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COMPLETE INVARIANTS FOR,
HAMILTONIAN TORUS ACTIONS
WITH TWO DIMENSIONAL
QUOTIENTS

Y AEL KARSHON anp SUSAN T OLMAN

We study torus actions on symplectic manifolds with
proper moment maps in the case that each reduced space
is two-dimensional. We provide a complete set of invari-
ants for such spaces.
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1. Introduction

Let a torus T = (S1)4™mT act on a symplectic manifold (M,w) by
symplectic transformations with moment map ®: M — t*. We take
the sign convention

(1.1) Uu)w = —d (P, ).

Here, £ is in the Lie algebra t of T" and &, is the vector field on M
induced by £. Assume that the T-action is effective! on each connected
component of M. We call (M,w,®) a Hamiltonian T-manifold.?
If 7 C t* is an open subset containing image ® and the map ®: M —
7T is proper, then we call (M,w,®,7) a proper Hamiltonian T-
manifold.

The complexity of (M,w, ®) is the difference k = % dim M —dim T
it is half the dimension of the reduced space ®~!(«) /T at a regular value
a in image ®. For brevity, we call a complexity one proper Hamiltonian
T-manifold (M,w,®,7T) a complexity one space if M is connected
and 7 is convex. A complexity one Hamiltonian 7T-manifold is tall if
every reduced space is two dimensional, that is, if no reduced space is
a single point.

The simplest example of a complexity one space is a compact sym-
plectic surface (X, o) with no group action. The next simplest example
is the fiberwise circle action on a ruled surface. More generally, let
(M,w, ®) be a symplectic toric manifold, that is, a compact complex-
ity zero Hamiltonian T-manifold. Let P — 3 be a principal T-bundle
and let © € Q'(P,t) be a connection one form. For sufficiently large

LA group action is effective if only the identity element acts trivially.
20ne sometimes allows w to be degenerate. Here we do not allow this.
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k, the form © = ko + w + d (0, ®) € Q?(P x M) descends to a sym-
plectic form on P X7 M with moment map ®([p,m]) = ®(m). Then
(P xpr M,, Cf) is a tall complexity one space. For example, ¥ x M
is a tall complexity one space. Finally, given a tall complexity one
space, its equivariant symplectic blow-up at any fixed point is also a
tall complexity one space.

Symplectic toric manifolds are classified by their moment map im-
ages [De]. By Moser [Mo], compact symplectic surfaces are classified
by their genus and total area. The next examples of complexity one
spaces are compact symplectic four manifolds with Hamiltonian circle
actions, which were classified by the first author [K]|, following earlier
work by Ahara, Hattori, and Audin [AH, Aul, Au2]|. In the algebraic
category, complexity one actions (of possibly non-abelian groups) were
classified by Timashév [T1, T2|. Chiang [C] classified complexity one
Hamiltonian actions of non-abelian groups on six-manifolds. Li [L] has
obtained some classification results for certain Hamiltonian circle ac-
tions on six manifolds. However, a complete classification of complexity
two Hamiltonian torus actions would entail a classification of four di-
mensional symplectic manifolds, which is not tractable. See [K'T] for
a more extensive list of related works.

Complexity one spaces are substantially more complicated than sym-
plectic toric manifolds. Symplectic toric manifolds provide a useful
source of examples and counter-examples. We hope that complexity
one spaces will prove similarly useful, and that their greater complex-
ity _ will enable them to demonstrate phenomena that do not occur on
symplectic toric manifolds. For example, all symplectic toric manifolds
are Kahler. However, there exist complexity one spaces with isolated
fixed points and no invariant Kéahler structure [T].

This paper is the second in a series of papers in which we study com-
plexity one spaces. Our goal is to classify these spaces. This consists
of two parts. First, uniqueness: we must determine whether or not two
given spaces are equivariantly symplectomorphic. Second, existence:
we must provide a list of all complexity one spaces.

In [KT| we obtained a local uniqueness result: we determined when
two complexity one spaces are equivariantly symplectomorphic over
small subsets of t*.

In this paper we obtain a global uniqueness result: we provide invari-
ants which determine when two tall complexity one spaces are equiv-
ariantly symplectomorphic.
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In our next paper of this series we will obtain global existence results.
This will enable us to construct examples.

While the complexity one assumption is absolutely vital to our re-
sults, the tall assumption is not. In fact, let (M,w, ®,7) and (M',w', &', T)
be any two complexity one spaces. By removing every moment map
fiber which consists of only one orbit, we obtain tall complexity one
spaces over an open subset of 7. We expect that the original manifolds
will be equivariantly symplectomorphic exactly if these tall complexity
one spaces are equivariantly symplectomorphic. However, the proof
will require an additional ingredient: a variant of Smale’s theorem on
the diffeomorphisms of S2.

Whereas many complexity one spaces that one encounters in nature
are not tall, the “tall” case is sufficient for constructing interesting
examples.

Acknowledgement. We would like to thank the referee for many use-
ful suggestions on the exposition.

2. Statement and proof of “Global Uniqueness”

We now describe the invariants of a tall complexity one space (M,w, ®, 7).

An isomorphism between two Hamiltonian T-manifolds is an equi-
variant symplectomorphism that respects the moment maps.

Recall that Liouville measure on M is given by integrating the vol-
ume form w"/n! with respect to the symplectic orientation. The Duister-
maat—Heckman measure is the measure on 7 obtained as the push-
forward of Liouville measure by the moment map.

The stabilizer of a point @ € M is the closed subgroup Stab(z) =
{AN € T | A2 = x}. The isotropy representation at z is the linear
representation of Stab(z) on the tangent space T, M. Points in the
same orbit have the same stabilizer, and their isotropy representations
are linearly symplectically isomorphic; this isomorphism class is the
isotropy representation of the orbit. An orbit is exceptional if
every nearby orbit in the same moment fiber ®~!(«) has a strictly
smaller stabilizer. Let

Mo C M/T

denote the set of exceptional orbits. The moment map induces a map
®: Meye — 7 which is locally a proper embedding; this follows from
the local normal form theorem.
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Let M denote the set of exceptional orbits of another tall com-

plexity one space. An isomorphism from M. to M/ . is a homeo-
morphism that respects the moment maps and sends each orbit to an

orbit with the same isotropy representations.

REMARK 2.1. Assume, for simplicity, that M is compact. The orbit
type decomposition of M induces a stratification of M... Given any
stratum, NN, the pre-image in M of its closure N is a compact toric
variety (with the action of 7'/ Stab(/N)). The moment map induces a
diffeomorphism ® between N and the convex polytope ®(N) C t*. If a
stratum N’ is contained in N then ®(N’) is a face of ®(N). So, topo-
logically, M. is a union of convex polytopes in t*, glued along faces,
and ®: M., — t* restricts to the inclusion map on each polytope.
This partially ordered collection of polytopes is essentially equivalent
to the notion of an X-ray as defined in [T].

