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SCALING LIMITS FOR EQUIVARIANT SZEGO KERNELS

ROBERTO PAOLETTI

Suppose that the compact and connected Lie group G acts holo-
morphically on the irreducible complex projective manifold M, and
that the action linearizes to the Hermitian ample line bundle L on M.
Assume that 0 is a regular value of the associated moment map. The
spaces of global holomorphic sections of powers of L may be decom-
posed over the finite dimensional irreducible representations of G. We
study how the holomorphic sections in each equivariant piece asymp-
totically concentrate along the zero locus of the moment map. In the
special case where G acts freely on the zero locus of the moment map,
this relates the scaling limits of the Szego kernel of the quotient to the
scaling limits of the invariant part of the Szego kernel of (M, L).

1. Introduction

Let (M, J) be an n-dimensional complex projective manifold, and let (L, h)
be an Hermitian ample line bundle on M. Suppose that the unique com-
patible connection on L has curvature © = —2iw, where w is a Hodge
form on M. The pair (w,J) puts a Hermitian structure H = g — iw on the
(holomorphic) tangent bundle 7'M, hence a Riemannian structure g on M.

Let G be a compact connected g-dimensional Lie group, and suppose given
a Hamiltonian holomorphic action of G on (M, w, J) unitarily linearizing to
(L,h). For every k = 1,2, ..., there is a natural Hermitian structure on each
space of holomorphic global sections HY(M, L®%), and a naturally induced
unitary representation of G on H°(M, L%F).

Let {Vz}weo be the finite dimensional irreducible representations of G,
and for every w € © let HY(M,L®*), C HO(M,L*®") be the maximal
subspace equivariantly isomorphic to a direct sum of copies of V. There
are unitary equivariant isomorphisms

(1.1) HO(M,L%%) = € HO(M, L% ).
wed®
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The action of G on L dualizes to an action on the dual line bundle L* in
a natural manner; on the other hand, the G-invariant Hermitian metric h
on L naturally induces a Hermitian metric on L*, still denoted by h, which
is also G-invariant.

Let X C L* be the unit circle bundle, with projection 7 : X — M.
Then, the action of G on L* leaves X invariant. Furthermore, X is a con-
tact manifold, with contact form given by the connection 1-form «. Since
G preserves both the Hermitian metric and the holomorphic structure, it
preserves the unique compatible connection, and therefore it acts on X as
a group of contactomorphisms; given this, X has a standard G-invariant
Riemannian metric. By these underlying structures, in the following we
shall tacitly identify functions, densities and half-densities on X. In the
following, to avoid cumbersome notation, we shall use the same symbol pg
for the symplectomorphism of M and the contactomorphism of X induced
by g € G.

As is well known, the spaces of smooth sections C*(M, L®*) may be
unitarily and equivariantly identified with the spaces C*°(X); of smooth
functions on X of the k-th isotype for the S'-action, that is, obeying the
covariance law f(e? - x) = €%V f(z) for z € X and e € S*. Let H(X); C
C>(X)x be the subspace of functions corresponding to H°(M, L®*) under

this isomorphism, so that H(X) =: @, H(X); is the Hardy space of X.
Thus (1.1) translates into
(1.2) H(X)p= P HX)wp-

wed

In this paper, we are concerned with certain C* functions Il ; on X x X
naturally associated to each pair (w, k) € © x N. Namely, let us choose for

any (w, k) € © x N an orthonormal basis {sg.w’k)};yjl’“ of H(X)g k, and let
us define
N
Mo i) =t Y 5™ (@) 570 () (2 € X).
1

g
>

<.
I

Then Il j, is well defined, that is, independent of the choice of the orthonor-
mal basis, and in fact it can be intrinsically described as the distributional
kernel of the orthogonal projection Py : L*(X) — H(X)mk. We shall
study here the asymptotic properties of the functions Il j, as @ is fixed
and k — +o0.

Let g be the Lie algebra of GG, and denote by ® : M — g* the moment
map of the action of G on (M, 2w). In [P1], it has been shown that for fixed
w one has I (z,2) = O(k™) as k — 400, unless ®(w(z)) = 0.

On the other hand, if ®(7(z)) = 0, and G acts freely on ®~1(0) C M, then
by Corollary 1 of [P2] (working with a different normalization convention
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for the total volume) there is an asymptotic expansion

- 2
i ’ — ('va) 2 ~ dlm(Vw) kn—g/Z + - kn—g/Q—l’
k(z, ) zj: ‘sj (.T})‘ Verr (@) Z a,(x)

1>1
where Vg : (® o 7)71(0) — R is the effective potential of the action [BG];
its value on z € (® o 7)~1(0) is the volume of the G-orbit in M through
m(z). Thus the effective potential of the action controls the asymptotics of
the restriction of Il to the diagonal of X x X.

In the particular case of the trivial representation w = 0, Vg relates
the asymptotics of 1y, and of the Szego kernel of the symplectic reduction
(Mo, wo, L) of (M, L,w), expressing an obstruction to the conformal unitar-
ity of the Guillemin-Sternberg map H° (M, L®k)G — HO(MO,L%@]“). Fur-
ther developments on this problem are due to Charles [Ch], Hall and Kirwin
[HK], Hui Li [L], Ma and Zhang [MZ].

Turning momentarily to the action free case, the fast decay of Szego
kernels away from the diagonal has stimulated interest in the asymptotics of
their scaling limits near the diagonal. More precisely, suppose x € X, and
let p(z,0) be a Heisenberg local chart for X centered at z, as in (3.2) that
follows; in particular, if m =: 7(x) this unitarily identifies (T,,,M, H,,) and
C" with its standard Hermitian structure. As shown in Theorem 3.1 of [SZ],
for any w,v € C" the following asymptotic expansion holds as k — +oo for
the level-k Szego kernel 11j:

(o () ) - (2 e

(1.3) x |1+ Zaj(x,w,v) k972
Jj=1

where 1
ba(w,v) = w-T -5 (llw[* + [lvlI?),

and the a; are polynomials in w and v (see also [BSZ] for the leading term).
Recall that here H,, denotes the Hermitian structure of T'M induced by
w =: (1/2)0; this normalization convention accounts for the factor 1/7" in
(1.3), unlike the earlier work [Z]. We shall conform here to [SZ]; thus the
total volume of M is vol(M) = (7" /n!) [,; c1(L)™.

