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A classification of topologically stable Poisson
structures on a compact oriented surface

OLGA RADKO

Poisson structures vanishing linearly on a set of smooth closed dis-
joint curves are generic in the set of all Poisson structures on a com-
pact connected oriented surface. We construct a complete set of in-
variants classifying these structures up to an orientation-preserving
Poisson isomorphism. We show that there is a set of non-trivial
infinitesimal deformations which generate the second Poisson coho-
mology and such that each of the deformations changes exactly one
of the classifying invariants. As an example, we consider Poisson
structures on the sphere which vanish linearly on a set of smooth
closed disjoint curves.

1. Introduction.

Recently several results were obtained concerning the local classification of
Poisson structures on a manifold. According to the Splitting Theorem [11],
the problem of local classification can be reduced to the classification of
structures vanishing at a point. In dimension 2, V. Arnold [1] obtained a
hierarchy of normal forms of germs of Poisson structures degenerate at a
point (see also a paper by P. Monnier [6] for a detailed exposition.) Using
the notion of the modular vector field of a Poisson structure, J.-P. Dufour
and A. Haraki [2] and Z.-J. Liu and P. Xu [5] obtained a complete local
classification of quadratic Poisson structures in dimension 3. Some results
related to local classification of Poisson structures in dimensions 3 and 4
were also obtained by J. Grabowski, G. Marmo and A.M. Perelomov in [4].

However, not much is known in relation to the global classification of
Poisson structures on a given manifold (i.e., classification up to a Poisson
isomorphism, see [13] for a general discussion). In this paper we give an
explicit example of a global classification of a certain set of Poisson structures
on a compact oriented surface X.

For a compact connected oriented surface ¥ and n > 0 we consider
the set G,(X) of Poisson structures on ¥ which vanish linearly on a set
of n smooth simple closed non-intersecting (in short, disjoint) curves. In
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particular, Go(X) is the space of symplectic structures. The set §(X) =
>0 9n(X) is dense in the vector space II(X) of all Poisson structures on
Y. We call Poisson structures in §(X) topologically stable since the topology
of their zero sets is unchanged under small perturbations. Locally around a
point on a zero curve these structures have the first order of degeneracy in
the Arnold’s classification.

The main result of this paper is a complete classification of the topologi-
cally stable structures §(X) up to an orientation-preserving Poisson isomor-
phism. We construct the set of invariants of a structure = € G, (%) which
consists of

e the topological arrangement of the zero curves ~vi,...,7v, of m taken
with orientations defined by 7 (up to an orientation-preserving diffeo-
morphism);

e the periods of the restriction of a modular vector field X“°(7) with
respect to a volume form wqg to the zero curves of 7;

e the volume invariant of m generalizing the Liouville volume for a sym-
plectic structure.

We prove that two structures m, 7’ € G,,(2) are globally equivalent via an
orientation-preserving Poisson isomorphism if and only if all the invariants
for these structures coincide.

The question of global equivalence of Poisson structures by orientation-
reversing Poisson isomorphisms can be reduced to the orientation-preserving
case. Let v : ¥ — ¥ be an orientation-reversing diffeomorphism of
Y. Two Poisson structures m, 7’ € G,(X) are globally equivalent via an
orientation-reversing diffeomorphism iff v,m and 7’ are globally equivalent
via an orientation-preserving diffeomorphism.

We compute the Poisson cohomology of a given Poisson structure m €
Gn(X) on a compact oriented surface X of genus g. The zeroth cohomol-
ogy (interpreted as the space of Casimir functions) is generated by constant
functions and is one-dimensional. The first cohomology (interpreted as the
space of Poisson vector fields modulo Hamiltonian vector fields) has dimen-
sion 2g + n and is generated by the image of the first de Rham cohomology
of ¥ under the injective homomorphism 7 : H*(X) — HX(X) and by the
following n vector fields:

X“(m) - {bump function around ~;}, i=1,...n.
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(The map 7 on the level of cohomology is induced by the canonical bundle
map 7 : T*Y — T3 associated to the Poisson structure 7 in the following
way: B(7(a))(z) = 7(a, B)(z), where o, € T'(T*X), z € X.)

The second cohomology is generated by a non-degenerate Poisson struc-
ture mo on X and n Poisson structures of the form

m; = 7 - {bump function around v;}, i=1,...,n.

Each of the generators of the second cohomology corresponds to a one-
parameter family of infinitesimal deformations of the Poisson structure
which affects exactly one of the numeric classifying invariants. The de-
formation 7 — 7 + € - mp changes the regularized Liouville volume. For each
t = 1,...,n the deformation # — 7 + € - m; changes the modular period
around the curve ;. This shows that the number of numeric classifying
invariants ((n+ 1) for §,,(2)) equals to the dimension of the second Poisson
cohomology, and is, therefore, optimal.

