3332.934 | 2132.906 | 1523.385 | 639.0287
ixT* 3519.873 | 3332.934 | 3199.359 | 3046.770 | 1917.086

However, it is not clear if a global existence (in time) for the above model can
be established mathematically. Indeed, the system of partial differential equations is
only a model for the reality and the above observations may not necessarily imply a
finite time extinction mathematically. Nevertheless, it would be interesting to show
the existence of a critical (finite extinction) time mathematically. On the other hand,
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the model assumes that the diffusion coefficient o identically zero in the separator
region. That is, one considers the separator an absolute insulator. Yet a (small)
diffusion is always present in the separator (typically o ~ 1079 in ), which can of
course be assumed zero in practice). This, however, suggests that a diffusion (of ®;)
indeed presents in the entire battery. That is, o is a positive piece-wise constant in
the whole domain Q (at least mathematically). In particular, the equation of @y is
non-degenerate. Based on this observation, we shall study a slightly modified system
in which o is positive piece-wise constant in the entire domain 2. When the spatial
dimension n = 1, we derive supremum estimates of ®, and ®, (uniform for ¢ € (0,T)),
independent of the concentration c. We then establish LP-estimates for ¢ and ¢~ for
some p sufficiently large. As a result, one bounds ¢ away from both infinity (upper
bound on growth) and the origin (lower bound on decay) by the classical Nash-Moser-
DeGiorgi boot strap. The desired global existence follows by a continuation argument.

6. Global existence of a modified system. Whether the system of our partial
differential equations admits a global solution in time is of great interest, particularly
from a theoretical point of view.

As mentioned in the introduction, we are not able to show that the current model
admits a global solution in time. A crucial reason is that it is assumed that there is no
diffusion in the separator, i.e., 0 = 0 in €25. This assumption is practically sound and
the local existence theory obtained in Section 3 is rather satisfying. Indeed, o ~ 107
in Q4 (practically zero) and a battery can last for only a limited period of time. From
a mathematical point of view, however, the fact o ~ 1079 in €, asserts that o > 0 is
a piece-wise constant in the entire domain 2. For convenience, we make the following
change of variables from (1.1,1.2,1.3)

P, — O, — Y, P, — . —ajlne, Ul(c) « U(c) — ®°
where ® is a bounded function which satisfies
~V - (oVOY) =0, ze€Q,

with same boundary conditions for ®;. Consequently, our system of partial differential
equations reads

0 0, _
_%(“(0)E> Shmhrel o

9 [ 00, _
_%<gax>+se_o, z e (6.2)

J(ge0) 0 dc _

with homogeneous Neumann boundary conditions:

0P, 00y,  Oc _
5 = "5, —%—O, for x € 0Q; (6.4)

and also the initial condition:

c(x,0) = cox), x €. (6.5)

In this section, we show that the slightly modified system (6.1-6.5) admits a global
solution in time. Due to technicality, we only consider the one dimensional case n = 1.
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For 0 < L,s < Ls. < L, denote
= (OaL)a Qy = (O,Las), Qs = (Las,LSC)a Qe = (LsmL)-

To ensure uniqueness for the system (6.1-6.5), without loss of generality, we shall
impose the following condition

= 1
B, — _/ Bdz = 0. (6.6)
L Jq
Given T > 0, by a weak solution of (6.1-6.5), we mean a triple (®., @y, ¢) with

¢ € C([0,T], H'(Q)), @, € C([0,T], H'(Q)),

c€ C([0,T], H (), ¢: € L=([0,T], L*()), ¢ >0

satisfying
0D, 0D, - . 1
/ KOG G~ [ Sbe=0. Vb eH\@, te@.T)ae ()
0P, 0D, - . 1
/Qa 5 6:10 —l—/ﬂ Se®s =0, Vo, H (), te(0,T) a.e. (6.8)
Jdc 0¢
Vc e C( O T )N L°°

6.1. Preliminary results. We first begin with technical lemmas. In the sequel,
M will denote generic constants depending only on T, K, /s and the domain €.
Without loss of generality, in the following exposition, we also take (3.1,3.2). Therefore

S, = 8, = § = M2deoa(Ps=e) _ (1/24dp—az(®i=De)

where d = ajas for simplicity.