In this article, we shall study the scaling limits of the equivariant Szego
kernels II ;, and show that to leading order they are still simply related to
the effective volume, certain data associated to the representation zo, and
(in the special case where G acts freely on ®~1(0) C M) the scaling limits
of the Szego kernel of the symplectic reduction. Furthermore, we shall see
that equivariant scaling limits can also be expressed by the product of an
exponentially decaying factor in v, w times an asymptotic expansion whose
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coefficients are polynomials in v and w. We remark that in the toric case
equivariant asymptotics have been studied in [STZ].

To express our results, we need some basic facts about the local geometry
of M along M’" =: ®71(0) [GS], [GGK]. Recall that if 0 € g* is a regular
value of @, then M’ is a g-codimensional connected coisotropic submanifold
of M, whose null-fibration is given by the orbits of the G-action.

At any m € M, let us denote by gps(m) C T, M the tangent space to the
orbit through m, and by J,, : T,,M — T,,M the complex structure.

If m € M’, let us denote by Q,, C T,,M the Riemannian orthocomple-
ment of gy/(m) in T,,M’. Thus, @Q,, is a complex subspace of T,,M’, of
complex dimension n — g.

The Riemannian orthocomplement of T,,M’ C T,,M is Jpn(gam(m)).
Therefore, we have orthogonal direct sum decompositions

(14)  TpM =T, M & Jp, (gM(m)>, TiM' = Qm ® gar(m).

Given (1.4), ift m € M’ and w € T,,M, we shall decompose w as w =
wy + wp, + wy, where wy, € gar(m), wp, € Qum, wy € Jp(gar(m)). The labels
stand for vertical, horizontal, and transverse. This hints to the fact that in
the special case where G acts freely on M’ the latter is a principal G-bundle
on the symplectic reduction My = M’/G; thus gys(m) is the vertical tangent
fiber, whereas @) is a connection projecting unitarily to the tangent bundle
of MO.

Before stating our theorem, another definition is in order. To this end,
recall that if 0 € g* is a regular value of the moment map then the action
of G on ®~1(0) C M is locally free. Therefore, any m € ®~1(0) has finite
stabilizer subgroup G,, C G.

Suppose © € X, ®(w(x)) = 0. If G,y C G is the (finite) stabilizer
subgroup of 7(z), for every g € G (,) there exists a unique hy € St such
that pg(x) = hg - x, where py : X — X is the contactomorphism induced by
g. We shall then let

dim (V) 1 k
(1.5) Ag () =: 28/ : X (9)hg,
Verr () ‘G’T(””){ ge%;m ’

where X : G — C is the character of the irreducible representation w.

As before, w =: (i/2)O, where O is the curvature, and h is the Hermitian
metric on T'M associated to w.

Furthermore, as in (1.3) we shall express the asymptotic expansion for
Il in a Heisenberg local chart p centered at x. However, given that the
dependence of IT ;, on # and ¢’ is given by the factor ¢®(0=9") and carries no
geometric information, in the following we shall generally take 8 = 6’ = 0;
with the identification T;,M = C" induced by p understood, we shall set

z+w/Vk =: p(w/Vk,0).
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We then have the following theorem.

Theorem 1.1. Suppose that 0 € g* is a regqular value of ®, and x € X,
<I>(7r(x)) =0. Let us choose a system of Heisenberg local coordinates centered
at x. For every w € © and w,v € Ty,)M, the following asymptotic
expansion holds as k — +oc:

k n—g/2

s

Hw"“( FTE) "

1+ Zawj(:v,w,v) k9/2 ,

j>1
where
Q(wy + wy, vy + vy) = —[Jvg]|* = [Jwel|* + i [ (Wo, we) — win (ve, ve)],
and the ax;s are polynomials in v, w with coefficients depending on x and w.

We integrate the statement by the following remarks.
e The remainder term can be given a “large ball estimate” (that is,
for ||ul|, ||v|| < kY/9), similar to the ones in [SZ]. More precisely, let
Ry (z,v,w) be the remainder term following the first N summands
n (1.6). Given the description of Il j as an oscillatory integral (cfr
(4.32 below), we may adapt the arguments in Section 5 of [SZ] to
obtain that for |jul|,|[v] < k'/6 we have

|Ry (2,0, w)| < Oy k"~ E+HN+L)
The bound also holds in C?-norm.

e In the special case where G acts freely on ®~1(0), denote by Xo C L

the circle bundle of the reduced pair (M, Lg), and by II ( ) the level
k Szegd kernel of Xgy. If (I>(7r(x)) = 0, let us denote by T its image
in Xo, and if wy € Qr(y) let wy, be its isometric image in the tangent
space to M. By (1.3) and Theorem 1.1, we obtain

fes (w4 v+ )

n—g/2
-~ 2g/2 E 8/ dlm(Vw) eQ(wv+wt7Uu+’0t) er(wh,vh)
T Veg(z)
(

+Zawj z, w,v) k" (&+9)/2
7>1

/2 .
_ <2k>g _ <d1m(Vw)2 eQ(wv+wt7vv+vt)> _Hg)) ( wh T4 Uh)

125 (lun—vn |42l vl |2 +-2]lwe |12)

™ Vest () VEU T VE
+L.O.T.
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e Arguing as in Section 2.3 of [DP], one can see that Il ; = O (k=)
uniformly on compact subsets of the complement in X x X of the
locus

I1(®) = {(2,y) 12 € (G x §') - y,®(n(y)) =0} .
Thus, it is natural to consider scaling limits at any (z,y) € I(®).
Given gy € G, hg € S*, z € (Pom) ' (0) and v,w € Tr(z)(M),
a minor modification of the arguments in the proof of Theorem 1.1
leads to an asymptotic expansion

(1L6) T, (Mgo 0 Ty (x + \Q/UE) T+ %)

k n—g/2
~ <> Aw,k(%g(b ho) eQwotwe,vu+vi) Y2(wh,vp)
T

1+ Zawj(m, w,v) k72|
j=>1
where now

dim(V) 1 1 &
A i(2, go, ho) =: 28/2 - X (9901 - (ho hy)®.
Ver(2)  [Grio)| GZU

e We are primarily interested in the case of complex projective mani-
folds. In view of the microlocal description of almost complex Szego
kernels appearing in [SZ]|, the results of this paper can however be
extended to the context of almost complex symplectic manifolds.

