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WELL-POSEDNESS OF THE IDEAL MHD SYSTEM
IN CRITICAL BESOV SPACES*

CHANGXING MIAOT AND BAOQUAN YUAN#
Abstract. In this paper we study the ideal incompressible magneto-hydrodynamics system, and
prove the local existence and uniqueness of solutions in critical Besov spaces BYP for 1 <p< oo

p,1
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1. Introduction. We are concerned with the following ideal magneto-
hydrodynamics (MHD) system for the homogeneous incompressible fluid flows and
magnetic fields

ug+(u-Viu—(b-V)b—Vr =0

b4+ (u-V)b—(b-V)u=0
divu =0, divb=0

A,_\
—_ =
N =
— ~—

with initial data

u(z,0) = up(x), (1.4)
b(x,0) = bo(z). (1.5)

Here u(z,t) = (u1(z,t),ua(z,t), - ,un(x,t)) is the velocity of the fluid flows ,
b(xz,t) = (b1(z,t),ba(x,t), - ,by(x,t)) is the magnetic field, and w(x,t) = p(x,t) +
21b(z,t)[? is the total pressure for z € R", ¢ > 0 and ug(z) and bo(z) are the ini-
tial velocity and initial magnetic field satisfying divug=0, divby=0, respectively. For
simplicity, we have set the Reynolds number, magnetic Reynolds number and the
corresponding coefficients to be constant 1 by scaling transformation.

In the case of Euler equations, the existence and uniqueness of solutions to Euler
equations have been studied by many authors (see J.-Y. Chemin [3] and reference
there). Recently, Vishik [11], H.C. Park and Y.J. Park [6] obtained the existence
and uniqueness of solutions of the incompressible Euler equations in critical Besov
spaces. Vishik considered Euler equations in space dimension 2 and proved the global
well-posedness in critical Besov space B;jz/ P 1 < p < oo by transport equation
and the invariance of vorticity. For the ideal magneto-hydrodynamics system, the
method Vishik used is not valid, and it is more complicated because of the couple
effect between velocity u(x,t) and magneto fields b(x, t). The existence of the classical
solution for MHD system was shown by Kozono [4] in the bounded domain, See also
[9]. In BM O~ and bmo~* spaces, Miao, Yuan and Zhang proved the global existence
and uniqueness of solution to the incompressible MHD system for small initial data
[5]. In the case of Sobolev spaces W*P  the existence and uniqueness results for

*Received March 13, 2005; accepted for publication August 24, 2006.

TInstitute of Applied Physics and Computational Mathematics, P.O. Box 8009, Beijing 100088,
P.R. China (changxing@mail.iapcm.ac.cn).

fCollege of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo City, Henan
Province, 454000, P.R. China (bqyuan@hpu.edu.cn); Institute of Applied Mathematics, Academy of
Mathematics & Systems Science, Chinese Academy of Sciences, Beijing 100080, P.R. China.

89



90 C. MIAO AND B. YUAN

the equations of ideal magneto-hydrodynamics have been established by Alexseev
[1]. Moreover, in this case, Secchi [8] and Schmidt [7] proved not only existence and
uniqueness results, but also the continuous dependence on the initial data.

In this paper, the local existence and uniqueness of the solution to the n-
dimensional ideal incompressible MHD system (1.1)-(1.5) will be investigated. We
prove that there exists a locally unique solution in the critical Besov space B;j"/ P for
1 < p < oo provided that the initial data (ug(z,t), bo(x,t)) is in the space. We obtain
a priori estimates of solutions to the approximate equations by virtue of the couple
effect between velocity u(z,t) and magneto fields b(x,t) subtly. Our local existence
and uniqueness results are as follows:

THEOREM 1.1. Let ug(z),bo(x) € B:{n/p(R") be divergence free vector for 1 <

p < oco. There exists time T > 0 such that the Cauchy problem (1.1)-(1.5) has a
unique solution (u(z,t),b(x,t)) € C([0,T]; B;jn/p(R”)).

REMARK 1.1. Ewen in the case of space dimension 2, the global well-posedness
of solutions to ideal magneto-hydrodynamics in critical Besov space B;j2/p(R2) for
1 <p < o is an open problem.

The plan of this paper is as follows: In Section 2 we recall succinctly the
Littlewood-Paley dyadic decomposition, Besov spaces and Bony’s para-product de-
composition of two functions f(x) and g(x). Then we give some preliminary a priori
estimates. In Section 3, we establish a priori estimates of solutions to the approximate
equations, and prove that the sequence of solutions are locally bounded in the Besov

space B;j"/ P(R™) and that there is a Cauchy sequence of solutions to the approxi-

mate equations in B, /1p (R™) for 1 < p < oo. The main theorem will also be proved
in Section 3.

