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ON COHOMOLOGICAL DECOMPOSITION OF
ALMOST-COMPLEX MANIFOLDS AND DEFORMATIONS

DANIELE ANGELLA AND ADRIANO TOMASSINI

While small deformations of compact Kéhler manifolds are Kahler
too, we prove that the cohomological property to be C*°-pure-and-full is
not a stable condition under small deformations. This property, which
has been recently introduced and studied by Li and Zhang in [24] and
Draghici et al. in [13, 14], is weaker than the Ké&hler one and char-
acterizes the almost-complex structures inducing a decomposition in
cohomology. We also study the stability of this property along curves
of almost-complex structures constructed starting from the harmonic
representatives in special cohomology classes.

1. Introduction

Let (M, J) be a compact almost-complex 2n-dimensional manifold and let w
be a symplectic form on M. Then J is said to be w-tamed if w(-,J-) > 0 and
w-compatible (or w-calibrated) if g(-,-) = w(-,J-) is a J-Hermitian metric.
Define the tamed cone K as the open convex cone given by the projection
in cohomology of the space of the symplectic forms taming J, namely
Ky et {lw] € Hiz(M;R) | J is w — tamed},

and the compatible cone K as its subcone given by the projection of the
space of the symplectic forms compatible with J, namely

Li and Zhang proved in [24, Corollay 3.2] that if J is integrable and K is
non-empty then the following relation between the two cones holds:

Q1) Ky =K+ (5000 © BP0 ) 0 Hip(M:R))

they also proved (see [24, Theorem 1.2]) that, given a complex compact
surface (M, J), if there is a symplectic structure w such that J is w-tamed
then (M, J) admits a Kéahler structure (see also [29, Proposition 1.6)), i.e.
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in such a case KY is empty if and only if K9 is empty: this gives a partial
answer to a question of Donaldson’s, [12, Question 2|. Therefore, the prob-
lem of finding explicit examples of compact complex non-Kéahler manifolds,
admitting a holomorphic structure tamed by a symplectic form, makes sense
only in dimension higher than 4, as asked by Li and Zhang in [24, p. 678§]
and Streets and Tian [29, Question 1.7].

In view of [6, Theorem A], the most natural category in which one can
find non-Kahler manifolds is that one of nilmanifolds: we prove that no
such example could be found among the nilmanifolds of dimension 6 (see
Theorem 3.4).

In order to generalize (1.1) for an arbitrary almost-complex structure,
Li and Zhang introduced in [24] the concept of C*°-pure-and-full almost-
complex structure. More precisely, an almost-complex structure J is said to
be C*°-pure-and-full if it induces the decomposition

Hip(M;R) = HY "V (Mg & HP 0D (M),
where the group H§2’0)’(0’2) (M)r (respectively, Hgl’l)(M)R) is given by the
projection in cohomology of the space (/\Q’OM @ /\0’2M) NA2M (respectively,
ABLM N A2M); more in general, J is said to be C*°-full if the equality

Hip(M;R) = HMD (M) + HP OO (1)

holds, namely if there exists a basis of H3,(M;R) formed by classes having
at least one type of pure degree representative.

In [24, Theorem 1.1}, Li and Zhang proved that if J is C*°-full and if K9
is non-empty, then

’Ct — ?] + H§270)7(072) (M)Rv
where HSQ’O)’(O’Q)(M )r generalizes the group

(H2O(M) & HY?(M)) 0 Hip(M: R)
in (1.1).

In [24] dual notions starting from the space of currents are also defined:
we will recall in Section 2 what a pure-and-full almost-complex structure
is. Further studies about C°°-pure-and-full almost-complex structures have
been carried out in [13, 20].

In particular, Draghici et al. proved in [13, Theorem 2.3] that every
almost-complex structure on a compact four-dimensional manifold is
C*°-pure-and-full.

As a consequence of the last two quoted results, (see [24, Corollary
1.1]), if (M, J) is a compact almost complex four-manifold such that K9
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is non-empty, then

In particular, if b+ (M) = dimg Hgl’l)(M)R =1, then K = KS.

In real dimension greater than 4, things are different. Indeed, for example,
there are almost-complex structures on compact six-dimensional solvmani-
folds which are not C*°-pure (see [20, Example 3.3]). This turns our attention
to the six-dimensional case.

In this paper, we are interested in studying small deformations of
C*°-pure-and-full complex structures. The celebrated theorem of Kodaira
and Spencer, [22, Theorem 15|, states that Ké&hler metrics on compact com-
plex manifolds are stable under small deformations; Alessandrini and Bas-
sanelli proved in [2] that this stability fails to be true for the class of p- Kahler
manifolds, where p € {2,...,n—1} (see [1] for the precise definition) e.g., for
the class of balanced metrics, namely the J-Hermitian metrics on compact
complex manifolds whose fundamental form w satisfies dw™ ! = 0.

Since the C*°-pure-and-full condition is weaker than the Kéahler one (more
precisely, as a consequence of [24], see Theorem 2.4, every compact complex
manifold verifying the 90-Lemma is C*°-pure-and-full), it could be interest-
ing to establish if the C*°-pure-and-full complex structures are stable under
small deformations. As hinted by Li and Zhang in a previous version of [24],
we study the stability of the standard complex structure on the Iwasawa
manifold and try to deform a C°°-pure-and-full almost-complex structure
starting with J-anti-invariant forms as explained in [23].