To define our other invariants, we need the following result.

Proposition 2.2. Let (M,w,®,7) be a tall complexity one space.
There exists a closed oriented surface X and a map f: M/T — X
so that

(@, f): M/T — (image ®) x ¥

is a homeomorphism, where ® is induced by the moment map. Given
two such maps f and f', there exists a homeomorphism £: ¥ — X
so that f is homotopic to &o f' through maps which induce homeomor-
phisms M /T — (image ®) x X.

The genus of the complexity one space is the genus of 3. Note that
every nonempty reduced space ®~!(a)/T is homeomorphic to .
A painting is a map f: Me, — 2 such that the map

(@, f): Moye — T x &

is one to one, where M., is the set of exceptional orbits. Two paintings,
f: Mexe — ¥ and f': M. . — ¥/, are equivalent if there exist an
isomorphism i: M. — M. . and a homeomorphism &: ¥ — 3/
such that the compositions £ o f: My — X' and f'oi: My — Y
are homotopic through paintings.

Proposition 2.2 implies that there is a well-defined equivalence class
of paintings associated to every tall complexity one space; just restrict
f to Mexc'

We can now state our main theorem:
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Theorem 1. Let (M,w,®,7T) and (M',', &', T) be tall complexity
one spaces. They are isomorphic if and only if they have the same
Duistermaat-Heckman measure, the same genus, and equivalent paint-
mgs.

REMARK 2.3. A compact symplectic 4-manifold M equipped with a
Hamiltonian circle action is tall if and only if the maximum and min-
imum of the moment map are both attained on two dimensional sur-
faces, Ymax and X5, Equivalently, it is tall exactly if it can be obtained
from a ruled surface by a sequence of blowups [K].

By [K], the space is determined up to equivariant symplectomor-
phism by the moment map values, genus, and symplectic areas of these
surfaces, together with the graph whose vertices correspond to isolated
fixed points in M and are labeled by their moment map values and
whose edges correspond to 2-spheres in M with non-trivial finite sta-
bilizers and are labeled by the cardinalities of these stabilizers.

These invariants are equivalent to those of Theorem 1. First, by
Proposition 2.2, the genus of M is the genus of ¥, and ¥,.c. Sec-
ond, M and M’ have equivalent paintings exactly if M, is isomorphic
to M. ; this follows from the fact that M. is a union of intervals.
By the Guillemin-Lerman-Sternberg formula [GLS, Section 3.5], the
graph determines the Duistermaat-Heckman measure up to an affine
function; this function is determined by the moment map values and
symplectic areas of ¥, and Y,.. These, in turn, are determined by
the Duistermaat-Heckman measure.

Proof of Proposition 2.2. By the convexity theorem for proper moment
maps, the image of ® is convex [LMTW]. In [KT, Corollary 9.8],
we proved that ®: M/T — image ® is topologically a locally trivial
bundle whose fiber is a closed oriented surface . Since the base is
contractible and paracompact, the bundle is trivializable; see [Hu].
Any two trivializations, (®, f) and (®, ), differ by a family of home-
omorphisms £g: ¥’ — 3, parametrized by 3 € image ®, that is de-
termined by f(z) = {g(,)(f'(2)) for all z. Pick any a € image ®. Let

fi(@) = §a_p@@)4a(f'(2)). Then fo = f, and f1 =&u o f". U

We now prove our main theorem, using definitions and results that
we develop later in the paper.

Proof of Theorem 1. By Proposition 3.3, it is enough to show that the
quotients M /T and M'/T are ®-diffeomorphic. (See Definition 3.2.)
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Now apply Proposition 17.5. Let N and N’ be painted surface bun-
dles which are associated to M and M’. The quotients M/T and M'/T
are ®-diffeomorphic if and only if N and N’ are isomorphic. (See the
definitions in Sections 16 and 17.)

We can associate to N and N’ smooth paintings f: My — X
and f': M! . — X, and these paintings are equivalent. Here we use

exc
Proposition 18.3 and our assumption that M and M’ have equivalent

paintings.
This implies that f and f’ are smoothly equivalent, by Proposition
19.1. Then, N and N’ are isomorphic, by Proposition 18.3. 0

REMARK 2.4. Fix a local homeomorphism i: 7 — t*. Consider a
symplectic manifold (M, w) with a proper map ®: M — 7 such that
io® is a moment map for a 7" action. Suppose that A := ®(M) is
contractible and the fibers ®!(«a/) are connected and two dimensional.
Then M/T is homeomorphic to A x ¥ as in Proposition 2.2, and The-
orem 1 should remain true.

Part I: Passing to M /T
3. global structure of M/T.

The goal of this paper is to determine when two complexity one spaces
are isomorphic. In this section we reduce this question to a simpler
question about their quotients, M /T and M'/T. To state this precisely,
we introduce some definitions from [KT].

Definition 3.1. Let a torus 7" act on oriented manifolds M and M’
with T-invariant maps ®: M — t* and ®': M’ — t*. A ®-T-
diffeomorphism from (M, ®) to (M, ®’) is an orientation preserving
equivariant diffeomorphism f: M —— M’ that satisfies &' o f = .
(Cf., [KT, Definition 3.1].)

Let a compact torus 7" act on a manifold N. The quotient N/T
can be given the quotient topology and a natural differential structure,
consisting of the sheaf of real-valued functions whose pullbacks to N
are smooth. We say that a map h: N/T — N'/T is smooth if it pulls
back smooth functions to smooth functions; it is a diffeomorphism
if it is smooth and has a smooth inverse. See [Sch]. If N and N’ are
oriented, the choice of an orientation on 7' determines orientations on
the smooth part of N/T and N’/T. Whether or not a diffeomorphism
f: N/T — N'/T preserves orientation is independent of this choice.
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Definition 3.2. Let (M,w,®,7) and (M',w’, &', T) be complexity one
Hamiltonian T-manifolds. A ®-diffeomorphism from M /T to M'/T
is an orientation preserving diffecomorphism f: M/T — M’/T such
that ® o f = ® and such that f and £~ lift to ®-T-diffeomorphisms in
a neighborhood of each exceptional orbit. (Cf., [KT, Definition 4.1])

Here, ® and @ are induced by the moment maps.

Proposition 3.3. Two tall complexity one spaces are isomorphic if
and only if their quotients are ®-diffeomorphic and their Duistermaat-
Heckman measures are the same.

The conditions are clearly necessary. Proposition 2.2 implies that the
restriction H*(M/T,Z) — H*(® '(y)/T,Z) is one to one for every
y € image ®. Proposition 3.3 then follows from the results below, which
we proved in [KT, Propositions 3.3 and 4.2]:

Proposition 3.4. Let (M,w,®,T) and (M',',®',T) be complexity
one spaces with the same Duistermaat-Heckman measure. Assume that
the restriction map H*(M /T, Z) — H*(®"(y)/T,Z) is one to one for
some reqular value y of ®. Then

1) There exists an isomorphism from M to M' if and only if there
exists a ®-T-diffeomorphism from M to M’.