LEMMA 6.1. Fort € (0,T) a.e., we have
/ o (@))% dx +/ K(c) (L) da
Q Q
+/ |Ps — (I)e|(cl/27dea2(<bs*¢‘e) +Cl/2+de—a2(<br<pc))
Q
< (2e§4+2/as) | H(c)dx
Q

where the derivative is with respect to x and

H(C) — 01/27(1 +Cl/2+d.

Proof. The proof is similar as that of Lemma 3.1. O
LEMMA 6.2. Suppose d = ayae > 1/2 and there exists A > 0 such that

n(c)cl/2_d_2 <A, 0<e<l1.
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Then there exists M > 0 such that

d 4d* —1)D
se—/ 01/2_ddx+(7)/c_d_3/2|c'|2d:v§M/H(c)d:v.
dt Jo 8 % %

Proof. For t € (0,T) and fixed k > 0, taking ¢ = ¢ *~! in (6.9) we obtain

e d
e (k+ 1)D/ k2| Pde = / c ks,

Using the test function ®, = ¢ *~1 in (6.7), we derive

/cle‘ =(k+1) //{(c)cfkfzqfec’
Q Q

< M(k,D,A)/Q“(C)((I);)QdI+ % Q

k(c)e 24 |2 dx

gM(k,D,A)/ H(c)@;)?dHW/Dcd—1/2—2’f—2|c'|2d;c
Q

Q
by the assumption. Therefore

e d
%a A cFdr + (k+ 1)D/chk*2|c/|2da:

< M(k,D,A)/

k+1)D
ﬁ(c)(@g)2dx+(+7)/ Ded=1/2=2k=2 /12 g,
Q Q

The conclusion follows from Lemma 6.1 by taking k =d —1/2 > 0. O
LEMMA 6.3. There exists M > 0 such that

d
66—/c2dac—|—D/ |c’|2dx§M/H(c)dx.
dt Jo % Q

Proof. For t € (0,T), taking ¢ = ¢ in (6.9) we obtain

€e d 2 /2 /
—— d D dr = S.
5 I Qc x + /Q|c| x Qc

Now taking &, = ¢ in (6.8) yields

D
/CS:—/ o 'SC'SM(D,U)/ a(fbls)zda:—l——/ ||?dz.
Q Q Q 2 Ja

The rest is the same as that of Lemma 6.2 and the proof is complete. O
Remark. The way of using (6.9) in Lemmas 6.2 and 6.3 is readily justified if the
inequalities in both lemmas are understood in the weak sense.

PROPOSITION 6.4. Suppose d = aiag < 3/2. Then for t € (0,T) a.e., there
exists M > 0 such that

/ H(c)dx < MeMt,
Q
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Proof. With the aid of Lemmas 6.2 and 6.3, wee apply the Holder inequality to
get

% (?7 1 Ade <M | H(c)de <M | (">~ + )de + M(|Q)),
Q Q Q

since by assumption 1/2 + d < 2. Now the conclusion follows from the Gronwall
inequality. O

COROLLARY 6.5. Suppose that the conditions in Lemma 6.2 and Proposition 6.4
hold. Then fort € (0,T) a.e., there exists M > 0 such that

@ || o) < MeM?.
Proof. By Lemma 6.1 and Proposition 6.4, we have
/ |®”|2dx < MMt
Q

The conclusion follows immediately, with the aid of (6). O
Using the above corollary, we can strengthen Lemma 6.1.

LEMMA 6.6. For k> ay and t € (0,T) a.e., there exists M > 0 such that

[ o @t s ot [ (@) o
Q Q

+/(Cl/2fde(k+a2)(<bsf<l>e) 4 M2 (baz) (B =2y g
Q

SM/(01/2_kal —|—Cl/2+ka1)dl‘
Q

Proof. The proof proceeds similarly as in Lemma 6.1. For k£ > 0 and ¢ € (0,7),
use the test function e+ in (6.8) and e*® in (6.7) to obtain

k/ oe"® (@) dx + k/ K(c)er®e (®))%dx + / (eFPs — FPe)g =,
) Q )

We shall estimate the last integral. Adopting the same notation as in Lemma 6.1,
clearly we have