In [26], Nakamura computed the small deformations of the Iwasawa
manifold X, dividing them in three classes. Then, a direct computation
shows that the complex structure on X is C*°-pure-and-full.

We prove that (see Theorem 3.1 for the precise statement) the small
deformations of class (i) are C*°-pure-and-full while those ones of classes (ii)
and (iii) are not. Hence, as a corollary we get the following (see Section 3).

Theorem 3.2. Compact complex C*°-pure-and-full (or C*-pure or C*°-full
or pure-and-full or pure or full) manifolds are not stable under small defor-
mations of the complex structure.

Furthermore, we show the following:

Theorem 3.6. Let X := (Z][i])3\(C3, ) be the Iwasawa manifold. Then any
small complex deformation of X cannot be tamed by any symplectic form.

As C*-pure-and-full property is defined for an arbitrary almost-complex
structure (even not integrable), we study its stability along curves of almost-
complex structures {J; }1¢(—c ), too.

In [14], it is proved the semi-continuity property of hf for an almost-
complex structure on a compact four-dimensional manifold. More precisely,
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if M is a compact four-manifold with an almost-complex structure J such
that KG # 0, then for any almost complex structure J’ in a sufficiently small
neighborhood of J the following holds:

i ICC/ 7é (Z))

o W} (M) < hi,(M),

o h;(M) > hj(M).

In [23], curves of almost-complex structures parametrized by real forms
of pure degree (2,0) + (0,2) are constructed. Using this construction,
we prove that (see Theorem 4.1 for the precise statement) there exists
a family {N%(c)}. of compact cohomologically Kihler manifolds with no
Kahler metrics such that

(i) N®(c) admits a C°°-pure-and-full almost-complex structure .J,
(ii) each harmonic form of type (2,0) + (0,2) gives rise to a curve
{Ji}te(—cc) of C-pure-and-full almost-complex structures on N(c),
(iii) furthermore, the map

t — dimg OO (N0 (¢))m

is an upper-semicontinuous function at t = 0.

In particular, we get the upper-semicontinuity property of h; for this six-
dimensional example.
We recall that, for a suitable ¢ € R, the completely solvable Lie group

e 0 0 =z

—Cz
Sol(3) dof 8 eO (1) Z e GL(4; R) | z,y,z € R
0 0 01

admits a cocompact discrete subgroup I'(c); we define

M % T(e)\Sol(3)

and

NS(c) ¥ M x M
the manifold N°(c) first appeared in [7] as an example of a cohomologi-
cally Kéhler manifold; Fernandez et al. proved in [17] that it has no Kéhler
structures.

In Section 2, we fix the notation, recall the main results on C°°-pure-
and-full almost-complex structures from [24, 13] and [20] and we give an
example of six-dimensional (compact) non-Kéhler solvmanifold endowed
with a C*-pure-and-full and pure-and-full almost complex structure. In
Section 3, we prove the instability Theorem 3.2. Then, as a consequence
of a general fact (see Theorem 3.3) true for six-dimensional nilmanifolds
(i.e. compact quotient of nilpotent simply connected Lie groups by uni-
form dicrete subgroups), we show that the deformed complex structures
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described in Theorem 3.1 cannot be tamed by any symplectic form w on the
Iwasawa manifold. Finally, in Section 4, we recall how a cohomology class in

H §2’0)’(0’2) (M)R gives rise to a curve of almost-complex structures on (M, J);
we provide several examples of curves of C*°-pure-and-full almost-complex
structures on four and six-dimensional compact manifolds.

2. C®°-pure-and-full almost-complex structures

Let (M, J) be an almost-complex compact 2n-manifold. The endomorphism
J on TM ® C, having eigenvalues i and —i, induces a decomposition of
A*(M;C) through ABIM :=: APIM, namely \"M = @, ,_, NJ'M. We
ask about when this decomposition holds in cohomology. Define H‘(]p D) (M)
as the projection in de Rham cohomology of the space APYM; define

HL(]p 2 (ap )(M )R as the projection in de Rham cohomology of the space
(APAM & ATPPM) N APTIM. (As a matter of notation, bigraduation with-
out further specification refers to complex forms, single graduation to real
ones). In other words:

HPDAEP) (A = {[a] e HYYI(M;R) | e (ARIM @ A%PM) N /\WM} .
If S is a set of pairs (p, q), we define likewise

H (M) € {[a] € H3p(M:C) |ae @ M

(pg)€S

and

def °
Hj (M) = Hj(M)N Hip(M;R).

Li and Zhang give the following.

Definition 2.1 ([24, Definition 2.2, Definition 2.3, Lemma 2.2]). An
almost-complex structure J on M is said to be:

o C®-pure if
2,0),(0,2 1,1
HPOOD (Mg 0 B (Mg = {[0]);

o C™-full if

HPOMOD (Mg + B (M)s = Hip(M;R);
o C®-pure-and-full if it is both C*°-pure and C*°-full, i.e. if the following

decomposition holds:
HPO O (M @ D (Mg = Hip(M; R).