2) There exists an ®-T-diffeomorphism from M to M’ if and only if
there exists a ®—diffeomorphism from M/T to M'/T.

Part II: Abstract non-sense

In [KT], we gave invariants that determine the local pieces of a com-
plexity one space. In this paper we explain how these pieces can be
glued together.

This is analogous to classifying principle G-bundles over a manifold
T locally they are trivial, and to determine them globally, one needs
to determine how the local pieces are glued together. If G is abelian,
this is very easy: the Cech cohomology, H (7', G), is well defined for all
i > 0, and G-bundles are classified by H' (7, G). Here, G also denotes
the sheaf of smooth functions to the group G. When G is not abelian,
the ith Cech cohomology is only defined for i = 0 and i = 1, and
G-bundles are still classified by H' (7, G).

A proper Hamiltonian 7T-manifold (M,w,®,7) determines a sheaf
of non-abelian groups over 7 : associate to an open subset U C 7 the
group of isomorphisms of the preimage ®~*(U). The first cohomology
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of this sheaf classifies Hamiltonian T-manifolds that are locally iso-
morphic to (M,w,®,7T), where “locally” means over small subsets of
7.

We prefer, instead, to allow different Hamiltonian 7T-manifolds over
each U, so that the isomorphisms between them form a groupoid. Be-
sides being more elegant, in that it does not single out one manifold
above others, this machinery lets us glue pieces of manifolds without a-
priori assuming that this can be done. We use this in Section 20, where
we prove a technical result that will allow us, in subsequent papers, to
determine the full list of complexity one spaces (“global existence”). In
Sections 1-19, the reader may still choose to fix a distinguished space
and work with groups instead of groupoids.

We define sheaves of groupoids and their cohomology in Sections 4
and 5. This straightforward extension of sheaves of abelian groups and
Cech cohomology sets up a convenient formalism. These ideas are not
new; closely related notions appear in the literature. See, for example,
[Br, Chapter V].

In Sections 6-15 we apply this formalism to a series of sheaves, and
show that they all have the same first cohomology. This reduces the
classification of tall complexity one spaces to a classification of sim-
pler objects, “painted surface bundles”, which we classify directly in
Sections 16—-19.

4. Sheaves of groupoids

A groupoid is a category A where every arrow is invertible. We let
ob A denote the set of objects of A. Given objects A and A’, let
hom 4(A, A’) denote the set of arrows with domain A and codomain A’,
and let f: A — A’ denote an element of hom4(A, A’). A homomor-
phism of groupoids is a functor. Equivalently, given groupoids A and
B, a homomorphism ¢ : A — B consists of a map 1: ob. A — ob B
and for each A and A’ in ob A a map

¢: hOHlA(A, A/) - homB(qu)(A)v 77Z)(A/))
so that @Z)(ldA) = id¢(A) and @Z)(f) 9] @Z)(f/) = @Z)(f 9] f/)
Definition 4.1. A presheaf of groupoids over a topological space
T assigns

1) a groupoid A(U) to every open subset U C 7, and
2) a homomorphism A(w;): A(U) — A(V), called the restriction
map, to every inclusion of open sets V' C U.
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These must satisfy
1) A(¢f) = idaq for any open set U.
2) A(WY) o A(t)y) = A(¢}Y) for any inclusions of open sets W C V' C
U.

For an object A and an arrow f in A(U), let Aly and f|y de-
note A(1;)(A) and A(c;)(f), respectively. Objects in A(7) are called
global objects.

ExXaAMPLE 4.2. Given a Lie group G, define a presheaf as follows: the
objects over U C 7T are principle G bundles over U, and the arrows are
bundle isomorphisms. Here, and in all other examples in this paper,
the restriction maps are given by restriction.

EXAMPLE 4.3. Let T be a torus and 7 C t* an open subset. We
may consider the following two presheaves. In both, the objects over
U C T are complexity one Hamiltonian T-manifolds with proper mo-
ment maps to U. The arrows in the first presheaf are equivariant
symplectomorphisms which respect the moment maps. The arrows in

the second presheaf are ®-diffeomorphisms between the quotient spaces
M/T.

A sheaf is a presheaf where the arrows are determined by local data:

Definition 4.4. A sheaf over 7 is a presheaf A which satisfies the
following two sheaf axioms. Let {I¥,} be a collection of open subsets
of T. Let A and A’ be objects in A(UW,,).

1) Iff: A— A"and g: A — A’ are arrows such that f|y, = g|w,
for all a, then f = g.

2) Given a collection of arrows f,: Alw, — A’|w, which are com-
patible on intersections, there exists an arrow f: A — A’ such
that flw, = fa for all a.

The second sheaf axiom says that arrows can be “glued”. A sheaf
A has gluable objects if for every collection {W,} of open subsets
of T, objects A, € A(W,), and transition maps fga: Aalw.nw; —
Aglw.nw;, such that foq =ida, and fyg0 fga = fro on WoNWsNW,,
there exists an object A € A(UW,) and isomorphisms 6, : A|w, — Aa
for all a so that 6500, = fz, on W, N Wj.

The presheaves in Examples 4.2 and 4.3 are sheaves. The first sheaf
in Example 4.3 has gluable objects; the second sheaf does not.

Definition 4.5. Let A and B be presheaves of groupoids over 7. A
map of presheaves F: A — B assigns to every open subset U C T
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a homomorphism F(U): A(U) — B(U) so that for every inclusion of
open sets V C U we have B(i;) o F(U) = F(V) o A(1};).

EXAMPLE 4.6. Any equivariant symplectomorphism M — M’ de-
scends to a ®-diffeomorphisms M/T — M'/T. This gives a natural
map from the first sheaf of Example 4.3 to the second sheaf of that
example.

5. Cech cohomology for sheaves of groupoids

In this section we define the first cohomology of a sheaf of groupoids
and give a geometric interpretation.

Definition 5.1. Fix a sheaf of groupoids A over 7 and an open cover
of T.

A zero cochain a € C°(4, A) associates to each U € I an ar-
row ay in A(U). A one cochain a € C'(i, A) associates to each
U € 4 an object Ay € A(U) and to each pair U,V € 4 an arrow
ayy - AU\UnV — AV\Umv-

A one cocycle a € Z'(4, A) is a one cochain that is closed, mean-
ing that ayy = idya, for all U € Y and that awy o ayy = awy holds
on UNV NW for every triple U, V,W € U,

The groupoid of zero cochains acts on the set of one cocycles by

gvu — (fv\Umv) ©gvu © (fU\Umv)_1 )

wherever this makes sense. The first cohomology is the set of equiv-
alence classes under this action:

H (81, A) == ZY(8L, A)/CO(LL, A).