(ekd\q _ekd)e)s| < M(ek)/

(01/2—d+cl/2+d) < M/ H(C),
Gs Q

|
G3

since both ®; and ®. are bounded on G3 by the definition of G3 and by Corollary
6.5. Next, we bound
/ (ek':bs _ ek<I>C)S —
G1
:/ ekcbs(l _ efk(cbsfcbe))(61/27(16&2({)37@@) _ C1/2+d67a2(<1>r<1>ﬁ))
G1

> _/ R (1 — o h(®e=@2)) 1/24d g —an (B, —2e)
G1

Z _L€7a2/ cl/2+d
G1



LITHIUM-ION BATTERY 293

by Lemma 6.1, where L = e¥lI®sll gince 0 < 1 — e F(®s=%e) < 1,
Rewrite

h®e _ ke _ k(P —®e)
where

L>1=et?(1— b)) > (1 — %)/ = L, z € Ga.
It follows that

/ (ek<1>5 o ekéc)s _ / 1(01/2+de(7(k+a2)(<1>57<1>e) _ 01/27de(a27k)(<1>57<1>e))
Go G2

ZLl/ o1/2+d ,— (ktaz) (@, —2.) —L/ o(C2—k) (@, —D.) 1/2—d
G2 G2

By Holder’s inequality, one has
L/ (k) (@, —®,) 1/2—d
G2

< ﬁ/ (/24— (has) (2.~ ) +M(k,a2,L1,L)/ (1/2—kan
G2

G2
Therefore
/ (h® _ hPe)g > ﬁ/ (1/24d g (ko) (®,—0.) _ M/ (1/2—kan
Go 2 G2 Go
Combining all above, we arrive at
k:/ a(fbls)zemsd:c—kk/ r(c)(®)2e e da (6.10)
Q Q

+%/01/2+d6—(k+a2)(¢5—¢6) < M/(Cl/2+d+cl/2—ka1)7
Q Q

since

/ (1/2+d = (ktaa)(@.—0c) < ek+a2/ oL/2rd.
G1UG3 G1UGs

Next, using e *®s in (6.8) and e *®< in (6.7), we obtain

k/ oe s (9))2dx + k/ k(c)e e ()2 dx + / (e FPe — e7k®) g — (.
Q Q Q

Proceeding similarly as before, we derive

/ (e—lwbe _ e—k(bs)s > —L/ 01/2_d.
Gz G2

and

/ (e~FPe _ ¢~kP)g > ﬂ/ (/2 d (hren) (.~ —M/ L/2tkas
Gy 2 G1 Gy
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It follows that

k/ Ufl);)Qefk{)SdI—l—k/ K(c)(®)) e Pedy (6.11)
Q Q

+ﬂ/ (M2=dg(hran)(@=0e) < pp [ (o1/2=d 4 p1/2hen .
Q Q

The proof is complete by combining (6.10) and (6.11). O
We next estimate ¢! in LP-norm for all p > 0.

PROPOSITION 6.7. Suppose d = cyoa > 1. Then for p > 0 and t € (0,T) a.e.,
there exists M = M (p) > 0 such that

/ c Pdx < M.
Q

Proof. For t € (0,T) and fixed p > 0, multiply (6.9) by the test function ¢=?~!
and integrate over {2 to obtain

e d
E——/ c"’dx—i—(p—i—l)D/ P2 Pdr = —/ cPTLS.
pdt Jg Q Q

We shall estimate the term on the right hand side as follows

_/Cfpflsg/Cl/2+d7p7167a2(<1>37<1>e)

Q Q

< (/ 01/2+de—2a2(<1>3—<1>€))1/2.(/ cl/2+d—2(p+l))1/2
Q Q

< (/ 01/27d+/ 01/2+d)1/2 . (/ cl/2+d*2(iﬂ+1))1/2

Vo Q Q

< M(/ 01/27(1_’_/ cl/2+d) .||02d72(p+1)||(1>é2
Q Q

< M(T)'lcd_(p+l)||oo - M(T)Hc—p/2||i<()p+l—d)/p7

by Lemma 6.6 with the choice £ = as. On the other hand, the quantity min,cqo cP/2
is uniformly bounded for all ¢ € [0,T") (depending only on the initial data ¢y and of
course p) since the conservation of ¢

/ ¢ = const.
Q

1/2
leP/?]|00 < Mp(/ c_p_2|c'|2d:1:) + M.
Q

It follows that

Therefore,

d
—/ cfpflSSM(/ cfp*2|c’|2d:1:) ' + M,
Q Q

where

1—d
d=—+1<1
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by the assumption d = ajae > 1. Combining the above estimates yields