For a complex manifold M, by saying that M is, for example, C*°-pure-
and-full, we mean that the integrable almost-complex structure naturally
associated with it is C°°-pure-and-full.
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We also use the following notations:

e by saying that J is complex-C*-pure we mean that the sum
2,0 1,1 0,2
HPO () + B (0) + B (01)

is direct;
e by saying that J is complex-C*°-full we mean that the equality

Hign(M; C) = H? (M) + HJV (M) + HJ (M)

holds;
e by saying that J is complex-C* -pure-and-full we mean that J induces
the decomposition

H3p(M;C) = HPO (M) @ BV (00) @ H? (M),

Remark 2.1. While being complex-C*°-full is a stronger condition that
being C*°-full, one has to assume J to be integrable to have that complex-
C®°-pure condition implies the C*°-pure one. Note also that if J is C*°-pure
then

HD () 0 (HEO () + 5P () = (0]}
Moreover, we say that J is C*°-pure-and-full at the k-th stage if J induces a
decomposition of H ZjR(M ;R); for k = 2, we recover the previous definitions.

Using the complex of currents instead of the complex of forms and the
de Rham homology instead of the de Rham cohomology, one can define
analogous concepts dually. Recall that the space of currents of dimension
k (or degree 2n — k) is the topological dual of A¥M: we denote it with
DpM :=: D>" kM we refer to [9, 11] as general references for the study
of currents. Dually, the exterior differential d on A®*M induces a differential
on DM, that we denote again as d; we call de Rham homology He(M;R)
the cohomology of the differential complex (DeM, d); we remember that
Hcll“R(M;R) ~ Ho,_(M;R). As J induces a bigraduation on A®*(M;C), so
D, M are defined.

Therefore, let Hé70)7(072) (M)Rr (respectively, Hé71)(M)R) be the subspace
of Hy(M;R) given by the homology classes represented by a current of bidi-
mension (2,0)+ (0, 2) (respectively, (1,1)). We recall the following definition
by Li and Zhang (see [24]).

Definition 2.2 ([24, Definition 2.5, Lemma 2.7]). An almost-complex
structure J on M is said to be:
e pure if
Hé,o),(o,z)(M)R n H(J1,1)(M)R = {[0]};
o full if
H 0y 0.2y M)k + H}) 1) (M)r = Hy(M;R);
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e pure-and-full if it is both pure and full, i.e. if the following decompo-
sition holds:

H(JQ,O),(O,z)(M)R S H(J1,1)(M)R = Hy(M;R).

The relations between being C*°-pure-and-full and being pure-and-full are
summarized in the following.

Theorem 2.1 (see also [24, Proposition 2.5]). The following relations
between C*°-pure-and-full and pure-and-full concepts hold:

C®-full at the k-th stage ———==> pure at the k-th stage

ﬂ ﬂ

full at the (2n — k) -th stage == C*°-pure at the (2n — k)-th stage

Proof. First, we prove that if J is C*°-full at the k-th stage then it is also

pure at the k-th stage; for the sake of simplicity, we assume k = 2. Let
() : Hip(M;R) — Ha(M;R)

the non-degenerate duality paring. Let ¢ € Hé 0),(0.2) (M)r N H(J1 1)(M)R,

with ¢ # [0]. Obviously, (c, ')LHSQ,O),(O,z)(M)R: 0 and <c,->LH§1,1)(M)R: 0;

since J is C*°-full, it follows that ¢ = [0]. The same argument works to prove

that a full J is also C*°-pure.

To conclude the proof, we have to prove the two vertical arrows, namely

that

C>°-full at the kth stage = full at the (2n — k)-th stage
and that

pure at the kth stage EY C*-pure at the (2n — k)-th stage.
Recall that a form of degree k can be viewed as a current of dimension 2n—k
(and degree k), by means of the map
T : \"M = Doy M, o Ty(-) & / oA -
M

Holding Tyy. = d T, this map induces the inclusion

HP (Mg — HY,_, 0 (M)z;

being HEp(M;R) ~ Ha,_(M;R), the statements follow. O

To prove that C*°-full = pure, see also [20, Theorem 3.7].

A link between H2,(M;R) and H3j5 *(M;R) could provide further rela-
tions between C*°-pure-and-full and pure-and-full notions. This is the matter
of the following results, proved in [20].
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Theorem 2.2 ([20, Theorem 3.7]). Let g be a Hermitian metric on (M, J).
If the harmonic representatives of the classes in HC%R(M;R) are of pure
degree, then J is both C*°-pure-and-full and pure-and-full.

On a symplectic 2n-manifold (M,w), a link between HCZIR(M ;R) and
HﬁE_Q(M ; R) could be provided if the Hard Lefschetz Condition holds; recall
that (M, w) is said to satisfy the Hard Lefschetz Condition (HLC) if, for every
k € {0,...,n}, the isomorphism

(HLC) {wk} L HU2R(MGR) =5 HUER(MGR).
holds.