We use C to denote some positive constants which may be different from line to
line and depends on parameters concerned, such as p,q,---, but not on the involved
functions. In this paper || - ||, denotes the LP norm in R" for 1 < p < cc.

2. Littlewood-Paley Decomposition and Preliminary estimates . We
first set our notation and recall definitions of Besov spaces, and then give some pre-
liminary estimates on Besov spaces. Let S be the Schwartz class of rapidly decreasing
functions. Given f € &', the Fourier transform of f(z) is defined by

F)=HO = @n ™ [ e
Let &, ¢ € C3°(R™) be radial functions satisfying
(1). supp® C {¢ € R [¢] < 2},
(IT). suppp C {€ € R™; § < [¢] < 3},
(II

). $(¢) + i 2;(6) = 1, for £ € R™.

We set ¢;(6) = ¢(277€), (i.e. p;(x) =2"p(2x)).
DEFINITION 2.1. Let f(x) € §', define
(I). A f=D(D)f =D« f,
(). Ajf = ¢i(D)f == f, forj =20,
(I11). £y f =0, for j < 2,

(IV). S;f=1— > Ayf, forjeZ.
k>j+1
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DEFINITION 2.2. (Triebel [10]) Let s € R, 1 < p < o0, and 1 < ¢ < oo. The
inhomogeneous Besov norm is defined by

o0

1flls;, = < 3

_ 1/q
2”5||Ajf||g) < oo0. (2.1)
i=—1

If g = oo, the corresponding norm is defined by

1£llBs . = sup 27125 f |- (2:2)
j=>—1

Below we recall the Bernstein’s lemma that will be used in proofs of our results.

LEMMA 2.1. (Bernstein’s inequality)
(a) Let g(x) € LP(R™) (N LP*(R™), and suppg C {§ € R™; [¢] < r}. Then there
exists a constant C' such that

n(i_ L
lgllp, < Cr™E=50||g]l,, (2.3)

for 1 <p<p; <oo. R
(b) Assume that f(z) € LP(R™) for 1 < p < oo and suppf C {£ € R?; 2971 <
|€| < 29+1Y. There exists a constant Cy, so that the following inequality holds:

Co 2% fllp < ID*Fllp < CR27%|| £ (2.4)

The proof is an immediate consequence of Young’s inequality, please refer to [3]
for details. The next definition describes Bony’s para-product formula which gives
the decomposition of the product f - g of two functions f(x) and g(z).

DEFINITION 2.3. The para-product of two functions f and g is defined by

Tof = > Dighif =Y Sj_aglf. (2.5)

i<j—2 JEZ

The remainder of the para-product is defined by
R(f,9)= Y. Digh,f. (2:6)

li—jl<1
Then Bony’s para-product formula reads

fr9=T4f +Trg+ R(f,9). (2.7)

In order to obtain a priori estimates, we need the decomposition

(Sj—2t, V)20 = Dj(u, Vv = =Y Aj(Toow) + Y [Tu, 0, A
=1

=1

n
- E Tui_sj—QuiaiAjv
=1

=Y {2 (R(ui, 0:)v) — R(Sj—aus, A;0;v)}
=1

= Il(;, v) + Io(u,v) + Is(u,v) + Iy (u,v). (2.8)
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LEMMA 2.2. Let 1 < p < oo, for any divergence free vector fields u,v € S'(R™),
we have the estimates:

1w 0)ll, <C D 157 —2Voullooll Ajruly; (2.9)
li—4'1<3
12w, 0)l, <C D 1Sy —2Vullooll Agrvl; (2.10)
li—4'1<3
Hs(w,0)ll, <C Y (18 Vulloo + 1A 1ulloo) [ A500]l5; (2.11)
li—3'1<3

Ha(w, o), <C D Y (185 Vullee + [A-rullso) [ 2500l

[7—3"1<3 15" =3"|<1
0 Y 2 |18, Val< Aol (2.12)

j'>j5—3 |3/ —5"|<1

Proof.