After this paper was completed, I learned of the rich paper [MZ] alluded
to that discussed before. Using analytic localization techniques of Bismut
and Lebeau for spin® Dirac operators, Ma and Zhang obtained among other
things an asymptotic expansion for the trivial representation.

2. Examples

In the non-equivariant case, a key feature of scaling asymptotics of Szego
kernels expressed by (1.3) is the universal nature of the leading term, essen-
tially the level-one Szego kernel of the reduced Heisenberg group HT, ;. To
express this more precisely, recall that the latter may be viewed as the unit
circle bundle of the trivial line bundle L = C™ x C over C™, endowed with
the Hermitian metric

h((z,w), (z,w")) = ww'e 17 (z,z' eC", w,uw' € (C).
The unit circle bundle is thus given by

X = H?ed = {(Z,w) eC*"xC: |w‘ — €_||Z||2/2} .
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A Heisenberg chart for X centered at (0,1) is
2|2 /2+i
0:C"x (—m,7) = X, (z,0)— (z,e 1= /2'”9) .

As shown in [BSZ], for every k = 1,2,... the level-k Szegt kernel is

(2.1) T (o (w, 0), po(v,8)) = <k>n ok [i0-0)+ua(wv)]

™

In the linear case, we shall derive from (2.1) an asymptotic expansion in
the spirit of Theorem 1.1, at any x = (zl,e"‘leQ/?) for which the map

Yoy 1 g € G+ pgy(z1) € Cis an embedding (that is, z; has trivial stabilizer
in ); with minor changes, the arguments that follow apply when ~,, is an
immersion (that is, z; has finite stabilizer in G).

Example 2.1. Let A: G — U(n), g — Ay, be a unitary representation,
so that the underlying action on (C",wp) is pg(z) =: Ayz (z € C"); here
wo =1 (i/2) X%y dzj A dz; is the standard symplectic structure on C".
The standard Hermitian structure on C" is then Hy = gy — iwp, where
go(w,v) = —wo(Jow, v) (Jy being multiplication by ).

A linearization to L is given by

,ug((z, w)) = (Agz, w).

For any z; € C", a Heisenberg chart for X centered at (z1, e I#11%/2) is
Oz, (2,0) = @o(z+21,w0(2,21)+0) = <z + zl,eZ+Zl||2/2”(°"°(z’zl)+9)> ,

Thus, given z = (z1, e I#11°/2) ¢ H? , and v € C", in our notation
T4V =0s(v,0)=po (21 + v,wo(v,zl)).

Given an irreducible representation w and w,v € C", by a straightfor-
ward computation using (1.7) we obtain

(22) T, < \F f) = dim(Vy,)
-/wa(g) I <<P0 (A z1 A f f (W7ZI)),

o o)
= dim (Vs )(i)n /wa(g) eSkEWY) 4g.
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where dg is the density on G associated to a Haar metric with fG dg =1,
and

(23) Sk(Zl,W,V) =:kHy, (AgZ1 — Z1,Z1) + \/E |:H0 (v,A;lzl — Z1)
+ Hy (Agz1 — 21, W)} + o (Agv, w).

Given the simplifying assumption that z; has trivial stabilizer in G, there
exists C' > 0 such that ||Ayz; — z1| > Cdistg(g,e), where e € G is the
unit and distg is the Riemannian metric on G. Thus, it follows from (2.1)
that the integrand of (2.2) is O (k~*°) on the loci Ay C G where, say,
distg(g, e) > k~/3. On the loci By, where distg(g,e) < 2k~1/2, on the other
hand, we can transfer the integration to the Lie algebra g by the exponential
map expg : g — G, e e, and apply the rescaling = (1/vk)¢. Let
A: g — un), n— An’ be the differential of the morphism of Lie groups
A:G — U(n). Thus

A() | 1 Ae)?

A .
Aef/ﬂ:e E/JEZIdV—I—W—{_iT—*—”.
On the upshot, after some computations we obtain
(2.4)
w [ dlm(vw) —g/2 vk S
Mop |2+ —= 2+ —= ) ~ —— 22 "8/ / @ (ef/ ) SeEwviar) g
* < VE T VR > " o ¢
_ dlm(Vw)Q knfg/2
7-[-71
x /eSk@va“Zl) as- (1+0 (k717)),
g
where now

Se(€,w,v,2z1) = ivEwo (zl,ﬁg(zl)) + (W, V)
5 |Actan |+ o (A v) — Ho (w. Aa)
= iVE O (1) + tha(w, V) — % Hﬁg(zl)H2 + Hy (Ag(m).v)
(2.5) — Hyp (Wﬁg(zlﬂ ;

here ® : V — g* is the moment map, and ®¢ =: (®, £).

Suppose, to begin with, that @(zl) # 0. Then the linear phase £ —
i (zl) has no stationary point in £, and since by (2.5) the integrand in
(2.4) is absolutely convergent, the stationary-phase lemma applies to show
that My x(z +w/VE,z +v/VE) = O(k~>).
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If CI>(Z1) = 0, on the other hand, we have

II <x+w IL‘—FU)
w0,k \/E’ \/E

: 2
_ dlm(vw) knfg/2 ewg(w,v)

ﬂ-n

% / o(—1/2) || A (20)||*+ Ho(Ae(21),v) — Ho(w, Ag (21)) de - (1 + k.—l/z)
g

: 2
_dim(Vz) kng/Qewz(w,v)/ o(—1/2) 8]+ Ho (s.v) ~Ho(w.s) g

T - Vet (21) 9(z1)

: (1 + k7Y 2) :
wherein the latter equality integration has been shifted from g to the tangent
space g(z1) € C™ at z; to the G-orbit of z; by the change of variables
s = A¢(2z1); hence ds = Veg(z1) d€.

