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REDUCTION AND DUALITY IN GENERALIZED
GEOMETRY

SHENGDA HU

Extending our reduction construction in (S. Hu, Hamiltonian
symmetries and reduction in generalized geometry, Houston J. Math.,
to appear, math.DG/0509060, 2005.) to the Hamiltonian action of a
Poisson Lie group, we show that generalized Kéhler reduction exists
even when only one generalized complex structure in the pair is
preserved by the group action. We show that the constructions in
string theory of the (geometrical) T-duality with H-fluxes for prin-
ciple bundles naturally arise as reductions of factorizable Poisson Lie
group actions. In particular, the groups involved may be non-abelian.

1. Introduction

In this article, we propose a candidate of the geometric realization of part of
the ansatz of T-duality with H-flux in the physics literature, using reductions
in generalized Kéahler geometry. T-duality has long been intensively studied
in physics and has made its marks in mathematics as well, e.g., via mirror
symmetry [34]. The context of our reduction construction is the Hamiltonian
Poisson action of Poisson Lie group. Classically, such reduction in symplectic
category was first discussed in [24] and our construction here should be
viewed as the generalization of it to generalized geometry.

Generalized geometry is introduced by Hitchin [13] in the context of gen-
eralized Calabi—Yau manifolds. The general theory of generalized complex
and Kéhler geometries is first developed by Gualtieri in his thesis [12]. Vari-
ous reduction constructions in the context of generalized geometry are devel-
oped by [7, 15, 23, 33, 37|. The approach taken here follows the point of
view of Hamiltonian symmetries [15].

It is now well known that a generalized complex structure induces a canon-
ical Poisson structure, e.g., [1, 10, 12, 15], also § 3.3. Let G be a Poisson

Lie group with dual group G, then the Hamiltonian Poisson action with
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moment map as defined in [24] (also see Definition B.12) can be adapted
to the generalized complex geometry (Definition 3.8), as well as the gener-
alized K&hler geometry (Definition 3.13). We then have the first results on
reduction (cf. Theorem 3.12 and 3.16):

Theorem 1.1. Suppose (M,J) is an extended complexr manifold with
Hamiltonian G-action, whose moment map is u : M — G. Let My = p(e),
where é € G is the identity element. Suppose that € is a reqular value and the
geometrical action of G is proper and free on My. Then there is a natural
extended complex structure on the reduced space Q = My/G.

If furthermore, (M,J1,J2) is an extended Kdhler manifold and the G-

action is J1-Hamiltonian. Then there is a natural extended Kdhler structure
on the manifold Q).

The notion extended (+ structures) is adopted to emphasize that we con-
sider T M as an extension of TM by T*M, instead of as a direct sum, with
an exact Courant algebroid structure (cf. § 2.6). When a splitting is chosen,
or equivalently, 7 M is identified with TM with an H-twisted Courant alge-
broid structure, we will use the notion H -twisted generalized (+ structures).
Now, when the action of G preserves a splitting of 7 M, then the reduced
extended tangent bundle in the theorem naturally splits and the twisting
form on @) can be explicitly written down (cf. Corollary A.5).

In investigating T-duality, we are guided by the detailed computation in
[15] of the example of C? \ {(0,0)} with non-trivial twisting class, which
we recall in Example 5.10. The following definition is crucial (cf. Definition
4.1).

Definition 1.2. Let (g,g,8) be the Manin triple defined by a Poisson Lie
group G (cf. Theorem B.6, also [24]), with dual group G. The (infinitesimal)
action of g on M is bi-Hamiltonian if it is induced by a Ji-Hamiltonian

action of G together with a J5-Hamiltonian action of G.

Suppose that the Manin triple (g, g, §) is the Lie algebras of the (local)
double Lie group (é , G, G) (cf. Theorem B.6). We impose two sets of assump-
tions, on the group G (Assumption 4.2(0)) and on the action of G (the rest of
Assumption 4.2). Our first result in this direction is the factorizable reduction
(cf. Theorem 4.5).

Theorem 1.3. Under Assumption 4.2 and suppose that the action ofé on
My is proper and free, then the reduced space Q= MO/G of a bi-Hamiltonian
action of factorizable Poisson Lie group admits a natural transitive Courant
algebroid (Definition 4.4).

With further restrictions, i.e., the reduction exists with respect to either of
the actions of G and G as given in Theorem 3.16, the factorizable reduction
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as in Theorem 4.5 can be factored in two ways,

QL% G o L5050

We then propose (cf. Definition 5.1).

M, L&,

Definition 1.4. The extended Ké&hler structures on @ and Q are Courant
dual to each other.

We note that any of the groups é G or G could be non-abelian. Thus
we have a candidate for the non-abelian duality with backgmund twistings.
The more stringent but natural assumption that G and G commute in G
implies that G is in fact a torus 7. The choice of terminology in the above
is supported by the following theorem (cf. Theorem 5.8) when the action of
T preserves a splitting of 7M.

Theorem 1.5. After applying a natural B-transformation on M, which does
not change the reduced Courant algebroid on @, the twisting forms h and h
of the structures on @ and @, respectively, satisfy:

#*h —7"h =d(© A O),

where ™ and T are the quotient maps and © and © are connection forms of
principle torus bundles.

We point out that the equation above appears as a part of the definition
of T-duality with H-flux of principle torus bundles in the literature (also
see below). Here, it appears as a geometrical consequence. The notion of T-
duality group in the literature can be recovered (§ 6) with our construction.

We describe the content of the article in the following. It is helpful
to recall the basics of Lu’s construction (see also § 8 Appendix B).
A Poisson Lie group G is a Lie group with a multiplicative Poisson struc-
ture, i.e., m : G x G — G is a Poisson map. Let (M,w) be a symplectic
manifold, the action of G on M is called Poisson if the map G x M — M
defining the action is Poisson, with the product Poisson structure on G x M.
In [24], Lu defined momentum mapping for such Poisson actions (see also
Definition B.12 and Theorem B.13) and went on to show that symplectic
reduction can be carried out for Poisson actions with momentum mapping,
although in general, the symplectic structure w is not invariant under Poisson
actions.

Section 2 recalls the useful facts concerning the action of the group of
generalized symmetries 4 = Diff (M) x Q2(M), the H-twisted Lie bracket
on 2 = T(TM) @& Q3(M), Courant algebroid and generalized complex
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structures and explain in more detail the notion of extended structures.
These results are not new and details may be found in, for example,
[8, 12, 13, 15| and the references therein.

We show in § 3 that the momentum mapping as defined in [24] can be
extended to the generalized geometry (Definition 3.8), and the reduction
construction for symplectic manifold can be extended to generalized complex
manifold, as well as generalized Kahler manifold (Theorem 1.1). Along the
way, we obtain Lemma 3.3, which can be viewed as an extension of Moser’s
argument for symplectic geometry (Remark 3.5). We note that similar to the
case of symplectic geometry in [24], the generalized complex structure may
not be preserved by the group action. In fact, in our construction of general-
ized Kahler reduction, none of the two generalized complex structures need
to be preserved by the group action, as long as certain sub-bundle of TM
is preserved (Remark 3.17). We remark that reduction of Courant algebroid
(§ 7, Appendix A) as well as reduction of generalized Kéhler structure have
been discussed in various other works [12, 23, 33].

One of the features of generalized Kéhler geometry is that the two gen-
eralized complex structures are on the same footing, which is not at all
obvious in the classical Kahler geometry. In fact, this is one of the reasons
that generalized Kéahler geometry could serve as the natural category of dis-
cussing duality. Generalized Kéhler geometry is relevant also from the result
n [12], that it is equivalent to the bi-Hermitian geometry, which has been
shown to be the string background for N = (2,2) supersymmetry ([11, 6]
and references therein). The notion of T-duality with H-flux in abelian case
is proposed in [3] and then has been worked to much more general situ-
ations which involve non-commutative [26] and non-associative geometries
[5]. The motivation in physics is that the physical theories on T-dual spaces
are isomorphic and thus provides insights to what the physics is about. Here
we concentrate on the more geometrical duality and leave the non-classical
cases to furture work.

We first describe the construction of T-duality with H-flux from the exist-
ing literature in the following. To simplify matters, we restrict to 7' = S*,
where many complications do not arise. Let p : E — M be an S'-principle
bundle with connection form © € Q!(E) and curvature form Q € Q2?(M).
Let H € Q?’(E)S1 be a closed S'-invariant 3-form representing integral
class [H] € H3(E,Z). By construction, there is a form h € Q3(M) so that
p'h=H—-—0AQ. Let Qe Q?(M) be the integration of H along the fibre
of E, then [Q] € H?*(M,Z) and there is a principle S'-bundle p : E—>M
whose first Chern class is [Q] In particular, we may choose a connection
form © € Q'(E) whose curvature form is Q. Let H = p*h + © A €, then
H e Q3(E)5" is closed and the pair (E, H) is said to be T-dual to the pair
(E, H). One may also consider the correspondence space E X/ E, whose
projection to E and E is denoted m and #, respectively. Then the forms
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satisfy #*H — m*H = d(é A ©). We may summarize this description with
the following diagram.

EXME

/ \A B
(E,H;0) (E, H;0)
x /
(M;h,Q,Q)

For higher-dimensional torus, it is argued (see [26, 5] and references therein)
that various conditions are needed, on the action and twisting form H, in
order for the dual space to be classical. Otherwise, it would be of one of the
non-classical geometries.

The idea of applying generalized geometry in describing 7T-duality is intro-
duced by Gualtieri [12] and Cavalcanti [8], where the first efforts were made.
The guiding example for us is given in Example 5.10. By this example, we see
that it’s possible for the same function to serve as moment map for Hamilton-
ian group actions with respect to either generalized complex structure and
thus provides a diagram similar to the one above. Another important input
is from [8], where Cavalcanti showed that the Courant algebroids defined by
invariant sections on T-dual S!-principle bundles are isomorphic.