Theorem 2.3 ([20, Theorem 4.1]). Let w be a symplectic form on M sat-
isfying (HLC) and let J an w-compatible almost-complex structure on M. If
J is C®°-pure-and-full, then it is also pure-and-full.

We give now a class of examples of C*°-pure-and-full and pure-and-full
manifolds. Clearly, compact Kdhler manifolds are C*°-pure-and-full at every
stage (and then also pure-and-full at every stage). Furthermore, the following
theorem holds.

Theorem 2.4 (see [13, 24]). Let M be a compact complex manifold; if the
Hodge—Frolicher spectral sequence degenerates at the first step and there is
a weight 2 formal Hodge decomposition, then M is C*°-pure-and-full.

For the proof, see [13, Theorem 2.16, Proposition 2.17].
As a consequence of the last theorem, we have that

(1) the compact complex surfaces,

(2) the compact complex manifolds satisfying the d9-Lemma (i.e., the
compact complex manifolds for which every 0-closed, O-closed and
d-exact form is also 99d-exact)

(3) and the compact complex manifolds admitting a Kéahler structure

are C*°-pure-and-full manifolds.

Indeed, for (1) we have that the assumptions of Theorem 2.4 hold by [4,
Theorem 2.6], while for (2) they are satisfied by [10, Section 5.21]; finally,
for (3) we have that a compact complex manifold admitting a Ké&hler metric
satisfies the 9-Lemma, see [10, Sec 5.11].

Actually, Draghici et al. proved the following.

Theorem 2.5 ([13, Theorem 2.3]). Every almost-complex structure on a
compact four-manifold is C*°-pure-and-full as well as pure-and-full.

This turns our attention to the six-dimensional case.
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Example 2.1. Let G be the Lie group of matrices of the following form

1

e 0 roe™ 0 0 x3
0 et 0 Toe Tl 0 x4
A— 0 0 et 0 0 x5
0 0 0 e ™ 0 xz¢
0 0 0 0 0 x
0 0 0 0 01
for x1,...,2¢ € R. Then G is a six-dimensional simply connected completely

solvable Lie group. According to Fernandez et al. [16], there exists a uniform
discrete subgroup I' C G, so that M = I'\G is a six-dimensional compact
solvmanifold. The following 1-forms on G

el = dx;, e? = dxo, e3 = exp(—x1) (dzs — xodzs)
et = exp(z1) €5 = exp(—x1)drs, €% = exp(z1)dzg
X (dl’4 — {L‘deﬁ) s

give rise to 1-forms on M. We immediately obtain that

(2.1)
del =0, de? =0, de? = —et ANe? —e? NP,
det=elnet —e2neb, de® =—el Aed, deb =el AéS.

Since G is completely solvable, in view of the Hattori theorem (see [21]), we
easily obtain by (2.1), that

(2.2) H?*(M;R) = spang {el ANet e neb P Ael +et A 65} .
Therefore, setting

! = el +ie?

0% =3 tiet |

@03 = e® +iel

we have that the almost-complex structure J whose complex forms of type
(1,0) are ¢!, p?, 3 is C>-full. Indeed,

1,1 _ _
HY (M)y = spang {50! NG, —5:0° AP},
2,0),(0,2 _ _
H§ A )(M)R :spanR{%(ap2/\<p3—tp2/\<p3)}.

According to Theorem 2.2, since the harmonic representatives are of pure
type, J is both C*°-pure-and-full and pure-and-full.
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3. Instability along curves of complex structures

In this section, we will show that the condition to be C*°-pure-and-full for
a complex structure is not stable under small deformations. In order to do
this, we will consider the Iwasawa manifold, showing that there are curves
of complex structures that are not C°°-pure-and-full.

We first recall the definition of the Iwasawa manifold and some of its
properties, see e. g. [15, 26].

On C3, consider the product * defined as

def
(21,22, 23) * (w1, wo, w3) = (21 + w1, 22 + wa, 23 + 21w + wW3) .

It is immediate to check that ((C3, *) is a nilpotent Lie group isomorphic to

def 1 Z1 %3
H(3) = 0 1 2] €CGL(3C) | 2z1,22,23€C
0 0 1

We have that (Z[i])* ¢ C3 is a cocompact discrete subgroup of (C3,%). The
Twasawa manifold X is defined as the manifold

X L (zi)>\(C3 ) .

X is a compact complex three-dimensional nilmanifold; by Fernandez and
Gray [15], it follows that X is not formal; hence, it has no Kéahler metrics,
see [10, Main Theorem]|; nevertheless, there exists a balanced metric on X.

