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GENERALIZED REDUCTION AND PURE SPINORS

T. DRUMMOND

We study reduction of Dirac structures as developed by H. Bursztyn
et al. [6] from the point of view of pure spinors. We describe explicitly
the pure spinor line bundle of the reduced Dirac structure. We also
obtain results on reduction of generalized Calabi—Yau structures.
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Introduction

In this paper, we study symmetries and reduction of Dirac structures [12,
22| and generalized complex structures [14,16] from the viewpoint of pure
spinors. As discussed in [14], pure spinors provide a key tool in generalized
complex geometry, specially to study generalized Calabi—Yau structures. Our
main focus is the interplay between Dirac structures/generalized complex
structures and pure spinors in the reduction procedure introduced by H.
Bursztyn et al. [6] (see also [20,26] for other reduction procedures). More
precisely, the main goal of this work is to find an explicit description of the
pure spinor line bundle associated to the Dirac structure L,.q obtained by
reducing a Dirac structure L under the procedure of [6]. In [23], Y. Nitta
introduced a procedure to reduce pure spinors in the context of generalized
Calabi—Yau structures. The motivation for this paper is to put the work of
Y. Nitta into the broader perspective of [6] and to move toward a general
procedure to reduce generalized Calabi—Yau structures.

The set-up for the reduction on [6] is given by an action of a (compact,
connected) Lie group G on M which is lifted to an action on Courant alge-
broid E by automorphisms and an invariant submanifold N C M on which
G acts freely. With these data in hands, one constructs an isotropic sub-
bundle K C E|y from which one obtains a reduced Courant algebroid Fyeq
over Myeq = N/G in which the reduced Dirac structures will be defined (see
Theorem 2.10). The reduction procedure itself start with an invariant Dirac
structure L C E for which L|y N K has constant rank (a clean intersection
condition) and gives the reduced Dirac structure Lyoq C Freq. Our approach
to find the reduced pure spinor line bundle is based on a new description of
Lycq (see Proposition 2.14) which, as an aside, relates the procedure of M.
Stienon and P. Xu [26] to reduce generalize complex structures with that
of [6]. We prove that, up to the choice of a connection on N, L,¢q is obtained
from L by a combination of pull-back by the inclusion map j : N — M and
push-forward by the quotient map q : N — M,eq (see [8] for the definition of
such operations) exactly as in [26]. The choice of a connection has the cost
of introducing a 2-form B € Q2(N) (which should be thought of as a change
of coordinates) in the picture. From this, it is a simple matter to describe
the pure spinor line bundle of Lycq: if ¢ € T'(A*T*M) is a pure spinor for L,
then

(01) Pred = q*(eB A ]*(10)

is a pure spinor for Lyeq, where g, : Q(N) — Q(M,eq) is the push-forward of
differential forms on the principal bundle ¢ : N — M.eq (see Theorem 3.4).
Moreover, we prove that, for z € N, cpred\q(m) #0ifandonly if L,NK, =0
(a transversality condition). In Section 4.1, we use formula (0.1) to give an
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alternative explanation of a recent result of G. Cavalcanti and M. Gualtieri
[10] relating T-duality [4, 5] to generalized geometry.

In important examples (e.g., Nitta’s reduction procedure), the transver-
sality condition L|y N K = 0 is not satisfied and, therefore, formula (0.1)
does not solve the problem of describing the pure spinor line bundle of L, eq-
Overcoming this transversality issue is the main technical problem we have
to handle. To do that, we develop a pertubation procedure that replaces L
by a new Lagrangian subbundle Lp of F|y (depending on the choice of a
subbundle D C E|y) satisfying the transversality condition Lp N K = 0
and producing the same reduced Dirac structure L,q as L (see Proposi-
tion 3.11). At the pure spinor level, the change from L to Lp has the effect
of changing the pure spinor ¢ to ¢p, which is obtained from ¢ by Clifford
multiplication by an element of det(D). In Theorem 3.15, we use this per-
tubation procedure to obtain the general form of a nowhere-zero section of
the reduced pure spinor line bundle corresponding to Lyeq:

(0.2) Pred = ¢:(€5 A j*0D).

This pertubation method enables us to recover Nitta’s reduction [23] as a
particular instance of (0.2) when D is properly chosen. We are also able to
obtain a new result on reduction of generalized Calabi—Yau structures in the
presence of transversality conditions (see Proposition 4.8). The main obsta-
cle for applying our method to reduce generalized Calabi—Yau structures in
a general setting is the lack of a fine control on how the de Rham differential
relates with the pertubation ¢ — ¢p. In any case, formula (0.2) gives us the
tool to understand how the Chern classes of the pure spinor line bundles of
L and L,.q are related.

The paper is organized as follows. In Section 1, we recall the main def-
initions of generalized geometry and set notation. In Section 2, we present
the BCG reduction procedure and prove Proposition 2.14 which gives a new
characterization of the reduced Dirac structure L,.q. Section 3 is devoted to
Theorem 3.15, our main theorem which gives an explicit description of the
pure spinor line bundle of L;.q. In Section 4.1, we move toward a general the-
orem about reduction of generalized Calabi—Yau structures and show how
the work of Y. Nitta [23] fits into the framework developed in Section 3. In
the last Section 4.2, we explain how Theorem 3.4 can be applied to recover
a result of G. Cavalcanti and M. Gualtieri [10] on T-duality. More specifi-
cally, we show that the isomorphism of the twisted-cohomologies of T-duals
spaces introduced in [4] is exactly an instance of formula (0.1) when applied
to pure spinors.

Notation. In this paper (specially in Chapter 3), given a linear homo-
morphism f : V. — W, we let f denote also the natural extension
f AV — A*W to exterior algebras. We believe this will cause no con-
fusion.
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1. Preliminaries

1.1. Courant algebroids. Let M be a smooth manifold and let 7 : & — M
be a Courant algebroid [22] over M with anchor p : E — TM, fiberwise non-
degenerate symmetric bilinear form (-,-) and bilinear bracket [,] on T'(E).
We will only deal with exact Courant algebroids.

Definition 1.1. A Courant algebroid F is said to be exact if the sequence
(1.1) 0—TM> B2 TM —0

is exact (we use (-,-) to identify E = E*).

The standard example of an exact Courant algebroid is TM := TM &
T*M with prpy, : TM — TM as anchor, the bilinear symmetric form (-, )
canonically given by

(12) (X +&Y +1) =ixn+iyE, for X +£,Y +neD(TM)
and the bracket [-, -] given by

Given an exact Courant algebroid F, it is always possible to find an
isotropic splitting V : TM — E for (1.1), i.e., a splitting V whose image
is isotropic with respect to (-,-). The space of isotropic splittings for E is
affine over Q?(M), i.e., given a 2-form B and an isotropic splitting V, one
has that

(V+ B)(X)=VX +p*(ixB)
is also an isotropic splitting and any two isotropic splitting are in the same
Q?(M)-orbit. The curvature of V is the closed 3-form H € Q3(M) defined
by

H(X,Y,Z) = ([VX,VY], 2).

If we change V to V + B, its curvature changes to H + dB. The cohomology
class [H] € H3(M,R) does not depend on the splitting, and it is called the
Severa class of E (see [25] for more details).
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For an isotropic splitting V with curvature H € Q3(M), the isomorphism
V4+p*:TM & T*M — FE identifies the bilinear form and the bracket on
E with the bilinear form (1.2) and the H-twisted Courant bracket [25]

(1.4) [X+&Y +n]u =[X, Y]+ Lxn —iy(d§ —ixH)

respectively, where X,Y € I'(TM), {,n € I'(T*M).
Define &y : £ — TM & T*M by

(1.5) Oy = (V+p)"
For a 2-form B € Q?(M), we have
(16) TBo(I)V—i—B :(I)V7

where 75 : TM — TM is the so called B-field transformation and it is given
by

(1.7) B(X+E&) =X+E+ixB,for X € TM, € T"M.
Let L C E be a subbundle. Define
Lt ={ec E|{e-)|L =0}.

L is said to be isotropic if L C L* and Lagragian if L = L*. Equivalently,
L is Lagrangian if it is isotropic and dim(L) = dim(M).

Definition 1.2 ([12]). A Lagrangian subbundle L C F is said to be inte-
grable if [['(L),T'(L)] € T'(L). In this case, we say that L is a Dirac structure.

In this work, we are mainly concerned with Dirac structures. Recently,
there has been a lot of interest in these structures motivated by the work of
M. Gualtieri in generalized complex geometry and its applications in physics
(see [14] and references therein).