On the physics side, there is vast literature on T-duality, both with or
without H-flux, abelian or non-abelian, for principle bundles or fibration
with singular fibres. The approach of realizing dual theories by quotient
construction appeared in [30, 17|, where it’s argued that gauging different
chiral currents produces dual o-models. More recently, there is work of Hull
[16], which discusses T-duality in the doubled formalism. The formalism is
to look at the correspondence space as principle bundle of a doubled torus,
consisting of the product of a dual pair of torus with the natural pairing on
the Lie algebra. Then the group automorphisms preserving the pairing cor-
responds to the T-duality group. The idea of looking to Poisson Lie group in
considering duality goes back to a series of papers by Kliméik and /or Severa
starting with [18, 20, 21|, where Poisson Lie target space duality was pro-
posed as the framework of non-abelian T-duality. The papers [19, 16, 29, 35]
and references therein contain more recent developement in this direction.

Starting from § 4, we discuss T-duality with H-fluxes in the context of
generalized (Kéhler) geometry, which includes both abelian and non-abelian
groups. In § 4, we define the notion of bi-Hamiltonian action (Definition 4.1)
and discuss reduction of bi-Hamiltonian action of factorizable Poisson Lie
groups (Theorem 4.5). The main point is that the reduced structure is a
transitive Courant algebroid on the reduced space (Definition 4.4). We note
that the reduction considered in § 4 can be factorized in two ways and in
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§ 5 we define the two intermediate stages as being Courant dual to each
other (Definition 5.1). Our construction then provides an isomorpism of
Courant algebroids defined by the invariant sections of Courant dual struc-
tures (Proposition 5.3), extending the result in [8], with a more geometri-
cal method. The upshot is that in Theorem 5.8, we show that T-duality, as
described above, can arise from a special case of Courant duality. The notion
of T-duality group is essential in the full picture of T-duality with H-fluxes
and we discuss it in § 6. We note that it is more desirable that T-duality
is constructed starting from (E, H;©) instead of from the correspondence
space as the approach here. The construction of the correspondence space
from one of the reduced space will be discussed in the forthcoming paper by
S. Hu and B. Uribe.

To make the paper more self-contained, in § 7 Appendix A, we present a
construction of reduction of extended tangent bundles which is used in this
article. In § 8 Appendix B, we collect various facts on Lie bialgebra, Poisson
Lie group and Hamiltonian action.

2. Preliminaries

We recall the preliminaries of generalized geometry and symmetries. As
mentioned in the introduction, the results are not new and for details, the
readers are referred to the literatures, for example [8, 12, 13, 15|, and the
references therein.

2.1. For a smooth manifold M, let TM = TM &T*M and ¥ = Diff(M) x

O?(M). Let A\, € Diff(M) and o, 3 € Q%(M), then the product on ¥ is
given by

(A @) - (1, B) = (A, p*a + B).

Let ¥ = X + ¢ with X € TM and & € T*M, then the (left) action of 4 on
TM is given by

(A a) o (X +&) = AX + (A7) (€ +xa).
The Lie algebra of 4 is 2" = T'(TM)&Q2(M) with the following Lie bracket:
(X, A4), (Y, B)] = ([X,Y], Lx B — Ly A).
The 1-parameter subgroup generated by (X, A) is given by

t
eHXA) = (A, o) = <etX,/ AT A ds> )
0

Following the above notation, for B € Q?(M), we use e” to denote the
so-called B-transformation

Bo(X+6=X+E+1xB.
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2.2. Let H € Q3(M), i.e., dH = 0. The H-twisted Loday bracket on TM
is defined by

(X +8*y (Y +n)=[X,Y]+ Lxn—1y(d§ —1xH).

Let (X+&,Y+n) = L (txn+uyE), then (TM, *g, (, ), a) defines a structure of
Courant algebroid, with a : TM — T'M the natural projection (cf. Definition
2.2 below). The Loday bracket is not skew-symmetric, indeed we have

(X+8*ag (Y +n)+ Y +n) g (X +& =d(X+EY +n).

The subgroup ¢ = Diff(M) x Q3(M) is the group of symmetries of the
Courant algebroid structure with H = 0. The Lie algebra of ¢ is 2" =
[D(TM) @ Q3(M) with the induced bracket. Let ¥y C ¢ be the symmetry

group of the Courant algebroid structure for general H and 2y be its Lie
algebra. Consider the linear isomorphism:

Vi X — X (X, A) — (X, A+ 1xH),
and the H-twisted Lie bracket
Lg: ZxZ =2 :((X,A),Y,B)g=(X,Y],LxB — LyA+ dwytxH),
then we have
Proposition 2.1 ([15]). For H,H' € Q3(M),
(X, A), ¥u (Y, B)luin = vul(X, A), (Y, B)|n
and Y - (2w, [,]) = (2, 1) is a Lie algebra isomorphism.

Let X=X+ € [(TM), then (X, d¢) € 2" and generates a 1-parameter
subgroup in ¥:

B t
ell)Hl(X,dé) =\, ) = (etX7/ A (dg — LXH)dS>.
0

The infinitesimal action of X on g € I'(TM) that generates the above
subgroup is:

:{OHQJ:—:{*HQJ.

2.3. Let J : TM — TM be a generalized almost complex structure on
M, that is, J?=—1 and J is orthogonal with respect to the pairing (,).
Let L C TcM be the i-eigensubundle of J, then L is isotropic and J
defines an H-twisted generalized complex structure if L is involutive with
respect to the H-twisted Loday bracket *xp. Examples of generalized com-
plex structures include the symplectic and complex structures. Let w (respec-
tively, J) be a symplectic (respectively, complex) structure on M, then the
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corresponding generalized complex structure is defined by the respective
isotropic subbundles:

L,={X —iuxw|X e TM}
and

Ly={X+&+i(J(X) = J€)|X € TM,£ € T*M}.

2.4. The space of complex valued differential forms Q°®(M; C) is the spinor
space of generalized geometry. Let diy = d— H A be the H-twisted differential
on °(M;C). Each maximally isotropic sub-bundle L. C TcM corresponds
to a pure line sub-bundle U of A*T7M:

U=Annc(L) :={p e NTEM|X-p=1xp+&Ap =0 forall X = X+& € L},

where - stands for the Clifford multiplication. A (nowhere vanishing) local
section p of U is called a pure spinor associated to the sub-bundle L. The
integrability of L with respect to the H-twisted Courant bracket is equivalent
to the condition dy(I'(U)) C I'(Uy), where Uy = I'(TcM) - U via Clifford
multiplication. More explicitly, there is a unique local section ) =Y + n of
L, so that

(2.1) dup=dp—HNp=-p=1yp+nip,
where we use the convention of dy as in [27]. For a generalized complex

structure J, the complex line bundle U is called the canonical bundle of J.

2.5. In this paper we use the following equivalent definition of a Courant
algebroid from [22] (Definition 2.1 there):

Definition 2.2. Let F — M be a vector bundle. A Loday bracket * on I'(E)
is a R-bilinear map satisfying the Jacobi identity, i.e., for all X,9),3 € I'(E),

(2.2) Xx(YP*x3)=(X+xD)x3+YD*(X*3).

FE is a Courant algebroid if it has a Loday bracket x and a non-degenerate
symmetric pairing (,) on the sections, with an anchor map a : E — TM
which is a vector bundle homomorphism so that

(2.3) a(X)(D,3) = (X, D * 3+ 3+ D)
(2.4) a(X)(D,3) = (X+D,3) + (Y, X+ 3).

The notion can be complexified, where the structures are required to be
C-linear.

The skew-symmetrization [,] of % in the definition is also called the
Courant bracket. The equivalence of the above definition to the more com-
mon variant, e.g., as in [7, 15] etc, follows from Theorem 2.1 of [22] together
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with the thesis of Roytenberg [31] (see also [36]). In particular, the datum
(TM,*p,(,),a) as given in the previous subsections, for H € Q3(M), are
examples of Courant algebroids, where the corresponding Courant bracket
is usually denoted [,]z.

2.6. Let T M be a Courant algebroid which fits into the following extension:
0—T*M —TM-TM—0,

so that a is the anchor map. Such Courant algebroid is called ezact [32]. The
set of isotropic splitting s : TM — T M is non-empty and is a torsor over
Q2(M). The choice of such s determines a form H € Q3(M) and TM can
then be identified with the datum (TM,*x, (,),a) as discussed above. The
action of B € Q?(M) on the set of splittings translates into H — H +dB on
the corresponding forms. It follows that [H] € H3(M;R) is well defined and
is the Severa class of TM. We use the notion extended (+ structures) to
emphasize the absence of a splitting while reserve twisted generalized for the
situation where a splitting is (or can be explicitly) chosen. For example, an
extended complex structure J will represent a twisted generalized complex
structure J on TM (once a splitting is chosen), which is integrable with
respect to a twisted Loday bracket g7, where [H] gives the Severa class of
the extended tangent bundle 7 M defined by the Courant algebroid structure
(TM, *g,{,),a). Given a different choice of splitting of 7 M, J will represent
Jp, which is J transformed by some B € Q?(M) and is integrable with
respect to *g 145 on TM. We note that the Courant algebroids are identical
(not only isomorphic) in either cases, since the difference is only the choice
of a splitting that gives the identification to TM.

3. Poisson Lie actions and reductions

This and the next section contain the main results on reductions. In this
section, we discuss the reduction under the Hamiltonian action of a Poisson
Lie group in the context of generalized complex and Kéhler geometries.
This extends the reduction construction of [15] for Hamiltonian action of Lie
groups and that of [24] for Poisson Lie action on symplectic manifolds, which
we describe in the Appendix B (§ 8). The construction in this section form
the basis of our duality constructions. Again, when we use TM, J and etc,
we assume a choice of the splitting of the extended tangent bundle 7 M and
identify the corresponding structures as H-twisted generalized structures.