An open cover U is® a refinement of an open cover 4l if every set
V € is a subset of a set U € 4. As in the abelian case, this induces
a map in cohomology:

Lemma 5.2. If*0 is a refinement of 4, we get a well defined map in
cohomology H* (U, A) — H (B, A) for any presheaf of groupoids A.

Proof. Choose any map f: U — 4 such that V' C f(V). This map
induces a map on one cocycles; given a cocycle a, simply restrict every
object and every map from f(V') to V. This clearly descends to a map
on cohomology. If f': ¥ — 4l is different map such that V' C f/'(V),
the resulting cocycles differ by the following zero cochain: associate to
each V' € U the restriction to V' of the arrow apvyp(vy. O

39 is $\mathfrak V$.
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Since the set of open covers is a directed set, this makes H'(4, A)
into a direct system of sets. The Cech cohomology of 7 with values
in A, denoted by H'(7,.A), is defined to be the direct limit of this
direct system.

The following lemma is easy to check.

Lemma 5.3. A map of sheaves of groupoids f: A — B induces a
map of cohomology f.: H'(T,A) — H'(T,B).

Lemma 5.4. Let A be a sheaf of groupoids over T. A global object in
A naturally determines a class [A] € H' (T, A). Two objects A and A’
are isomorphic if and only if [A] = [A']. If the sheaf has gluable objects,
every class in H (T, A) arises in this way.

Proof. A global object A in A(7) maps to the one cocycle with object
A and arrow idy. If f: A — A’ is an isomorphism, then f is a
zero cochain that interchanges the two cocycles. On the other hand,
if A and A’ map to the same cohomology class. Then there exist
isomorphisms fy: Aly — A’|y, for U in some open cover i, so that
fulvnv = fv|unv. By the second sheaf axiom, this implies that A
is isomorphic to A’. (See Definition 4.4.) Finally, the definition of
gluable objects is chosen exactly so that the map A +— [A] is onto for
such sheaves. U

Part III: Sheaves of maps of M/T

We wish to determine whether two tall complexity one spaces are iso-
morphic. By Proposition 3.3, it is enough to determine whether their
quotients are ®-diffeomorphic. By the results of [KT], the quotient
M/T is, topologically, a surface bundle over ®(M). If this were true in
the C'™° category, it would be easy to determine whether two quotients
are ®-diffeomorphic. Unfortunately, however, the quotient M /T is nat-
urally a manifold with corners on the complement of the exceptional
orbits, but not on the exceptional orbits themselves. (See Lemma 9.4.)

To overcome this difficulty, we convert our problem to the problem
of determining whether two cohomology classes are the same. We de-
fine the sheaf Q of ®-diffeomorphisms. For each open subset U C 7T,
the objects in the groupoid Q(U) are the tall complexity one proper
Hamiltonian T-manifolds over U; the arrows are ®-diffeomorphisms
between their quotients. By Lemma 5.4 and Proposition 3.3, two tall
complexity one space are isomorphic if and only if they induce the same
cohomology class in H(7, Q).
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At first, this may not seem like a great improvement. However, in
this part of the paper, we gradually transform the sheaf Q into one
whose first cohomology we can compute. To do this we “correct” the
smooth structure near the exceptional orbits so that M/T is a smooth
surface bundle. (For more details, see Section 7.) This process is
unnatural; it relies on a choice of “grommets”.

6. Grommets

In this section, we define a new sheaf: ®-diffeomorphisms with grom-
mets.

We fix an inner product on t, once and for all. Let a closed sub-
group H C T act on C" as a subgroup of (S')", with moment map
®p: C* — bh*. There exists an invariant symplectic form on

Y =T xzgC" xp°
with moment map
CI)Y([thvV]) :OZ+¢)H(Z)+V,

where o € t*, h C t* is the annihilator of the Lie algebra b, and we
embed bh* in t* using the metric. The space Y is called a complexity
one model.

The local normal form theorem [GS2, M| implies that any orbit in a
Hamiltonian 7T-manifold has a neighborhood which is isomorphic to a
neighborhood of the orbit {[t,0,0]} in some complexity one model Y.
This model is determined uniquely up to permutations of the coordi-
nates on C"; we call it the local model associated to the orbit.

We recall the following definition from [KT, Definition 8.1].

Definition 6.1. Let (M, w, ®) be a Hamiltonian 7-manifold. A grom-
met is a ®-T-diffeomorphism ¢: D — M from an open subset D of
a local model Y =T x5 C" x h° to an open subset of M.

Note that the domain D need not contain the orbit {[¢, 0, 0]}. There-
fore, a grommet can be restricted to any open subset.

Definition 6.2. A complexity one Hamiltonian T-manifold (M, w, ®,7T)
is grommetted if it is equipped with grommets whose images are dis-
joint and cover the union of the exceptional orbits in M.

We think of this as attaching a grommet to the fabric of the manifold
at every exceptional orbit. In real life, the fabric can flow however it
wants away from the grommets, but at the grommet it can only spin;
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this allows all the necessary freedom of movement but prevents the
fabric from ripping at the points of stress. Similarly, our grommets are
designed to give enough freedom so that we can approximate any map
well, but still prevent us from having to cope with the stress of really
dealing with what happens at the exceptional orbits.

We now define the sheaf Q of ®-diffeomorphisms with grommets.
For each open set U C 7 the objects in the groupoid Q(U) are the
grommeted tall complexity one proper Hamiltonian T-manifolds over
U; the arrows are ®-diffeomorphisms between their quotients (which
ignore their grommets).

The only difference between this sheaf O and the sheaf Q defined
in the beginning of Part III is that the objects in Q carry grommets.
These sheaves have the same first cohomology.

Proposition 6.3. The forgetful functor O — Q induces an isomor-
phism in cohomology,

HY(T,Q) = HY(T, Q).
The proof of this proposition uses an abstract sheaf-theoretic lemma:

Lemma 6.4. Leti: A — B be a map of sheaves such that:
1) For any open subset U C T and objects A, A’ € A(U),

i: homy(A, A") — homg(i(A),i(A"))

15 a bijection.

2) For any open subset U C T and object B € B(U), every point in
U has a neighborhood V- C U and an object A € A(V) so that
i(A) is isomorphic to By .

Then © induces an isomorphism
in: HY(T,A) — HY(T,B).