We will need the following results on the cohomology of solvmanifolds.
The Hattori-Nomizu theorem states that if M = TI'\G is a compact
nilmanifold (or, more in general, a compact completely solvable solvman-
ifold, i.e. a compact solvmanifold such that, for every £ in the Lie algebra g
of G, all the eigenvalues of ad¢ are real) then

(3.1) Hp(MiR) ~ H*(A°g", d)

(see [21, 27]), where the Chevalley—FEilenberg cohomology H®*(A*g*,d) is the
cohomology of the complex A®g* endowed with the differential inherited
from A®M; equivalently, H®(A®g*,d) is the cohomology of the complex of
the left-invariant forms. A similar result holds for the Dolbeault cohomology
of nilmanifolds. More precisely, for a compact complex nilmanifold M that is
holomorphically parallelizable (i.e., with trivial holomorphic tangent bundle)
or whose integrable almost-complex structure J is rational (i.e., such that
J [90] € gg, where gg is a rational Lie subalgebra of g such that g = gg ®R)
or whose J is obtained as a small deformation of a rational one, the following
isomorphism holds:

(3.2) HEY(M) ~ H" (/\p" (gc)* ,5)
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(see [8, 28]). In particular, (3.1) and (3.2) hold for the Iwasawa manifold
and for its small deformations.
Let (zl)i €{1.2,3} be the standard complex coordinate system on C3; the

following (1,0)-forms on C3? are invariant for the action (on the left) of
(Z[i])®, so they give rise to a global coframe for T* 10X
ol = dzt
p? = d2?
> =d 23— 2hd 22
The structure equations are therefore
del =0
de?=0
dg® = —pt N g?

By Hattori-Nomizu theorem, we compute the real cohomology algebra of X
(for simplicity, we list the harmonic representative instead of its class and

write 48 for o4 A @ and so on):

Hip(X;R) = spang {o' + ¢,i (9" — @'), 0> + ¢% i (¢* — 79},

Hijp(X;R) = spang {@13 +oi (9013 - ¢13)79023 + 9%,
i<<p23 _ 80%) wli _ (pzi i(9012 +cp2i> igoﬁ igpﬁ}
H3,(X;R) = spang {(’0123 ol (@123 _ 90123),90131 +lB,

i ((Pm _ (pli?,),(plf%i + S0213’1 ((Pm _ (p213>,(p23i + S0123’

Note that each harmonic representative is of pure degree. The Betti numbers
of X are

W=1, b =4 v1=8, b =10.

Nakamura in [26] computed the small deformations {X¢}y e a0, c)cco Of

the Iwasawa manifold X: by [26, page 95|, a local system of complex coor-
dinates for the complex structure at t = (t11, t12, ta1, t22, t31, t32) € CO is
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given by
=247 0, 7
@=22+ 35 by & :
(=2 + 30 (tsj + 125 2%) 27 + A(z) — D(t)z3
where

_\ def 1= 1= 9 _
A(z) = % (tn tor 28 21+ 2411 tog 21 22 4 g tag 2 Z2)7

def
D(t) = tyytag —tiate.

Nakamura also computed the numerical characters of these deformations,
dividing them into three classes according to their Hodge diamond:

H BLO BOL | 420 pL1 p02 | B30 21 plL2 03
3 2[3 6 2]1 6 6 1
Gyl 2 2012 5 2|1 5 5 1
Gi)[ 2 21 5 2|1 4 4 1

More exactly, the classes are characterized by the following values of the
parameters:

class (1) tll =110 = tgl = t22 = 0;
class (11) D (t) =0 but (tlla 7512, t21, t22) 75 (O, 0, 0, 0),

class (iii): D (t) # 0.

Note that the Hodge diamond of the deformations of the class (i) is the
same of the Iwasawa manifold, while deformations of the class (iii) have
the Hodge—Frolicher spectral sequence that degenerates at the first step.
Note also that the table above proves that the Hodge numbers are not stable
under small deformations, [26, Theorem 2], in contrast with the Kéhler case.

Equivalently, X; could be viewed as C3 / Ty where T’y is the group gener-
ated by the transformations

(11 1 2 _
=0+ (w1 + 2=ty wj)
? =+ (wz + Z?Zl l2j @j)

B=C+ (wg + Zﬁ:l t3; @j) +wi 4 (Z?:l to; U_Jj) (¢" +wi)

+A (@) - D(t) @3

varying w :=: (wy,ws, ws) € (Z[i])>.
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In the sequel, J will denote the integrable almost-complex structure
associated to X and J; will denote the one associated to Xg.
Now, we can prove the following.

Theorem 3.1. Let X := (Z[i]) \(C3,%) be the Iwasawa manifold. Then:

o X is C*®-pure-and-full at every stage as well as pure-and-full at every
stage;

e the small deformations of X of the class (i) are C*°-pure-and-full and
pure-and-full at every stage;

e the small deformations of X of the classes (ii) and (iii) are neither
C>®-pure nor C*-full nor pure nor full.

Proof. We divide the proof in various steps.

Step 1. X is a C*-pure-and-full manifold at every stage.

Since harmonic representatives in Hj,(X;R) are of pure degree,
the statement follows from Theorem 2.2.

Step 2. Small deformations of the class (i) remain C*°-pure-and-full at
every stage.

A coframe of (1,0)-forms invariant for the action of Ty on C? is
given by

o = ddl
A Te:
o L da@-dlag
Hence, {cp%,gof,cpi’} satisfies the same structure equations as

{o!, 0% ¢3}. Therefore, the same argument in Step 1 applies to
deformations of such a class.

Step 3. Computation of the structure equations for small deformations
of the class (ii).