3.1. We first discuss the invariance of J under generalized actions. The
result we obtain here (Lemma 3.3) can be seen as an extension of the Moser’s
argument in symplectic geometry (Remark 3.5, see also [28]). On the other
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hand, it also shows that for Hamiltonian Poisson Lie group actions, the gen-
eralized complex structure will in general not be preserved (Remark 3.10).
Direct computation shows

Lemma 3.1. Let (A a) € & and p be the pure spinor defining J, then
(A @) op = (A H*(e %) is the pure spinor defining (\,a) o J. If J is
H -twisted integrable, then (A, «) o J is (A, a) o H-twisted integrable, where
(A a)o H = (A1) (H — da). We have d(y og)or (X, @) 0 p = (A, ) o dgrp.

Remark 3.2. We note that when considering generalized symmetries, we
do not have to restrict to real 2-forms to stay with real twisting form, e.g.,
the group Diff(M) x (Q*(M) @ iQ%(M)) acts on TcM. The infinitesimal
action of (X, A) € 2 @ iQ3(M) on the spinors is then given by

(X,A)op=—Lxp—ANp.

For X = X +¢ € I'(TcM) so that X € T'(TM), let (X,A) = (X,d§ —uxH)
and we compute the infinitesimal action on a section p of the canonical
bundle of J:

(3.1) Xoyp=(=dy +D)X-p— (X,D)p.
We caution that when a generalized complex structure is concerned, such
compler actions in general might not preserve the real index.

Lemma 3.3. Suppose that L defines an extended complex structure J and
X, e (LN (TM @ iT*M)) is a family of sections parametrized by R. Let
M be the family of generalized symmetries generated by Xy. Suppose that for
each p € M there is an open neighbourhood U,, and a compact set V, so that
{Mo Uy} C V, for all t, where \; is the geometrical part of \i. Then \;
preserves J for all t.

Proof. Choose a splitting and identify the structures with H-twisted struc-
tures. Write X; = X; + & under the splitting. Starting from any p € M and
to € R. Suppose that p;, = p is a local section of the canonical bundle U of
Jand py = (M, )*p := (M, ) Lo p = e\ p. Then p; is a local section of
the canonical bundle Uy of J; = (\s, o) "' oJ. Direct computation shows that

d d .

Pt = o= prrs = (M, )" ((dg — D)X - p+ (X, D)p)-

dt ds|,_
Then by the assumption we have % pt = fipe for fr = A (%X4,9). The initial
condition of p;, = p then gives

t
)

It follows that U; = U wherever both p and p; are defined, e.g. for a neigh-
bourhood of p. Since tg is arbitrary and by the compactness assumption, we
have U; = U for all ¢.
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The argument above shows that L is preserved by the family of
symmetries generated by X;, which is independent of the splitting chosen.
The proposition then follows. O

Remark 3.4. Of course, when M is compact, the condition in the lemma
automatically holds. From the proof, we also see that when dgp = 0, not
only the canonical line bundle is preserved, the spinor p is preserved as well.

Remark 3.5. The Moser’s argument in symplectic geometry can be seen as
a special case of the above lemma. The Moser’s argument goes as following
(see [28]). Consider a smooth family of symplectic forms w; = wo + df:
and n = %Bt. Let Y; be defined by ty,w; + 7 =0 and ¢; be the family of
diffeomorphisms generated by Y; via %qbt = ¢(Yy), then ¢fw, = wp.

In light of Lemma 3.3, we consider ¢; = ¢, ! which is generated by the
family of vector fields X; = —pp(Y;). Then we define § = tx,wo = —&f (ne).
It follows that X, = X; — & € I'(Ly,). The lemma then implies that the
following family of symmetries preserves L,:

t t
(@t,at) = <¢t7 _Zd/ @:58d8> = <90t7 _Zd/ 77st> .
0 0

In this case, we have pg = ¢™° and dpg = 0. It follows from Remark 3.4 that
po is preserved:

. . . + . . .
60 = (i1, aq)" 0 = ¢TI s () = (i ()71 (),
which is equivalent to ¢fw; = wp as in Moser’s argument.

3.2. We will use the following conventions.

Convention 3.6. Given a Lie group G, the Lie algebra g of G is identified
as the tangent space T.G at identity, as well as the space of Tight invariant
vector fields, i.e., T — X:(g9) = (Ry)«7. Then the dual g = g* of the Lie
algebra is identified with the space of right invariant 1-forms on G. Let 0% €
QYG) denote the right invariant 1-form on G with 0%(e) = 7 and 0L the left
mwvariant 1-form on G with Glf(e) =7, for 7 € g. Given a Poisson manifold
P with Poisson tensor wp, we consider wp also as a map wp : TP* — TP
defined by 1, = 7p(&,n) for &,n € QH(P).

We note that for 7 € g, the right invariant vector field X, generates the
left action on G by the 1-parameter subgroup g; = €!”. Thus the left action
of G on M induces a homomorphism of Lie algebras & — XM, where X is
the infinitesimal action generated by 7, while the right action of G induces
an anti-homomorphism of Lie algebras. With this convention, the map 7p
and the Lie algebra (anti)-homomorphism are opposite to the convention
used in [24] and [25]. In the following, we will only consider left actions.
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We collected the relevant definitions and results on Poisson Lie groups and
actions in Appendix B (§ 8).

3.3. The basic setup is the following. Let (M, J) be an extended complex
manifold with extended tangent bundle 7 M and anchor a : TM — TM.
Then there is a natural induced Poisson structure w7 on M defined by

77 T*M — TM L5 TM % TM.

If a splitting is chosen, we use TM, J and H-twisted when referring to the
respective structures, while the Poisson structure m; does not depend on
the splitting. The following result is essential in establishing the definition
of Hamiltonian property (Definition 3.8) for an extended complex structure.

Lemma 3.7. Let (G, 7g) be a connected Poisson Lie group and o : Gx M —
M a (left) Poisson action with respect to the Poisson structure my on M,
with an equivariant moment map u : M — G, as in Definition B.12. Let
J(,u*é.r) =X, =X, +& forT €g, then

L, 1 (0r) = 1x, & = 0 and [( X7, dér), (Xu, d€)ir = (Xpru)s d€fr )

Proof. Let X, = (X ) be the dressing vector field on G generated by 7 € g
(cf. Definition B.10). Then we have tx, p*0r = p* (¢ 07) = p*(75(07,67)) =
0. Because J preserves the pairing (,), it follows that

0x e = (Xp 4+ &0, Xo + &) = (J(0), J("07)) = ("0, *6;) = 0.
We then compute

[J(N*éfr) + iﬂ*éTa J(M*éw) + iﬂ*éw]H
= [X7, Xo] + Lx, &0 — 1x,dér +x,0x, H + i(EXTF‘*éw - wad,u*éq-),

and the imaginary part is

ﬁX-rN*éw - LdeM*éT = N*(ﬁu*XTéw —lue X, dé’?’)

= N*(ﬁg\?Téw - bewdér) = ,u*([éf, éw]*) = N*é[r,w]

Thus X[TW] = [XT, Xw] and f[T,w] = ,CXT&U — LdefT +ix,tx, H. The lemma
follows. O

We note that from the above lemma, the symmetry generated by X[,
coincides with that of X, xz X,,, which only depends on the Loday bracket.

Definition 3.8. The action of a Poisson Lie group G on an extended com-
plex manifold (M, J) is Hamiltonian with moment map p: M — G, if the
action is Poisson with respect to w7, together with an equivariant moment
map g as in definition B.12, so that the G-action on 7 M is generated by
T (u*0) = X, via the Loday bracket *.
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Remark 3.9. In general, it is a non-trivial condition that X, generates a
G-action on TM. As an example, let M = C?, H = 0 and J = w®J, where w
and J are the standard symplectic and complex structure on C. The Poisson
structure here is 77 = w ® 0. Let G = S! and p(z1, 22) = 3(|z1> + |22]%),
then the geometric action of G on M by rotating the first coordinate is
Hamiltonian for the Poisson structure mj, and p is an equivariant moment
map. Let X be the infinitesimal action of 1 € R, then it is easy to see that

J(dp) = X + & where £ = —%(zgd@ — Zadz9).

Since d€ = —%dzg AdZy, the Rl-action on TM generated by X + & can never
be proper, i.e., J(du) does not generate a G-action.

Remark 3.10. We recall that in the Poisson category, the Poisson action
of a Poisson Lie group does not have to preserve the Poisson structure.
Thus the action as defined above does not have to preserve the extended
complex structure J. Lemma 3.3 implies that the action on 7 M generated
by J (,u*é) + iu*é does preserve the structure J. Thus the non-invariance
under the action of J (u*é) can be seen as due to the non-vanishing of
df. When the Poisson structure on G is trivial, we have the definition for
Hamiltonian actions of Lie groups [15]. By Theorem B.13, p is a Poisson
map. Let My = p~'(é), then p.(m7|n,) = male = 0, and X, ie., the
geometrical action of G, preserves Mj.

3.4. We may consider reduction by a Hamiltonian Poisson Lie group action.
Assume that

(1) the identity é € G is a regular value of p,
(2) (the geometrical part of ) the G-action is free on Mj.

Lemma 3.11. The sub-bundles (u*0), J(u*0) and L & (u*0) are G-
equivariant.

Proof. Choose a splitting. It is enough to show that the infinitesimal actions
preserve the sub-bundles:

(Xo + &) *1 (N*ér) = ﬁXuM*éT = N*('C)Ew éT) = (é[wﬁ] - L/\A’Tdéw)’
(Xw + fw) *H (XT + §T> = [vaXT] + £Xw§7' - LX-rdgw + LX.,LXWH
= Xjor] + Sl
(Xo + &) *5 (Y + 1) = [Xo, Y]+ Lx,n — wydéo + tyix, H
= (X + &0+ iﬂ*éw) w (Y +n) + iLYM*(déw)a

for Y +n € T'(L). We note that tzu*(df,) = —%czu*([é,é]w) € (pu*f) for
any Z € TM. 0
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Theorem 3.12. Suppose that G is compact and the assumptions in § 3.4
hold, then there is a natural extended complex structure on the quotient
Q = My/G. When the action of G preserves a splitting of T M, the reduced
structure T,Q admits a natural splitting up to a choice of connection form
on My — Q.