Fix a closed 3-form H € Q3(M). We finish this subsection giving some
examples of Dirac structures L C (TM, [, ]x).

Example 1.3. For a 2-form w € Q?(M), its graph L, = {(X,w(X,-))| X €
TM} C TM is a Lagrangian subbundle of TM and L, is integrable if and
only if dw = —H.

Example 1.4. For a distribution A C TM on M, Ly = A®Ann (A) C TM
is a Lagrangian subbundle of TM. La is integrable if and only if A =
TF and H|r =0 for F a foliation of M.
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1.2. Symmetries. Let E be an exact Courant algebroid over M.

Definition 1.5 ([6,17]). The automorphism group Aut(E) of a Courant
algebroid E is the group of pairs (¥,v), where ¥ : E — FE is a bundle
automorphism covering 1 € Diff (M) such that

(1) (), V() = ()
(2) [®(),®()] =¥l I;
(3) po¥U =1, 0p.

Fix an isotropic splitting V : TM — FE.

Proposition 1.6 ([6]). For (V1) € Aut(E), there exists B € Q*(M) such
that

(1.8) @voxpo@;l:(%* 0 >OTB

where Tp is the associated B-field transformation (1.7). Moreover, if H €
Q3(M) is the curvature of V,

(1.9) H—¢*H = dB.
Remark 1.7. For A = (¥,v) € Aut(FE), the composition

-1
(1.10) T, M 25 Ty M~ By Y E,, x€ M,

defines an isotropic splitting V4 which differs from V exactly by the 2-form
B whose existence is stated in Proposition 1.6 (i.e., V = V4 + B).

We say that (,1)) preserves the splitting if the splitting V4 defined by
(1.10) equals V (i.e., ¥ o V = V o ¢,). In this case,

1 (Y 0
dyoVod 1<0 (d’_l)*)

and Yv*H = H.

The Lie algebra of derivations Der(F) is the Lie algebra of covariant
differential operators A : I'(E) — I'(E) covering vector fields X € I'(T'M)
such that

Lx(-)=(A,)+(-,A) and A[, ] =[A,]+][,A4]
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Choosing an isotropic splitting V, Proposition 1.6 identifies Der(E) with the
set of pairs (X, B) € T(TM) x Q?(M) such that LxH = —dB (where H is
the curvature of V). The action of (X, B) on I'(TM) is given by

(X?B) : (Y +77) = [X7Y] +£X77 —iy B.
In particular, given a section X + £ of TM, one has

(X,d§ —ixH) - (Y +n)=[X+&Y +1]a.

Hence, [X + &,:] is a derivation of E which we call inner derivation. In
general, the adjoint map

ad:e € E— [e, ] € Der(E)
is not injective nor surjective (see Propoisition 2.5. of [6] for more details).

1.3. Pure spinors. Let E be an exact Courant algebroid over M and con-
sider the Clifford bundle CI(E) associated to (E, (-,-)) (see [19]). The fiber
over x € M is CIl(E;), the Clifford algebra corresponding to (Eg, (-, -)|z). It
is generated by elements in F, subject to the relation

(1.11) ei1es + ege] = <61, €2>.

Contravariant spinors.
Given an isotropic splitting V : TM — E, consider the identification
Oy : E— TM (1.5). For e € E, define

(1.12) sv(e) = pry«p (2w (e)).

Associated to V, there exists a representation of the Clifford bundle CI(E)
(see [2]), IIy : CI(E) — End (A*T* M), given on generators e € E by

Hy(e)a = iyeya + sv(e) Aa, for a € A*T*M.
Given a section ¢ € I'(A*T*M), define
(1.13) Nv(p) ={e € E[lly(e)p = 0}.

The relations (1.11) imply that Ny (¢) is an isotropic subbundle of E (when-
ever it has constant rank).

Definition 1.8. We say that ¢ € T'(A*T*M) is a pure spinor if Ny(y) is a
Lagrangian subbundle of F.
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Dually, given a Lagrangian subbundle L C F, define
(1.14) Uv(L) ={p e AN*T*M |IIy(e)p =0, Ve € L}.

It can be proven (see [11]) that Uy (L) defines a line bundle on M called the
pure spinor line bundle associated to L.

If we change the splitting by a 2-form B € Q?(M), the representation
changes accordingly,

(1.15) Hy,poel =ePolly,

where B : A*T*M — A®T*M is the exterior multiplication by e? =
3> , L B™. In particular, for any Lagrangian subbundle L C E,

n=0 n!

(1.16) Uv+(L) = P (U (L)).

We shall omit the reference to V in Uy (resp. Ny, IIy) when considering
the canonical splitting X € TM — (X,0) € TM for the class of Courant
algebroids (TM, [, |u), H € Q2 (M).

Example 1.9. Let w € Q?(M) be a two form. Corresponding to the
Lagrangian subbundle L,, given on Example 1.3, ¢ = e~ is a global section
for the pure spinor line bundle U(L,,).

Example 1.10. Let A C T'M be a distribution. The pure spinor line bun-
dle corresponding to La (see Example 1.4) is U(La) = det(Ann (A)), the
conormal bundle of A. In the extremal cases, A = T'M and A = {0}, one
has

U(Lry) = A°T*M and U(Lggy) = det(T*M).

Regarding Examples 1.9 and 1.10, note that although there exists a global
section for U(L,,), the existence of a global section for U(La) is obstructed
by the orientability of the space of leaves (i.e., U(La) has a global section if
and only if A is transversally orientable). This shows that the pure spinor
line bundle carries extra information about the Dirac structure.

The integrability of a Lagrangian subbundle L C F can be encoded by
its pure spinor line bundle Uy (L), where V is an isotropic splitting with
curvature H € Q3(M). One has that

(1.17) L is integrable <= dy(Uv (L)) C IIy(CI(E))Uv (L),

where dg = d — H A - is the H-twisted differential. We refer to [14] (see
also [1]) for a proof.
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Covariant spinors. The Clifford bundle also has a representation on multi-
vector fields. The map Iy : CI(E) — End (A®*T'M) is given on generators
e € E by

I ()X = p(e) A X + s (o) X.

A section X € T(A®TM) is called a covariant pure spinor if Ny, (X) := {e €
E |1y (€)X = 0} is a Lagrangian subbundle of E. The covariant pure spinor

line bundle corresponding to a Lagrangian subbundle L. C F is defined
analogously, Uy (L) = {X € A*TM |IIg (e)X =0, Ve € L}.

Example 1.11. Let 7 € A2T'M be a bivector field and consider the asso-
ciated map 7 : T*M — TM which takes £ € T*M to w(£,-) € TM. Tts
graph Graph (%) = {(7%(£), &) | £ € T*M} is a Lagrangian subbundle which
is integrable if and only if m defines a Poisson bracket on M. As Example
1.3, the corresponding covariant pure spinor line bundle U%p (Graph (Wu))

has a nowhere vanishing section e™".

Under the assumption that M is orientable, the contravariant and covari-
ant representation of CI(F) are isomorphic. Indeed, let v be a section of
determinant bundle det(7™M). Define

Fo: NTM — ANT*M,

(1.18) X — ixl.
One has
(1.19) Fyolly =Iy o F,.

In general, Hg and Ily are only locally isomorphic.

The map F, is a Fourier-type transform which exchanges exterior multi-
plication with (inner) derivation (see [15] for an explicit formulation of this
analogy and also for the proof of (1.19) in the linear algebra setting). The
inverse of F,, is

Fo: AT*M — A°TM,

o — 4P,

(1.20)

where p € det(TM) is such that i,p = 1.
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Action by automorphisms. Fix an isotropic splitting V for E. The group
Aut(E) acts on the Clifford representation IIy as we now explain. Given
an element A = (V,4¢) € Aut(E), consider the associated splitting (see
Remark 1.7) V4 = ¥~! 0 V 0 9, and recall the identification A = (¢, B),
given in Proposition 1.6, where V = V4 + B.

As U preserves the pairing (-, -), it defines a bundle map CI(¥) : CI(E) —
CIl(FE) covering 1, which is a fiberwise algebra isomorphism (on generators
e € E, it is just VU itself). A straightforward calculation shows that CI(¥)
intertwines the representations Iy and Ilya, i.e., the diagram

CUE) -4, Bnd (\*T*M)
ciw) | [y rou
CIE) - End (A*T*M)

commutes for all a € CI(E).
Define a bundle isomorphism 34 : A*T*M — A*T*M, covering v, by

(1.21) Ya=@ Hoe B

Note that if A preserves V, then X4 is just (¢ —1)*.
Using formula (1.15) to relate IIya and Iy, one obtains

(1.22) Yaoly(:) o Xyt =TIy o CI(V)(-).