As an example we consider the topologically stable Poisson structures
G(S?) on the sphere. In this case, an explicit description of the moduli space
of topologically stable Poisson structures up to an orientation-preserving
Poisson isomorphism is obtained.

Since topologically stable Poisson structures considered in the present
paper have degeneracies of the simplest kind, our work can be considered
as a first step in the direction of global classification of Poisson structures
having higher-order degeneracies in terms of the Arnold’s hierarchy of germs
of Poisson structures. We plan to pursue this direction in our future work.

Acknowledgement. Iwould like to thank my advisor, Prof. A.Weinstein,
for proposing this problem and for many fruitful discussions.

2. Invariants of topologically stable Poisson structures.

First we recall the classification of symplectic structures on compact oriented
surfaces which follows from Moser’s theorem.

2.1. Classification of symplectic structures.

According to Darboux’s theorem, all symplectic structures on a given ma-
nifold M are locally equivalent: for each symplectic form w and a point
p € M, there exist a coordinate system (U, x1,...,Zn, Y1, ..,Yn) centered
at p such that w = )" ; dz; A dy; on U. Therefore, the dimension of the
underlying manifold is the only local invariant of a symplectic structure.
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Definition 1. Two symplectic forms w and w’ on M are globally equivalent
if there is a symplectomorphism ¢ : (M,w) — (M, w’).

In certain cases the following theorem of Moser allows one to classify
symplectic forms on a given manifold up to global equivalence:

Theorem 1 (Moser, [7]). Let w and ' be symplectic forms on a compact
connected manifold M. Suppose that [w] = [w'| € H*(M) and that the 2-

form wy = (1 — t)w + tw' is symplectic for each t € [0,1]. Then there is a
symplectomorphism ¢ : (M,w) — (M,w'").

The total Liouville volume V(w) = [,,w A - A w associated to a sym-

plectic structure w on M is a global invariant. :II’hat is, if symplectic forms
w and w’ on a manifold M with dim(M) = 2n are globally equivalent, their
Liouville volumes are equal, V(w) = V(o).

In the case of a compact 2-dimensional manifold Moser’s theorem implies

Corollary 1. On a compact connected oriented surface ¥ two symplectic
structures w, w' are globally equivalent iff the associated Liouville volumes
are equal: [qw = [pw'.

2.2. The set §(X) of topologically stable structures on .

Let X be a compact connected oriented 2-dimensional surface. Since there
are no non-trivial 3-vector fields, any bivector field gives rise to a Poisson
structure. Thus, Poisson structures on X form a vector space II(X).

For n > 0let G,,(X) C II(X) be the set of Poisson structures = on ¥ such
that

o the zero set Z(mw) = {p € X|7n(p) = 0} of 7 € G,(X¥) consists of n
smooth disjoint curves vi(7), ..., vn(7);

e 7 vanishes linearly on each of the curves vi(7),..., v, (7).

In particular, Go(X) is the set of symplectic structures on ¥. Let §(X) =
Ll,,>0 9n(X). The symplectic leaves of a Poisson structure 7 € §(X) are the
points in Z(m) = | J"_; v (the 0-dimensional leaves) and the connected com-
ponents of ¥\ Z(m) (the 2-dimensional leaves.) We call Poisson structures
in G(X) topologically stable since the topology of their zero sets is unchanged
under small perturbations.
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Unless indicated otherwise, throughout the paper we denote by wgy a
symplectic form compatible with the orientation of ¥ and by mg the corre-
sponding Poisson bivector. Since any m can be written as @ = f - my for
a function f € C*(X), we have II(X) = C*(X) - mp. The subspace G, (%)
corresponds in this way to the product F,(X) - mg, where F,,(X) is the space
of smooth functions for which 0 is a regular value and whose zero set consists
of n smooth disjoint curves.

According to the Elementary Transversality Theorem (see, e.g., Corol-
lary 4.12 in [3]), the set F(X) = | |,~0 Tn(X) of functions for which 0 € R is
a regular value forms an open dense subset of C°°(X) in the Whitney C*
topology. Therefore, we have the following

Proposition 1. The set of Poisson structures G(X) is generic inside of
II(Y), i.e., G(X) is an open dense subset of the space II(X) of all Poisson
structures on X endowed with the Whitney C* topology.

Of course, for some sets of disjoint curves on a surface there are no func-
tions (and, therefore, no Poisson structures) vanishing linearly on that set
and not zero elsewhere. For example, such is the case of one non-separating
curve on a 2-torus.

We will use the following definition

Definition 2. Two Poisson structures = and «’ on an oriented manifold P
are globally equivalent if there is an orientation-preserving Poisson isomor-
phism ¢ : (P, 7) = (P, 7).