Proof. Because Tsle = 0, we compute on Mo:

(0, T (*0,)) = 1,107 = p*rg 0= = w00, 07) = 0.

Let K = p*0, K" = J(u*0), it follows that K & K’ ¢ Ann(K,K'). K and K’
satisfy the conditions (i)—(iii) of Lemma A.4 by definition. For example,

d(u*0.) = —5p* (10, 61,) € T(A°K).

Thus Lemma A.4 (1) applies and 7, My = Ann(K,K')/K & K" descends to
an extended tangent bundle 7,Q on Q.

Lemma 3.11 implies that L (p*6) is involutive with respect to the bracket
%. It follows that (L & (1*0)) N Ann(p*6, 7 (1*0)) induces a sub-bundle L
in 7, cMp which coincides with the image of L under the subquotient. By
Lemma 3.11, the bundle Lg is G-equivariant and descends to a sub-bundle
L, of T,c@Q. That L, is maximally isotropic with real index 0 and integrable
follows from the same properties of L, i.e., L, defines an extended complex
structure J,,. Corollary A.5 gives the last sentence. O

3.5. Let (M,J1) be an extended complex manifold. A second extended
complex structure Jo makes (M, Ji, Jo2) into an extended Kdhler manifold
if they are both defined on the same extended tangent bundle 7TM and
G = —-T1J2 = —JoJ: defines a generalized metric (see [14]) on TM, i.e.,
(G-, -) defines a metric on 7M. We show that just as symplectic reduction
admits induced Kéhler structure when the original manifold is Kéhler with
G preserving the complex structure, generalized complex reduction with
respect to J1 would admit extended Kéahler structure if /5 is preserved.

Definition 3.13. A Poisson action of Poisson Lie group GG on an extended
Kahler manifold (M, 71, J2) is Ji-Hamiltonian if it is Hamiltonian with
respect to J; and preserves Js.

3.6. We note that Ann(p*0, J; (1*6)) is not preserved by Jo:
Ann(u6, 73(1°6)) 0 Jo (Ann(0, 73 (°6))
= Amn(d, 1 (45°6), To (570), G70)).

The right-hand side of the above equation is again a G-equivariant sub-
bundle when restricting to My, as the two terms on the left are both so.
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The next two lemmata concern the linear algebra of the generalized Kahler
reduction. Alternatively, they can be seen as the linear case for the reduction
construction of Theorem 3.16.

Lemma 3.14. Let V. = V & V* and (J1,J2;G) be a linear generalized
Kahler structure. Given subspace K C V*, let U7, = Ann(K,J;(K)),
Wx = Ann(K,J1(K),J2(K),G(K)) and (U))c, (Wk)c be the respective
complezified versions, then L; N (Wg)c = L;j N (Uk )¢ for j #1. If

(1) K + J1(K) C Uk, then the following decomposition holds

Uy = Wk @ (K + J1(K)).

The + above becomes @ if we suppose further that
(2) Ji(K) NV = {0}.

Proof. Obviously L; N (Wk)c C Lj N (Uk)c. Let X € Lj N (Uk)c, then
J;(%) = iX and (X, K) = (X,];(K)) = 0. Then by orthogonality of J;, we
find that <%,J](K)> = <%,G(K)> =0,ie,Xe€L;N (WK)(C-

For any subspace W C V we have V=W @& Ann(GW). In particular

V=Wg& (K +J(K)+J:(K) + G(K))
(3.2) =Wg @ (J1(K) 4 J2(K) + G(K))
= U ® (Ju(K) + G(K)) for j #1,

where Wx = Ann(K, J;(K), Jo(K)). With condition (1), by the last expres-
sion in (3.2) for j = 1 and [ = 2, we see that the decomposition in the
statement holds. With condition (2), we have K + J;(K) = K & J;(K) and
it follows that all +s in (3.2) are ®s. O

Lemma 3.15. Continue from Lemma 3.14 and let N = a o J1(K) where
a:V — V is the projection, then the restriction ()i of (,) on Wk is a
non-degenerate pairing. There is a self-dual exact sequence with respect to

<7 >K
0 — Wi 55 Wy 25 Wi — 0
where
~ Anny(K) Anny«(N)
- N K
Furthermore, the restriction (J1 x,J2,k;Gr) of (J1,J2;G) to Wi is a
generalized Kdhler structure with respect to the pairing (,)rk. Let Vi =
Ann(K,K')/K & K' as in Lemma A.1, where K’ = J1(K), then the inclu-

sion Wg — Ann(K, J1(K)) induces a natural isomorphism Wg ~ Vg, and
the extension sequences correspond.

Wi and Wrg =
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Proof. Note that W is preserved by G we see that for any X € Wy such
that (X, Wg) = 0, it must satisfy (X, G(X)) =0, i.e., X = 0. It implies that
the restriction (, ) is non-degenerate. It is obvious that the generalized
Kahler structure restricts.

Let ag : W — Wg be the map induced from the projection a. The kernel
of UL — Wk is Anny«(N) @ J1(K). It follows that the kernel of ax is

kerax = (Anny«(N) @ J1(K)) N Wg.

Note that Uk = W @ (K & J1(K)) and K @ J1(K) C Anny+«(N) & J1 (K),
we find that Anny«(N) & Ji1(K) = kerax @ (K & J1(K)), thus kerax ~
Anny+(N)/K. Now ker ax is maximally isotropic with respect to (,)x and
the self-duality follows. The last sentence follows from direct checking. [

Similar to the classical Kahler case, we have now the generalized Kéahler
reduction.

Theorem 3.16. Let (M, J1,J2;G) be an extended Kdhler manifold. Suppose
that the action of G on M is Jr-Hamiltonian with moment map p: M — G.
When the assumptions in § 3.4 hold, then there is a natural extended Kdhler
structure on the quotient Q = My/G. If furthermore, the G-action preserves
a splitting of TM in to H-twisted generalized tangent bundle, the reduced
structure splits, up to a choice of connection form on My — Q.

Proof. All the bundles in the proof will be on the various spaces at y = é,
either the level set or the reduced space. Let

T, Mo = Ann(*0, 7y (1076), To(1*0), G (1" 0))
be the sub-bundle of T M|y, then it is a G-equivariant sub-bundle (§ 3.6).
Consider X,9) € T(Ann(p*0, J1(1*0)))¢ and X, = J1(u*0,), T € g, then
Xrx (X)) = (X, *X)«D+ X+ (X, %) =0= X %9 is invariant.
That X * Q) € I'(Ann(p*0, J;(1*0))) follows from the proof of Lemma A.4

case (1) where we set K = (¢*0) and K' = J;(1*6). From Lemma 3.14 we
get the decomposition

(3-3) Ann(p*0, Ji(1*0)) = TyMo © ((170) © J1(1"6)),
which by Lemma 3.11 is G-equivariant. Let 7 : Ann(p*0, 73 (u*0)) — T, Mo

be the projection to the first factor in the above decomposition. Let (,), be
the restriction of (,) to 7;Mo and define the bracket *; on F(UMO)G by:
XY =m(X*Y), for X, €T (T, Mo)? C T'(Ann(p*0, 1 (1"0))).

The structure (7ZM0, (,)u,*1) descends to an extended tangent bundle 7;’@
on Q. Due to the decomposition (3.3), the extended tangent bundles 7;’@
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and 7,Q (as given by Theorem 3.12, using J = J1) are naturally isomorphic
via the inclusion 7, My — Ann(p*0, T (1*6)).

Then Lemma 3.15 implies that the restriction (77, J3) of (J1, J2) to T,; Mo
defines a generalized almost Kahler structure (71, J2,,) on 71@, ie., Jju
are generalized almost complex structures and G, = —J1 ,J2, defines a
generalized metric on 7,Q.

We check the integrability. Let L; be the i-eigensub-bundle of J; in Tc M.
Then L9 is G-equivariant because [J2 is preserved. Lemma 3.14 implies that

Lo N Ann(p*0, 71 (1*0)) = Ly N Tpi.c Mo,
which defines J3. It follows that 7; is involutive with respect to 1 and Ja
is integrable in 7ZQ. As to Ji, it is easy to check that

(Ly @ (1°0)) N T c Mo

is involutive and isotropic. In fact, it gives the sub-bundle Lo of 7, cMy
in the proof of Theorem 3.12 under the natural identification. Thus 7 , is
integrable. O

Remark 3.17. We notice from the proof that, in order to have extended
Kahler reduction, even the extended complex structure [Jo does not have
to be preserved by the G-action either. The only thing that needs to be
preserved is the intersection Ls N ’7;’7(CM0. Here, unlike the case in Theorem
3.12, where L; & (u*é) being equivariant provides descending of J1, Lemma
3.14 implies that such flexibility does not apply to Ja.

Remark 3.18. Generalized Kahler reduction have been constructed by
several other works, e.g., [7], [23] and [33], with various generalities. The
construction we describe here, which fits our needs for discussing duality,
has not appeared in the stated form.

4. Bi-Hamiltonian action and factorizable reduction

In this section, we describe one more reduction construction that is central
to our geometric approach to T-duality. Let G be a Poisson Lie group with
dual group G. Let (8, 9,8) be the associated Manin triple (cf. Theorem B.6,
also [24]). Suppose that G and G both act on the extended Kéhler manifold
(M, J1,J2), so that the actions are Ji- and Jo-Hamiltonian, respectively.
One observation we gain from the computation of the example of C2\ {(0,0)}
in [15] (also see Example 5.10) is that the two moment map could coincide.
This observation leads to the following definition critical in our construction:

Definition 4.1. The (infinitesimal) (left) action of g on M is bi-Hamiltonian
if it is induced by a (left) Ji-Hamiltonian action of G together with a (left)
Jo-Hamiltonian action of G.
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We will use ¢ and j& to denote the moment maps of the G and G actions,
respectively. Suppose that G is a factorizable Poisson Lie group (Definition
B.8). Let S : G --» G be the local diffeomorphism defined by s and the
exponential maps at the identity elements é € G and e € G, then dS (é) =s.
We consider the reduction by the bi-Hamiltonian action of G.