Given the equalities Hy (W, s) = Hj (Wt—l-WU, s), Yo (W, v) =Yy (wh, Vh) +
W (wt + wy,, Vi + VU), we obtain with a few calculations

(2.6) Tl (:c + % -+ ;’%)

: 2
_ Vo)™ g2 i (wan)+(1/2) [we—vel 2
7" - Vo (21)

X /9(21)6“0(5’“*“)(1/2>S(va>2ds. (1 40 (k*l/‘z))‘

The Gaussian integral in (2.6) is (27)8/2 ¢iwo(Vitwe.wo—v)=(1/2)llvetwil* 5pq
from this one computes

II <m~|—w a:+v>
w,k \/%7 \/%

. n—g/2
_ e/ dim(Vp)? <k> 8/ 2 (Wi v el |2 [[vel |24 (o (W we) —wo (v, ve) )
Vei (21)

™

(140 (k7).
Before considering the next example, let us recall from [BSZ] that for
k=1,2,... an orthonormal basis of H® (P4, Opa(k)) is {Sf}}mzk, where

(2.7) 5 =

. T1¢ J_.174 J
here J! =: T[i_o 7!, 27 = [I1—y 4"



18 R. PAOLETTI

Example 2.2. The unitary representation of S' on C? given by t- (20, 21) =:
(tilzo, tzl) descends to a symplectic action on P!, with a built-in lineariza-
tion to the hyperplane line bundle. The associated moment map is

—|20)* + |21 ?

PP SR, [20:2]— .
SR A PR

Clearly, any [zg : z1] € ®71(0) has stabilizer subgroup {£1}. Since any
Sl-orbit in S2 has length 27 and doubly covers its image in P!, the effective
volume is identically equal to 7 = 27/2 on ®~1(0). Therefore,

[1 +(-1)" (_1)11 _ {\/5/7? if K = w (mod. 2)

DN |

Ak ([20: 21]) = \7/? ) 0 if k£ # w (mod. 2).

Given that
— _ _ k-l — _
Lt (z(l) PN l) = <zé P l) o -1 = (tz0)" (t ') = 2=k 2l

we have for w € Z and k € N:

w+k k—w

2 2 : —
(2.8) H° (P, Opi(k) =4q {Zo i if k=w (mod.2),
0 if k# @ (mod.2).

By the Stirling formula, if b is fixed and a — 400 we have

(2.9) (a+b)! ~V2ra (“:b) .

Suppose then k = @ +2s, s € N, and choose (20, 21) € S® lying over [zg : 21];
in view of (2.7), (2.8) and (2.9),

(w + 28 + 1)' | ‘2(w+s) |Z ‘23
7 (w + s)!s! 0 !

~ l i g@w+2s+1 |ZO|2(w+s) |Z1|2$
T\ ’
as s — +o0Q.

If [20 : 21] € ®71(0), so that |z0|> = |21|? = 1/2, we obtain

(2.10)  Tep([20: 21], [20 - 21]) =

= Ak ([20 : 21]) ﬁ,

s s

2 s V2 [k
Hw,k([zo : Zl], [2’0 : Zl]) ~ —\= ~ —\
which fits with the asymptotic expansion of Theorem 1.1.

If |z0| # |z1], (2.10) is rapidly decreasing as s — +o0.
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3. Preliminaries

In this section we shall collect some preliminaries and set some notation.
If (M, J) is a complex manifold, any K&hler form w on it determines an

Hermitian metric h on the tangent bundle of M, and w = —S3(h). The
Riemannian metric g =: R(h) is gm(w,v) = wp(w, Jpv) (m € M, w,v €
Ty M).

Since Heisenberg local coordinates centered at a given x € X will be a
key tool in the following, we shall briefly recall their definition [SZ].

Thus we now assume that L — M is an Hermitian ample line bundle,
and w = (i/2) O, where O is the curvature of the unique compatible covari-
ant derivative. Let us choose an adapted holomorphic coordinate system
(21,...,2n) for M centered at 7(x). This means that, when expressed in the
z;s, w evaluated at mw(z) is the standard symplectic structure on C", that
is, w(m(z)) = (i/2) > i—1dzj A dz;. Thus the choice of the 2;s determines a
unitary isomorphism 77, M = C".

Let us next choose a preferred local frame ey, for L at 7(x), in the sense
of [SZ]. Thus ey, is a holomorphic local section for L in the neighborhood
of 7(x), satisfying

(3.1)
ler(m(2))|| =1, Ver(n(z)) =0, v2€L(7T($)) = —hr(z) ®ep(n(x)),

where V is the covariant derivative of the connection, and h = g + iw. The
local holomorphic frame for L uniquely determines a holomorphic dual local
frame e} for L*, determined by the condition (e}, er) =1,

For § > 0, let B, (0;0) C C™ =2 R?" be the ball of radius  centered at the
origin. For an appropriate § > 0, a system of Heisenberg local coordinates
for X centered at x is then given by the map

(3.2) p: Bon(0;6) X (—m,7) = X, (2,0) = % a(z)"V? el (2),

where a(z) =: |lef > = |lecl| ™ If w € Ty,yM = C", we shall denote by
x + w the point in X with Heisenberg local coordinates (w,0).

It will simplify our exposition to make a little equivariant adjustment
to the previous construction. Suppose that m € M has finite stabilizer
subgroup G, C G (this will always be the case when ®(m) =0if 0 € g* is
a regular value of the moment map). Let U C M be a G,,-invariant open
neighborhood of the identity, and suppose that a local holomorphic frame
o = e} satisfying (3.1) has been chosen on U. Clearly, for every g € G, we
have g*(0)(m) = hy - o(m) (recall that g*(c) = pg o0 opy-1). We may then
consider the new frame

_ 1 1 o«
a:m Z hglg (o).

ge€Gm
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Then &(m) = er(m), and since the metric and the connection are
G-invariant @ also satisfies (3.1). Moreover, we now have

(3.3) g (@) =hg-7, VYgeGpn.