The map (1.21) induces an action of Aut(E) on TI'(A*T*M). This action
was first introduced in [18], where it was used to define an equivariant
cohomology associated to any exact Courant algebroid. We refer to [18] for
more details (in particular, for the question of how ¥4 depends on V).

Remark 1.12. By equation (1.22), if ¢ € I'(A*T™ M) is a pure spinor, then
Y a(p) is also a pure spinor and

Ne(Za(p) = T(Ny(p)).

In particular, ¥ leaves Ny (¢) invariant if and only if ¥4 preserves the pure
spinor line generated by .

Example 1.13. Consider the canonical Lagrangian subbundle p*T*M C
E. By Example 1.4, Uy(p*T*M) = det(T"M). For any A € Aut(F), one
can directly check that 3 4(det(T*M)) = det(T* M), which implies that A
preserves p*T*M.
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The associated infinitesimal action of Der(E) on I'(A*T*M) is given by
(X,B)-a=Lxa+ BAa,

for (X, B) € Der(E) and a € I'(T*M).

In the covariant case, the element A = (¥,1) € Aut(F) acts on X €
A*TM by X7 (%) = i (i,—n X). If 1 preserves a volume form v € det(T*M),
then the isomorphism F,, (1.18) intertwines ¥ and 4.

2. Generalized reduction

2.1. Isotropic lifted actions. Let E be an exact Courant algebroid over
M and G be a compact, connected Lie group acting on M. For g € G, let
1y € Diff (M) be the corresponding diffeomorphism.

Definition 2.1 ([6]). A G-lifted action on E is a pair (A, x), where A :
G — Aut(F) is an homomorphism and x : g — I'(E) is a bracket preserving
map satisfying:

(1) for g € G, the corresponding automorphism A, covers tg;
(2) the infinitesimal action p : g — Der(F) associated to A admits a
factorization

g —2 Der(E)

Tad
I'(E)

The G-lifted action (A, x) is said to be isotropic if

(x(u),x(u)) =0, Vueg.

An isotropic splitting V : TM — E is said to be G-invariant if A, preserves
V, for every g € G. By compactness of GG, there always exist G-invariant
splittings for FE.

Example 2.2. Let H € Q3(M) be a closed 3-form. The map

(¥g)e O )
(2.1) g€ 9 < 0 ¥,

takes value in Aut(TM,[-,-]x) if and only if H is invariant. In this case,
A defines an homomorphism. The infinitesimal action p : g — Der(TM)
corresponding to A is given, for Y +n € T'(TM), by

p(w)(Y +n) = [urr, Y] + Luym,
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where ujs is the infinitesimal generator of the G-action on M corresponding
to u € g. The existence of bracket preserving map x : g — I'(TM) such that
p = ad o x is equivalent to the existence of a linear map & : g — Q(M) such
that

(i) p(u) = [ur +&(u), -] (& d§(u) — iuy, H = 0);
(ii) f([U, U]) = EuMﬁ(’u),

for every u,v € g. In this case, x(u) = wuny + &(u). Furthermore,
{x(u), x(u)) = 0 if and only if

(iil) 4y, &(uw) = 0.
Following [20], we call ¢ : g — QY (M) the moment one-form for (A, x).

Remark 2.3. By choosing a splitting V for E, any isotropic G-lifted action
(A, x) corresponds to an isotropic G-lifted action (Av, xv) on (TM, [-,-]#x),
where H € Q3(M) is the curvature of V. It follows from Proposition 1.6 that
if V is G-invariant, then (Avy, xv) is of the form considered in Example 2.2.
If &¢ 0 g — QY (M) is the moment one-form corresponding to Ay, then

(2:2) xX(u) = Vuy +p*év(u), Vueg.
Moreover,
(2.3) Evip(u) = &v(u) —iuy B, u € g,

is the moment one-form corresponding to Ay g, for B € Q%(M).

Equivariant cohomology. The obstruction to lift a G-action on M to an
isotropic lifted action on TM lives on the equivariat cohomology of M.
Indeed, let

Qc(M) = (S(g*) © UM))®

be the Cartan model for the equivariant cohomology of M and dg :
Qa(M) — Qc(M) be the Cartan differential (see [15]).

Proposition 2.4 ([6]). Let H € Q3(M) be a closed form and let A be the
map (2.1). There exists a map x : g — T'(TM) such that (A, x) defines
an isotropic G-lifted action A on (TM,[-,-|g) if and only if there exists
¢ € SYg*) @ QY (M) such that H+ & € Q%,(M) and dg(H + &) = 0. In this

case, £ is the moment one-form of (A, x).

The next lemma (proven in Lemma 8 of [21]) provides an useful tool to
simplify the description of an isotropic G-lifted action. In what follows, we
will extend a bit our setting by considering an invariant submanifold N of
M on which G acts freely; denote by j : N — M its inclusion.
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Lemma 2.5. Suppose that G acts on N C M freely and let § € QY(N, g)
be a connection. Let H € Q3(M) be a 3-form and £ € S1(g*) ® QY (M) such
that H + & € Q3(M). If dg(H + &) =0, then

(2.4) B(X,Y) = {£(0(Y)),0(X)n — X) + (£(6(X)),Y),

for X, Y € T,N, x € N, defines an element of Q*(N)C such that
tuy B =j"¢(u), Vuceg.

In this case, j7*H + dB = j*(H + &) + dgB is a basic 3-form on N.

Definition 2.6. Let (A, x) be an isotropic G-lifted action and V : TM — E
an invariant isotropic splitting. We say that xv : g — I'(TM) is purely
tangent on N if

(2.5) j*éy = 0.

In other words, yv is purely tangent on N if it is given by vector fields up
to restriction to N.

Remark 2.7. Let V be any invariant splitting for which xv is purely tan-
gent on N and let H € Q3(M) be its curvature. One has that

da(j"H) = da(j"(H + &v)) = 0.

Hence, j7*H is basic on N. The existence of such splittings follows directly
from Lemma (2.5). Indeed, if V is any invariant splitting, then V = Vo—i-E ,
where B € Q2(M)% is any invariant extension of (2.4) (e.g., obtained by
choosing an equivariant tubular neighborhood of N), turns xv into a purely
tangent action on N.

2.2. Reduction of Dirac structures. Let E be an exact Courant alge-
broid over M and G a compact, connected Lie group. At the outset, let us
fix an isotropic G-lifted action (A, x) on E and suppose we are given an
invariant submanifold of M, j : N — M, on which G acts freely. For x € N,
define

(2.6) Ky = {x(u)(z)|u € g} + p"(Ann (T;N)) C E,
Lemma 2.8 ([7]). K is an equivariant isotropic subbundle of E|y.

For a proof, we refer to Proposition 2.3 in [7] (note that in their case,
N = u~1(0), where 1 : M — b* is an equivariant map and b is a g-module.
With this in mind, the proof is exactly the same). Note that, as A4 preserves
(-,), for all g € G, K+ is also equivariant.
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Remark 2.9. If we are given an invariant splitting V for which yv is purely
tangent on N, then, by (2.2),

K = {Vun|u € g}y @ p*(Ann (T'N))

Using the isotropic subbundle K, we can define an exact Courant alge-
broid over the quotient manifold M;.q = N/G.

Theorem 2.10 (Bursztyn—Cavalcanti—Gualtieri [6]). Let Eoq be the
bundle over Myeq defined by

KJ_

Brd = ~— / .
17K
The bilinear form (-,-), the anchor map p : E — TM and the bracket [-, -]
on T'(E) induce a bilinear form (-, )red, an anchor preq : Ereq — Myeq and a

bracket on I'(Eyeq) which turn Eieq into an exact Courant algebroid.
It is exactly inside E,.q where the reduced Dirac structures will be found.

Theorem 2.11 (Bursztyn—Cavalcanti—-Gualtieri [6]). Let L C E be an
invariant Dirac structure. If Ly N K has constant rank, then

LNnNnK+*+ K

2.7 Lyeq =
(2.7) d I

G C Ered

defines a Dirac structure.

The main purpose of this work is to understand the relation between the
pure spinor line bundles of L and L,.q. For this, we shall need a better
description of Lyeq. First, let us describe the anchor p..q and the bilinear
form (-,)yeq. Let ¢ : N — Mq be the quotient map and = € N. For
k* € K, let [k* 4 K] denote its G-orbit in Eyeqlq()- For ki, k3 € K- and
n e T;(I)Mred7 one has

(2.8) ([ki + K], [ky + K])rea = (ki k3)
and
(2.9) Prean = [P*dgin + KJ.