=0 A8y 2(0iv) Ajrui}. (2.13)

=1 j'=1

Taking the LP norm, one arrives at

1w, o)ll, <CD> > 19-200) oo [ A5l
i=1 |j—j'|<8,4'>1
<C Y S aVollsollAjully- (2.14)

l7—3"1<3

For Iy(u,v), one has

n

IQ(U, ’U) = Z[Tuiﬁi, A]‘]’U

i=1

=3 3 {8yl (Bi25v) — Dj(Sy—ouidi Do)}

i=1|j—5'|<3

-y Y / 3@ — )y _aui () — S _ous (1) }0s22v(y)dy

i=1|j—35"1<3

>y 20 [ 00w~ ) {Sy-as(o) — S0t )} A0y

i=1|j—5"1<3

_Y Y e 002w =) [ (& =9) TSy -aula+rly - a)dr b0y

i=1 |j—j/|<3 JR™

= Z Z / Oip(z / (z-V)Sj _sui(x — 277 12)dr A jrv(z — 277 2)dz. (2.15)

i=1|j—35"1<3
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Taking the LP norm, we have

Ha(u,0)lp, < CY - D I1Sj—2Vuillocll g0l

i=11]j—35'|<3

<C Y 1Si-2 Vol 2450l (2.16)
l7—3"1<3

Similarly, for I5(u,v), one has

n
- E Tui_Sj—2ui 61'AJU
=1
n

:—Z Z 5]1_2 ] 2U1)Aj’(aiAjv)

=1 |j—j’|<1

n J
:—Z Z Sj1_2< Z Amui)(’%&j/&jv, (217)

=1 [j—j'|<1 m=j—1

and

Ha(w,0)lp <30 D0 1S—a(Bymrui + Byui) | sllOs(Lg 250)

i=1 |j—j'|<1
n

<3 Y (Uaymruillee + 185ull0)2 |1 A50]
i=1 |j—j'|<1

<C Y 27|81Vl + 145 Vul o} 2| A g0,

j—3'1<1
+C|Arullss Y 1850l
j—3'1<1
<C Y (1245Vulloo + 1 Avulloo) | 250l (2.18)
=311

We decompose I4(u, v) as follows:

I4(’U,, ’U) = — Z{A]R(u“ &v) — R(Sj_gui, Ajai’l})}

= —Z{A 6R ] 2U;, U } Z{A R j— guz,ﬁv) (Sj_gui,Ajai’U)}

=1
= I41 + 149, (2.19)
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and

Iy = 28A > Dg(ui— Sioui) Ao

|5’ —J“\<1

_—ZaA Z Ay (u; — Sj—oui)Njnv

//771

—ZBA Z Z A ] QUZ)AJ‘NU

3’2015 —35"<1

= I411 + I410. (2.20)
Taking the LP norm, we can estimate

n 0
Hanally <CY 0 >0 A 1 (ui = Sj—oui) ac A 0]l

i=1j"=—1

C A_’U,OOA‘N’U N ’Z—l, 0, 1,
g_ln wllool| B0y, ] 1)

0, j=2

izl < CY 27| A

=1

Z Aj/(ui - ijgui)ﬁj//v

3 —3"1<1,5" 20

<cy > ¥ Y YLl Al

p

i=175'>5-3 [37=3"1<1,57>0
<C Y ¥ Yo 2y Vulsolgmlly, (2.22)
J'23—3 [37=3"1<1,57>0
and
n Jj—1
142 = — Z Z {Aj(Aj/Sj,Q’UJiAjNa{U) - Aj/Sj,guiAjAjuaiv}
i=15'=j=38j'=j"|<1
n 7j—1
== > > (8,858 aui|Ajudyv. (2.23)
i=1 j/=j—=3 |j'—j"|<1
Here

[AJ7 Aj/Sj72ul‘]Aj//ai’U

_ gin /R P(2 (@ — ) {Dyr Sj—aui(y) — Dy S;—aus(@) 30,0 v(y)dy
27 (n+1) /8ig0(2j ( —y)){LjSj—2ui(y) — Ay Sj—2ui(z) }Ajrv(y)dy
i) / Dol (x — { / Dy — ) - VS qus(a +7(y — >>>dT}Aj~v<y>dy

1
= —/51'90(2)/0 Nji(z - VS;_gui(x — 27%2))drAjuv(z — 277 2)d2. (2.24)
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Taking the LP norm on the both sides of Eq. (2.24) , we have

A, Ay Sj_oui] DN div||p < C||Aj/Sj_2Vu||OOH / |0;p(2) 2N jiv(z — 2_jz)|dz

P
< C”Aj/Sj_QV’U,HOO||Aju’l)||p. (225)
Substituting Eq. (2.25) into Eq. (2.23), it follows
i1
Hal, <C D D0 125 Vullslldgmol,. (2.26)