In the following, the underlying preferred local holomorphic frame in the
definition of Heisenberg local coordinates will be assumed to satisfy (3.3).
For ¢ € g, we shall denote by & and £x the vector fields on M and X,
respectively, associated to £ by the infinitesimal actions of g. The moment
map ® : M — g* for the action on (M, 2w) is related to the G-invariant
connection form « on X by the relation ®¢ = —1(£x) o, where ®¢ = (®, £).

4. Proof of Theorem 1.1

To begin with, let us fix an invariant Haar metric on G, and let dg denote
the associated measure; by Haar metric we mean that fG dg = 1. Now if
p: G — GL(W) is a linear representation on a complex vector space, for
any w € O the projection Py of W onto the the w-isotypical component
W is given by

(4.1) P, = dim(Vi,) /G X (571 plg) dg

[Di]. On the other hand, the unitary representation of G on Hy(X) C L?(X)
induced by the action on X is given by (g- f)(y) =: f (,ugq(y)) (f € L*(X),
y € X). Therefore, the equivariant Szegt kernel Il j, is given by

(4.2) ek (y, ') = dim (V) /wa (97") Mk (pg-1(y),y') dg,
where ;14 : X — X is the contactomorphism associated to g € G.

Suppose z € X, ®(z) = 0, and set m =: 7w(x). We assume given a system
of Heisenberg local coordinates for X centered at z. This choice gives a
meaning to the expression x 4+ w, for any w € T,, M = C".

Then for every w € © and k € N we have

(4.3) T <x + %m + ;%)

= dim(Vz) /G Xw (971) T <ug—1 (ﬂ:+ :/UE> ;T + \;E) dg,

where X : G — C is the character of the irreducible representation V.

We shall now split the integration in du as the sum of two terms, one
which is rapidly decaying as k — 400, and another where integration is
over a suitably shrinking neighborhood of the (finite) stabilizer subgroup
Gm CG.
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To this end, let us define for every k € N an open cover { Ay, By} of G by
setting

A =: {g eG: distg(g, Gm) > k_l/g},
B = {g € G dista(g, Gn) <267/}

(towards application of the stationary-phase lemma later in the proof, the

exponent —1/3 used in the definition of Ay and By, could be replaced by —a,

for any a € (0,1/2)). Here distg : G x G — R is the Riemannian distance

function. Let ar 4+ by = 1 be a G,-invariant partition of unity on G subor-

dinate to the open cover {Ay, B} (thus, supp(ax) C Ay, supp(bx) C By).
We may then split (4.3) as

(4.4) Tz < \F x+ f>

:“w”f(“@’“k)ﬁ“w"f( ﬂ*w)

the first (respectively, second) summand in (4.4) is (4.3) with the integrand
multiplied by ay (respectively, by).

Proposition 4.1. I, x(z + w/Vk,z +v/Vk)s = O(k™) as k — +oc0.

Proof of Proposition 4.1. Let distyy : M x M — M be the Riemannian
distance function. We have the following.

Lemma 4.1. There exists a positive constant C (dependent on w and v,
but independent of k) such that for all k>0 and g € Ay we have

(4.5)  distyy <Mgl <m + \;%) ,m+ &) > Cdistg(g, Gm) > C k™13,

Proof of Lemma 4.1. If not, we can find N > k; 1 +o00 and g; € Ag; such
that Vj = 1,2,... we have

. w v 1 .
(46) dist s (ng <m + \/k—> s \/F> < EdIStG(gjaGm)-
J J

Since distg(g;, Gm) is bounded above by the diameter of the compact Lie
group G, we have in particular distas(ug; (m +w/+/kj),m +v/y/k;) — 0,
hence also distas(jg, (m), m) — 0. Therefore, g; — Gy,; after passing to a

subsequence, therefore, we may assume that g; — go for some gg € G,,. Let
~1/3

us write g; = go h;, where h; — e, and distg (hy, €) = distG (g5, Gm) > k;
Using the exponential map expg : g — G, for all j > 0 we can write h; = €7,
for unique v; € g such that ||v;|| = distg(h;,e). Since G acts locally freely on
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®1(0), there exists ¢ > 0 such that |lvp(m)| > c||v|, Vm € ®71(0), v € g
(the former norm is in T;,, M, the latter in g). Hence,
(

4.7) @) s ()| = e (5> 0).

Working in preferred local coordinates centered at m, we have
w w -
[hevs (m—i— k.>:m+(yj)M(m)+ k'+0(kj2/3>>
Vi J

(4.8) Pyt (m + m+ O (k:j_l/2> .

v
vk
By definition of the preferred local coordinates, it follows from (4.7) and
(4.8) that for j > 0 we have

dist : + 2 + >y
star | pers | m \/kfj,ugoflm K 2 5 vl

On the other hand, we can rewrite (4.6) as

. w v 1
(49) dlStM </~Lel’j (m + \/F> 7'ugo_1 <m + \/F)) < 5 ”V]Hv
J J

a contradiction. O

Returning to the proof of Proposition 4.1, by Lemma 4.1 and the off-
diagonal estimate on the Szegd kernel in (6.1) of [C], we conclude

o (o ) )

whenever k£ > 0 and g € A;. The statement follows easily from (4.10). O

(4.10) < Ce Ok

Since our focus is on asymptotic expansions, we shall henceforth disregard
the a term. Let us set 35 (g) = (dim(V)/27) xo (97') (9 € G). Then we
have

(4.11) Ty (x + %x + \;)E)b

(" —ikd 0T s w
-[ [ Belo) uto)e H(ugl <x+ \/E)

v
T+ — ) didg.
\/E> g

Suppose Gy, = {91 = €,92,...,9n, }- Let us define
Ep =:{g € G :distg(g,e) < 2k_1/3}.
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Then B, = U 1 Bjk, where Bj, = g; - Ei, (1 < j < N, k € N). Thus

(4.12) Mo g <x + % v+ &)b

= ;/z /Bjk B (g) brlg) e **

m (Mgl o 10 <x+f/’%> x+\;%> 49 dg
_ank<x+\/ x+f>

where the j-th summand in (4.12) is

(4.13) | < f , T+ f)

s
= 6_““9]'/ ; Bw(g; 9) bi(gjg) e *?
o Jn

II (,Ltglgj—l OT i(9+v;) (x + \;%) , T+ \;%) dv dg;

here Vi = hg, for every j. Notice that by(g;g) = bi(g) for every k € N and
J, since by, is Gyp,-invariant.