Remark 2.12. For (2.9) to make sense, one should choose a right splitting
for

0 — Amn (T,N) — T*M Y5 T*N — 0

in order to consider dgin as an element of T M. Note that (2.9) does
not depend on this choice, as any two splittings differ by an element of
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Ann (T, N) and p*Ann (T, N) C K. In the following, we shall implicitly
assume such a right splitting is chosen.

Fix an invariant splitting V for which yv is purely tangent on N. We
claim that V(T N) C K. Indeed, let X € TN and &y : g — Q1(M) be the
moment one-form of (Ay, xv). A general element k € K has the form (see

(2.6)),
k= Vuy +p*(§v(u) +n),
for u € g and n € Ann (TN). Hence,

(VX k) = (VX, Vuy +p*(&v(u) + 1)) = ix(Ev(u) +n1) =0,
as j*(&v(u) +n) = 0. This proves that VX € K.

Lemma 2.13. Let V be any invariant splitting and let § € QY(N,g) be a
connection on N. Define Vieq : TMreq — Freq by

(2.10) Vieadq(X) = [VX + p*ixB + K], X € TN,

where B € Q?(N) is given by (2.4) for £ = &y. One has that Vieq is an
isotropic splitting for Eyeq. Moreover, its curvature Hyeq € Q3(Mred) is deter-
mined by

(2.11) §*Hreq = j*H + dB,

where H is the curvature of V.

Proof. First of all, note that V,.q is well-defined. Indeed, as
VX +p'ixB+ K = (V+ B)X + K,

for any invariant extension B € O?(M) of B, the result follows from
Remark 2.7. Now, we have to prove that preq © Vieqa = id and Vieq(T'Mieq)
is a Lagrangian subbundle of E..q. For this, let z € N, X € T,N and
ne T;(m)Mredv

n(dgz(X)) = (p*dgzn, VX + p*ix B)
= ([p*dgin + K|,[VX + p*ix B + K|)1ed
= (Prea’ls Vred gz (X))
= 1(Pred © Vied dqz(X)).
As n and X are arbitrary, it follows that Vieq o preq = id. The fact that
Vied(T'Meq) is isotropic is a direct consequence of (2.8) and (2.10). For

a proof of the last statement, see Proposition 3.6 and the discussion after
Proposition 3.8 in [6]. O
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We are now able to give an alternative characterization of L,.q for L C
FE an invariant Dirac structure. As before, fix an invariant splitting V, a
connection 6 € Q1(N, g) and let B € Q%(N) be defined as (2.4) for £ = &y.
For x € N, define

(2.12) Bj(Le) = {X +dj’B —ixB € T,N|VX +p*B € L,}.

Proposition 2.14. Letx € N and Y +n € T,y Myeq- One has that

q(z)
Y =dq, (X) ;

ViedY +pign e L, <~ 33X €T,N s.t.
a¥ + Prea € Liedlyta) ¢ {X +dgin € Bj(Ly).

Proof. The proof follows from a straightforward application of the relevant
definitions. Let X’ € T, N such that dg,(X’) = Y. From the definitions of
Dred (2.9) and Vieq (2.10), one has

vredY + p;ked n= [VX/ + p* (iX’B + dq;n) +K]

kl

From the definition of Lyeq (2.7), it follows that
ViedY + Prea M € Liedlg(z) <= Ik € K, such that kt+ ke L,.

By Remark 2.9, & = Vupy|, + p*(ixB + «), for some u € g and
a € Ann(T,N) (because xvip is purely tangent on N). Define X =
X' +un(z) € TyN and 8 =ixB +dgin+ a € T M. Then,

VX +p'B=kt+kelL,.

Now, observe that dg,(X) = dg,(X’) =Y. Also, as a belong to Ann (T, N),
one has dj;3 —ix B = dq;n as we wanted to prove. O

Remark 2.15. Proposition 2.14 allows us to relate the reduction procedure
of [6] with the one developed by M. Stienon and P. Xu in [26]. Indeed, using
an invariant splitting V for which yv is purely tangent on N to identify
E with TM and E..q with TM,.q, Proposition 2.14 shows that Leq is the
same reduced Dirac structure as defined in [26].

We finish this subsection by providing an interpretation of Proposi-
tion 2.14 using the notion of forward Dirac map.
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Definition 2.16 ([8]). Let M;, Ms be manifolds and H; € Q3(M;), i = 1,2,
be closed 3-forms. Let L; € (TM;, [, ]x,;),¢ = 1,2, be Dirac structures. A
map f : (My,Hi,L1) — (Ma, Ha, Lo) is said to be forward Dirac map if ,
for x € My,

Lol ¢y = {dfe(X) +n € Ty M2 | X +dfyn € L.}

We further assume that f*Ho = Hj.

Given L C F an invariant Dirac structure, we choose an invariant splitting
V for which v is purely tangent on N and let H € Q3(M) be its curvature.
If Bj(L;) is smooth as a vector bundle, it defines a Dirac structure with
respect to the j*H-twisted Courant (see [12]). It is called the restriction of
L to N. In this case, Proposition 2.14 says that

q:(N,7"H,Bj(L)) — (Mred, Hreds P,y (Lred))

is forward Dirac, where Hyoq € Q3(M,eq) is the curvature of V,eq and Oy
Eieq — TM,eq is the identification (1.5).

3. Reduction via pure spinors

Let E be an exact Courant algebroid over M and G a compact, connected
Lie group acting on M. As usual, we consider an invariant submanifold
N C M on which G acts freely and an isotropic G-lifted action (A, x) on E
with inclusion 5 : N — M and quotient map q : N — M,q. Let L C FE be
an invariant Dirac structure. Throughout this section, we fix this reduction
setting and proceed to investigate the relation between the pure spinor line
bundles of L and Lyeq.

3.1. Interlude

3.1.1. Linear algebra. In the following, let us fix an invariant splitting V,
a connection 6 € Q(N, g) and let B € Q%(N) be the 2-form (2.4) for £ = &y .
We begin by giving a more detailed description of Uy(L,). Let S, C T, M
be the image of L, under the anchor map p. Define ws € A2S* by

(3.1) ws(X,Y) = £(Y),

where £ € T M is such that VX + p*¢ € L,. The fact that L is isotropic
implies that w is antisymmetric.
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Remark 3.1. Definition (3.1) does not depend on the choice of ¢. This
follows from the fact that, for every p*n € L, N p*(Ti M),

nY)=0, VY eS,.

Proposition 3.2 ([11]). Let 0 # Q € det(Ann (S;)) C A*T;M. One has
that

(3.2) =€ “NQ

is a non-zero generator of Uy (Ly), where w € N*T}M is any extension of
ws.

Note that as L is isotropic, we have
(3.3) Ann (S;) = L, np*(T; M).

In the covariant case, there is a analogous description of U%p (Lg) obtained
by exchanging T M with T, M. In this case, the covariant pure spinor line
of L, is generated by e™™ A X, where m € A2T,, M is a bivector and 0 # X €
det(L, N VT, M).

We are now able to relate the pure spinor line bundles of L and L;eq
at the linear algebra level. Recall the isotropic subbundle K C E|y (2.6)
associated to the isotropic G-lifted action (A, x).

Theorem 3.3. For ¢, € Uy(L,),
(3.4) w, = dgy o Foe® ANdjlps) #0 e L, N K, =0,
where Fp : ATy N — AT, N is the star map (1.20) corresponding to p €
det(T,N). In this case, w, is a generator of the covariant pure spinor line
vared (Lred|q(m)) .

We need a lemma first. Recall the definition (2.12) of Bj(L;) C T;N.
Lemma 3.4. For ¢, € Uy(L,), one has

djrpy #0< Ly Np*(Ann (T, N)) = 0.

In this case, eB A djf, is a generator of the pure spinor line U(Bj(L,)).

We refer to Proposition 1.5 in [1] for a proof.
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Proof of Theorem 3.3. Let us first suppose that djie, # 0. By (1.19) and
Lemma (3.4), Fy(eP A djip,) is a covariant pure spinor for Bj(L,). So,
Fo(eB Adjtps) = e ™ A X, where X € det(Bj(L,) NT,N) and m € A2T, M.
Hence,

w;p =dq, o fp(eB A d];‘pm) =0« dQ:c(%) =0« %j(La:) N ker(de) # 0.

By the definition of Bj(L,) (2.12), one has that uy(x) € Bj(L,)Nker(dq,),
for u € g, if and only if there exists # € Ann (T, N) such that Vuy(x)+p*s €
Ly and dj; 8 = iy (2)B- By construction, i, () B = djz&v(u), which implies
that 5 — &{v(u)|y € Ann (T, N). Therefore,

qu(x) —i—p*,B = XV(U)‘I +p*(ﬁ - €V(u)‘z) € L,NK,.