J=j=35'=j"<1

Collecting Eqgs. (2.21), (2.22) and (2.26), the estimate of I4 can be obtained

j—1
L)l <C Y Y (185 Voo + 1A 1ullo) [|2500]l,

J'=3=315'="|<1

+C > 2N AVl Aevll,, (2:27)

J'>max(0,5-3) l77=3"1<1
and the proof of Lemma 2.2 follows. O

LEMMA 2.3. Ifu(zx,t), v(z,t) € B;j"/p for 1 <p < oo are divergence free vector
fields, then the following estimates hold:

> 205 pu, V) Ajo = 8w, VYol < Clull grnsslloll gronss, (2.28)
p,1 p,1

j=—1

> 2M/P) (S qu, V) A — 8j(u, V)ollp < Cllull grenss [0l grs,  (2.29)
=1 p,1 p,1
and

D 2PY|(85-00, V) A ju = A (v, V)ully < Clloll grnwl|ull g (2:30)
Pl p,1

j=—1
Proof. By Lemma 2.2 we have

”Il(uav)Hp <C Z HS‘/*2V’U”OOHAJ'/UH;D
li—3"1<3
J'—=2

<¢ Y Y 1aulalgul,

l7—3" <3 k=—1

=2

=0 Y Y 2P Al A ul,

l7=5"1<3 k==1

<follgere 3 NAzul. (231)
li—3"1<3
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Similarly, one can deduce

[ L2(u0)[, < C Y ||u||3;+1"/P||Aj’UHp? (2.32)
li—5'1<3 ’

1Bl <C 3 @A ull, + 1Al 1Al
l7—3"1<3
<C 3 ngelplul g (2.33)

li—3"1<3

and

ILwol,<c ¥ Y (2j’<1+"/P>||Aj/u||p+||A1u||p>||Aj~v||p

l7=3"1<3 15" =5 1<1

+0 Y 2 N o WD A ||| A,

i3 /=5 1<1
3’41
< Clullgins( D+ Y 27 3 )840, (2.34)
" iss iz =1

Multiplying 27(1+7/P) to Egs. (2.31)-(2.34), and summing up by j from —1 to oo, we
have

3" 2|8 _u, VA v — A (u, V)l

j=—1

< > 2D (L (u,0)lp A 1L (u, 0)|p 4 |12 (u, 0) |p 4 |1 L (s, 0) [p)

j=—1
< C(n,p)||u||B;+ln/p||U||B;+ln/p. (2.35)

In the computation of Y 27047/P)||[,(u,v)||,, we have used
j=—1

i'+1

in(l-kn/p) Z 9i—J’ Z Ao,

=1 T N

o) 1

= 32T 3T A A0l

k>—3 j=—11=—1

0o 1
<C Z 2~ (2+n/p)k( Z Z QUHADA+R/D) | AL oll,)

k>-3 Jj=—1l=-1
S C||U||B1+n/p. (236)
p,1
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If we estimate Iy (u,v) in another way, we have

1w 0)ll, <C Y 1572Vl Ajrull,
li—3"1<3

<C Y0 ISi-2vllw? 185l
li—3'1<3

j'=2

=0 3 N a2 |18l

li—4"1<3 k=—1
g0||u||3;l/lp S 2 A . (2.37)
Coli—51<3

n

Here we used the embedding Bp)/lp (R™) — BY, ;(R™). Similarly, using the estimates
(2.37), (2.32), (2.33) and (2.34), the Eq. (2.29) can also be obtained.
Similarly, we estimate I(u,v), Is(u,v) and Iy(u,v) in another way

|00l <C D0 27 [Sisullooll Aol
li—3"1<3

< Cllullgne 2 VAV % (2.38)

l7—3"1<3

Is(w,0)ll, <C Y @ NA5ullee + [A-rullso)l g0,

li—3"1<3
<C D (@ Dgullee + 1A 1ulloo)2” |80l

l7—3"1<3

<C Y ullse, 27 1850,

[7—3"1<3
SCIIUIIB;/IP > 28 (2.39)
[7—3'1<3
and

o), <C Y > @ Apulles + 1A 1ulle) [ A500],

l7=3"1<3 157 =3"1<1

+C Y P 3T 2Dl Lol

j>j—3 5 =5 |<1
g0||u||Bn/p( S 2y Y )nAwnp. (2.40)
PPN <s =3 =5 |<1

Using the estimates (2.31), (2.38), (2.39) and (2.40), and noting the estimate (2.36),
the estimate (2.30) can be obtained, and the proof of Lemma 2.3 is thus complete. O
For the total pressure we have the following estimates.