Proof. First we prove that i, is onto. Let U be a cover. A cocycle 3 €
Z'(4U, B) associates to each U € 4l an object By over U. After passing
to a refinement (which we still call i), assumption (2) guarantees that
for each U € 4 there exists an object Ay so that i(Ay) is isomorphic
to By. By assumption (1), for each U,V € 4 there exists a unique
ayy: Avulvnv — Av|unv so that i(ayy) = Byy. Then a is a cocycle
and i(«) is cohomologous to [.
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Now we prove that i, is one-to-one. It is enough to prove that the
map i,: H'(U, A) — H(YU, B) is one-to-one for every cover . Sup-
pose that @ and o' are in Z'(4, A), and that i(a) and i(a’) are coho-
mologous. Then there exists a zero cochain which associates to each
U € sl an arrow by so that by, o i(ayy) o by = i(al,) for all V and U
in Y. By assumption (1), for each U € 4, there exists a unique arrow
ay such that i(ay) = by. Then ay' o ayy o ay = oy O

Proof of Proposition 6.3. This follows from Lemma 6.4 and from the
fact that every complexity one proper Hamiltonian 7T-manifold can be
locally grommeted (see [K'T, Lemma 8.4]). O

7. $-homeomorphisms

In this section, we list the sheaves that we need in this part of the
paper. First, we must consider maps which have the following form:

Definition 7.1. Let M and M’ be complexity one Hamiltonian T-
manifolds. A ®-homeomorphism between M/T and M'/T is a
homeomorphism which sends each orbit to an orbit with the same local
model, is a diffeomorphism off the set of exceptional orbits, respects
the moment maps, and preserves the orientation of the moment map

fibers.

Let us now define the sheaf H of ®-homeomorphisms (with grom-
mets). For each open subset U C 7, the objects in the groupoid
7:{(U ) are the grommeted tall complexity one proper Hamiltonian 7-
manifolds over U; the arrows are ®-homeomorphisms between their
quotients (which ignore the grommets).

We work with a sequence of subsheaves of H. Each subsheaf has
same objects as H does, but the arrows are ®-homeomorphisms which
satisfy additional conditions. The first cohomology of each sheaf is
isomorphic to that of Q.

We list the names and symbols for the sheaf H and its relevant
subsheaves:

®-homeomorphisms (with grommets) H

®-diffeomorphisms (with grommets) O
locally rigid ®-homeomorphisms RO
local stretch maps bot
locally sb-rigid ®-homeomorphisms  RP

sb-diffeomorphisms P
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In Section 6 we defined the sheaf Q of ®-diffeomorphisms with grom-
mets; note that it is a subsheaf of the sheaf of ®-homeomorphisms (with
grommets). We next restrict to the subsheaf RQ C Q consisting of
those ®-homeomorphisms that are, roughly speaking, given by “rigid
rotations” along the exceptional orbits. Then we extend to the sheaf
& of maps that are given by “rotations and stretches” along the excep-
tional orbits. We then restrict again to a sheaf R'P of “rigid rotations”,
except that these are defined differently, in such a way that they are
smooth with respect to a new differential structure that makes M /T
into a smooth manifold with corners. Finally, we extend to the sheaf
P of all maps that are smooth with respect to the new differential
structure.

We define the rest of these sheaves in Sections 8-11. We also show
that we have the inclusions

(7.2) QODRQCEDRPCP.

In Sections 13-15 we show that each of these inclusions induces an
isomorphism on the first cohomology.

8. Locally rigid ®-homeomorphisms

In this section we define the second sheaf in our sequence of sheaves:
locally rigid ®-homeomorphisms.

Let an h dimensional closed subgroup H C T act on C"*! through
an inclusion map

p= (p07 s 7Ph): H— (Sl)h+1
so that the origin is an exceptional orbit. Let R, C U(h + 1) denote
the group of unitary transformations that commute with the H action.
Up to permutation there are only two possibilities: either the p; are all
different, or they are all different except that py = p;. In the former
case,

R,=(SY'"* cUMh+1).

In the latter case,

R,=U(2) x (SH" L cUh+1).
The group

Ry =T Xy Rp

acts on the complexity one model Y := T xz C"*! x h°. Define

Ry = Ry/T = R,/H.
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The action of Ry on Y descends to an action of Ry on Y/T through
the short exact sequence 1 — T — Ry — Ry — 1.

REMARK 8.1. In tall complexity one models, the p; are always different,
so that R, = (SY)"*! and Ry = S'. However, in this section we allow
the general case because it does not require much extra work and will
be useful in subsequent papers.

We would like to use Ry to define “locally rigid ®-homeomorphisms”
between grommeted complexity one Hamiltonian T-manifolds. How-
ever, even if the manifolds are isomorphic, the domains of the given
grommets might lie in different models, whereas the elements of Ry
are maps from a model to itself. We solve this problem by passing to
sub-grommets. We define these in the next several pages.

Lemma 8.2. Let Y = T xyg C' x §° be a complexity one model.
Let E = {[t,y,u]} be an exceptional orbit, where y; = 0 ezactly if
0<i<k.

The local model associated to E is Yg =T X CF1 x €0, where
(8.3) K =Hn((SH" x {1}"7)
acts on CKTY as the restriction of the H action on C'*! to the first
k + 1 coordinates.

Proof. Clearly, K is the stabilizer of £. Let O = H -y. Then T,,0 =
{0}**1 x V, where V is an (h — dim K)-dimensional isotropic subspace
of C"=*. The symplectic slice is

(T,,0)* /T, 0 = C"* x C™,

where m = dim K — k£ and K acts trivially on C™. If the orbit £ is
exceptional, then m = 0. 0

Definition 8.4. Let Y =T xyz C"*! x h° be a complexity one model.
Let Yi = T x x CF1x €% be the local model associated to an exceptional
orbit E = {[t,y, u|} C Y, where y; = 0 exactly if 0 < i < k.
A canonical inclusion is a ®-T-diffeomorphism
A:Dp —Y =T xp (CH' x C"7) x p°
such that

(8.5) A(lt, 2z v]) = [t 2 f([t, 2, v]), et 2, V)],

where Dy C Y is an open subset, and f: Dp — R};Bk and a: D —
h are Ry, invariant functions.
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The composition of two canonical inclusions is a canonical inclusion.

Lemma 8.6. Let Y be a complexity one model, and let Yg be the local
model associated to an exceptional orbit E C Y.

There exists a a canonical inclusion A: D — Y on some neigh-
borhood Dg of {[t,0,0]} in Y. On any open subset Dg of Yi there
exists at most one canonical inclusion A: Dy — Y.

Proof. Here, we use the notation of Definition 8.4.
Let n; € b* denote the weights for the H action on C"*!. A moment
map for Y is

(8.7) Py ([t, w, a]) an|w]|2+oz

The weights for the K action on (C'“rl are (*n;, for 0 < j < k, where

t* is the dual to the inclusion map ¢: € — h. The corresponding

moment map for the local model Y is

k
1
Op([t,z,v]) = Py(E)+ 5 Z Uil + v

j:0

— 9 Z mlysl* +p+ 5 ZLUJ’ZJ‘ +v.

] k+1

(8.8)

Given any pair of smooth 7" invariant functions, f: Dy — ]Rho and
a: D — b° we can define a smooth T-equivariant map A: Dy — Y
by the formula (8.5). This map satisfies ®y o A = ®p if and only if

(ZUJ’ZJ‘2+ Z 77Jf2> t+a

Jj=k+1
(8.9) o 1
=3 > nlylP +n+ 3 Z gl + v
j=k+1 =1

The metric induces a decomposition
t=ta(hne’) ap’.