This proves (3.4). Now, let us show that the assumption that dj}¢, # 0 can
be dropped. If @, # 0, then dji¢, # 0 and the argument above implies
that L, N K, = 0. On the other hand, if L, N K, = 0, then, in particular,
L,Np*Ann (T, N) = 0 which implies, by Lemma 3.4, that dj}¢, # 0. Again,
the argument above proves that o, # 0. This concludes the proof of (3.4).

To prove that 0 # @, generates Uy, ,(Lred), let (Y,71) € Ty(z)Mreq such
that e := VieaY + pl g0 € Lrea- By Proposition 2.14, there exists X € T, N
such that Y = dg,(X) and (X, dq}n) € Bj(Ly;). Therefore,

H(§red(e)w;p =YA w;p + inw;p
= dqo(X N Fp(€” Ndjipa) + iagen Fp(e” N dites))
=0,

as Fp(djips) is a covariant pure spinor for B;(L;). This proves that w,
belongs to U%pred (Lyed|2) as we wanted. O

In order to obtain a contravariant pure spinor corresponding to Lyeq, we
have to choose, besides p € det T, N, an element v € det(T;‘(gc)Mred). In this
case,

@y = Fowy ) = Fy 0dgy o FoleP Adjkps) € A TyiwyMiea

is a contravariant pure spinor for Lred|q(z)7 where F, @ ATy Myea —

/\.T;(x)Mred is the Fourier-type map (1.18). Consider

det(TN) ® det(T7, Mea) — End (NT;N, /\'T;(x)Mred)

(p,v) —  F,0dgy o Fp.
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Under the isomorphism between det(T, N) @ det(T""

q(x)Mred) and det(ker dg,)

given by
POV 6y = (—=1)"") F(dgiy),

where n = dim(N) and r = dim(G), F, o dg, o F, corresponds to a map
Cs, given only in terms of J,. To see the expression of Cs, , fix a basis
{€,...,€"} of Tf N such that {¢1,...,6""} generates Ann (ker dg,). Any
element of A*T; N is a sum of forms of the type

dgta e, T={ii<---<igtc{n—r+1,---,n}, a € Ty Myea.
The map F, o dg, o Fy is equal to

C&I . /\.T;N i /\.Tq(ac)Mred
0, ifI#{n—r+1,--- n}
(ig16,) o, ifI={n—r+1,- n}.

(3:5) dgta N gD —s {

For future reference, we state the contravariant version of Theorem 3.3.

Theorem 3.5. For ¢, € Uy(Ly),
we = Cs, (P Ndjip,) #0 < L, N K, =0,

where Cs, : N*TiN — A'T;(x)Mred is the map (3.5) corresponding to 0, €
det(ker(dqy)). In this case, w; is a generator of the contravariant pure spinor
line Uvred(Lred‘q(m))'

3.1.2. Push-forward. As G acts freely on N, the quotient map ¢ : N —
M.oq is a G-principal bundle. By assumption, G is a compact, connected Lie
group and, therefore, we can consider the push-forward map

G+ UN) — Q(Mreq)-

We recall its definition. Let U C M,eq be an open set such that N| ) is
trivial and let prg : N|q71(u) — G be the projection on the fiber. Locally,
any differential form on IV is a sum of two types of differential forms:

v e Q(G), type (I);

*B A pre , h GQMre d
fq" B nprgy, where § € Q(Mieq) an {yEQk(G),k<T, type (II)
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with f € C®(¢~}(U)) and r = dim(G). The push-forward g, : Q(N) —

Q(M;eq) is locally defined by

(36) azfq*ﬂ/\pr*l/*—> (fo(ag)V) 67 lfQIStype (1)7
' “ 0, if o is type (II).

Alternatively, one can see the push-forward map as a composition

(3.7) QN) E5 T A® T* Mye) 2 Q(Myea).

The first map is induced by the bundle map Cs : A*T*N — ¢* A* T M,eq
defined pointwise by (3.5), where ¢ € I'(det(kerdq)) is the image of some
fixed element d5 € A"g under the natural extension

(3.8) v:A'g— T(A"TN)

of the infinitesimal action v : g — I'(T'N). The second map is defined locally
as

fa— </G f(,9) yL) a, a€l(A*T*"Mealu), f€ C>®(¢ Y U)),

where vF € det(T*G) is the left-invariant volume form such that
ig,vi(e) = 1.

3.2. Main Theorem

3.2.1. Transversal case. Recall the reduction setting fixed in the begin-
ning of Section 3 and consider an invariant splitting V : TM — E. Define a
G-action on A*T* M by composing A : G — Aut(E) with the (V-dependent)
action ¥ : Aut(E) — End (A*T*M) defined by (1.21). As V is invariant, this
G-action on A*T*M is just the pull-back by go;_l, g € G. The fact that L is

invariant implies that Uy(L) is G-invariant (see Remark 1.12).

Theorem 3.6. Let 6 € QY(N,g) be a connection and consider B € Q*(N)
given by (2.4) for & = &y. Let ¢ be a nowhere-zero invariant section of
Uv(L)|n over an invariant open set V C N. One has that

(39) Pred = Q*(eB A 3*90)

is a section of Uy, (Lrea) over V/G. For x €V, ¢redlq@) =0 L: N Ky #
0. In particular, if Ly N K =0, then @peq is nowhere-zero.
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Proof. First note that, by (1.16), e® A j*¢ is an invariant nowhere-zero
section of Bj(L) over V. Now, choose 64 € A"g and consider its image
d € I'(det(ker(dg))) under the extension (3.8) of the infinitesimal action.
Let C5: A*T*N — ¢* A®* T*M,q be the associated map given pointwise by
(3.5) and consider the section 6 of the pull-back bundle ¢* A® T* M,eq over
V defined by

w, =Cso0 dj;(eB N @z) € N TygyMrea, = € V.

By Theorem 3.5, w, € Uvmd(Lred|q(aj)) and w, =04 L, N K, # 0. The
result will follow if we prove that (red|q(z) = A @z, for some A € R\{0}. For
this, note that if w, = w,, for y and z in the same G-orbit, then, by (3.7),

Predlg@) = 07 N J* o) = 15(@)lg(a) = (/G VL) @a

where v is the left-invariant volume form on G such that is v (e) = 1.
To prove that x — w, is constant on G-orbits, let us first relate J, and
0z, for y = 9y(x), g € G. By the well-known formula,

un (y) = dipg(Adg-1(u))n (),
it follows that &, = di), (0 ), where & € I'(ker(dg)) is the image of
gg = Adgfl((‘)-g) = det(Adgfl)dg eN'g

under the natural extension (3.8) of the infinitesimal action. As G is compact
and connected, det(Ad,-1) = 1. Therefore,

(3.10) by = dibg (52).

The result now follows directly from the definition (3.5) of Cs and from the
relation ¢, = dw;,lgom. O

Remark 3.7. If 61,0, € QY(V,g) are two connections, then By — Bs is a
basic 2-form. Let B € Q%(M,.q) be such that ¢*B = By — Bs. So,
p1=ge 0 (ef N jp) = qu(e PP NP2 A R p) = P Ao,

3.2.2. Non-transversal case. To have a completely general description of
the pure spinor line bundle of L,.q, we have to tackle the case where L|yNK
has non-zero constant rank. We cannot apply Theorem 3.6 directly in this
case, as the reduced pure spinor will be identically zero. We give a simple
example illustrating this.
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Example 3.8. Let F be a foliation on M and consider a submanifold N C
M. By considering a trivial Lie group G = {e} acting on M and the Dirac
structure L7z (see Example 1.4), these data fit into our reduction setting.
The isotropic subbundle K C TM|y (2.6) is just Ann (T'N) and Lrr N K
has non-zero constant rank if and only if the foliation F intersects cleanly, but
not transversally, with N. For any ¢ € U(Lrr) = det(Ann (T'F)), formula
(3.9) gives

Pred = ]*90

which is identically zero as Ann (T'F) N Ann (T'N) # 0. Observe that, in any
case, the reduced Dirac structure is well-defined: (L7r)red = LrrarN-

Our approach to circumvent this problem of non-transversality is to
pertub our original Dirac structure to obtain the transversality condition
Ly N K = 0 in such a way that the reduced Dirac structure remains the
same.