Let us examine the asymptotics of (4.13). To this end, fix € > 0 very
small (but independent of k), and let 79 + 71 = 1 be a partition of unity on

(=, m) with supp(70) C (—¢,¢€), supp(y1) C (=7, —€/2) U (¢/2, 7). Then
1

w v w v
e (o4 oo J7) = ot (o4 oo 7).
where Tl x(z + w/vVk,x + v/Vk);i is given by (4.13) with the integrand
multiplied by ~;.
Lemma 4.2. Tl . (z +w/Vk,x +v/VEk)j1 = O(k™) as k — +oo.
Proof. If k>0, g € Bjj, and |Y| > €/2, then

di w v €
1stx Hg- glorlww) x‘i‘ﬁ ,Qf—i-ﬁ >§

(w and v are held fixed). Since the singular support of the Szego kernel II
is the diagonal diag(X) C X x X, we conclude that

Upg(h) = 70(h) B=(g) bi(g) 1T <“919j1 o Tettoroy) <x " \1/UE> o jE)
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is a bounded family of smooth functions on S! when k > ko, g € Bjx and
|9| > €/2; here 7g is interpreted as yo(e™), a cut-off function supported on
a small open neighborhood of 1 € S!.

In the same range therefore for every I € N we can find a constant

C; > 0 such that ‘\Il ! < Cys7! for every s € N, where \II( ) denotes the
s-th Fourier Coefﬁ(:lent of U}, 4. In particular, this is true for s = k, hence

‘lIl ‘ < Cyk7!. The same estimate then holds after integrating over By,
and thls implies the statement. O

We are reduced to studying the asymptotics of Il x(z + w/\/Ea: +
v/ \/E)jl. To proceed, let us introduce the parametrix for the Szegd ker-
nel contructed in [BS]. Thus, up to a smoothing term which does not
contribute to the asymptotic expansion, we can represent Il as a Fourier
integral operator of the form

+oo ,
(4.14) (y,y) = /0 W) sy of O dt (y,y € X),

where the phase satisfies $(¢) > 0, and the amplitude is a semiclassical
symbol admitting an asymptotic expansion s(y,y/,t) ~ >258 t" 7 s;(y,y').
In view of Lemma 4.2, inserting (4.14) into (4.13), and multiplying the
integrand by g, we obtain

(4.15) Ty ( f LT+ f)

~ ks /;oo /E /Ek Y0(9) B (95 9) bk (9)

y ei [tl/} (“(gjg)—l OF i(9+9;) (:c—&-w/\/E) ,x—i—v/x/%) —kﬂ]

w v
S (,Ltglgj—l O T‘ei(ﬂ+19j) (l’ + \/E> , L + \/%,t> dt d’l9 dg

. +m € .
= ke kY / / / e ¥r;(g:,0) Ackj(g,t,0) dt dv dg;
0 —e J By

in the last equality we have performed the coordinate change ¢ ~~ kt, and set

(4.16)Wy;(g,t,9) = t1/1< (gig)~1 © T ito+0;) (a:+w/\f) a:+v/\f)
(4‘17)Awkj(gvt’19) = ’70( )ﬂw(gj g) bk(g)

w v k
S M9_19710r1(19+19) ZC‘Fﬁ 7$+ﬁ, t].
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Let exps : g — G be the exponential map, and let £ C g be a suitably
small open neighborhood of the origin 0 € g, over which exp restricts to
a diffeomorphism E — E’ =: exp,(F). Since the shrinking open neighbor-
hood Ey C G of the identity e € G is definitely contained in E’, we may
express the integration in dg using the exponential chart. To this end, let us
fix an orthonormal basis of g, so as to unitarily identify g with R2, and let
us write & for the correspondig linear coordinates on g. We shall denote by
Hg (&) d€ the local coordinate expression of the Haar measure dg under the
exponential cart; the orthonormality of the chosen basis of g implies that
Hg(0) = 1.

With some abuse of language, we shall write by for the composition by o
expg, and assume that by(¢) = b(Vk¢) for a fixed function b = by on E.
We shall also leave exps implicit in the expression for Wy; and Agy;, which
shall be viewed in the following as functions of £ € E. Thus, replacing g by
¢ and dg by Hg(§) d€ in (4.15), and then performing the change of variable
¢ = v/Vk, we obtain

w v
4.18 | T+ —, x4+ —
(418) ”“< NG \/E>j
+00 € . v
Nk,1—g/2e—z‘k19j/ / / ezk‘lfm(ﬁ,t,ﬂ)
0 —e JR8

A (\;Et 19> Hg (;%) dt dv dv.

Our next step will be to Taylor expand ¥y; in descending powers of K/2,
by relying on (64) and (65) of [SZ]; to this end, we shall need the Heisenberg
local coordinates of fiy-107 i) (ug_fl(x—i—w/\/%)) when g = expg (y/\/E)

J
Recalling that m = 7(x) and Gy, C G is the stabilizer subgroup, let us

consider the isotropy representation G,, — GL (T mM ), g = dmfig; for every
j=1,...,Ny and w € T}, M, let us set w; =: dm,ug__1(w) e T, M.
J

In view of our choice of w = (i/2) © as the reference Kahler form in our
construction of Heisenberg local coordinates, we then have the following
lemma.