Consider the system of complex coordinates given by
¢ YAt
¢z 22435 ton 2
3 B 4S2 (tay + tar2))P + A(2)
A straightforward computation gives
2h = (G + Ml + AR+ X3(E)
{22 = a (pol¢ + Gt + G + pnsll)

where «, 3,7, \; (for i € {1,2,3}), p; (for j € {0,1,2,3}) are complex
constants depending only ont= (t117 t12, t21, o2, t31, t32) S C% and

def

def
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defined as follows:
def 1
C1- |to]?* — tartio
B & to1t11 + taotar
def 1
! 1— [ti]* — aB (tintiz + tiatn) — tiotar

)\1 = —t11 (1 + aflgtm + « ‘t22|2)

A2 = a(tiitie + tiatao)

A3 = —ti2 (1 + atioter + a \t22!2)
po = By

pr = Apy —ta

e = 14+ Xofy

def
L1 = \3fy — Loz

Consider the (1,0)-forms invariant for the action of I'y on C? given by

def
ot = dg

def .
i = d¢ ;

def _ _
e = d@-2d@ - (7521271 + 752222) d¢f
we could now easily compute the structure equations:
deg =0

dpi =0

— — )
dgf = o1208 A of + o118 A Gy + 01304 A G
2 A 5l 2 A 52
1091t N Py + 093 ¢ A P
where 012,011,013, 091, 093 are given by

( d_ef

12 — + to1 A3 + toodjis

o171 = ta1y <1 + tortioa + |t22!2 Oé)

013 = 1227y (1 + to1t1o0 + |t22’2 a)

def _
o1 = —ti17 (1 + tor1t2c + \t22|2 Oé)

def 7
095 = —tio7 (1 + tortioa + [tao|? O‘)
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Note that, for small deformations of the class (ii), one has o193 # 0
and (011, 013, 021, 023) # (0, 0, 0, 0).
This ends Step 3.

Step 4. The small deformations of the class (ii) are neither C*°-pure
nor full.
Note that

012 047 = [011 Pl + 013 08 + oai 97 + o @%Q} # (0]
in H3, (X;C). Therefore,
1,1 2,0 0,2
H () 0 (HEY (X0 + B (X)) £ (0]},

and in particular Xy is not complex-C*°-pure. It follows from the fact
observed at page 408 that X cannot be C*-pure; from Theorem 2.1
it follows that X cannot be even full.

Step 5. The small deformations of the class (ii) are neither pure nor
Coo-full.

For a fixed small t, choose two positive constants A and B such that
(Aoyz — Boyg, Aogyy — Bogp) # (0, 0);

computing —d (A 90,1:33 + B 90%33), note that

[(A 091 — Boy1) 90112213 + (Aogy — Boya) 90%223 - A51290%312 - B 512@%312}
= [(A51§ — Ba1) ! + (AGyy — Boyg) @%232} # 10],

in HﬁR (X;C). As before, it follows that Xy is not C*>°-pure at the
fourth stage, and consequently it is not even pure nor C*-full, by
Theorem 2.1.

Step 6. Small deformations of the class (iii) are neither C*°-pure nor
Coo-full.
We omit the computations, since they are quite similar to those ones
corresponding to the deformations of class (ii).

g

As a corollary of the last theorem, we obtain the following theorem of
instability.

Theorem 3.2. Compact complex C*°-pure-and-full (or C*-pure or C*°-full
or pure-and-full or pure or full) manifolds are not stable under small defor-
mations of the complex structure.
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Remark 3.1. By the proof of Theorem 3.1, it follows that the numbers

(X)) € dimg OV (X, b5 (X) € dimg B2 (X)g,

where J; is a small deformation of class (i), are equal to
hi(X)=4, h;(X)=4,

for t small enough.

We recall that for the complex deformations of a complex structure J on
a four-dimensional compact manifold M, one has that hl (M) and h; (M)
are topological invariants (see [14]).

Now we show that none of the above deformed complex structures
described in Theorem 3.1 can be tamed by any symplectic form w on the
Iwasawa manifold.

We start with the following:

Proposition 3.1. Let (M,w) be a symplectic manifold. Assume that there
exists an w-tamed complex structure J on M. Denote by @ the fundamental
form of the Hermitian metric

(X, Y) = % (W(X, JY) + w(Y, JX)).
Then

Proof. By definition, we have
=3 (w+ Jw).
Therefore, by viewing w and @ as real elements of A2(M;C), we can write
w=w> bl 4 ﬁ,
w= wl’l,
where wl !l = wh!. Hence, writing d = 0 + 0, we have that

d 0 dw?? =0,
— Rt _
“ dwhl + w20 = 0.

Therefore,

096 = 0dwh = —FoWM = 32w = 0. 0

Now, we can prove the following:

Theorem 3.3. Let M =T\G be a (non-toral) compact nilmanifold of dimen-
sion 6 endowed with an invariant complex structure J. Then there are no
symplectic structures w on M such that J is w-tamed.
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Proof. First of all we show that there are no invariant symplectic forms w
on M such that J is w-tamed. On the contrary, let w be such an invari-
ant symplectic structure. Then by Proposition 3.1, M has an invariant
Hermitian metric g whose fundamental form w satisfies 90w = 0. Then,
by [19, Theorem 1.2 p. 320] we can find a basis of complex (1,0)-forms
{p!, 0%, 3} for J such that

de' =0,

de? =0,

dp? = AP AP+ B2 A2+ C o' AGE+ Dl AG% + E ! A2,
where A, B, C, D, E € C. We immediately obtain

Dol =0, 9¢p* =0, 0¢®>=E@' A,
(33) 9pl=0, 0¢p2=0, 0P =AP' NP2 +BP A2+ CplAp!