Assumption 4.2. We will need the following conditions.

(0) In the following, G is always a factorizable Poisson Lie group.

(1) The identity elements e € G and é € G are regular values of fi and p,
respectively.

(2) i~ (e) = p~1(é) and is denoted Mp.

(3) Restricted over the identity elements, dji = dS o du(= s o du).

Remark 4.3. It follows from condition (2) that My is preserved by the G
action. By condition (3), we see that i* = p* o s* = u* o s when restricted
to My, since s is symmetric. Thus on My we have

[0 = p* o s(0;) = phys for 7 € g

The reduced structure will be a Courant algebroid of a more general type
instead of an extended tangent bundle, (also see [36] and the references
therein for the following definition):

Definition 4.4. A Courant algebroid E on M is a transitive Courant alge-
broid if it fits in the following diagram.

0—=T*"M —=E—— Fy 0
Y
N
T™
0 0

where a is the anchor map and the sequences are all exact.

The usual constructions of B-transformation for B € Q?(M) and twisting
of the Courant bracket by H € Q3(M) are valid for a transitive Courant
algebroid E.

Theorem 4.5. Given Assumption 4.2, and let (G, G, G) be a (local) double
Lie group whose Lie algebras form the Manin triple (g,9,8), where G is
connected but not necessarily simply connected (compare to Theorem B.6).

Suppose that the action of g induces an action of G, which is proper and
free on My, then there is a transitive Courant algebroid T.QQ on Q = My/G.
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Proof. Let F(-)G denote the set of G-invariant sections. By Lemma 3.11 we
see that

(10, T1(170), To(170),G(1*0)) = (10, T1(1*0)) & To(p*0, T1(1"0))
is preserved by the G-action. Similarly, it is also preserved by G and it
follows that it is preserved by the action of G. Analogously, the bundles
(10, T (1*0), Jo(1*0)) and (u*) are preserved by the G-action. Let K =
(1*0) and K’ = J1(u*0) ® Ja(1*0), then the conditions for Lemma A.4(2)
are satisfied. Thus 7' My = Ann(p*0, Ji (1), To(1*0))/ (11*0) descends to
an Courant algebroid 7.Q on Q.

Another way to see the Courant algebroid structure is to follow Theorem
3.16. Using the decomposition in (3.2), where K there corresponds to (1*6),
and W corresponds to the domain of the map below, we define the following
projection

7 Ann(p*0, 71 (1 0), T2 (1)) — 7ZM0
and the bracket *,:

X%, = 7(XxgD) for X,9) € T(T/ M) C T(Ann(*0, T1 (1*0), Jo(170))C.

By definition, F(UMO)G is closed under *,. Then the inclusion:

TiMo = Ann(p*0, Ty (10), o (1*0))

induces a natural isomorphism to 7Z’ My, and the brackets coincide. O

Corollary 4.6. With the same assumptions as in Theorem 4.5, let (M, ‘71/’
Js:G') be the By-transformed generalized Kdhler structure for By € Q2(M)C.

Let all other choices be the same. Then the transitive Courant algebroid 7;’@
induced from (J{,J3;G') is a b-transformation of T.Q, for some b € Q*(Q).

Proof. Choose a connection form 6 of the @—princ}ple bundle My — Q and

with respect to a choice of basis of g we have 6; and Xj. Consider the

form b = [T;(1 - 0; N LXj)Bl\MO, where the terms in brackets are consid-

ered operators on Q?(Mp). Then b is horizontal with respect to G-action

and Ann(p*0, J1(p*0), J2(1*0)) is preserved by the transformation e?, from
which the result follows. O

5. Courant and T-duality

Let (G,G,G) be a double Lie group and suppose that there is a bi-
Hamiltonian G-action on the generalized Kéhler manifold (M, T, J2),
as considered in Theorem 4.5. Since the actions of G and G are both
Hamiltonian, although with respect to different generalized complex
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structures, they could be both reduced as described in Theorem 3.16. We
introduce the following.

Definition 5.1. Consider a bi-Hamiltonian action as in Definition 4.1. Sup-
pose that the reduction of G- (resp. G-) action at é € G (resp. at e € G) as
given in Theorem 3.16 exists and denote it (Q, 71, J2) (resp. (Q,J1,Jo)).
The structures (@, J1,J2) and (Q,jl,jg) are Hamiltonian dual to each
other. When the assumptions of Theorem 4.5 holds, the structures are said
to be Courant dual to each other.

Geometrically, the Hamiltonian duality as defined above has a significant
drawback: a priori, the level sets Mz = u~!'(é) and M, = ji~'(e) might have
nothing to do with each other and the relation between the geometry and
topology of the quotients @) and Q may not be clear. For Courant duality,
the relation of the topology and geometry can be understood much better.

Proposition 5.2. Assume the conditions in Theorem 4.5 and that (G, G, G)
1s a connected double Lie group, and all the groups are compact, we have
the following diagram, where the maps are principle bundles of compact Lie
groups.

Q
Proof. Recall that G x G — G : (g,9) — g5~ ! as well GxG—G: (g,9) —
gg~! are diffeomorphisms for the double Lie group (G, G, G). The left action

of G on Q is induced from:

Gog 'z =gg 'z forx e My,

while the left action of G on Q is induced from

goglx =gtz for xz € M.

These two actions are both free with the same quotient space Q = M / G.
O

The choice of terminology is justified by the following:

Proposition 5.3. With the same conditions as in Proposition 5.2, the
Courant algebroids on @QQ formed by the invariant sections of TQ and TQ
are isomorphic to the one defined by Theorem 4.5.
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Proof. Note that the invariant sections of 7Q lifts to Mo as the G-
invariant sections of Ann(u*0, J1(p*0))/(1n*0) & J1(1n*0), which is isomor-
phic to 7; Mg by Lemma 3.14. The proposition then follows. O

In case the subgroups G and G commute in G we show that the double
Lie group is abelian. Infinitesimally, we have the following.

Proposition 5.4. Let (g,9,8) be the Manin triple defined by a factorizable
Lie bialgebra g. If [g,8] = 0, then [g,g] = 0, i.e., g is abelian, and we write
(Q, 9, g) = (ta t, t)

Proof. By (B.4), we have for 7 € g and w € g:

[(7,7), (r(@), - (@))] = ([ 4 (@), [ - (@)]) = O,

which implies that [r,s(@w)] = 0. Since s is invertible, we see that g is
abelian. Then (g, g, §) form a Manin triple implies that g and g are abelian
as well. 0

Because of this, in the following we work under Assumption 4.2 and
that G is abelian. The notations T, T and T will mean that the respective
groups are compact, i.e., torus. In this case, a new pairing can be defined
for t and t:

Lemma 5.5. Both Ji and J» are preserved by the T-action. For any T € t
and w € t, we have d(J1(u*0;), J2(1*0;)) = 0. We define the pairing

(5.1) P:t@t—=R:7®00— 2(J1 (1 0;), Jo(i*05))

then P is non-degenerate, i.e., 7 =0 €t <= P(1,0) =0 for all > € t and

vice versa for @.

Proof. By definition, the t-action preserves J and t-action preserves Jj.
Then by the proof of Lemma 3.11 and df = 0 (since t is abelian), it follows
that J1 as well as p*(0;) are preserved by t. Thus the T-action preserves
Ji. Similarly, J> and 1*(6;) are preserved by the T-action. We have
Ti(W0:) kg Jo(i02) =0 and  Jo("05) *i Ji(p*6;) = 0.
Add the above two equations, we see that
d(J(1*0r), Fa(f05)) = 0.

The non-degeneracy of P follows from that of the generalized metric G. [

Definition 5.1 for the case of the double Lie group (T, T, T) is of special
interest and we give a seperate notion in this case.

Definition 5.6. The structures 7Q and 7Q are said to be (Courant) T-dual
to each other.
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Assumption 5.7. In the rest of this section, we assume that the T-action
preserves a splitting of 7 M into H-twisted generalized tangent bundle TM.

Consider the reduced structures on @ = My/T and Q= M, / T. By
Corollary A.5, the structures are both twisted generalized Kéhler structures,
whose twisting form can be described with a choice of connection forms. Let
© be a connection form on My as principle T-bundle. Choose basis {rj} and

{#;} of t and t respectively, and denote 0;, X; + &;,0; and éj,Xj + éj,(:)j
the corresponding components. We define:

2)
=B+ B

o

1 2 l=aA A )
= @A5—§§:@jA@kwng-+ @A£—§§:@jA@hQ&§
Ik 3.k

Then B is T-invariant on My. When the actions generated by t and t are
proper, the forms © and © become connection forms on My as, respectively
T and T principle bundles.

Theorem 5.8. Suppose Assumption 4.2 holds and let (M,JP,JB;GP) be
the —B-transformed structure on M, with B defined above. Then the induced
Courant algebroid on Q = My/T remains unchanged. Let h (resp. ﬁ) be the
twisting form of the corresponding reduced structure on Q (resp. Q), then

(5.3) #*h —*h = d(© A ©),

where on the right-hand side we use also the pairing (5.1).

Proof. Direct computation shows that the T—horizontal part of B is 0. Thus
by Corollary 4.6, the Courant algebroid structure on () remains unchanged
under the — B-transformation.