Lemma 4.3. Suppose x € X, ®on(x) =0, and fir a system of Heisenberg
local coordinates centered at x. Then there exist C*° functions Q;,T; : C" x
RY — C™, vanishing at the origin to third and second orders, respectively,
such that the following holds. For every w € Tr;yM, —m <9 <7, v € g,
as k — +o0o the Heisenberg local coordinates of

w
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are given by

(2 o = oast)] + 5 (2 ) o (o))

"\VE'VE/))
Proof. Set m = 7(x). By definition of vas, p, vz © py-1(m + w/vk) has
J

underlying preferred local coordinates (1/vk) (w; —var(m)) +T((1/Vk) w;,
(1/vVk)v), where T : C" x R& — C vanishes to second order at the origin
(here, w, vpr(m) € T,,, M are identified with their images in C” under the
unitary isomorphism T,,M — C" induced by the chosen preferred local
coordinates centered at m).

Therefore, the Heisenberg local coordinates of X (2, w) have the form
O(k=2), k72 (w; — var(m)) + T(k~Y2w;, k=12 1)), for an appropriate
smooth function 6 : (—4,0) — R.

In order to determine 0, set vs(t) =: pe-w o p,—1(x + sw), defined and

J

smooth for all sufficiently small s,¢ € R. Let us write w; = pu; + iqu;,

vy (m) = py +iqy, where py,, qu,,Pv, ¢y € R". The preferred local coordi-

nates of m(ys(t)) = pe-w o fry—1(m + sw) are (spw; — tpy) +i(sqw — tqy) +
J

T (sw, tv). Therefore, the Heisenberg local coordinates of 74(t) have the form

(4.19) (5(5, t), (spwj - tpl,) + i(sqwj - tql,) + T(sw,tu)),

for an appropriate smooth function (s, t); clearly, 6(u) = 0(u,u).

Claim 4.1. We have (s, t) = =0, + (st) - do(wj,v) + gl(swj, tv), for appro-
priate smooth functions dp,6; : C" x R® — R, with #; vanishing to third

order at the origin.

Proof of Claim 4.1. Recall that Heisenberg local coordinates depend on the
choice of a preferred local holomorphic frame ey, of L, an open neighborhood
U C M of m; as discussed in Section 3, without loss of generality we may
assume that U is Gy,-invariant and g*(e}) = hq-e}, Vg € Gy,. Let us write
o =e}. We have x + sw = o(m + sw)/||o(m + sw)||, where m + sw € U is
the point with local preferred holomorphic coordinates w € C". Therefore,

u;jl(x + sw) = ,u;J,l (a(m + sw)>/Ha(m + sw)||
<ot ) oo+ 0)|

has Heisenberg local coordinates (—9;, z;(w, s)), where z;(w, s) are the local

preferred holomorphic coordinates of u;}_l(m—i—sw). Therefore, 0(s,0) = —v;
for all s.
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We conclude that 0(s,t) = —9; +t R(s,t), for some smooth function R.

On the other hand, X’ is G-invariant, and G acts horizontally on it (in
other words, for every z € X' and £ € g we have {x(x) = §]ﬂ\/[(7r(:c)),
where fg\/l denotes the horizontal lifting of £ys). Lemmata 2.4 and 3.3 of
[DP] then imply that 6(0,t) = #3S(¢) for a smooth function S(t). Thus,
R(s,t) = t?Ry(t) + sd(s,t) for smooth functions Ri(t), d(s,t). We con-
clude that (s, t) = t* Ry (t) + st d(s, t), and the statement follows by setting
do = d(0,0).

Returning to the proof of Lemma 4.3, in order to determine dy we recall
that the expression for « in Heisenberg local coordinate is o = df + pdq —
qdp + B(||z||?). Inserting the local expression for (¢) that we obtain from
(4.19) and Claim 4.1, we obtain

Vs (@) = { [Sdo + (8pw; —tpv) - (=) — (5w, — tqy) - (—py)dt]
+G1(8, t, v, w]’)} dt

(4.20) = {s [do +wm(l/M,wj)} + Gi(s,t, v, wj)} dt,

where (7 vanishes to second order for (s,t) = (0,0).
On the other hand, we have dy(7s)(1) = —vx (vs(t)). Therefore

(4.21) Yi@)(1) = —uvx)a(r(3:(0) ) dt = 0 (7 (7,(1) ) d,

having used that ®¥ = —i(vx)a.

Because of the G-equivariance of ®, ® o m(y0(t)) = @ o 7w(pgerv (x)) = 0
for every sufficiently small ¢; therefore, 0® o /0| (o) = 0 identically, where
with abuse of language we have written ® for ® o 7w : X — g. This implies

oY (ﬂ(vs(t))) = s5dm®”(wj) + Ga(s, t, v, w;)
(4.22) = 25w (v, wj) + Ga(s, t, v, wj),

where m = 7(x), and G3 vanishes to second order for (s,t) = (0,0).

Comparing (4.21) and (4.22) with (4.20), we obtain dy = wp(var, w),
G2 = G3. To complete the proof of Lemma 4.3, we need only take s =
t = 1/v/k, and remark that in Heisenberg local coordinates T iv; is simply
translation by ;.
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Let us set ¢o(u,v) = u-v — 1/2(JJul®* + ||v[|*) (u, v € C"). Invoking
(63)—(65) of [SZ], in view of Lemma 4.3 we obtain that Wy; in (4.16) has
the form:

(4.23)  Upi(g,t,09) =it (1 ~ ew) — 9

L6 [ (omrm), ;) = 42 = var (), )]

where R; : (C")? — C is a smooth function vanishing to third order at
the origin.
Let us now insert (4.23) in (4.18). We obtain

(4.24)

“+o0
I ( T+ > klg/Qeikﬁj/
U 0
/ / eim(t,ﬁ)gwkj (v, w,v,t,9) dtdddv,
—¢ JRe
where we have set

(4.25) U (t,0) =it (1 - 6“9) — 9,

A (row, v, 8,9) =: <" [v2 (s —varm).0) +iom (var(m) ;)]
(4.26) . eikte” Rij(war(m)/Vk, w/Vk, v/Vk)

Acrj(v/VE, 1,9) Ha(v/ V).
A straightforward computation shows that

Yo (w; — var(m), v) + twm (var(m), w;) = Ty + Ty + Ty + To,

where

1 2 1 2
Ty =: 1o (wp,vp), Tp=: — §|]wt—th , Ty=:— §H’wjv—VM(m)_Uij ;
Tow =1 — twp (Wjp — var (M) — vy, Wit + vj¢) + i [wm(wv,wt) —wm(vv,vt)}

(notice that the map w +— wj; induced by the isotropy action of g;l eGp C
G is an isometry of T,,, M, since G preserves the metric of M).