By Lemma 8.2, the weights 7;, for k < j < h, lie in h*NE". Hence, the
£* components of the left and right hand sides of (8.9) automatically
agree; they are both equal to 1 Z?:o 1*1;]2j|* Therefore, Equation (8.9)
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is equivalent to the equations
1 & 1 & 1g
(8.10) 5 > miff =5 D milyl +5 D (ny—mp)lzf + 7t v)
j=k+1 j=k+1 j=0
in h* N €% and
a=p+v—m(p+v)
in h°, where 7 is the projection from € to £° N b*.

We find f? by solving the system (8.10) of linear equations. The
solution exists and is unique because the coefficient vectors 7;, for j =
k+1,...,h, are a basis of h* N¢°. Since f; = |y;/* > 0 when z = 0
and v = 0, we can take smooth positive square roots of ij near [t, 0, 0].
Finally, the functions f; are Ry, -invariant because the equation (8.10)
is invariant and the solution is unique.

It is clear that the resulting map A preserves the orientation on each
fiber. To show that A is a diffeomorphism, it is enough to show that A
is a submersion.

Consider the map H — (S')"* obtained by the inclusion into
(S1)*1 followed by the projection to the last h — k coordinates. The
kernel of this map is K. Since dim K = k, the map must be onto. That
is, we have a short exact sequence

1—>K—>H—>(Sl)h7k—>1.

This implies that the natural inclusion RY ™" — (C*)"=* gives rise to
a ®-T-diffeomorphism

Y OT xg (CMx (C)7) x p2 2T xp C x RETF x B0

In these coordinates, A has the form [t, z,v] — [t, 2z, f,u+ v —7(u+
v)]. Tt is easy to check that this is a submersion. U

Definition 8.11. Let M be a grommeted complexity one Hamilton-
ian T-manifold. Let A: D — Y be a canonical inclusion whose
image is contained in the domain of a grommet ¢¥): D — M. De-
fine Yp: Dp — M by ¥ = ¥ o A. We call the induced map
Yy Dp/T — M/T a sub-grommet.

Definition 8.12. Let M and M’ be grommeted complexity one Hamil-
tonian T-manifolds. A ®-homeomorphism f: M/T — M'/T is lo-
cally rigid if for every exceptional orbit £ € M/T and any pair of
sub-grommets

¢0:D/T — M/T and ¢':D/T — M')T
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whose images contain F and f(FE), there exists a smooth function
R: t* — Ry such that

!/

(8.13) ()~ (y) = R(®y(y)) -y
)-

on some neighborhood of 1~ ( /). Here, both sub-grommets have the

same domain D/T C Y/T, and ®y is induced by the moment map on
Y.

fou
E

REMARK 8.14. By Lemma 8.6, for any exceptional orbit £ we can al-
ways find sub-grommets ¢: D/T — M/T and ¢ : D/T — M'/T,
with the same domain, whose images contain E and f(FE). Since a
canonical inclusion induces an Ry-equivariant map on quotients, Equa-
tion (8.13) holds for either every such ¢ and El or for no such v and
—

(1

The following lemma is straightforward.

Lemma 8.15. FEvery locally rigid ®-homeomorphism is a ®-diffeo-
morphism.

We now define the sheaf RQ of locally rigid ®-homeomorphisms. For
each open subset U C 7, the objects in the the groupoid RQ(U) are
the grommeted tall complexity one proper Hamiltonian T-manifolds
over U; the arrows are the locally rigid ®-homeomorphisms between
their quotients.

Our main claim, which we prove in Section 13, is

Proposition 8.16. The inclusion RQ C Q induces an isomorphism

H'(T,RQ) =~ H'(T, Q).

9. Local stretch maps

In this section we define the third sheaf in our sequence: local stretch
maps.

Consider a tall complexity one model Y = T xpyz C"*! x h° with
moment map Py

Lemma 9.1. There exists a unique monomial P: Ch*!' — C, called
the defining monomaal, such that

(9.2) P(z) = Hzf-j,

Jj=0
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with & > 0 for all j, such that the following sequence is exact:

P

(9.3) 1— HS (Sl)h+1 — St 1.

Proof. See [KT, Lemma 5.8]. O
The trivializing homeomorphism is the map
F = (®y,P): Y/T — (image ®y) x C,

where ®y is induced from the moment map and P is induced from the
defining monomial. (See [KT, Definitions 5.12 and 6.4].)

Lemma 9.4. The trivializing homeomorphism F' is a homeomorphism,
and it is a diffeomorphism off the set of exceptional orbits.

Proof. See [KT, Lemmas 6.2 and 7.1]. O

A grommet on a tall complexity one Hamiltonian T-manifold induces
a “coordinate chart” on M/T.

Definition 9.5. Let v: D — M be a grommet with D C Y, and
let F: Y/T — image ®y x C be the trivializing homeomorphism. Let
B = F(D) C image @y x C and define ¢: B — M/T by

w:=1oF L
Then ¢ is a homeomorphism onto an open subset of M/T; it is the
surface bundle grommet associated to .

We can now give our main definition.

Definition 9.6. Let M and M’ be grommeted tall complexity one
Hamiltonian 7-manifolds. A ®-homeomorphism f: M/T — M'/T
is a local stretch map if for every exceptional orbit E € M/T and
the pair of associated surface bundle grommets ¢: B — M/T and
¢+ B — M'/T whose images contain E and f(F), there exists a
function R: t* — S! and an S'-invariant function \: t* x C — Ry
such that

(9.7) () o fop(a,2) = (a; R(a)Ma, 2) - 2),
on some neighborhood of ¢ 1(FE) C t* x C.
We need the following lemma.

Lemma 9.8. Let A: D — Y be a canonical inclusion for Dg C Y.
Let F: Y/T — image®y x C and Fg: Yg/T — image @y, x C be
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the trivializing homeomorphisms. Then there exists an S* invariant
function \: D — R+ such that

FOKOF]EI(O[,Z) = (057/\(0572) ) 2)7
for all (o, 2) € Fg(Dg/T) C t* x C.

Proof. By Lemma 8.2, the defining monomial Pg for Yy consists of
the first k + 1 factors the the defining monomial P for Y. Hence, for
u=[t,z,v] € Yg, we have

5=0
and
k h
P(A(u) = P(It.= £.0) = [[ = T] #
§=0  j=k+1
for some &, ..., &,. Thus, the lemma holds with

Ma, 2z) = H fi(Fe Yo, 2))%.

j=k+1

O

Carefully unwinding the definitions, this leads to the following lemma.

Lemma 9.9. Fvery locally rigid ®-homeomorphism s a local stretch
map.

We introduce the sheaf £ of local stretch maps. For each open subset
U C 7T, the objects in the groupoid £(U) are the grommeted tall
complexity one proper Hamiltonian T-manifolds My ; the arrows are
the local stretch maps between their quotients.