The —B—tljansfprmed structures on M has twisting form H = H + dB.
Let J’lg = e BJeP and so on. We compute

L&B:&—@meZQ—EZQ”w@
J

and it follows that .,]]F(,u*él) = Xi + ¢, where § = 3, éj . Lxléj. We note
that vx; & =0, and the twisting form h satisfies

m™h=H+dOAE).
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Similarly, we have #*h = H + d(© A £), where fl’ =2.;9;- L,&j- More
explicitly, we compute

ﬁ*il—ﬁ*th éjA@k-ijfk—ZGk/\éj'LXkéj
- ik

= }:@ A Oy - %§k+mgﬁ

_ Z A O - 2(T2(fi*0;), 1 (1* 0 ))
7.k

d(© A 0).
where the last step we use the pairing P as given in (5.1). O

Remark 5.9. We note that the T- or 7-horizontal part of B, in gen-
eral, do not vanish. Thus the structures on @ and Q are B-transformed
from their respective original structures. With Proposition 5.3, the theorem
above states that the Courant algebroid on Q formed by the set of invariant
sections of TQ or TQ are still isomorphic to the original one. We note also
that the equation (5.3) coincides with the equation in the physics literature,
where M is to be the correspondence space of the T-dual bundles ) and
Q. Tt is shown (e.g., [3]) that the twisted cohomology of T-dual principle
bundles are isomorphic. Since the twisted cohomology only depends on the
cohomology class of the twisting, the same is true for the structures on @)
and Q before applymg B-transformation. In [8], Proposition 5.3 is shown
when Q and Q are T-dual S!-principle bundles, with twisted generalized
complex structures, by directly defining the isomorphism.

Example 5.10. The following example is considered in [15] and we recall
the setup and point out its relevance to the current discussion. Let M =
C2\{(0,0)} and consider the coordinates z = (z1, 22) (x1+iy1, xat+iy2) =
(w1,y1,22,92). Let r2 = |21]? +|22|? and J = (1 0 ) Consider the following
structures:

0 0 r2J 0 J 0 0 0
.| 0 —J 0 0f . 0O 0 0 r2J
Y= 1r27 0 o0 0| °? 0 0 J 0 |
0 0o 0 —J 0 —r2J 0 0

where the labelling on rows are (T'z1, T2z, T* 21, T*22)". Then (M, J1,Jz) is
an H-twisted generalized Kahler structure where

H = —sin(2\)dA A dy A debs
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in the polar coordinates (z1,z2) = r(e"®'sin\,e2cos)). In particular,
[H] #0 € H3(M) (cf. [12]).

Let T = S' x S and (¢, ¢?2) be the coordinates. It acts on M via
(e1,692) 0 (21, 29) = (€121, 72 2p).

Let T and 7' be the first and second S?, respectively, then (T, T, T) is a dou-
ble Lie group and the action of T is bi-Hamiltonian and satisfies Assump-
tion 4.2 with the common moment map f = Inr. The T and T actions are
generated, respectively, by

Ji(df) = (921 —cos®* Adgo and  Jo(df) = _(922
It follows that 2(J;(df), Jo(df)) =1, i.e., T and T are dual tori in the stan-
dard sense. We note that the actions are not free. Consider the submanifold
M’ = M\ ({z1 = 0} U{22 = 0}), on which the actions are free. The reduced
structures of the 7' and 7' action on M’ are, respectively, the opposite and
standard Kihler structures on D?\ {0}. Our results then state that they are
T-dual to each other.

+ sin® Ad.

6. T-duality group

The group O(m, m;Z) is called the T-duality group in the physics literature
(27, 16] and the references therein). In the physics literature, for each ele-
ment of O(m,m;Z) it is associated a pair of related T-dual principle bundles
with H-fluxes. The physical theory on such related structures are expected
to be the same. In our picture, the group O(m, m;Z) also enters naturally,
as we will see in Corollary 6.3.

We first consider the linear case. Let V=V & V*, K C V* and (J1,J2;G)
a linear generalized Kéahler structure. We note that the natural pairing on V
induces a pairing Px on J1(K) @ J2(K'), which can also be seen as induced
from the pairing (-, G(-)) defined on K by G. By the positive definiteness
of G we see that Px has signature (m, m) where m = dim K. Completely
parallel to Lemma 3.15, we have

Lemma 6.1. Let V=V & V* a:V =V be the projection and (J1,J2; G)
a linear generalized Kdhler structure. Let K C V* and K' C J1(K) ® Ja2(K)
a mazximal isotropic subspace with respect to Px and N' = a(K'). Assume
that for j = 1,2

(1) K+ J;(K) C Ann(K,J;(K))

(2) J;(K)nV* ={0} and

(3) N1N Ny = {0}, where Nj = ao J;(K).
Then there is a self-dual exact sequence:

* a*K’ ager
00— Wg — Wg — Wy — 0,
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with
Anny (K) . Anny«(N')
— N and Wy = — %

where Wi = Ann(K, K',G(K"),G(K)) = Ann(K, J1(K),J2(K), G(K)).

Wi =

Proof. By the assumption (2), we see that K' N V* = {0}, K & K' C
Ann(K, K'). Let ags be the map induced from a. Let Uxs = Ann(K, K'),
then the kernel of the induced map Ugs — W is Anny«(N') @& K’ and thus
the kernel of ag is

kerar: = (Anny«(N') & K') N V.

By the decomposition Ugr = Wi & (K ¢ K') and inclusion K & K’ C
Anny«(N') @ K', we see that kerags ~ Anny-(N’)/K. Since kerag: is
maximally isotropic with respect to the induced pairing (, ) x on Wy, we see
that the exact sequence is self-dual. O

Using the notations in (the proof of) Theorem 3.16, we have

Proposition 6.2. Under the condition of Theorem 4.5 and let T cT be a
mazimally isotropic subtorus of T with respect to the pairing P as in (5.1),

i.e., the Lie algebra t' is a Lagrangian subspace of t. Then the reduced space
Q' = My/T’ has a natural extended Kdhler structure.

Proof. By the proof of Theorem 4.5, the bundles (1*6), (u*6,J1(u*0),
Jo(p*0)) and T.My are all preserved by the T-action, and thus are pre-
served by the T"-action. Let K = (1*d) and K’ be the sub-bundle generated
by the infinitesimal fields { X, +&,/|7" € K'}, then it follows from the proofs
of Lemmata 3.7 and 5.5 that (z*0,K’) is preserved by the T’-action. Since
T’ is isotropic, we have K @ K' € Ann(K,K’) and Lemma A.4(1) gives an
extended tangent bundle 7Q' on @Q’. It follows from Proposition 5.5 that J;

and J5 are both invariant with respect to the T"-action and thus descend to
J{ and Jy on TQ', which define an extended Kéhler structure. O

The following provides an interpretation of the T-duality group O(m, m; Z)
in the context of our reduction construction:

Corollary 6.3. Suppose that the action of T preserves a splitting of TM.
Let g € O(m,m;Z) and consider the pair of Lagrangian subgroups T, and
Tg with Lie algebra g(t) and g(t). Let Qq and Qg be the reduction of My by
the groups Ty and Tg, respectively. Then the induced structures on Qg and

Qg are twisted generalized Kdhler structures and the equation (5.3) holds for
this pair after applying certain B-transformation. The Courant algebroid on
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Q defined by the Tg—invariant sections of TQ, is isomorphic to the one given
by Theorem 4.5.

Proof. Similar to (5.2), we choose basis {Tjg} and {%J?q} of t9 and 9 respec-
tively and let X ;7 +§Jg» , @? and X JEJ —i—éjg- , (:)g be the corresponding components,
and define

BY = BY + BY

1
= @9/\59—52@?/\@%-%%;?
j?k

N A 1 A A ~
+169n¢9 - 52@%@%-%55
j7k
In particular, the basis {7/} and {7/} can be taken as the transformation
of {r;} and {7;} by g. The proof of (5.3) is then completely parallel to

that of Theorem 5.8. The isomorphism of courant algebroids is straight
forward. OJ

Example 6.4. We consider in detail the special case when g = e’, where b :
t — t is skew-symmetric with respect to the pairing P. Then g(t) = graph(b)
and g(t) = t. Let {r;} and {7;} be basis of t and t, respectively, and (b;;)
the matrix of b with respect to these basis. Then {le-) =7+ > pbjrTr} is a

basis of g(t), where b(7;) = ", bx;7x € t. Let ® to denote the objects for the
transformed structures, then

0! =0, XV &b =X, +¢;

) A and Jb {) . R

0;=0;— > bjxOy X7+ =X+ &+ D208 b (X + &)
Direct computation gives

(ﬂ'b)*hb =7"h — dz b;;OK N O (X, + fk,Xl + ‘él)

Ikl S .
. . L which implies
~b\x7b ~ %
(7)) R = a*h —d Y b;O; A OR(Xy + e, Xi + &)
j?k’,Yl
(7R — (=)*hb =d> el n ey (LXé,g,z +uxéd),

j?k
i.e., the equation (5.3) holds for the pair of reduced structures Q° and Qb.
Since t* = t, we have Q% = @, while the twisting form A is changed by an

exact term. As the situation for t and t is symmetric, we may consider e?
for skew-symmetric G : t — t and obtain similar result.
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Example 6.5. The Example 5.10 discussed does not admit interesting T-
duality group action, because O(1,1;Z) = {£1,+ (9 })}. This can be com-
pensated by considering a product of these, e.g. twisted structures on M2, for
example, and apply Example 6.4. Instead, here we consider another situation
which is not quite covered by T-duality group. For Example 5.10, we consider
the anti-diagonal action generated by

Xi+& = <63)1 + 63»2) — (cos® My + sin? Mde1),
then vx,€q = —1. Let K = (dp) and K' = (X4 + &4), then the condition for
Lemma A.4 (1) does not hold. On the other hand, the condition for Lemma
A.4(2) holds and there is an induced transitive Courant algebroid on the
corresponding reduced space, i.e., S?. A more general result holds.