LEMMA 2.4. Ifu(x,t), b(z,t) € B;jn/p for 1 < p < oo are divergence free vector
fields, then the pressure 7w(u,b) can be estimated as follows:

197Dl e < OO nsm + 631500, (241)
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and
197w, )ll s < Clllull ool grrs + 18l grolbll pries). (242)
Where
Vr(u,b) = Y ((—A)7'Vou;05u; + (—2) " VOib;05bi). (2.43)
i,j=1
Proof. Let
71 (u,v) = Z (=)L 0upOpv;
ik=1
= (=A)"'Vdiv((u - V)v). (2.44)

We only need to estimate A; Vi (u,v).
Case 1, j > 0. Take the L? norm of A;Vy(u,v), it follows

18V (u, )|, < C277[|A;div((u, V)o) s (2.45)
and

18;div((u, V)o)ll,
= ||div{A;(u- V)v
<O Dj(u-V)u

(Sj—2u- V)Ajv} + div((Sj—2u - V)A;v)||p
(Sj,QU . V)AJ‘UHP + OHdiV(Sj,Q’UJ . V)Aj’()”p. (246)

Using Lemma 2.3 and the following estimate

D 20085 pu - V) Ajull, < C 2P div((Sj—au - V)A0) |l
=0

j=0
o i-2

<CY 2PN VAUl [VA ],
=0 k=—1

<Cy 2“””“”)IIUIIBiﬁn/pIIAg‘UIIp

§=0
< n/p n/py .
< C”“”B;ﬁ / HUHB;fI / (2.47)
we arrive at
> 20PN A T (u,0) |y < Cllull rensol[v]] gren s, (2.48)
p,1 p,1
j=0
and
> 20| AV (u,0)| < Cllull grinsallvll gro- (2.49)

=0



IDEAL MHD SYSTEM IN CRITICAL BESOV SPACES 99

Case 2, j = —1.
(a). n > 3.

(V) * (=2) 9;up0pv;
1

NE

A1V (u,v)|p, =

p

=~
Il

i,

(=A)7IVD) % 9;0k (upv;)

-

i,k=1 p
- 1
<Cm)| Y aiak(VW « Q)| lu vl
ik=1 1
< Cm)full grsnrvllvllp- (2.50)
We used the fact that
- 1
ik=1 ] 1
- 1 1
ik=1 1 1

Where x € C§°(R"™) is a cut-off function satisfying x(x) = 1 for |z| < 1, and 0 for
|z| > 2.
(b). n=2.

In this case the term C(n) 0;0(V ==z * @)

ought to be replaced by the
ik=1

T n—2

|| )
term - 0;0r(Vlog |z| * @)|| . Thus one obtains

i,k=1 1
2~ DAV (u,0)llp < Cllull granss2” P 0],
P,
< CHUHB:EWP||’U||BI17’+ln/p, (2.52)

and

2P| A1V (u,0)lp < Cllull grenss2 Pl

< Cllulpsioolloll oo (2.53)

Combining estimates (2.48)-(2.49) with (2.52)-(2.53), we arrive at

> 20T A (,0) [ < Clal] s o] 1srn, (2.54)

j=—1
and
> 2LV (w0l < Cllul gugolol s (2.55)
j=—1

By taking v(z,t) = u(x,t), the proof of Lemma 2.4 is complete. O
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Noticing that Bgy/lp(R”) — L>(R™), so B;y/lp(R”) is a Banach algebra. Thus we
have the following lemma.

LEMMA 2.5. If u(z,t), v(z,t) € B;jn/p for 1 < p < oo are any divergence free
vector fields, we have

I D)ol oo < Cll ool (2:56)

0

3. A Priori Estimate for the Approximate Equations. In this section, we
shall construct an approximate solution sequence {(u™(x,t), (b™(z,t))} with m =
1,2--- for up(z), bo(x) € B:{n/p and 1 < p < co. The approximate equations are as
follows:

o™ + (u™ V)™ — (0™ V™ — V(™ ) =0 (3.1)
o™ 4 (™ V)" — (B V)™ =0
divu™ =0, divd™ =0
with initial data
u™(xz,0) = Spup(x), (3.4)
b™(x,0) = Spbo(x). (3.5)

Where

n

Va@™ o™ ) = Y (—A) Vo oul T 4 (= A) T Vb o6 3.6)

i,j=1
form=1,2,--- . we choose u’(z,t) = b°(z,t) = 0.
Considering the sequence of particle trajectory mapping X7 («,t) defined by
a m m m m
EXJ' (aat) = (Sj*Q(u -b ))(XJ (avt)at)v (37)
X", 0) = . (3.8)

form=1, 2, ---.
We now define the space

Yi £ C([0,T]; By 1 (R™)). (3.9)

In what follows, we take a = % and a =1+ %, respectively.