The main goal of this paper is to classify the set §(X) of topologically
stable Poisson structures up to global equivalence.
First, we will need the following

Lemma 1. A topologically stable Poisson structure m € G, (X) defines an
orientation on each of its zero curves y; € Z(mw), i =1,...,n. Moreover, this
induced orientation on the zero curves of m does not depend on the choice
of orientation of X.

Proof. Let wp be a symplectic form on ¥, and mp = (&, ' ® &, ')(wo) be the
corresponding Poisson bivector. Since m = f - mp and f vanishes linearly on
each of 7; € Z(m) and nowhere else, f has constant sign on each of the 2-
dimensional symplectic leaves of 7r. In particular, f has the opposite signs on
two leaves having a common bounding curve ;. This defines an orientation



528 O. Radko

on ~; in the following way. For a non-vanishing vector field X tangent to
the curve v;, we say that X is positive if wo(X,Y’) > 0 for all vector fields
Y such that Ly f > 0. We say that X is negative if —X is positive.

Suppose that X is a vector field tangent to «; and positive on ~; with
respect to the chosen orientation of ¥. If w(, is a symplectic form inducing
the opposite orientation on X, then w) = —a - wp with & € C®(X), a > 0,
and m = —a- f-m. Since for Y’ such that Ly (—a- f) > 0 we have Ly f <0,
it follows that wo(X,Y”) < 0 and, therefore,

wo(X,Y") = —a-wo(X,Y') > 0.

Hence, if X is positive on «; with respect to a chosen orientation of X, it is
also positive on -; with respect to the reverse orientation of 3. [l

We will refer to this orientation of v; € Z(w) as the orientation defined
by .

2.3. Diffeomorphism equivalence of sets of disjoint oriented
curves.

We will use the following definition:

Definition 3. Two sets of smooth disjoint oriented curves (71,...,7,) and
(74s---,7,) on an oriented surface ¥ are called diffeomorphism equivalent
(denoted by (vy1,.--,7) ~ (71,---,7,)) if there is an orientation-preserving
diffeomorphism ¢ : ¥ — ¥ mapping the first set onto the second one and
preserving the orientations of curves. That is to say, for each i € 1,...,n,
there exists j € 1,...,n, such that ¢(v;) =} (as oriented curves.)

Let C,(X) be the space of n disjoint oriented curves on X and M, (X)
be the moduli space of n disjoint oriented curves on ¥ modulo the diffeo-
morphism equivalence relation, M, (X) = C,(X)/ ~. For a set of disjoint
oriented curves (71, ...,7vn), let [(71,--.,7n)] € Mp(X) denote its class in the
moduli space M, (X2). If ||, v = Z(«) for a Poisson structure 7, we will
also write [Z(m)] € M,, to denote the class of the set of curves (v1,...,7vn)
taken with the orientations defined by .

The topology of the inclusion Z(7) C ¥ and the orientations of the zero
curves of a topologically stable Poisson structure = € G(X) are clearly in-
variant under orientation-preserving Poisson isomorphisms. In other words,
if m, 7' € §,(2) are globally equivalent, [Z(7)] = [Z(7)] € M, ().
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2.4. Modular period invariants.

Recall the definition and some properties of a modular vector field of a
Poisson manifold, introduced by A. Weinstein in [12].

Definition 4 (Weinstein, [12]). For a volume form () on an orientable
Poisson manifold (P, ) the modular vector field X of (P,n) with respect
to 2 is defined by

Lx, Q
X% h= % h e C®(P).
Here X, = 7(dh) is the hamiltonian vector field of h, where 7 : T*M — T M
is the canonical bundle map associated to the Poisson bivector .

Modular vector fields have the following properties (see [12] for details):

1) X% = 0 iff Q is invariant under the flows of all hamiltonian vector

fields of 7;

2) For any other €' the difference X — X is the hamiltonian vector
field Xlog‘Ql/Q‘;

3) The flow of X% preserves 7 and Q, i.e., Lyam =0 and LyoQ = 0;

4) X% is tangent to the symplectic leaves of maximal dimension.

Let now m € G,(X) be a topologically stable Poisson structure on a surface
Y as above. A symplectic form wy compatible with the orientation of ¥ is
also a volume form on . Since the modular vector field X“° preserves 7, it
follows that the restriction of X“° to a curve 7; € Z(7) is tangent to -y; for
eachi € 1,...,n. Since for another volume form wy the difference X0 — X “o
is a hamiltonian vector field and, therefore, vanishes on the zero set of ,
it follows that the restrictions of X“° to v1,...,7, are independent of the
choice of volume form. It is apparent from the definition of the modular
vector field that it is unchanged if the orientation of the surface is reversed.

Suppose that m € II(X) vanishes linearly on a curve y. On a small
neighborhood of v, let § be the coordinate along the flow of the modular
vector field X“° with respect to wg such that X“° = 0y. Since m vanishes
linearly on <, there exists an annular coordinate neighborhood (U, z,6) of
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the curve « such that

(1) U={(z0)z| <R, 0€[0,2r]}, R>0,
(2) 7 =1(0)|z =0},
(3)
(4)

woly = dz A db,
Ty = cz0, N\ Op, ¢ > 0.