Proposition 6.6. Let TT C T be a non-degenerate subtorus of T with
respect to P, i.e., the restriction of P on its Lie algebra t™ is non-degenerate,
then there is a natural transitive Courant algebroid on the reduced space
Qt = My/T+.

7. Appendix A: Reduction of extended tangent bundle

Special case of the reduction of Courant algebroid has been discussed impli-
citly in our paper [15] showing that extended complex structure exists as
the result of reduction of generalized complex manifold and, in general, it
has been discussed explicitly in the works [7], [33] and [37]. For the sake of
completeness, we prove the reduction of Courant algebroid in the relevant
context of our construction in this article, i.e., for extended tangent bundles.
We will use the notations in § 2.

Lemma A.1. Let V =V @& V* with the natural pairing (,), K C V* and
K' CV so that K' " V* ={0}. Define N' =ao K', where a: V=V is the
projection. Assume that

(1) K K'c Ann(K, K') and
Let Vig = Ann(K, K') /K @ K', then (,) descends to non-degenerate pairing
(,)x on Vi and we have the self-dual exact sequence
Anny (K)
N
Proof. See [15, Lemma 4.3] O

0— Wi — Vg XS Wi — 0 where Wi =

Lemma A.2. Using the same notations as in Lemma A.1 and replacing
assumption (1) by one of the following statements that are equivalent to
each other:
(1Y K C Ann(K, K') and (,) induces a non-degenerate pairing on Vi, =
Amn(K,K")/K,
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(1") K C Ann(K, K') and (,) restricts to a non-degenerate pairing on K'.
then we have the exact sequence:

0— Wi — Vi 25 Anny (K) — 0.

Proof. The surjectivity of Ann(K, K’) — Anny (K) is easy and everything
then follows. O

Definition A.3. Let S be a subspace of sections in 7 M which is closed
with respect to *. A closed subspace S’ C S is a two-sided null ideal if
SxS' S S8 xS cCS and (5,5) =0.

It follows that when S’ is a two-sided null idea of S, the structure (S, *, (,))
induces one such structure on the quotient space S/S’, which also satisfies
(2.3) and (2.4).

Lemma A.4. Let (M, T M) be a manifold with an extended tangent bundle
TM and My C M a submanifold. Let K C T*M|p, and K' C T M|y, be
two subbundles of rank m and m/', respectively, so that
(1) TMO = AHHTM(IC) and K'NT*M = {0},
(i) K is generated by sections {0;}7" so that df; € [L(A%K) and
(iii) K’ is generated by sections {%J};”:,l

Let & be the infinitesimal action generated by {.'{j};-”zll via the Loday
bracket x. Suppose that Ann(K,K') is preserved by &.
If furthermore, we suppose that the action 6 on My is induced by a mor-

phism G — 9y, where G is compact of dimension m' and the geometrical
action o is free. Let Q = My/G then

(1) If Ko K' ¢ Ann(K,K'), then Ann(K,K')/K @ K’ descends to an
extended tangent bundle on Q.

(2) If K C Ann(KC, K') is preserved by o and (,) induces a non-degenerate
pairing on K', then Ann(K,K")/K descends to a transitive Courant
algebroid on Q.

Proof. Let a : TM — TM be the projection. Let X,X" € T'(Ann(K,K")),
then

<.’£]’,%>:0 and LXejZO.

From the assumption (ii), Annys(K) is an integrable distribution and My
is a leaf of this distribution. From the same assumption, we also obtain
(X xm X',0;5) = 11x,x10; = 0. It then follows that

(Xxp 0;,X) = X'(X,0;) — (X g X',0;) =0,
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ie., X xg 0; € I'(K @ K'). Similarly we have 0; sy X € I'(K & K'). Let
N’ = a(K'), then N/ C Annrps(K). We see that the (geometrical) action of
G preserves My and the quotient @ is well defined.
Case (1). Let

S1={XeT(Am(K,K")|Y *xg X e (KD K') for all Y € T'(K')}.

For any X,% € 51,9 € I'(K') and 3 € I'(Ann(K,K')) we compute

<% *H :{/72)> - a(.’{)<.’{/,2j> - <%I7% *H @)
= (X, *p X) — a(X')(Y, X') =0,
(X*1 D, 3) =a3)(X,9) — (D *n X,3) =0.

Thus we have X xg X' € T'(Ann(K,K')) as well as X xy 20 and W x5 X €
'K e K') for all 20 € T'(K @ K'). It follows that

@*H(%*Hi{/)z(@*H%)*H:{/-F%*H(@*H%I)=>}:*H9€/€S1,

i.e., S1 is closed under xg and T'(K @ K') is a two-sided null ideal in Sy. Thus
the structures (*z, (,)) descend to (x&, (,)%) on

S _p(Am(K.K) ¢
NKeKk) Kea K '

Lemma A.1 implies that Ann(KC, K')/K @ K’ descends to an extension Eg

of TQ by T*Q. The equations (2.2), (2.3) and (2.4) holds by the comment

above.
Case (2). Let

Sy ={X € T(Ann(K,K"))|X; g X € T'(K)}.

Completely parallel to case (1) above, we see that So is closed under *z. By
definition I'(K) is a two-sided null ideal in Sy with respect to (xg, (,)). By
Lemma A.2, T*Q C ker ag,. O

Let © be a connection form on 7 : My — @, and ©; the component dual
to Xj.

Corollary A.5. In the above lemma, suppose that the action of G on T M
preserves a splitting into TM with H-twisted structures. Let X; = X + &
under the splitting. Then T Q splits into TQ with h-twisted structures, where
m*h = H + dB with

B=ON — 3> 0, A0 1x,8;.
j?k
Proof. The action preserving the splitting implies that d§; = tx,H and

Lx;H = 0.1t follows that Lx, B = 0 for all 7 € g. Let B’ = J[;(1 —
©; Aux,)B be the horizontal part of B, where ©; A 1y, is interpreted as an
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operator on Q2(M). Direct computation gives tx, B = & and B’ = 0. Apply
B-transformation (or choose a different splitting), we have Ann(K,K’) —
Ann(KC, {X;}) and it defines a splitting of 7Q). Under the B-transformation,
the twisting form becomes H' = H + dB and we compute

LXj(H—i- dB) = LXjH—i- EXJ.B - dLXjB = LXjH - dfj = 0.

It follows that there is h € Q3(Q), so that 7*h = H + dB, which gives the
twisting form of the induced splitting of T Q. O

Remark A.6. We note that Lx, H = 0 and d§; = 1x, H for all j implies that
de(H + Zj &uj) = 0, where dg is the equivariant differential in the equi-
variant Cartan complex. Then h in the above gives an explicit description of
the image of [H+3; {;u;| under the isomorphism H¢,(Mo) = H*(Q). From
here, it again follows that [h] is independent of the choice of the connection
form.

8. Appendix B: Poisson Lie group and actions

The material in this subsection is taken from [9, 24, 25] (the first three
chapters). More details can be found there as well as the references therein.
We follow Convention 3.6.

Definition B.1. A Lie group G is called a Poisson Lie group if it is also
a Poisson manifold such that the multiplication map m : G x G — G is a
Poisson map, where G x G is equipped with the product Poisson structure.

Let g be a multiplicative Poisson tensor on G, then 7gle = 0, where
e € G is the identity, and the linearization of m¢ at e defines on g = g* a
structure of Lie algebra [,]|. From [38],

Theorem B.2. The right (left) invariant 1-forms on a Poisson Lie group
(G, 7g) form a Lie subalgebra of Q' (G) with respect to the bracket

B.1
( ) = ﬁﬂ.G(gT)(gd) - Lﬂc(gb)dg;: for 7,0 € @

The corresponding Lie algebra structure on g coincides with the one given
by linearizing wg at the identity e € G. In particular, GF@T = [0.,0.]" for
T,wegand-=1orr.

The tangent Lie algebra g of a Poisson Lie group G is an example of Lie
bialgebra, as defined below.

Definition B.3. A Lie bialgebra is a vector space g with a Lie algebra
structure and a Lie coalgebra structure, which are compatible in the follow-
ing sense: the cocommutator mapping § : g — g ® g must be a 1-cocycle
(g acts on g ® g by means of the adjoint representation). A triple of Lie
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algebras (p, p1,p2) is called Manin triple if p has a nondegenerate invariant
pairing (,) and isotropic Lie subalgebras p; and ps2 such that as vector space

p=p1Dp2.
The cocommutator 0 induces a Lie bracket on the dual g of g and (g =

gD g,9,9) with the natural pairing between g and g form a Manin triple.
Conversely, the p; are dual to each other via the non-degenerate pairing (, ).

Definition B.4. Let G be a Lie group with Lie algebra (§,[,]) with a
Poisson Lie structure 7 so that the linearization of 7 at the € € G gives
(g,,]), then (G, ms) is a dual Poisson Lie group of G. When G is simply
connected, the structure 5 always exists and G is called the dual group.

Definition B.5. Three Lie groups (G, G4,G_) form a double Lie group if
G4 are both closed Lie subgroups of GG such that the map G4 x G_ — G:
(9+,9-) — g+9— is a diffecomorphism. They form a local double Lie group
if there exist Lie subgroups G/, of G such that G/, is locally isomorphic to
G, for i = +,— and the map G, x G — G : (¢},9") ~ g¢'.g_ is a local
diffeomorphism near the identities.

Theorem B.6. Let G be a Poisson Lie group with dual group G, then g 1s
naturally a Lie bialgebra. Let G be the connected and simply connected Lie
group with Lie algebra g = g® g as given above, then (é’, G, G) form a local
double Lie group.