LEMMA 3.1. Let ug(z), bo(z) € B;j"/p, 1 <p<oo. If (W (x,t),0™(x,t))
is a solution to the Cauchy problem of the approzimate equations (3.1)-(3.5). Then

there exists a T > 0 so that the solution (u™(z,t),b™(x,t)) is bounded in YTHn/p for
m=201, 2, ---. Precisely, there exists a constant C such that

[ llyptnre 10" |y am/e < O(||u0|\3;ﬁn/p + ||U0|\B;§n/p)- (3.10)

Proof. In order to prove the lemma, we take A; on both sides of Eqgs. (3.1)
and (3.2), then add (S;_ou™"1 - V)Au™ — (S;_2b™1 - V)A;u™ and (Sj_gu™"! -
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V)A 6™ —(Sj_ob™ ™1 V) A;b™ on the both sides of the result equations, respectively,
we have
O™ + (Sj_ou™ - V)N ju™ — (S, _ob™ - V) A u™
= (Sj_ou™ V) Au™ — Ay (™ VU™ 4 A (0T V)™ (3.11)
—(Sj—2b™ V) A u™ — AV (um T ),
NANT S (SJ 2u™ T V)AL — (Sj2b™ T V) AT
= (Sj_ou™ 1 V)™ — Ay (™ V)™ 4 AT V)u™ (3.12)
—(Sj—2b™ LV A ™.
Summing up Egs. (3.11) and (3.12), we have

d m m—
gA (u™ +b™)(X] 1(a t),t)

= ((Sj—zu™ V) Aj(u™ - V)u™)
+((Sj_2u™" )A AT (T A L
—((Sj=2b™ - V) A — A (6™ V)™
—((Sj—2b™ L W) A U™ — A0 V)™ — Ajm(u™ e (3.13)

Using Lemma 2.3 and 2.4, taking the B1+ "/ horm together with integrating the Eq.
(3.13) with respect to t from the both 31des we arrive at

lu™ (@) + 0™ @)l grenre < Ju™ (O gronse + 16" O g1
t

+C/ (™ ()| grenso + 1071 gronso) ™ ()] grense + 167 (8)] grensn)ds
0 p,1 p,1 p,1 p,1

t
A€ [ O e+ I I ), (3.14)
0 p,1 p,1

by the property of volume preserving of the mapping X;”*l(a, t). Taking the space-
time norm on both sides of (3.14) , we have

lu™ () + 0™ )llyz e < 1w grense + 16O} ] gronso

t
Cll™ygonss + I lygonss) [ (™ 6o+ 157 (6 g
FOT(m 2+ I k1) (315)
T T

On the other hand, if we take another sequence of particle trajectory mapping
Y/"(a, t) defined by

0

DY o 1) = (S 2™ + 5™ (7, 1),1) (3.16)
Y"(a,0) = c. (3.17)
for m =1, 2, ---. In the same way as that leading to estimate (3.15), we also arrive

at

lu™(#) = o™ )llyp 0 < O grnre + [16O)] gronso

t
Cllu™ Hlyaense + IIbm‘1IIY1+n/p)/ (lw™ () gr+nso + 6™ (5) [l grnre)ds
T T 0 p,1 p,1

HOT (a1 s+ 187 1) (3.15)
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Combining estimates (3.15) and (3.18), by the law of the parallelogram we have

1™ @llyaenre + 10" @y 1000 < 2u(O)]] grsne + 206(0)]] grnse

t
+O (™M e + 15"y ans0) / (™ ()| s + 167 (3) | grecero)dls
T T 0 p,1 p,1

FOT (™ + 1672 100s0). (3.19)
T T
Using Gronwall-type inequality, it follows that

1™ (Ollyaenro + 107 (Olly 1400
< 2{||U(0)||B;’+ln/p + ||b(0)||B;ﬁn/p + CT(”um_leyT”"/P + ”bm_lHi/T”"“’)}
exp{C([[u™ Iy rensm + 17 Hly1enrn) } (3.20)