Definition 3.9. Suppose L|y N K has constant rank. A pertubation input
for (L, K) is an invariant isotropic subbundle D C E|y for which

(3.11) (LinNK)t @ D = E|y.
Note that if (L, K) satisfies the transversality condition L|y N K = 0,
the only possible pertubation input is the zero subbundle. Let us prove that

pertubation inputs always exist.

Lemma 3.10. Assume L|ny N K has constant rank and let F C E|n be any
invariant complement to (L|y N K)*. One has that

1
(3.12) D= {e—er\eeF}

is a pertubation input, where A : F' — L|ny N K is defined by the composition

e—(e)|r

('7')’171
F F* LiyNK.

Proof. Let us first prove that A is well defined. For simplicity, call Kj =
L|y N K. By assumption, it is an invariant isotropic subbundle of E|y. As
G is compact and preserves (-, -), there always exists an invariant subbundle
F C E|y such that K @ F = E|y. As

0= (K ®F)r =K, nF*
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the bundle map (-,-)% : K;, — F* given by (-,-)¥(k) = (k,-)|r is an iso-
morphism, so A is well-defined. It clearly satisfies (Ae, k) = (e, k), for
(e,k) € F xn Kr. Hence, for (e1,e2) € F Xy F, one has

1 1 1
<€1 — 51461,62 — 2A62> = <61,62> — 5((61,A€2> + <A€1,62>) =0.

This proves that D is an isotropic complement to K. It remains to prove
that D is invariant. For g € G, let Ay = (¥,,1)4) € Aut(E) and z € N. For
e1 € Fy, e2 € Fy (y), it follows from the invariance of F" and (-, -) that

(A(Tg(e1)), e2) = (Yq(e1), e2)
e1, Yy-1(e2))
Aler), Ug-1(e2))

Uy(Aler)), e2).

By the non-degeneracy of the form, it follows that Ao ¥, = ¥, 0 A. This
proves that D is invariant as we wanted. O

=
=
=
=

As the name suggests, we shall use a pertubation input D for (L, K) to
pertub L|x in order to obtain a Lagrangian subbundle Lp C F|y satisfying
(i) Lp is invariant and Lp N K = 0;
(i) LpNK+*+K=LNK'+K;
(iii) the passage from L to Lp is computable in the pure spinor level.

The pertubation of L|y is defined by
(3.13) Lp:=L|xND*++D.
Note that if Ly N K =0, then Lp = L|n.

Proposition 3.11. Suppose L|y N K has constant rank and let D C E|y be
a pertubation input for (L, K). The subbundle Lp C E|N defined by (3.13)
is Lagrangian and satisfies conditions (i) and (ii) above. Moreover, let ¢ be
a nowhere-zero section of Uy (L|n) over some open set V C N, where V is
any isotropic splitting for E. Suppose further that there exists a section 0 of
det(D) over V. Then

(3.14) vp =y (2)p
is a nowhere-zero section of Uy(Lp) over V.

Remark 3.12. For any = € N, the relations (1.11) and the fact that D, is
isotropic imply that the subalgebra of Cl(E,) generated by D, is isomorphic
to A®*D,. In this way, we can consider det(D,) C CI(E,).
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Proof. Tt is clear that Lp is invariant as both L|y N D+ and D are invariant
subbundles of F|y. The fact that Lp is Lagrangian follows from

Lp =[(L|y + D)n Dt
Indeed, one has
L =(LIn+D)NnDt=L|ynD*+D=Lp.

To finish the proof of (i), note that (L|xy N K)+ND = 0 implies (L|y NK)®
D+ = E|y; this in turn implies that

(3.15) Ly = (LInNK)® (L|y N DY),
So,
Ely=LNnNK)*+D=K*+L|x+D

3.15
O KL 4 (LyNK + Ly N DY)+ D

=K'+ LINnNK+Lp
=K+ Lp.
Hence,
LpNK=(Lp+KHt=El =0,
by the non-degeneracy of (-,-). As for (ii), by (3.15),
LN+ D=LINNK+LynD'+D=L|yNK + Lp,
which implies that Lp + K = L|y + D + K. Thus
LpNKt=(Lp+K)r=(LIn+D+K)* cLiynK*.
So,
LpNK+*+KcCcLynKt+K,

and, as both subspaces are Lagrangians, they have the same rank equal to
dim(M). This proves (ii). It remains to prove that ¢p is a nowhere-zero
section of Uy(Lp). Let x € V and {dy,...,d;} be a basis of D, such that
0, =d;N---Ady. For j =1,...,1, define

Dl = span{dy,...,d;}, I =L,nD+ 4+ DI

and

ng :Hv(dj/\---/\dl)goz.
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We shall proceed by induction. For j =1,
(pl = Hv(dl)g&z =0&dy € L,

As L, N D, =0 and d; # 0, it follows that o' # 0. For any e € L, N D'+,
using (1.11), one has

Iy (e)p! = (e, d1) o — My (di)Ily(e)pz = 0.

Also,
Iy (d)¢" = v (df)ps =0,
as df = 2(dy,d;) = 0. This proves that ¢! € Ug(L') as we wanted. Assume
now that 0 # ¢/~ € Uy (L/~1), for some j € {2,...,1}. Then
¢ =lly(dj)p’ ' =0&d; € LI}
= Elal,.:.,aj_l € Rs.t. d;
— Sl ad; € L, N DI71L

As L, N D, = 0, it follows that if ¢/ = 0, then d; = 7| a;d;, which
is absurd as {di,...,d,} is linearly independent. Hence, ¢’ # 0. For e €
L, N DL using (1.11), one has
Iy (e)¢’ = Z(—l)ﬂ_%e, di)lIg(dj -+~ di—1dit1- - d1)pa
i=1
+ (=1 Ty (d; - - - di)g(e) s
=0.

For any i = 1,...,7, using (1.11) again and the fact that D is isotropic,
didj---dy = (_1)j—i+1dj . “di—ldi2di+1 cedp = 0.

Hence,

So, ¢’ € Uy (L?) as we wanted to prove. The result follows from the obser-

vation that ¢! = ppl, and L' = Lp|,. O

Remark 3.13. The map

Uv(L|y) ® det(D) — Uv(Lp)
PR — Iy ()

is a G-equivariant isomorphism, where G acts on det(D) via CI(V,), for
g € G and it acts on pure spinor lines as explained in the beginning of
Section 3.2.1. This follows from (1.22).
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The next example shows how this pertubation procedure works in the
case of Example 3.8.

Example 3.14. A possible pertubation input for (L7z, Ann (T'N)) is any
distribution D C T'M|y such that (TF|y+TN)®D = TM|y. The pertubed
bundle Lp is

Lp= (T.'F|N—|—D)@AIID(T]:|N+D).

The distribution T'F|x + D is now transversal to TN and (TF|y + D) N
TN =TF|y N TN. The pertubed pure spinor is

YD = Z.D(P’

where 0 € det(D). Note that the contraction with 9 kills all covector which
lies in Ann (T'N) and, hence, j*¢p # 0.

We are now able to state our main theorem in its most general form. As
usual, fix an invariant splitting V for E and a connection 6 € Q!(NV, g).

Theorem 3.15. Suppose L|y N K has constant rank and let D be the per-
tubation input for (L, K) given by (3.12). Let ¢ be a nowhere-zero invariant
section of Uy (L)|n over an invariant open set V C N and suppose there
exists an invariant section ® of det(D) over V. One has that

(3.16) Pred 1= q: (e A j* Ty (0))

is a nowhere-zero section of Uy (Lyeq) over V/G, where B € Q?(N) is the
2-form given by (2.4) for £ = &y.

Proof. Define pp := Iy (0)¢. As ¢ is a nowhere-zero section of Uy (L) over
V), Proposition 3.11 together with Remark 3.13 says that ¢p is a nowhere-
zero invariant section of Uy (Lp) over V, where Lp = L|y N D+ + D. As
LpNK =0and V is (A, x, N)-admissible, Theorem 3.6 guarantees that

Q*(eB A j*SOD)

is a nowhere-zero section of Uy, ,(Lp, red), where

LpNK++ K
LD,red: DI{/G

Now, as Lp N K+ + K = LIy N K+ + K, we have that Lp, red = Lyed- The
result now follows from (see (1.15)). O
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Remark 3.16. Under the assumptions of Theorem 3.15, if D' C E|y is
another pertubation input for (L, K) and o’ € det(D’) is an invariant section,
then

g:(e” A v (0)¢) = ge(e” A Tv (0)p),
where f € C°°(M,eq) is such that ¢* f = det(prp,|p,) and prp, : E|xy — D2
is the projection along L|y N K.
4. Applications

4.1. Generalized Calabi—Yau reduction. Let E be a Courant algebroid
over M and consider its complexification E¢ = F ® C. By extending C-
bilinearly both the metric and the Courant bracket, we can study the
Lagrangian subbundles of E¢ whose sections are closed under [-,-]c. We
call such Lagrangian subspaces complex Dirac structures on M.