Using this coordinates, it is easy to verify the following

Claim 1. The restriction of a modular vector field to a zero curve v € Z(m)
on which the Poisson structure vanishes linearly is positive with respect to
the orientation on 7y defined by m (see Lemma 1 for the definition of this
orientation).

Definition 5 (see also [9]). For a Poisson structure 7 € II(X) vanishing
linearly on a curve v € Z(7) define the modular period of m around v to be

T, (m) = period of X“°|,,

where X“° is the modular vector field of m with respect to a volume form
wp. Since X“°|, is independent of choice of wp, the modular period is well-
defined.

Using the coordinate neighborhood (U, z, #) of the curve v, we obtain

_271'

(5) Ty(m) ,
c
where ¢ > 0 is as in (4.)
It turns out that the modular period of the Poisson structure (4) on an
annulus U is the only invariant under Poisson isomorphisms:

Lemma 2. Let U(R) = {(z,0)||2] < R,6 € [0,2n]} and U'(R)
{(z,0"]|z'| < R',0" € [0,27]} be open annuli with the orientations in-
duced by the symplectic forms wy = dz A df and wy = dz’' A df’ respec-
tively. Let m1 = c20, AN Oy, c > 0 and @ = 2/, AN Oy, ¢ > 0 be Pois-
son structures on U(R) and U'(R') for which the modular periods around
the zero curves v = {(z,0)|z = 0} and ~' = {(#/,6')| 2 = 0} are equal,
T,(m) = Ty (n'). Then there is an orientation-preserving Poisson isomor-
phism ® : (U(R), ) — (U'(R'), 7).
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Proof. Since the modular periods are equal, we have ¢ = ¢/. The map

®: (UR),m) — (U'(R),n") given by

(e = (-00)

is a Poisson isomorphism since %’z . %@ A Oy = 20, A\ Oy. It is easy to see
that ® preserves the orientation. [l

The fact that this Poisson isomorphism allows to change the radius of
an annuli will be used later in the proof of the classification theorem.

2.5. The regularized Liouville volume invariant.

To classify the topologically stable Poisson structures §(X) up to orientation-
preserving Poisson isomorphisms, we need to introduce one more invariant.
Let w = (77! ® #7!)(n). This form is smooth only on X\ Z(7) and
defines there a symplectic structure. The symplectic volume of each of the
2-dimensional symplectic leaves is infinite because the form w blows up on
the curves 71, ...,v, € Z(7). However, there is a way to associate a certain
finite volume invariant to a Poisson structure in §(X), given by the principal
value of the integral
V(r) =PV. / w.
pX
More precisely, let h € C*°(X) be a function vanishing linearly on v1, ..., v,
and not zero elsewhere. Let L be the set of 2-dimensional symplectic leaves
of m. For L € L the boundary 0L is a union of curves v;,,...,v;, € Z(m).
(Note that a leaf L cannot approach the same curve from both sides.) The
function h has constant sign on each of the leaves L € L. Define

VE(m) = / w = / w.
Ihl>e ,; LOR=1((~00,~€)U(e,00))

Theorem 2. The limit V(m) = lim._,o Vi3(7) exists and is independent of
the choice of function h.

Proof. To show that the limit in the definition of V(7) exists and is well-
defined, it is enough to argue locally, in a neighborhood of the zero set of
the Poisson structure.
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For i = 1,...,n, let U; = {(2,6:)||zi| < Ri, 6; € [0,27]} be annular
coordinate neighborhoods of curves «; such that the restriction of 7 on U;
is given by my, = ¢;2i0.; A Op,, ¢; > 0 and U; N Z(7) = ;. Let U= ||, U.
Let h be a function vanishing linearly on the curves i, ..., 7, and not zero
elsewhere. Let zli be functions of 6; such that h(6;, zli) = +e. It suffices to

show that the limit
+
lim P.V. /% / cidzi N\ dfs
e—0 0 z Zi

is equal to zero. Indeed, this limit is equal to
2 z 2w +
(3 d - 2.
/ (hmP.V. G Z) d; = ci/ lim In | 2L | dg; = 0.
0 e—0 z Z; 0 e—0 .

%

0

Hence V(7) € R is a global equivalence invariant of a Poisson structure
m € §(X) on an oriented surface which we call the regularized Liouville vol-
ume since in the case of a symplectic structure (i.e., 7 € Go(X)) it is exactly
the Liouville volume. If we reverse the orientation of ¥, the regularized
volume invariant changes sign.