Thus, by the standard induction arguments from estimate (3.20), one can arrive at
1™ (@)l xenrm + 10" ()l 10075 < AC[(O)]] grinso + [BO)]| grnrn)e'2, (3.21)
T T p,1 p,1

for all m > 0, if we take

1

T<T,= :
16eC2 (||u(0)||31+n/p + ||b(0)||Bl+n/p)
p,1 p,1

(3.22)

Thus we complete the proof of Lemma 3.1. O
Next, we prove that the solution sequence (u™(z,t),b™(x,t)) is a Cauchy sequence
in the space C([0, T); By/P(R™)) for m =0, 1, 2, -+

LEMMA 3.2. Let ug(z), bo(x) € B;jn/p, 1 <p<oo. If (uW™(z,t),b™(x,t)) is a

solution to the Cauchy problem of the approximate equations (3.1)-(3.5). Then there
exists a T > 0 so that the solution (u™(x,t),b™(x,t)) is a Cauchy sequence in the

space YTn/p form=0,1, 2, ---.

Proof. Subtracting the m-th equations (3.1) and (3.2) from the (m + 1)-th ones,
we can obtain

O () V) (@ ) () T
= (6™ - V) (B — ™)) + (5™ — b - V)BT 4 Vg (0™ — w™ u™) (3.23)

+Vr (™ u™ — ™) 4 Vg (0™ = 0L 0™ + Vi (0™ b — b,

R R R (a0 R (T B
=™ - V) (™ —u™) + (0™ = b - V)u™. (3.24)

Taking A, on the both sides of (3.23) and (3.24), adding the term (S;_2(u™ —b™) -
V)2 (u™ ! —u™) (X7 (i, t), ) on both sides of (3.23) and adding the term (S; o (u™ —
b™)-V) A (b —b™) (X (o, t), ) on both sides of (3.24), then summing up the result
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equations we have

%Aj(um—i-l _ um 4 bm—i—l _ bm)
= {(S)u™ VYA — ™) = A (" V)@

—{(Sj-2b™ - V)A; (™ = b™) = A((0™ - V)(
H{(Sj—ou™ - V)L (0M = b™) = Ay((w™ - V)T = 0™))}
—{ (520" - ) D (™ — ™) = A (™ - V) (@™ — ™))}
—0;((u™ ) Vu +Aj(( —bmTh) v
—A((u™ - )bm +0;(™ =" - V)u
+4 Vm( —u"T U™ + AV (u™ L™ — ™l
+; V(b — b 1, b™) + AV (0™ 6™ — b, (3.25)

by the particle trajectory mapping X7"(a,t) defined in (3.7). Repeating the similar
procedure from (3.13)-(3.15), one has

™) = u™ (@) + ) = 0" @)l

< 02*’”(||u0||3;ﬁn/p + ||b0||B;t7l/p)
T
CA (”um(s) . umfl(s)HBs/lp + ||bm(s) - bmil(S)HB:/lp)dS

T
C [ ) = )y + 17 6) = 76 p)ds, (320)
0 P, P,

for0<t<T.

If we take another sequence of particle trajectory mapping Y;"(a,t) defined by
(3.16). Taking A, on the both sides of equations (3.23) and (3.24), together with
adding the term (Sj_o(u™ — b™) - V)A;(u™ ! — u™) (X7 (v, 1), 1) on the both sides
of (3.23) and adding the term (S;_o(u™ —b™) - V)A;(b™+ —b™)(X7*(e, t),t) on the
both sides of (3.24), then subtracting the result equations we have

d m m m m
A =) — = m)

= {(Sj—2u™ - V)25 (™ —u™) = Ay ((w™ - V) (@™ —u™))}
—{(Sj—2b™ - V)&, (6™ — bm) A" - V)M = b))}
—{(Sjo2u™ - V)A; T —0™) = A((u™ - V)T =)}
+{(Sj—20™ - ) ](um+1 u™) = L™ v)(um+1 u™))}
—=A;((u™ - V)um +Aj(( S Al
+4;((u™ - ) = 0(™ =" - V)u™
+4 Vm( ™ ™) AV (T ™ — a™ )

+; V(b — b 1, b™) + AV (B 6™ — ). (3.27)
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Using the same procedure as above, one has

1™ FH(E) = u™(8) = (O™ () = b ()] o

< €27 (|luoll gr4n v + Nlboll grenrv)
T
€ [ 1) = g+ 157(5) = 575 gy )
T
C [ 1) = g+ [7416) =07 s, (328)

for0<t<T.
Combining estimates (3.26) and (3.28), by the law of the parallelogram one arrives
at

a1 (E) — um(t)HB;/lp + ) — bm(t)||B:/lp

< 012_m(|\u0||3;f1n/p + HbOHB;fIn/p)
T
02/ (lu™(s) = w™H(8) | grso + 1167 (s) = 0™ (s)| gosn)ds
0 p,1 p,1
T
Cs/o (u™*(s) = u™ ()l g + [[67F () — 0" (s)ll gnre)ds,  (3:29)