Definition 4.1 (M. Gualtieri [14], N. Hitchin [16]). A generalized
complex structure on M is a complex Dirac structure L C E¢ such that

(4.1) LNL=0,

where L is the conjugate subbundle. A general Lagrangian subbundle L C
E¢ such that (4.1) holds is called a generalized almost complex structure.

A generalized almost complex structure L C E¢c on M can be equivalently
described (see [13,14]) by a bundle map J : E — E such that J? = —Id
and (J-,J-) = (-,+). Under this description, L is the +i-eigenbundle of 7,

(4.2) L={e—iJe|ec E}.
The integrability of L is equivalent to
[Ter, Tea] — [er,e2] — T([Ter,e2] + [er, Tea]) =0, Ve, e2 € T(E).

It is straightforward to extend the definition of pure spinor line bundle
for the case of a generalized complex structure L so as to have a complex
line bundle Uy (L) C A*T*M & C over M.

Definition 4.2. A generalized Calabi—Yau structure on M is an almost gen-
eralized complex structure L C E¢ such that Uy (L) has a global nowhere-
zero section ¢ such that

(4.3) drp =0,

where H € Q3(M) is the curvature of V and dy is the H-twisted differential.
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Remark 4.3. Note that equation (4.3) implies that L is integrable because
of (1.17).

Example 4.4 ([14,16]). Let J : TM — TM be an almost complex struc-
ture on M and H € Q% (M). Consider J : TM — TM given by

(4.4) J = (_OJ ;) .

The corresponding almost generalized complex structure (4.2) is
L="Ty1®Ann (T, 1)

and its pure spinor line bundle is A9T*M. L defines a generalized Calabi-
Yau structure if and only if the canonical line bundle A™%T*M has a global
nowhere-zero closed section ¢ and H € Q39(M). This implies that J is
integrable; moreover, both ¢ and H are holomorphic.

The next example shows how a symplectic structure can be seen as a
generalized Calabi—Yau structure.

Example 4.5 ([14,16]). Let (M,w) be a symplectic manifold. Define 7 :

TM — TM by
0 Wy L
J = :
—wy 0
The corresponding Lagrangian subbundle (4.2) is

L={X+iw(X)|X e (TM)®C};

its pure spinor line bundle is generated by e~ € T'(A*T*M) ® C, which is
nowhere-zero and closed.

In [6], Theorem 2.7 is extended so as to encompass complex Dirac struc-
tures L C Ec. More specifically, if L|y N K¢ has constant rank, then

L\NﬂKé—l—K@/G

L red — K(C

defines a complex Dirac structure on (E¢)req, where K¢ = K ® C is the
complexification of the isotropic subbundle (2.6). It is also proven in [6] (see
Lemma 5.1 therein) that if L is the +i-eigenbundle of a generalized complex
structure J : E — E, then

(4.5) LieaNLiea=0<= JKNK* CK.
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In what follows, fix an invariant generalized Calabi—Yau structure L C E¢
on M which is the +i-eigenbundle of 7 : E — E and a (A, x, N)-admissible
splitting V. We now study conditions on L which guarantees that L,.q is a
generalized Calabi—Yau structure on M;q. A general theorem in this respect
should address two questions:

(1) Does Uy, (Lyea) have a nowhere-zero global section ¢yeq?
(2) Is ¢rea closed under the Hieq-twisted differential dy, 7

With respect to the first question, we have the following proposition relat-
ing the first Chern classes of Uy (L) and Uy, (Lyed)-

Proposition 4.6. Suppose LIy N K¢ has constant rank. The Chern classes
of Uy(L) and Uy, ,(Lyea) are related by

(4.6) €1(U¥,e4 (Lrea)) = c1(Uv (L|n)/G) + er(det(L|y N Ke)*/G).

Proof. Choose a pertubation input D C E¢|y for (L, K¢). Let {W,} be a
open cover of My.eq such that Uy (Lp)/G is trivial over each W,. By choosing
invariant sections ¢, € I'(Uv(Lp)[4-10m,)), the corresponding cocycle gqp :
g 1 (Wa N W5) — C* satisfies

9o = Jap © 4
where {gng} is a cocycle for Uy (Lp)/G. By Theorem 3.4, one has that
Pa,red = ¢+ (§"Pa)
is a nowhere-zero section of Uy, , (Lyeq) over W,. Hence, over W, N W3,
Pa,red = ¢+ (7" 0a) = ¢:(a"Gap 57 08) = Jap @ (" 08) = Gap B, red;

which proves that {gag} is also a cocycle for Uy, ,(Lyed). For a partition of
unity {ps} subordinate to {W,}, one has

(U (Lnea) b, = =5 3 d(pr d10g 50) = e1(Us (L) /G,

2mi >

This shows that ¢1(Uy,,,(Lred) = ¢1(Uv(Lp)/G). By Remark 3.13, one has
that

Cl(Uv(LD)/G) = Cl(Uv(L’N)/G) + Cl(det(D)/G).

The result now follows from the fact that the map D > e — (e,-) € (L|y N
K¢)* is an G-equivariant isomorphism. O
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Let us give an example illustrating the role of quotienting out by G in the
right-hand side of (4.6).

Example 4.7. Consider M = C? and its canonical complex structure J :
TM — TM. Let S* act on M by

e (21, 29) = (€921, € 2)

and lift the action to (TM, [-,-]x) with zero moment one-form and H = 0.
Consider the invariant submanifold N = S3 and let K be the associated
isotropic subbundle of TM |y given by

K = {up|u€s'}y®Ann(N).

The generalized complex structure J (4.4) corresponding to J is S'-
invariant,

U(T) = ANT*M
admits a global nowhere-zero closed section given by ¢ = dz; Adzs. Hence J
is generalized Calabi-Yau. It also satisfies 7K N K+ = 0, which implies the
transversality condition L|y N K¢ = 0. The reduced generalized complex

structure Jyeq is just the usual complex structure on CP'. In this case,
Proposition 4.6 says that

c1(A2OT*C2| g5 /81 = e (NLOT*CPY).

As ALOT*C P! has non-vanishing Chern class, it follows from Proposition 4.6
that although A2°T*C? has a nowhere-zero global section it does not admit
nowhere-zero S'-invariant sections.

The question related to the existence of closed sections is more subtle.
We give first steps toward answering (2).

Theorem 4.8. If JK N K+ =0 and Uy (L) has an invariant nowhere-zero
dgr-closed section @, then Lyeq is a generalized Calabi—Yau structure.

Proof. First note that L|xy N K¢ = {e —iJe|e € KNJK}. Hence, 7K N
K+ = 0 implies that L|y N K¢. By Theorem 3.4,

Pred = Q*(]*SO)

is a nowhere-zero global section of Uy,_, (Lyed). Now, as d commutes with g,
(see [3]), one has

dHred(Pred = (Q« (]*d()@) — Hieq N g« (.7*90)
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Finally, using that ¢*H,eq = j*H, one has that Hyeq A ¢x(j%¢) = g+ (5% (H A
¢)). Hence,

dHredSOred = Q« (]*dH(P) = 0.
The fact that Lyeq N Lreq = 0 follows from (4.5). O

Example 4.9. In the same setting of Example 4.7, note that by considering
the invariant open set Wi = {(z1,22) € C?|2; # 0}, instead of the whole
C?, we now have that U(J) = A2°T*W), has a nowhere-zero S'-invariant
closed section given by

1
Y1 = —del A dzs.

21

The corresponding nowhere-zero closed section of U(Jeq) over g(Wy) is

4 (3" p1) = dz,
where z : ¢(W;) — C is the coordinate

22
21 |21, 20) > =
21
In the case JK N K+ # 0, we have to put restrictions on the intersection
LIy N K.

Theorem 4.10. Suppose L|n N K¢ has constant rank and that Uy (Lp)
has an invariant nowhere-zero dy-closed section . If JK N Kt c K and
p: LIy N K¢ — ker(dq) ® C is an isomorphism, then Lyeq is a generalized
Calabi—Yau structure on Mieq.

Before proving Theorem 4.10, let us show how it recovers Nitta’s result
[23].