3. A classification of topologically stable Poisson structures.

Theorem 3. Topologically stable Poisson structures G,(X) on a compact
connected oriented surface ¥ are completely classified (up to an orientation-
preserving Poisson isomorphism) by the following data:

1) The equivalence class [Z(m)] € M, (X) of the set Z(n) = || v of
zero curves with orientations defined by w;

2) The modular periods around the zero curves {y; — Ty (m)|i =
1,...,n};

3) The regularized Liouville volume V(7).

In other words, two Poisson structures w, ©' € G, (X) are globally equivalent
if and only if their sets of oriented zero curves are diffeomorphism equivalent,
the modular periods around the corresponding curves are the same, and the
reqularized Liouville volumes are equal.

To prove this result we will need the following
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Lemma 3. Let D be a connected 2-dimensional manifold, and wy, wy be
two symplectic forms on D inducing the same orientation and such that

® wi|p\x = w2|p\k for a compact set K C D;

d fD w1 = fD w2,

Then there exists a symplectomorphism ¢ : (D,w;) — (D,w2) such that
¢lp\x = id.

Proof. (Moser’s trick.) Let w; = w1-(1—t)+wa-t fort € [0,1]. Since wi|p\x =
wa|p\k , the form A(w) = wz2—w; is compactly supported (supp(A(w)) € K.)
Since [, w1 = [, wa, the class of A(w) in the second de Rham cohomology
with compact support HZ(D) is trivial. Hence A(w) = du for a 1-form
p € QL(D). Then for v; = —&; (1) we have

Ly, wp = duy,wi + 1, dwy = diy,wp = —A(w).
Therefore,

dwt
(6) Ly,wy + a =0.

Let p; be the flow of the time-dependent vector field v;. Since
d dw
E(Piwt) = p; (Lvtwt + E) =0,

piwy = wy for all ¢ € [0,1]. Since vy = 0 outside of K, it follows that
ptlp\x = id. Define ¢ = p1. Then ¢p\x = id and p*ws = pjws = w; as
desired. O

We now have all of the ingredients for the proof of Theorem 3.

Proof of Theorem 3. Let m and 7’ be two topologically stable Poisson
structures. Clearly, the coincidence of all of the invariants listed in the
theorem is necessary for m and 7’ to be isomorphic.

Conversely, assume that all the invariants are the same. Then the zero
sets Z(m) C ¥ and Z(n') C ¥ are diffeomorphic and, therefore, we may
assume that Z(w) = Z(n') by replacing ' with an isomorphic structure.
Since both m = f -7y and 7' = f’ - mp vanish linearly on each connected
component v C Z(n) = Z(rn'), we can, by once again replacing n’ by a
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Poisson-isomorphic structure, assume that in an annular coordinate neigh-
borhood U; >~ S x (=1,1) = {(2,0:)|0; € [0,27], |2i| < R;} of ; we have

mlu, = ¢izi0,, N0, ¢ #0,
/ / /
™ |Ui = Ciziazi A Og, ¢ # 0.

Since the modular periods of m and «’ around the corresponding curves are
assumed to be the same, we have 27 /|c;| = 2m/|c}|, which implies |¢;| = |c}].
The fact that the orientations of the connected components of Z(7) and
Z(7') induced by modular vector fields are the same implies that ¢; = .
Hence 7 and 7’ are equal in a neighborhood of Z (7). By replacing 7’ with
an isomorphic structure we may assume that 7 = 7’ on a neighborhood U
of Z(m).

Consider the non-compact manifold N = ¥\ Z(7). The desired isomor-
phism of 7 and 7’ on ¥ would follow if we could argue that = and 7’ are
isomorphic on N via a diffeomorphism ¢ which is an identity on N N U.
Indeed, ¢ could then be extended to a diffeomorphism ¢ of ¥ by setting
¢(p) = p for p € Z(m) and we would clearly have @.(7) = 7’. Since 7 and 7’
are nonzero on N, they come from symplectic structures % and ‘% on N.
These 2-forms coincide on NNU. Moreover, fN(%—%) =V(m)-V(x") =0.
Hence 2 and ¢ define the same class in the compactly-supported de Rham
cohomology of N. It is now a matter of imitating the proof of Moser’s the-
orem to construct a time-dependent vector field supported on N \ U and
whose flow at time 1 carries % into % Taking ¢ to be that flow at time 1
we find that we have obtained the desired isomorphism. [l

Remark 1. Givenm, 7’ € G,(X), one can ask if (X, 7) and (X, 7’) are equiv-
alent by an arbitrary (possibly orientation-reversing) Poisson isomorphism.
Fix an orientation-reversing diffeomorphism v : ¥ — ¥. Then 7 and «’
are equivalent by an orientation-reversing diffeomorphism if and only if v.m
and 7’ are equivalent by an orientation-preserving diffeomorphism. It is not
hard to see that Ty, () = T,(,,)(v«7) for all ; € Z(7) and V(1) = =V (vimr).
Thus the question of equivalence by orientation reversing maps can be re-
duced to the orientation-preserving context of Theorem 3.