+ D' AP
Write
w :w2’0+w1’1 +ﬁ,
where
.3
W20 — Zaijwi/\@j7 Wbl — % Z bi;(pi NG, Wbl =l

i<j ij=1
with a;;, b;7 € C. Then a straightforward computation by using (3.3) implies
that dw = 0 if and only if

A=B=C=D=E=0

or
bz =0.
In both cases we obtain a contradiction.

Assume that there exists a symplectic form w on M such that J is
w-tamed. Then one can consider

(3.4 SXY) = [, (X W

n being the volume form given in [25, Lemma 6.2]. Then, it can be showed
(see e.g., [5, 18]) that dw = 0. Moreover, since J is invariant, we have

S, IX) = [, (6 (T

= /M Wy, (Xp, Jpo)’l’] > 0.

Therefore (3.4) defines an invariant symplectic form @ such that J is
w-tamed. This is absurd. O
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Relating to the speculation in [24, p. 678] by Li and Zhang and to [29,
Question 1.7] raised by Streets and Tian, as a consequence of the last
Theorem, we get the following:

Theorem 3.4. Let X = (Z [i])g\((C3, ) be the Iwasawa manifold.
Then any small complex deformation of X cannot be tamed by any
symplectic form.

4. Stability along curves of almost-complex structures

The C*°-pure-and-full property makes sense for an arbitrary almost-complex
structure, even not integrable. In this section, we will study the stability of
this property along curves of almost-complex structures.

Let J be an almost-complex structure on M?". Recall the following local
result, see [3]: a curve {J;},.;cp of almost-complex structures through J
could be written, for ¢t € (—e¢, E)_With g > 0 sufficiently small, as

(4.1) Jy = (id—Ly) J (id—L;) "',
where L; is an endomorphism of the tangent bundle such that
Ly J+ JL =0

we could write Ly =: t L + o(t); recall also that: if J is compatible with a
symplectic form w, then the curves made up of w-compatible almost-complex
structures J; are exactly those ones for which L' = L. For several examples
of families constructed in such a way, see [20].

We begin with studying curves through the standard Kahler structure on
the complex 2-torus, (T%, Jo, wo). Let

f
0
I —
_y ’
0
where £ € C*°(R*; R) is a Z*-periodic function. Defining (for small t)
(4.2) Joo & (id—tL)J(Gd—tL)"",
we get the wy-compatible almost-complex structure
1-t4
=Y
-1
Jre = 1440
1—tl
1
Set vy
—t
a:=: at,/) def .

1+t4
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A coframe for the holomorphic cotangent bundle is given by
ot i=dal +iada?

{go? =daz?+ida?

from which we compute
dpf =ida A dad

{ dg? =0
note that taking £ = ¢ (xl, ac3), the corresponding almost-complex structure
Ji. ¢ is integrable, in fact (J; ¢, wo) is a Kéhler structure on ']T%. Remember

that J; ¢ has to be C*°-pure-and-full, ']T% being a four-dimensional manifold.
For the sake of simplicity, we assume £ = ¢ (xQ) not constant. Setting

V1 def det Ad2? —a da® Ada?,
Vo def det Adz* —a da? Ada?,
w1 def adz! Ada?,

Wy def dz? Adat,

wy = dzt Ada?+ada® Adat,

Wy def det Adz* + o dz? Ada?,

the condition in order that an arbitrary J; ,-anti-invariant real 2-form 1) =
Awvy 4+ Bws is closed is expressed by

A3—Bla:0,

Ay — By =0,
(4.3) e

—Aia— By =0,

—B4a—A2a—Aa2 = O,
(here and later on, we write, for example, A3 instead of %). By solving
(4.3), we obtain
A .
Yv=—v+Bvy with A, BeR.
o

Therefore, for small enough ¢ # 0, according to [14], we have the upper-
semicontinuity property

dimg 750" (T2), < 2 = dimg HPOO2 (12)
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from which we get the lower one
: (1,1) (2 — (1L,1) (2
dimp HJt,é (T(C)R >4 =dimg H} (T(C)R .
Now, we turn our attention to the case of dimension greater than 4. We

construct curves through the standard Kahler structure on the complex
3-torus, (’]I‘(SC, Jo, wo). Let

where ¢ € C°°(RS; R) is a Z%-periodic function. As before, defining J; ¢ (for
small ¢) as in (4.2), we get the wp-compatible almost-complex structure

1-t¢
I+t ¢
-1
-1
Jre = 1410
1—t¢
1
1
As before, setting
def 1 —1/
=:a(t,l) =
ai=ralt ) ¥

it follows that a coframe for the holomorphic cotangent bundle is given by

ot =dat +iada?