Example 4.11 ([23]). Consider the isotropic G-lifted action on (TM, [-,-])
of Example 2.2 with zero moment one-form and zero 3-form. Consider an
invariant generalized Calabi—Yau structure J : TM — TM and suppose
there exists an equivariant map p : M — g* (with respect to the co-adjoint
action) such that

(4.7) Jupy =dp”, Yueg.

Assume 0 is a regular value of p and take the invariant submanifold N =
p#~1(0). Now, (4.7) implies that

(4.8) L]0y N Kc = {(up +ivn, dp’ —idp®) |u, v € g},
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where L is the +i-eigenbundle of J. If one assumes, as usual, that G acts
freely on 4~1(0), then the restriction of pryy, to L,-1(9) N K¢ is an isomor-
phism over ker(dq) ® C. Moreover, as (4.7) implies that JK = K, it follows
that JK N K+ = K. This is exactly the setting in which Y. Nitta [23] per-
formed the reduction of generalized Calabi-Yau structures. We refer to [23]
to see applications of his result to Duistermaat—Heckmann type formulas for
generalized Calabi—Yau structures.

For the proof of Theorem 4.10 we shall need a Lemma concerning the
push-forward map.

Lemma 4.12. Let § € QY(N,g) be a connection 1-form on N and let
ker(f) := {X € TN|ix0 = 0}. For a basis {u',....u"} of g, con-
sider the decomposition 0 = Y _'_, 0;u’, where 0; € QY(N). One has that
01,0 = 01 A -+ A Oy is an invariant section of Ann (ker(0)) and

Q*(e[l,r]) :/ v,
G

where v € det(T*G) is the left-invariant volume form on G such that
iur/\,,,/\uU/(e) = ].

Proof. The fact that 0| ,) is invariant follows directly from the invariance of
0,

.
0,0 = Zé?i Adg_1(ui), g €@,
i=1

and the fact that det(Ad,-—1) =1 (as G is compact and connected). As for
the second statement, let U be an open set of M,.q such that 77_1(2/{) = UXG.
Consider the basis {&1,...,&.} of g* dual to {u!,...,u"}. Define «; := 6; —
pre; {f; it is straightforward to check that i,,a; = 0, for ¢ = 1,...,r and
u € g. Thus, by expanding

OLN---NO, = (a1+pr2~ff) JANRIERAN (OérﬁLpr*G&{l)v
we see that
01 A--- A0, = prg v+ forms of type (I])
The result now follows from (3.6). =

Proof of Theorem 4.10. First note that the hypothesis that p : L|y N K¢ —
ker(dq) ®C is an isomorphism implies that L|y N K¢ has constant (complex)
rank equal to dim(G). Let Lyeq C Ereq ® C be the reduced complex Dirac
structure. To find the pure spinor line bundle of L,q, we must use the
pertubative method of Section 3.2.2 as L|y N K¢ # 0. For this, let 6 €
QY(N, g) be a connection 1-form and choose an invariant complement QN C
TM|n for TN. Define

D = p*(Ann (ker(9) @ QN)) @ C.
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It is an invariant isotropic subbundle of E¢|y. We claim that D is a pertu-
bation input for (L, K¢) (i.e., (L|yNK¢c)® D+ = Ec|y). Indeed, let e € Ec.
Then

(e,57€) = 0, V€ € D £(p(e)) = 0, V€ € Ann (kex(6) & QN) & C
< ple) € (ker(f) & QN) ® C.

As p: L|ny N K¢ — ker(dg) ® C is an isomorphism and ker(dq) N (ker(6) &
QN) = 0, it follows that (L|y N Kc) N D+ = 0. Our claim now follows
from dimension count as dimc(L|y N K¢) = dime(D) = dim(G). Write
0 =>7_,0;u’, where {ui,...,u,} is a basis of g and extend 0; € Q(N) to
0; € T(A*T*M|n) by bilogn = 0. By Lemma 4.12, 0 := p*(01 A--- A 6,) €
I'(det(D)) is an invariant section. So, Theorem 3.15 gives that

Pred = Q*(]*HV(D)W) = Q*(el A= NO, /\]*30)

is a nowhere-zero global section of Uy, , (Lyed). We claim that j*¢ is a basic
form. Indeed, it is invariant by hypothesis. Now, let u € g and consider k,,
the unique section of L|x N K¢ such that p(k,) = upr. As V is (A, x, N)-
admissible, we have that

ku = Vun +p™n,
where 7 € Ann (T'N) ® C (see Remark 2.9). Hence, as k, € L|y,
0 =51l (ku)p = tuyJ 0 + "N A j ¢ = tuyi*e,

as we claimed. Let ¢g € Q(Mieq) be such that ¢*pg = j*p. By Lemma 4.12,
we have that

Ored = G(O1 A - NO- ANq"00) = (01 A -+ NOr) o = (/GV)%

where v is the left-invariant volume form on G such that iy,a...au, v(€) = 1.
Finally,

—1
</ V) ¢ (dgred — Hred N @red) = dq* 0o — ¢" Hyed N q" 00
G
=dj*o—j HNj ¢
=j"(dp —HNyp) =0,

which implies that dpyeq — Hyed A¢red = 0 (we have used that ¢* Hpeq = j*H,
see Remark 2.11). Hence, Uy,_, (Lyed) has a nowhere-zero global dg,_,-closed
section (preq. The fact that L..q is a generalized complex structure follows
from (4.5). This completes the proof. O
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4.2. T-duality. In this subsection, we explore the striking similarity of for-
mula (3.9) with the T-duality map introduced in [4]. More precisely, we show
how formula (3.9) gives an alternative explanation of the fact that the T-
duality map preserves pure spinors. This will be based on recent results
obtained by G. Cavalcanti and M. Gualtieri [9,10] relating T-duality with
reduction procedure of [6].

Let m; : P — N be a principal circle bundle with an invariant closed
integral 3-form H; € Q3(Py) and a connection 1-form 6; € Q'(Py). We have
identified s* = R in such a way that 7.0 = 1 (see Lemma 4.12). Define

co =T H € QQ(N)

and let ¢; € Q?(N) be the curvature of Py (i.e., 7*c; = df). There exists
h € Q3(N) such that

(4.9) H1:7TTCQ/\(91+7TT}L.

By general properties of the push-forward map, [co] € H?(N,Z). Therefore,
there exists a principal circle bundle 75 : P, — N with a connection 1-form
0 € Q(P,) whose curvature is co. Define

Hy = W;Cl ) +7T§h € Qg(Pz).

(Py, 02, Ho) is called the T-dual space corresponding to (Pi, 61, Hy). We refer
to [4] for the physical interpretation of T-duality and examples of T-dual
spaces (see also [10,24])

Given T-dual spaces (Py, 61, H1) and (P, 62, H2), define the correspon-
dence space to be the fiber product M = P xy P> of P and P,. The
natural projections q; : M — P; and ¢z : M — P», which make the diagram
below commutative,

M
41/ \42
Py Py
N
N

also give M the structure of a principal circle bundle over P; and P» respec-
tively. Let Qg1 (P;) be the space of invariant differential forms on P; and
consider the H;-twisted differential dg,, for i = 1,2. As H; is invariant, then

dp, restricts to Q(P;)S turning it into a differential complex (similarly for
dp, and Q(P)5").

Theorem 4.13 ([4]). Let B = q{6h A @30 € Q*(M). The map 7 :
QP di,) — (UP2), du,) defined by
(4.10) T=qso0eloq}

is an isomorphism of differential complezes.
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In the remainder of this paper, we give an alternative proof of the following
result

Proposition 4.14 ([10]). The T-duality map 7 (4.10) preserves pure
SPInorTs.

Proof. Consider the Courant algebroid E = (TM, [, [4:n,). It carries an
isotropic S'-lifted action (A, x), where A is defined by (2.1) (corresponding
to the principal circle bundle g2 : M — P,) and x : R — I'(TM) given by

x(1) = 1 + ¢565.

Take N = M as an invariant submanifold and note that ¢7f; defines a
connection on N such that the corresponding 2-form defined by (2.4) is
exactly B = qj01 A g502. It is now straightforward to check that the split-
ting Vied (2.10) for Fq = (K+/K)/G has curvature Ho and identify

Ereq with (TP, [, -] m,)- Let ¢ € Qg1 (M) be a pure spinor. One has that
qip € Qg1(M) is a pure spinor (see Proposition 1.5 in [1] for a proof) such
that

N(diy) = {(Y,dgin) € TM [dq1(Y) +n € N(p)}.

It follows that N (gfp) N K = 0. Hence, Theorem 3.4 gives that 7(p) =
q2+(eP A q*p) is a section of the pure spinor line bundle Uy, (N (¢F¢)red)
This shows completes the prove. O
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