We may insert in (4.17) the asymptotic expansion for the classical symbol
s(z,y,t) appearing in the parametrix for II, and use Taylor expansion in
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g =v/Vk, w/vVk and v/Vk in descending powers of k'/2, to deduce that
(4.27) gwkj (v, w,v,t,9) ~ Z Aejt (Vs w,v,t,0) k:”_l/Q,

1>0
where every coeflicient has the form

_ e (T +Ti+Ty+T,
awji (v, w,v,t,79) =e (Th+Te+To ”‘)pwjl (v,w,v,t,9)

and each pgj (v, w,v,t,79) is a polynomial in v, w and v with coeflicients
depending on xz,t,v¥ and w. In particular, the leading coefficient is

tet? (T +T+Ty+Ty >
(4.28)  awjo (V,w,v,t,9) =€ ‘ m ‘

Thus,

Y0(9) B (g5) so(z, ) t".

(4.29) |} <:U + ﬂ’ T+ v) ~ 178/2 o—ikY;

Vk Vk/;
Z (/;Oo /i /Rg U (E)

>0
Xawﬂ (1/7 w, v, t7 19) kn_l/2 dt d’l9 dl/) .

To determine the leading asymptotics of (4.29), let us first integrate
(4.28) in dv. By our choice of Heisenberg local coordinates, we may uni-
tarily identify (7,,, M, wy,) with (C™, wy), where wy is the standard symplec-
tic structure on C"; let gy be the standard scalar product on C", so that
wo (a, b) = —qo (a, Jo(b)), Va, b € C", where Jy is multiplication by 7. We
shall view S,, : v+ va7(m) as a map g — C". Let us set A = te'’. Up to a
multiplicative factor, we are led to integrating

2
A |:—1/2 ijv—I/M(m)—ij +igo (wjv—VM(m)—Ujv,Jo(wjt—l—vjt)):|
(&

(4.30)
in dv.

Recall that the v coordinates are induced by the choice of an orthonormal
basis of g; we can shift the integration to the tangent space of the G-orbit
through m, gys(m) C T,, M. Let us then choose an orthonormal basis of
gy (m), and let B be the corresponding linear coordinates. We can use 3
as integration variable, by the relation g = S,,(r). By Lemma 3.9 of [DP],
after performing the change of variables § — 3 — (wj, —vj,,) we are left with

1 tet? [—1/2”5\\271‘90 (ﬁ Jo(wjt+v 't))}
4.31 A € S
(4:31) Vet (m) |G| Jos ’
_ (2m)8/2 ) 1. e 3 e lwy+oy 2.
Ve (m) |G| V/tei0/2
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in fact, since t > 0 (4.31) is valid when ¥ = 0 because —(1/2)|3||* equals its
own Fourier transform, and consequently by analytic continuation it holds
for all ¥ € (—7/2,7/2).

Let us next consider the case a general aq; (v,w,v,t,9). Up to multi-
plicative factors polynomial in w and v, we are led to integrate the prod-
uct of (4.30) times a monomial in v. Again up to an appropriate scalar
factor, this amounts to multiplying the integrand in (4.31) by a mono-
mial in (, hence evaluating an appropriate higher derivative of e~lIBl?/2
in Jo(wj, + vjt) € gm(m). We are thus left with the product of the right
hand side in (4.31) times a polynomial in w; and v;.

We can now insert (4.31) in (4.27) and (4.24) to obtain

(4.32) Ty (w + %Hf + \7/%)]

) 400 € .
~ klig/2 677'k19j / / elk\Il(t,ﬁ) S‘W] (’U), v, 1,7, k) dt dv
0 —€

where Sgj (w,v,t,9,k) ~ 2150 Swji(w, v, t,9) k"/2 and the coefficients of
the expansion are as follows.
First, the leading coefficient is

(4.33)
g/2
Swjo(w,v,t,ﬂ) = (27T) !

n 6“9 w,v
T Gl Ve 1) Balm sl a) T

where I'(w,v) = tha(wp, vn) — lwell* = [[ve]|* + ifwm (wy, we) — win (v, ve)].

Next, for every [ > 1 we have Sgji(w,v,t,9) = peji(w,v,t,9) ete” I(ww)
where pgji(w,v,t,9) is a poynomial in w and v.

Thus we are left with an oscillatory integral whose phase ¥, given by
(4.25), is the same phase appearing in the discussion of the scaling asymp-
totics of non-equivariant Szegd kernels in Section 3 of [SZ]. In particular,
¥ has non-negative imaginary part, and a unique stationary point for t = 1
and ¥ = 0; furthermore, at this point the Hessian of ¥ is

W(1,0) = (? 1)

Hence (1,0) is a non-degenerate stationary point of ¥. Arguing as in loc.
cit., the contribution coming from [¢| > 2, say, is rapidly decreasing, and by
the stationary phase method for complex oscillatory integrals (Theorem 7.7.5
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of [H]) there is an asymptotic expansion:

(4.34)

| Py <ZL‘+ ﬂ,x + U)
vE oV
~ o 18/2 =ik, 1

\/det (k07 (1,0)/2ri)

+00
X Z k™% Ly (Swj (w,v,t,9, k))‘tzl,ﬁzo’
s=0

where L is the identity, and L is a suitable differential operator of degree 2s
in (t,0) for any s =0,1,2.... The statement then follows from the previous
description of the phase; in particular, each coefficient in the asymptotic
expansion is the product of e () and a polynomial in w, v.

The statement of the theorem follows by summing over j.

[BSZ]
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