Example 1. Let w and w’ = —w be two symplectic structures on a compact
oriented surface. Then w and w’ are Poisson isomorphic by an orientation-
reversing diffeomorphism, but not by an orientation-preserving diffeomor-
phism.

There are, of course, similar examples of structures with non-trivial sets
of linear degeneracy. Consider the unit 2-sphere S? with the cylindrical polar
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coordinates (z,0) away from its poles. Let wg = dz A df be a symplectic
form on S? with the corresponding Poisson bivector mp. Let 7, ©’ € Ga(S?)
be the Poisson structures given by

T=(z—a)(z—0)0; N0y, —-1<b<a<l

and 7 = —7. Choose a and b in such a way that V(w) = V(n') = 0. Let
7 ={(2,0)| z = a} and 72 = {(z,0)| z = b} be the zero curves of 7, 7’. On
both ~; and 7, the orientations defined by m and 7’ are opposite to each
other. Let Liop = {(z,0)|a < z < 1}, Lmiddle = {(2,0)|b < z < a} and
Lyottom = {(2,0)] — 1 < z < b} be the 2-dimensional leaves (common for
both structures). The structures 7 and 7’ can not be Poisson isomorphic
in an orientation-preserving way since such a diffeomorphism would have
to exchange the two-dimensional disks Liop and Lyottom With the annulus
Luiadie- On the other hand, (S%,7) and (S2, ') are clearly Poisson isomor-
phic by an orientation-reversing diffeomorphism (z, ) — (z, —6).

4. Poisson cohomology of topologically stable structures.

In this section we compute the Poisson cohomology of a given topologi-
cally stable Poisson structure on a compact connected oriented surface and
describe its relation to the infinitesimal deformations and the classifying
invariants introduced above. (For generalities on Poisson cohomology see,
e.g., [10].)

First, recall the following

Lemma 4 (e.g., Roytenberg [9]). The Poisson cohomology of an annu-
lar neighborhood U = {(z,0)| |z| < R, 0 € [0,27]} of a zero curve v on which
my = 20, \ Og is given by

HY(U,my) = span(l) = R,
H(U, my) = span(0y, 20,) = R?,

Thus, HY(U) is generated by constant functions. The first cohomology
H(U) is generated by the modular class (8p is the modular vector field of 7,
with respect to wy = dzAdf) and the image of the first de Rham cohomology
class of U (spanned by df) under the homomorphism 7 : HY(U) — HL(U),
which is injective in this case. The second cohomology is generated by .

Let 7 € §,(X) be a topologically stable Poisson structure on ¥. Since
a Casimir function on ¥ must be constant on all connected components of
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¥\ Z(n), by continuity it must be constant everywhere. Hence H2(X) =
R = span(1).

We will (inductively) use the Mayer-Vietoris sequence of Poisson coho-
mology (see, e.g., [10]) to compute H1(X) and HZ(X).

Let U; be an annular neighborhood of the curve v; € Z(7) such that
UinNZ(r) = 7. Let Vj = ¥ and define inductively V; = V;_; \ ; for
i =1,...,n. Consider the cover of V;_; by open sets U; and V;. Consider
the exact Mayer-Vietoris sequence of Poisson cohomology associated to this
cover:

o
o

a? B

0 — HYVi-1) HYXU;) @ HY(V;) = H2U;NV;) -
al 1 !
S HAVi) S HNU) @ HMV) S HMUnV) B
a? 2
S HXVie) 8 HRUD e HAV) B H2UiNV) o

By exactness, H}(Vi—1) ~ Im (6?) @ ker3}, where
le ([X]Uia [V]Vz) = [X - V]UiﬂVia X € x}r(Uz)a Ve x}r(‘/z)a drx = drv =0,

and [X]w denotes the class of the (Poisson) vector field X |y in HL(W).

By Lemma 4, H1(U;) ~ #(HY(U;)) ® span(dp,) ~ R2. Since U; NV;
is a union of two symplectic annuli, H:(U; N V;) = #(HY(U; N V;)) = R
Therefore,

(7)  Hi(Vii1) ~ §)(H)U; N V;)) & span(dp,) @ ker (B} |z(mw)yomi(vi)) -

Consider also the long exact sequence in de Rham cohomology associated
to the same cover

a® b9 d?
0 — HVi_y) HU) ® H'(V;) = HYU;NV;) =5
al b} d}

- HY Vi) = HY U)o HYWV;) = HYU;NV) -

a?

? b2
— H*(Vi.1) = H*(U)®o H*(V;) = H?*(U;nV) — 0.