—/ cPIS <M+ (p+ 1)D(/ c_p_2|c'|2dac),
Q Q

since d; < 1. We finally reach

d
S < M,
pdt Jo
and the conclusion follows. O

COROLLARY 6.8. Suppose that the conditions of Lemma 6.2 and Propositions 6.4
and 6.7 hold and that there exists k > 0 such that

k(c) > c, c<< 1.
Then fort € (0,T) a.e., there exists M > 0 such that

|| @ |00 < MM,

Proof. By the assumption, Lemma 6.1 and Propositions 6.4 and 6.7 hold. We
have

1/2

Jioy |9 |daz < (fQ H(c)|<1>é|2dx)1/2(f9 /fl(c)d:c)

1/2
< M(fQ cfkd:c) < M.

Using Lemma 6.6 with k& = a9, Propositions 6.4 and 6.7 and Corollary 6.5, we infer
that for all t € (0,7T) a.e.,

/eaz‘be :/01/2—d6a2<1>ecd—1/2
Q Q
1/2 1/2
< (/ cl/2—de2a2@e> . (/ cd—l/2> < M
= o o =

since d — 1/2 < 2. Similarly
/ e~ 2% dy < M.
Q

The conclusion follows. O

6.2. Main result of global existence. In this section, we shall establish a
global existence of a weak solution to the system (6.2-6.5). First, we derive an a
priori estimate below, using the results obtained in the previous subsection.

We need the following supremum estimate.

LEMMA 6.9. Let Q € R™ be bounded and smooth. Suppose that u is a non-
negative subsolution of the initial-boundary value problem

a(z;EtU) ; a% <D%) =K(u(z)+1), (z,t)€Qx(0,7T),



296 J. WU, J. XU AND H. ZOU

where E and D are positive piece-wise constants, with homogeneous Neumann bound-
ary conditions:

%:0]”07"3363(2;
on

and also the initial condition:
u(z,0) =up(x), x€Q
with ug € L. Then there exists M > 0 such that

supu(-, t) < supuo(x) + M.
Q Q

Proof. The proof is standard via boot-strap, see for example [10] or [15)%. O
Now we can prove the following a priori estimate.

THEOREM 6.10. Let d = ajas € (1,3/2], Suppose that there exists k > 3/2 +d,
k1 > 0 such that

k< k(c) < klc3/2+d, c<1.
Then there exists M > 0 such that
[[@s]| 2o () < MeMt, [[e|lroe () < MeMt, (6.12)
and

% Selet) <M, (x,t) € Qx (0,T). (6.13)

Proof. By Corollaries 6.5 and 6.8, we have (6.12). We shall prove the first in-
equality in (6.13), the second being essentially the same. Put
u(z,t) = ¢z, 1).

One readily verifies that u satisfies the equation

Oleeu) 0 (D 8u)

ot dx\ dx
_ c—2 (8(2;0) _ g(D%)) _ 2DC_SC/2 = —C_2S — 2DC_3CI27
T X

with the initial-Neumann boundary condition

0
u(z,0) =1/co(z), a—Z:O at z =0 and L.

In particular, u is a positive subsolution of the equation

d(eeu) 0 (D%) — M@u+1), (z,t)€Qx(0,T), (6.14)

ot Oz

2 Again, Initial-Boundary (homogeneous Dirichlet) value problems were treated, see footnote 1
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since
|e—a2(<1>3—<1>e)| S M
by (6.12) and
_e29 2Dc_3c’2 — /242 (R —0.)
_l/2md=2 02 (i) _ 2Dc_3c’2

< Me%=32 = MuP?7 < M(u+1).

Now (6.13) follows from Lemma 6.9 immediately and the theorem is proved. O

Local in time existence and uniqueness can be proved in the similar way as The-
orem 4.1. With the aid of Theorem 6.10, the following global existence result is
standard via a continuation argument.

THEOREM 6.11. Assume further that
d=ajas € (1,3/2],
and that there exists k > 3/2+d, k1 > 0 such that
< k(c) < ky /2t c<1.

Then exists a solution to the system of (6.1-6.3) for all T > 0.
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