Our main claim, which we prove in Section 14, is

Proposition 9.10. The inclusion RQ C &£ induces an isomorphism

HY(T,RQ) = HY(T,¢).

10. Locally sb-rigid ®-homeomorphisms

In this section we define the fourth sheaf in our sequence: locally sh-
rigid $-homeomorphisms. Here, “sb” stands for “surface bundle”.
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Definition 10.1. Let M and M’ be grommeted tall complexity one
proper Hamiltonian 7T-manifolds. A ®-homeomorphism f: M/T —
M'/T is locally sb-rigid if for every exceptional orbit E € M /T and
the pair of associated surface bundle grommets ¢: B — M/T and
¢+ B — M'/T whose images contain F and f(F) (see Definition
9.5), there exists a smooth function R: t* — S* such that

(10.2) (¥") o fop(a,2) = (a,R(a) - 2)
on some neighborhood of ¢™'(F) C t* x C.
From this and Definition 9.6 we immediately get the following result:

Lemma 10.3. Fvery locally sb-rigid ®-homeomorphism is a local stretch
map.

We now define the sheaf RP of locally sb-rigid ®-homeomorphisms.
For each open set U C 7T, the objects in the groupoid RP(U) are the
grommeted tall complexity one proper Hamiltonian T-manifolds over
U; the arrows are the locally sb-rigid ®-homeomorphisms between their
quotients.

Our main claim, which we prove in Section 14, is

Proposition 10.4. The inclusion RP — & induces an isomorphism

H'(T,RP) 2 H'(T,€).

11. sb-diffeomorphisms

In this section we define the fifth sheaf in our sequence: sb-diffeomor-
phisms. Again, “sb” stands for “surface bundle”.

Definition 11.1. Let M and M’ be grommeted tall complexity one
Hamiltonian 7-manifolds. A ®-homeomorphism f: M/T — M'/T is
an sb-diffeomorphism if for every pair of associated surface bundle
grommets ¢: B — M/T and ¢': B — M’ /T, the composition

g=(¢)ofop
is a diffeomorphism.
The definition clearly implies

Lemma 11.2. If a ®-homeomorphism is locally sb-rigid then it is an
sb-diffeomorphism.
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We now define the sheaf P of sb-diffeomorphisms. For each open
subset U C 7, the objects in the groupoid 75(U ) are the grommeted
tall complexity one proper Hamiltonian 7T-manifolds over U; the arrows
are the sb-diffeomorphisms between their quotients.

Our main claim, which we prove in Section 15, is

Proposition 11.3. The inclusion RP C P induces an 1somorphism

HY(T,RP) = HY(T,P).

Part IV: Rigidification

In this evil part of the paper we prove the main propositions stated in
the previous part: Propositions 8.16, 9.10, 10.4, and 11.3. In Section
12 we prove a technical lemma, which we use four times, in Sections
13, 14, and 15, to show that each of the inclusions of sheaves

OQDRQCEDRPCP

induces an isomorphism on H'. The reader may choose to skip to the
next part of the paper (Section 16) on first reading.

Checking the assumptions of the technical lemma involves isotopies
of maps on complexity one quotients. In previous sections we defined
what it means for a map between complexity one quotients to be a ®-
homeomorphism, a ®-diffeomorphism, a locally rigid ®-homeomorphism,
a local stretch map, an sb-diffeomorphism, or a locally sb-rigid ®-
homeomorphism. In Sections 13-15 we will need to extend these no-
tions to “isotopies” and to being “rigid at a point”. Also, we will need
to have similar notions on “surface bundle models”. We start with the
most general definition:

Definition 11.4. Let (M,w,®,7) and (M’ o', ®',7T) be complex-
ity one Hamiltonian T-manifolds. A map F from an open subset
of [0,1] x M/T to an open subset of M’'/T is an isotopy of ®-
homeomorphisms if f;(-) = F(t,-) is a ®-homeomorphism for each
t and F' is smooth on the complement of the exceptional orbits (as a
map between manifolds with corners).

REMARK 11.5. We may consider a single ®-homeomorphism as an iso-
topy which is independent of the parameter ¢.

Note that if f;(-) = F(t,-) is an isotopy of ®-homeomorphisms from
M/T to M'/T and E is an exceptional orbit in M then the exceptional
orbit f;(F) remains the same as ¢ varies continuously.
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12. Reducing from sheaf to sheaf

In this section we prove a lemma which guarantees that the first co-
homology of two different sheaves agree if the sheaves satisfy certain
technical conditions. Let A and B be sheaves of groupoids over 7
with the same objects and with the arrows in A forming subsets of the
arrows in B. The inclusion maps A(U) — B(U) induce a map from
H' (U, A) to H' (4, B). We describe a condition which guarantees that
this map is a bijection.

Let us begin with a simple analogue for sheaves of abelian groups.
Consider a manifold M and two abelian Lie groups H C G. Denote the
sheaves of smooth functions to H and to G by H and G, respectively.
Suppose that H is a smooth deformation retract of G; for example,
H = S' and G = C*. Then the natural map between the cohomology
groups H (M, H) and H (M, G) is an isomorphism for all 7 > 1.

One proof relies on the the fact that these sheaves satisfy the fol-
lowing condition: if we are given an open set Z, a smooth function
B: Z — @, and a pair of open sets X and Y such that X NY = 0,
we can define a new smooth function 3': Z — G which satisfies the
following conditions:

1) Forallz € XN Z, f'(x) is in H.
2) Forallye Y NZ, 5 (y) =5y).
3) For all u € Z, if f(u) is in H, then §'(u) is also in H.

This fact is easy to show: By assumption, there exists a smooth map
F: G x0,1] — G so that F'(g,0) = g for all g € G, that F(g,1) € H
for all g € G, and that F'(h,t) = h for all h € H and t € [0,1]. Since
X NY =0, we can find a smooth function A\: M — [0, 1] such that
Az)=1forall z € X, and \(y) =0 for all y € Y. Now, simply define
B(u) = F(B(u), A(w)).

Our main technical lemma, which appears below, is a generalization
of the fact that this condition is itself enough to prove that for all i > 1
the cohomologies H (M, G) and H'(M, H) are isomorphic.

Lemma 12.1. Let A and B be sheaves of groupoids on T with the
same objects and such that the arrows in A are subsets of the arrows
in B.

Suppose that for every open cover th = {U;} and cocycle 3 € Zl(Ll, B)
there exists an open cover {U[} such that U] C U; for all i and such
that the following holds:
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Take any U; and U; in U; let N and N’ be the restriction
to Z = U; NU;j of the objects associated to U; and U;
by 3. Let X and Y be any open sets such that X NY =
0, let W = Ul U---UU)_, for any integer p, and let
f: N — N’ be any B arrow. Then there exists a B-
arrow f': N — N’ with the following properties.