02 =da?+ida®

o i=dax3+1ida’

I

therefore
dol =ida A da?
dp? =0
de} =0

note that ¢ = ¢ (:L’l, :1:4) gives rise to integrable almost-complex structures, in
fact to Kahler structures; therefore, in such a case J; 4 is C*°-pure-and-full.

Again, we assume ¢ = £ (x?’) not constant. The .J; -anti-invariant real closed
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2-forms are
Y = g (dz" —a dz®®) + D (d2' — ad2®) + E (d2** — d2"°)
+ F (dac26 — d:n35)

where C,D, E, F € R.
So, for small t # 0, we have the upper-semicontinuity property

dimg HPY 02 (T2), <4 < 6 = dimg H??? (T2),.

Unfortunately, the explicit computation of H 511) (']I‘%) g Seems to be not so

simple. In particular, it is not clear if J; ; remains C*°-full (note that J; ¢ is
C>-pure by [13, Proposition 2.7], see also [20, Proposition 3.2]).

Now, we recall how to construct curves of almost-complex structure via
a J-anti-invariant real 2-form, as in [23].

Let (M, J) be an almost-complex manifold; take g a J-Hermitian metric
and v a real 2-form in A29M @ A%2M. Define V to be the endomorphism
of the tangent bundle such that

a direct computation shows that V' J 4+ JV = 0. Therefore, setting

def 1
L = =-VJ
2 )

we have L J + J L = 0. At this point, for small ¢, define J; - as in (4.2):

Joy € (d—tL)J(Gd—tL)"";
therefore, {Jtﬁ}te(
associated with ~.

We give an example of a C*°-pure-and-full structure on a non-Kéahler
manifold such that the stability property holds along a curve constructed in
such a way. Let

—e) is a curve of almost-complex structures naturally

e 0 0 =z
Sol(3) & 8 eo (1) Z € GL(4; R) | z,y,z€ R
0 0 01

Then Sol(3) is a completely solvable Lie group. For a suitable ¢ € R, there
exists a cocompact discrete subgroup I'(c¢) such that

M % T(c)\Sol(3)
is a compact three-dimensional solvmanifold. Define

NS(c) % M x M
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The manifold N®(c) has been studied in [7] as an example of a cohomolog-
ically Kéhler manifold; M. Ferndndez et al. proved in [17] that it has no
Kahler structures, although it is formal and it has a symplectic structure
satisfying (HLC). In [20] a family of C*°-pure-and-full structures on N°(c)
is provided. Now, we will construct a curve of C*°-pure-and-full almost-
complex structures on N%(c).

Let {ei}ie{l,...ﬁ} be a coframe for N%(c); the structure equations are
del = celne?
de? = —ce’Ne?
de?= 0
det= ce*Ne
ded = —ce’ Neb
deb= 0

\

Let J be the almost-complex structure given by

By Hattori—-Nomizu theorem one computes immediately
HgR (N6(C); ]R) = spang {el ne2,edneb —et el ed Aed + et A 65} :

hence N%(c) is a C*°-pure-and-full and pure-and-full manifold, the harmonic
representatives being of pure degree. Note that

H52’0)’(0’2) (NG(C))R = spang {e* A e® + et A e’

Put v := e3Aef+e? Ae’; then the linear map V representing 7y as in (4.4) is
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and then it is immediate to compute

0
0
—1
2L = 1
1
-1
and
-1
1

_44&; . 4t2
A+t 4+¢
Jt = Jt ‘I> = 47t2 + _ 4t +

’ 4442 44¢2
4t 4—¢2
4+¢2 T 4412

4t 4—t2

4+t2 4+t2

Set )
a=ot) = ——= =:0(t) = ———.
€ o =0T

A coframe for the Ji-holomorphic cotangent bundle is given by
o = el +ie?
o7 =e>+i(ae + Beb)
03 = e’ +i(—ﬂe4 +a66)

The closed 2-forms

IS 1 33 a 5 1 23 23 33 1 43
2i90t 21% c € 21 5907: + ol y; Pt +2190t

generates three different cohomology classes; hence, for small t # 0, we get
1,1
Hip (N*(e)R) = Hy (N°(0)g
this implies that J is C*°-full as well as pure. A straightforward computation
yields
4 6(,.. L1 3_ %5 - 125
HdR(N (c),R):spanR *g E‘Pt a*g(@t —Zde)—i——d(e )7

Cc

o T3 5 5 o
Z <90%213 +¢%213) 4 g%lm 4 Tﬁ d (6125)}

= Hy” (N%(0)

Therefore, N®(c) is also C*°-full at the fourth stage and, consequently, it is
full as well as C*°-pure.
Summarizing, we have proved the following.

R
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Theorem 4.1. There exists a compact manifold N®(c) such that:
(i) NS(c) admits a C*°-pure-and-full almost-complex structure J;
(ii) each harmonic form of type (2,0) + (0,2) gives rise to a curve
{Jt}te(—a,a) of C®-pure-and-full almost-complex structures on N°(c);
(iii) furthermore, the map

t — dimg H7O 02 (NO(e))

is an upper-semicontinuous function at t = 0.
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