Taking the Yr}l/p norm, and letting T' < min(Ty, %), we have

||um+1 _ ,UJm”Y;}/p 4 ||bm+1 _ bm”y’;}/P

< CL27™ + CoT(flu™ — um—1||YTn/p + [[pm™ — bt lyre)- (3.30)
Thus we can deduce that
™ = ™|l + B = 0| e < C(m+ C1)27™ <, (3.31)
T T

if m is large enough. Therefore, (u™(z,t),b™(x,t)) is a Cauchy sequence. The proof
of Lemma 3.2 follows. O

4. The Proof of the Main Theorem. In this section we prove the main the-
orem. In Section 3 we have constructed a sequence of solutions of the approximate
equations (3.1)-(3.5), (u™(z,t), b™(x,t)) for m =0, 1, --- which is bounded in the
space C([0,T]; B;jn/p(R")) and strongly convergent in the space C([0,T; Bgy/lp(R")).
In this section we prove that the strong limit (u(z,t), b(z,t)) of the sequence

(W™ (@,t), b™(x,t)) for m =0, 1, --- is in C([0,T]; B, "/P(R™)).
Since the sequence (u™(x,t), b™(x,t)) for m = 0, 1, --- is bounded
in C’([O,T];B;j"/p(R”)), by means of the Banach-Alaogu theorem it weaksx-

converges (up to a subsequence) to some vector function (@(z,t), b(z,t)) in

LOO([O,T];B;jn/p(R")). But the sequence (u™(z,t), b™(z,t)) for m = 0, 1, ---

converges in C([O,T];B;/lp (R™)), and, in particular, it is weak-convergent to
(u(z,t), b(z,t)) in C([0,T]; B,}(R*)).  Thus we have (u(z,t), b(z,t)) =

(u(z,t), b(x,t)) by the uniqueness of the weaks-limit, and (u(x,t), b(z,t)) €
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C([O,T];B;jn/p(]l%")). By the standard arguments it follows that (u(z,t), b(z,t))

satisfies the MHD system (1.1)-(1.5).
Finally we prove uniqueness of solutions to MHD system. Assume that

(u(z,t), b(x,t)) and (u(z,t), b(x,t)) are two solutions of the MHD system (1.1)-(1.5)
in C([O,T];B;j"/p(R")) with the same initial data (uo(z),bo(z)) € B;j"/p(R")).
Taking the difference between the equations satisfied by (u(z,t), b(z,t)) and

(u(x,t), b(x,t)), we find

%(u—ﬂ)—!—(u-V)(u—ﬁ)—l—((u—ﬂ)~V)ﬁ
= (b-V)(b =)+ ((b=b) - V)b = Vi (u,u — @)
—Vri(u— @, 1) — Vra(b,b—b) — Vg (b — b, b), (4.1)
%(b—5)+(u-v)(b—l~7)+((u—ﬁ)-V)l;
=(b-V)(u—1a)+((b—"b) V)i, (4.2)

and

o
—~
8
~—
—
w
~—~

(u—a)(z,0) = uo(z) — @

(b= b)(w,0) = bo(z) — bo(a). (4.4)

Where (ug(x), bo(z)) and (fo(z), bo(z)) are the initial data corresponding to the so-
t

lutions (u(z,t), b(z,t)) and (@(z,t), b(z,t)), respectively. Using the same procedure
as above, it can be deduced that

llu =@l gronso + 110~ EHB;fln/p < 2(llwo — tol| grense + Ilbo — BoHB;ﬁn/p)

T
+C/O (I (u, b)||3;+ln/p + [, b)||B;+ln/p)(||U - aHB;t"/P + b= b||B;+ln/p)dt, (4.5)

for some C > 0. Using the Gronwall inequality, it yields

e P L BHB;fln/p

< 2(fluo — ﬁOHB;ﬁ"/P + [lbo — 50||B;+1n/p)
T ~
exp {C/o (I[ (w, b)||B;+1n/p + || (a, b)||B;+1n/P)dt}. (4.6)

Thus we arrive at u(z,t) = a(z,t) and b(x,t) = b(z,t) for 0 < ¢t < T, and we have
proved the uniqueness. The proof of the main theorem follows.
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