By exactness, we have H'(V;_1) ~ Im (d?) & kerb}. Since V,, = X\ Z(m) is
symplectic, H}(V;,) = #(H*(Vy,)). This together with H2(U,) ~ H°(U,),
HY(U,NV,) =7(H°(U,NV,)) implies Im(6%) = #(Im(d?)) and, therefore,

ker (Bilz(z (v, )@ mL (V) = 7 (ker(by)).
Hence, from (7) it follows that

HY (V1) ~ #(Im(d,—1)) @ span(dp,) & 7#(H(Vn_1)).
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For ¢ = n — 2, we have

Hy (V) = span(@p, ) @ ker (811 ls(on v, o (s0m (v 1portim(@)))
= span(dy, ,) ®span(dy, ) ® 7(H' (V,_2)).

Working inductively (from i =n — 1 to ¢ = 0), we obtain
n
HY (D) ~ R = HY(Z) & P span(dy,),
i=1

where g is the genus of the surface 3.

For the second Poisson cohomology, we have H2(U;NV;) = 0, H2(U;) = R
forall i = 1,...,n and H2(V,) = 0. Therefore, applying the Mayer-Vietoris
sequence inductively, we obtain

HZ(Vi-1) ~ R @ HI(U;) © H7(Vi),

where R is generated by the image of (r;0,,, —;0,,) € H:(U;NV;) under the
connecting homomorphism &Y. One can show (similarly to Lemma 4.3.1 in
[9]) that the class of the standard non-degenerate Poisson structure moly,
is not trivial in H2(V;_1). Therefore,

n
HX(Z) =R = (P HAU) @ R,
i=1

where the first n generators are the Poisson structures of the form
(8) m; = 7 - {bump function around the curve ;}, i=1,...,n,

and the last generator is the standard non-degenerate Poisson structure 7
on Y. Therefore, we have proved the following

Theorem 4. Let m € G,(X) be a topologically stable Poisson structure on a
compact connected oriented surface X of genus g. The Poisson cohomology
of m is given by

H(%,7) = span(l) = R,
HY(S,m) = span(X*0(m1), ..., X (m0)) & #(Hlepam (Z)) = B,
H%(Z,7) = span(m; m1,...,m7) = RV
where o is a non-degenerate Poisson structure on ¥, m; € G1(X¥), 1 =
1,...,n is a Poisson structure vanishing linearly on ~; € Z(mw) and iden-

tically zero outside of a meighborhood of ~;; and X“°(m;) is the modular
vector field of m; with respect to the standard symplectic form wg on 2.
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Notice that the dimensions of the cohomology spaces depend only on
the number of the zero curves and not on their positions. In particular, the
Poisson cohomology as a vector space does not depend on the homology
classes of the zero curves of the structure. Recall (see, e.g., [10]) that the
Poisson cohomology space H(P) has the structure of an associative graded
commutative algebra induced by the operation of wedge multiplication of
multivector fields. A direct computation verifies the following

Proposition 2. The wedge product on the cohomology space H: (X, ) of a
topologically stable Poisson structure on X is determined by

AN =[x, [x] € Hz(E,7),
[(X“(m)] A [X°(m)] =0, 4,j=1,...,n,

[0 ()] A (@) = [a(X*(m3)) - 1] = ( ! / | a) i,

where a, o/ € QY(X), da = da’ = 0.

(Here bar denotes the class of its argument in the de Rham cohomology
and the brackets | | denote the class in the Poisson cohomology.) We should
mention that the wedge product A in de Rham cohomology is dual to the
intersection product in homology.

This result allows one to compute the number of zero curves -, which
determine non-zero homology classes. To see this, we note that [mg] €
H(Z)AHL(X) iff there exists a 1-form « such that fwc a # 0, ie., v is non-
zero in homology. If ¥ is not a sphere, H} p;...(X) is non-zero. Since the
intersection form on HJ p, (%) is non-degenerate (implementing Poincare
duality), it follows that H gy, (2) A Hippam(E) # 0. Thus in the case
that ¥ is not a sphere, H(X) A H1(X) has the set

{mo} U {7k : 7 is nontrivial in homology}

as a basis and so the number of curves -, which are non-trivial in homology,
is just dim(H1(X) A H1(X)) — 1. In the case that ¥ is a sphere, all 4 are of
course topologically trivial.

We can now interpret the generators of H2(X, ) as infinitesimal defor-
mations of the Poisson structure m and find out how these deformations
affect the classifying invariants.
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Corollary 2. Let 7 € G,(%), Z(w) = |I_; vi- The following n + 1 one-
parameter families of infinitesimal deformations form a basis of H2(Z, )

(1) 7w+ e - mo;
2) m—rmt+e-m,i=1,...,n.

Each of these deformations changes exactly one of the classifying invariants
of the Poisson structure: m — w4+ € - my changes the reqularized Liouville
volume and m — m + € - m; changes the modular period around the curve ;
for eachi=1,...,n.