The local double Lie group (G,G,G) in the theorem will be called the
local double group of G. In general, if the Lie algebras of a (local) double Lie
group (G, G, G) coincide with the Manin triple defined by the Lie bialgebra
g, then we say that (G,G,G) is a (local) double group of G.
8.2.Let r=),a;, ®b; € g® g, then it defines a cocommutator ¢ via
(B.2) 0:g—g®g: X adyr,
which is a 1-cocycle because it is in fact a 1-coboundary. We write r = s+a,
where s (respectively a) is the symmetric (respectively antisymmetric) part
of r, then § as given in (B.2) defines a Lie bialgebra iff

(1) s is ad-invariant and
(2) [r,r] is ad-invariant, where

(B.3) [[T‘, T‘]] = Z ([ai, aj] Rb; ® bj +a; ® [bi, aj] X bj +a;®a; @ [bi, b]]) .
0.

Definition B.8. The Lie bialgebra defined by r € g ® g as above is called

a coboundary Lie bialgebra. It is factorizable if [r,r] = 0 and s is invertible.

In this case, r is also called a factorizable r-matriz. A (local) double Lie

group (é, G, G’) is called factorizable if the corresponding Lie bialgebra is

factorizable. In this case, we will also call G a factorizable Poisson Lie group.
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For an element r € g® g, let r : § — g be the map defined by r(7*)(w*) =
(T* @w*)(r). Suppose that r is factorizable and let (g, g, §) be the associated
Manin triple, then g ~ g @ g as Lie algebra. The isomorphism is given by
g—=>gdg:7— (1,7) and

(B.4) §—=g0g:wr (rp(w),r- (@) withry =a+s.

B.9. It follows from a general fact for Poisson manifolds that wg([0,0.]*) =
[7a(0:), 7a(0,,)], in Convention 3.6. Thus the map

(B.5) p:g—T(TG):7+— X. =7n(0;)
is a Lie algebra homomorphism, where - stands for [ or r.

Definition B.10. For each 7 € g, the left (respectively right) dressing
vector field on G is

XL = 71q(6L) (resp. XL = —mg(6%)),

7

and ¢ is the left or right invariant 1-form on G determined by 7. Integrating
X gives rise to a local (global if the dressing vector fields are complete) left
(or right) dressing action of the dual group G on G, and we say that this
left (or right) dressing action consists of left (or right) dressing transforma-
tions. The Poisson Lie group (G, ) is complete if each left (or equivalently,
right) dressing vector field is complete. Analogously, we may define the cor-
responding concepts on G.

The dressing actions as defined above are the same as those in [24, 25].
Following [24]:

Definition B.11. A left action o; : G x P — P of Poisson Lie group
(G,m¢) on a Poisson manifold (P,wp) is Poisson if o; is a Poisson map,
where G x P is endowed with the product Poisson structure. Similarly a
right action o, : P x G — P is Poisson when o, is Poisson.

Definition B.12. A C*®° map p: P — G is called a momentum mapping
for the left (respectively right) Poisson action o : G x P — P (respectively
0. : Px G — P)if for each 7 € g = g§*, the infinitesimal action X!
(respectively XT) of 7 is given by

XL = mp(u*l) (vesp. X7 = —mp(u"dL)),

where é'T is the left (or right) invariant 1-form on G determined by 7. The
moment map p of the Poisson action o. is G-equivariant if it is equivariant
with respect to the left (or right) dressing action of G on G.

In particular, when the moment map is equivariant, we have p. (X ) = /?T'

where A?; is the dressing vector field on G defined by 7 € g. Theorem 4.8 of
[24] then states
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Theorem B.13. Let G be a connected complete Poisson Lie group. A
momentum mapping pn : P — G for a Poisson action o is G-equivariant
iff u is a Poisson map.

I would like to thank Francois Lalonde and DMS in Université de Montréal
for support and excellent working conditions and Bernardo Uribe for stim-
ulating discussions and correspondences. I thank the referee for valuable
suggestions on the exposition as well as the contents. I thank Vestislav
Apostolov, Octav Cornea, Alexander Ivrii, Francois Lalonde, Sam Lisi, and
Alexander Cardona for helpful discussions. Special thanks go to my family,
for their support and understanding.

References

[1] M. Abouzaid and M. Boyarchenko, Local structure of generalized complex manifolds,
J. Symplectic Geom. 4(1) (2006), 43-62.

[2] A. Alekseev, On Poisson actions of compact Lie groups on symplectic manifolds, J.
Differential Geom. 45(2) (1997), 241-256.

[3] P. Bouwknegt, J. Evslin and V. Mathai, T-duality: topology change from H-fluz,
Comm. Math. Phys. 249(2) (2004), 383-415.

[4] P. Bouwknegt, K. Hannabuss and V. Mathai, T-duality for principle torus bundles,
J. High Energy Phys. 0403(018) (2004), 10 (electronic).

[5] P. Bouwknegt, K. Hannabuss and V. Mathai, Nonassociative tori and applications to
T'-duality, Comm. Math. Phys. 264(1) (2006), 41-69.

[6] A. Bredthauer, U. Lindstrom, J. Persson and M. Zabzine, Generalized Kdihler
Geometry from supersymmetric sigma models, Lett. Math. Phys. 77(3) (2006),
291-308.

[7] H. Bursztyn, G.R. Cavalcanti and M. Gualtieri, Reduction of Courant algebroids and
generalized complex structures, Adv. Math. 211(2) (2007), 726-765.

[8] G.R. Cavalcanti, New aspects of the dd°-lemma, Oxford thesis, math.DG /0501406,

2005.

[9] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press,
1994.

[10] M. Crainic, Generalized complex structures and Lie brackets, math.DG /0412097,
2004.

[11] S.J. Gates, C.M. Hull and M. Rocek, Twisted multiplets and new supersymmetric
nonlinear sigma models, Nucl. Phys. B 248 (1984), 157.

[12] M. Gualtieri, Generalized complexr geometry, Oxford thesis, math.DG/0401221,
2004.

[13] N. Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54(3) (2003), 281-308.

[14] N. Hitchin, Brackets, forms and invariant functionals, Asian J. Math. 10(3) (2006),
541-560.



472
[15]
[16]

[17]

[23]

[24]

[28]
[29]
[30]
31]
[32]
[33]
[34]

[35]
[36]

SHENGDA HU

S. Hu, Hamiltonian symmetries and reduction in generalized geometry, Houston J.
Math., to appear, math.DG /0509060, 2005.

C.M. Hull, A geometry for non-geometric string backgrounds, J. High Energy Phys.
0510(065) (2005), 30 (electronic).

E. Kiritsis and N. Obers, A new duality symmetry in string theory, Phys.Lett. B 334
(1994), 67-71.

C. Kliméik, Poisson-Lie T-duality, Nucl. Phys. 46 (Proc. Suppl.) (1996), 116-121.
C. Kliméik, Nested T-duality, Lett. Math. Phys. 77(1) (2006), 99-110.

C. Kliméik and P. Severa, Strings in spacetime cotangent bundle and T'-duality, Mod.
Phys. Lett. A 10 (1995), 323-330.

C. Kliméik and P. Severa, Dual nonabelian duality and the Drinfeld double, Phys.
Lett. B 351 (1995), 455-462.

Y. Kosmann-Schwarzbach, Quasi, twisted, and all that ... in Poisson geometry and
Lie algebroid theory, The breadth of symplectic and Poisson geometry, Progress in
Mathematics 232, Birkhuser Boston, Boston, MA, 2005, 363-389.

Y. Lin, and S. Tolman, Symmetries in generalized Kahler geometry, Comm. Math.
Phys. 268(1) (2006), 199-222.

J.-H. Lu, Momentum mappings and reduction of Poisson actions, Symplectic geome-
try, groupoids, and integrable systems (Berkeley, CA, 1989), Mathematical Sciences
Research Institute Publications, 20, Springer, New York, 1991, 209-226.

J.-H. Lu and A. Weinstein, Poisson Lie groups, dressing transformations, and Bruhat
decompositions, J. Differential Geom. 31(2) (1990), 501-526.

V. Mathai and J. Rosenberg, T'-duality for torus bundles via noncommutative topology,
Commun. Math. Phys. 253 (2004), 705-721.

V. Mathai and J. Rosenberg, On mysteriously missing T-duals, H-flux and the
T-duality group, Differential geometry and physics, Nankai Tracts in Mathematics,
10, World Scientific, Hackensack, NJ, 2006, 350-358.

D. McDuff and D. Salamon, Introduction to symplectic topology, 2nd edn, Oxford
University Press, New York, 1998.

S.E. Parkhomenko, On the quantum Poisson-Lie T-duality and mirror symmetry,
J. Exp. Theor. Phys. 89(1) (1999), 5-12.

M. Roc¢ek and E. Verlinde, Duality, quotients, and currents, Nucl. Phys. B 373 (1992),
630-646.

D. Roytenberg, Courant algebroids, derived brackets and even symplectic supermani-
folds, PhD thesis, Berkeley, 1999.

P. Severa, Letters to Weinstein, hitp://sophia.dtp.fmph.uniba.sk/~severa/letters/
nol.ps, 1998.

M. Stiénon and P. Xu, Reduction of generalized complex structures, J. Geom. Phys.
58(1) (2008), 105-121.

A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality, Nucl. Phys.
B 479 (1996), 243-259.

R. von Unge, Poisson-Lie T-plurality, J. High Energy Phys. 0207(014) (2002), 16.

I. Vaisman, Transitive Courant algebroids, Int. J. Math. Math. Sci. 2005(11) (2005),
1737-1758.



REDUCTION AND DUALITY IN GENERALIZED GEOMETRY 473

[37] L. Vaisman, Reduction and submanifolds of generalized complex manifolds, Differential
Geom. Appl. 25(2) (2007), 147-166.

[38] A. Weinstein, Some remarks on dressing transformations, J. Fac. Sci. Univ. Tokyo.
Sect. IA Math. 35 (1988), 163-167.

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE
UNIVERSITE DE MONTREAL

CP 6128 succ CENTRE-VILLE

MONTREAL

CANADA

QC H3C 3J7

E-mail address: shengda@dms.umontreal.ca

Received 09/01/2006, accepted 08/07/2007.