5. Example: topologically stable Poisson structures on the
sphere.

It would be interesting to describe the moduli space of the space of topo-
logically stable Poisson structures on an oriented surface up to orientation-
preserving diffeomorphisms. The first step would be the description of the
moduli space M, of n disjoint oriented curves on ¥. However, this problem
is already quite difficult for a general surface. Here we will consider the
simplest example of topologically stable Poisson structures on the sphere.

Let (y1,---,7) be a set of disjoint curves on S%. Let 81,...,8,1 be the
connected components of S\ (v1,...,7,). To the configuration of curves
(71,---,7n) we associate a graph I'(v1,...,7s) in the following way. The
vertices vy, ...,vp41 of the graph correspond to the connected components
81,...,8p41. Two vertices v; and v; are connected by an edge ey iff v is
the common bounding curve of the regions 8; and 8;.

Claim 2. For a set of disjoint curves v1,...,vn on S? the graph T'(y1,...,
Tn) @S a tree.

Proof. Let e; € E(I'(y1,...,7)) be an edge of the graph corresponding
to the curve 7;. Since S? \ «; is a union of two open sets, it follows that
T'(y1,.--,7) \ € (i-e., the graph I'(y1,...,v,) with the edge e; removed) is
a union of two disjoint graphs. Since this is true for any e;, ¢ = 1,...,n, the
graph is a tree. O

Choose an orientation on $? and a symplectic form wq (with the Poisson
bivector mp) which induces this orientation. Let m € G, (X) be a topologically
stable Poisson structure. The function f = m/my has constant signs on the
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2-dimensional symplectic leaves. Let I'(71,...,7,) be the tree associated to
the zero curves i, ..., v, of w as described above. Assign to each vertex v; a
sign (plus or minus) equal to the sign of the function f on the corresponding
symplectic leaf §; of . The properties of 7 imply that for any edge of this
tree its ends are assigned the opposite signs. We will call the tree associated
to the zero curves of 7 with signs associated to its vertices the signed tree
['(m) of the Poisson structure 7.

Consider the map T.(w) : E(I'(w)) — R which for each edge e €
E(T'(m)) gives a period T,(m) of a modular vector field of 7 around the zero
curve corresponding to this edge. The classification Theorem 3 implies

Theorem 5. The topologically stable Poisson structures m € G,(S?) on
the sphere are completely classified (up to an orientation-preserving Pois-
son isomorphism) by the signed tree I'(r), the map e — Te(7), e € E(I'(7))
and the regularized Liouville volume V (7). In other words, 71, w2 € G, (S?)
are globally equivalent if and only if the corresponding I'(m;), {€ — Te(mi)},
V(mi) are the same (up to automorphisms of signed trees with positive num-
bers attached to their edges).

The moduli space of generic Poisson structures in G,,(5%) up to Poisson
isomorphisms is

G,.(5%)/(Poisson isomorphisms) ~ |_| (RTY™/Aut(T', T.) | x R,

Tnga

where Aut(T', T;) is the automorphism group of the signed tree I' with n+ 1
vertices and with positive numbers T, attached to its edges e € E(I'(m)).
The moduli space has dimension n + 1 and is coordinatized by {T(7)|e €
E(I'(r))} and V().

A particular case of topologically stable Poisson structures on S2, the
SU (2)-covariant structures vanishing on a circle on S%, were considered by
D.Roytenberg in [9]. In the coordinates (z,6) on the unit sphere these
structures are given by

m = a(z — b)0; A\ Op for |b| <1, a > 0.
The modular period around the zero curve (a “horizontal” circle v =
{(#,0)| z = b}) and the regularized Liouville volume are given by

27
L=z =0} (M) = —
2r . 1+0b
—1In

Vi) = —lno—.
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Note that for a non-degenerate Poisson structure 7, = a(z—b0)0, A0, |b] > 1

the total Liouville volume is given by the same formula, V(7) = 27“ In %l; .

Corollary 3. LetT € RT and V € R. A Poisson structure m € G1(S?) with
the modular period T and the regularized total volume V 1is globally equivalent
to the Poisson structure which in coordinates (z,0) on S* is given by

viT _
(T, V) = 2% (z !> 9. Ay

T VT +1
. . . \
and vanishes linearly on the circle z = zV;T +i'

Utilizing Poisson cohomology, D. Roytenberg [9] has previously obtained
that the structures m,, —1 < b < 1 are non-trivial infinitesimal deformations
of each other. Similarly, he proved that for each b, 7, admits no infinitesimal
rescalings. Using Theorem 3, we get the following improvement of his results:

Corollary 4.
(a) The Poisson structures mp, and my are globally equivalent iff b =1b'.

(b) For a € R\ {0}, the Poisson structures m, and am, are equivalent via
an orientation-preserving Poisson isomorphism (respectively, arbitrary
Poisson isomorphism) if and only if « = 1 (respectively, |o] =1.) In
particular, T, admits no rescalings.
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