1) The restriction of f' to X N Z is in A.

2) The restrictions of f' and f toY N Z coincide.

3) If the restriction of f to W N Z lies in A, then the

restriction of f' to W N Z also lies in A.

Then the inclusion map i: A — B induces an isomorphism
i,: HY(T, A) = HY(T,B).
Proof. 1t is enough to show that
(12.2) i,: H'(U, A) — H' (L, B)

is an isomorphism for every countable cover i = {U;}2, such that each
U; intersects only a finite number of U;’s.

Proof that the map (12.2) is onto.

Let 3 € Z'(4,B) be a one cocycle. We want to find a zero cochain,
b € C°(4, B), such that by o By o by is in A for all U,V € 4. Let
{U!} be a cover as in the statement of the lemma.

By induction, it suffices to prove that for any one cocycle g €
Z* (44, B) such that the restriction of Syy to (UjU---UU)_)N({UNV)
is in A for all U,V € U, we can find a zero cochain b € C°(4, B) such
that the restriction of by o By oby ™" to (U U---UU))N(UNV) is in
A for all U,V € 4, and such that by is the identity for all V' € U such
that U, NV = (. Since each U; intersects only a finite number of U;’s,
the last condition ensures that for each pair U,V € U the arrow [y y
stabilizes after a finite number of steps.

Let 8 € Z'(4U, B) be a one cocycle such that the restriction of Sy
to (UjU---ulU) ;)N(UNV)isin Aforall U,V € U. Let Y be an open
set such that Y UU, =7 and Y N U/, = 0. Let Ny denote the object
associated by (3 to U, for each U € 4. By the assumption of the lemma,
for every V' € U there exists a B-arrow ﬁ{,UP: Nu,lv,ov — Nvl|u,av
with the following properties:

1) The restriction of 3y, to U, NV is in A.

2) The restrictions of i, and By, to Y N (U, NV) coincide.

3) The restriction of By, to (UjU---UU, ;)N (U,NV)is in A
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By item (2), we may define by : Ny — Ny by by = 'y, o ﬁ;zljp
on U,NV and by by =id on Y NV. As required, if U, NV = ) then
by = id.

Now we claim that the restriction of by o Gy o b&l to (UjU---U
U,))N(UNV)isin A, for any U,V € 4.

By the definition of b, the restriction of by o By oby' to U,N(UNV)
is given by (8'yy, o ﬁ\lep) o Bvu o (Buu, © HUU,,A) = Byu, © ﬂ(/JUpil' The
restrictions of f3i,; and Gy to (UyU---UU,) NU, NUNV both lie
in A, by items (1) and (3). Therefore, the restrictions of by o By o by,
to (UyU---ul,)NU,N(UNYV)is also in A.

The restriction of by o Byy o bl}l to Y N (UNYV) coincides with the
restriction of By itself. By the induction hypothesis, its restriction to
(Uiu---ul,_)NYNUnNV)isin A

Thus, the restriction of by o By oby;' to the set (U;U---U U,)NU,N
(UNV) and to the set (UU---UU)_;)NY N(UNV) lie in A. Because
the union of these sets is (Uj U---UU)) N (UNV), we are done.

Proof that the map (12.2) is one to one.
Let a € Z'(U, A) be a one cocycle, and let b € C°(U, B) be a zero
cochain such that by o ay g o b(jl isin A for all U,V € Y. We want to
find a zero cochain a € C°(4, A) such that ayoayyoay' = byoayyoby'
for all U,V € 4. Let {U/} be a cover associated to i(«a) € Zl(il, B) as
in the statement of the lemma.

By induction, it suffices to prove that if we are given a zero cocycle
b € C°(4, B) such that by o ayy o b is in A for all U,V € 4 and the
restriction of by to (UjU...UU]_;)NV isin Aforall V' € 4, then we can
find a zero cochain & € C°(4, B) such that b’vooWUob’(}1 = byoayyoby'
for all U, V' € 4, the restriction of b}, to (U U---UU,)NV isin A for
all V € U, and such that if V N U, = 0 then b{, = by. Again, let Y be
such that Y UU, =7 and 7(17]’): :

Let Ny denote the object associated by i(«) to U, for each U € 4L
By the assumptions of the lemma, with U; = U; = U,, there exists a
B-arrow b’Up : Ny, — Ny, with the following properties:

1) The restriction of by, to Uy, is in A.
2) The restrictions of by, and by, to Y N U, coincide.
3) The restriction of bj; to (UjU...UU,_;)NU,isin A



52 YAEL KARSHON AND SUSAN TOLMAN

By item (2), for every V' € 4 we may define a B-arrow b, : Ny —
Ny by by, = by over Y NV and by, = by o ayy, © bsz1 o b’Up o 04‘_,1Up on
U, N V. As required, if VN U, = 0, then b}, = by .

Now we claim that b, o ayy o b, ™! = by o ayy o b;' over U NV
for every U,V € Y. Over UNV NY we have b}, = by and by, = by,
hence, b}, o ayy o b, = by o ayy o b(}l. Over U NV NU, we have
by oayyoby ! = (by ocayy,oby, ~') o (b oayy, by, ~) ! which, by the
definition of by, and b}, is equal to (by oayy, obaj)o(onozUUp ob(};)*l =
by o ayy o bgl. Since U, UY = 7, this proves that claim.

Finally, we claim that by, is in A over (UU. . .UU))NV, for every V' €
4. Over (UjU- - -UU) )NV NU, we have b, = (bvoaVUPObUp_l)Ob’Upomlep,
the first and third factors are in A by assumption, and the second
is in A by items (1) and (3). Hence, their product is in A. Over
(UjU---uU) NV NY, by is equal to by. Since U)NY = (), this set
is the same as (U U---UU, ;) NV NY, on which by is in A by the
induction hypothesis. Since U, UY = 7, we are done. O

13. Rigidification of ®-diffeomorphisms

In this section we prove that the sheaf Q of ®-diffeomorphisms has
the same first cohomology as the subsheaf RQ of locally rigid ®-
homeomorphisms.

13.1. Definitions. Consider two complexity one Hamiltonian T-mani-
folds M and M’. (As a special case we allow complexity one models.)
Let W C [0,1] x M/T be an open subset, and let

G:W— M'T
be an isotopy of ®-homeomorphisms. (See Definition 11.4.) Let ¢:(-) =
G(t,-).

Definition 13.1. G is an isotopy of ®-diffeomorphisms if near
each exceptional orbit (to, F) it lifts to a smooth map G from an open
subset of [0,1] x M to M’ such that G(t,-) is a ®-T-diffeomorphism
with its image for all ¢.

Definition 13.2. G is rigid at an exceptional orbit (¢y, F) if for any
pair of sub-grommets ¢: D/T — M/T and ¢ : D/T — M'/T
whose images contain E and ¢, (E) there exists a smooth function
R:[0,1] x t* — Ry such that

——1 —

O ogiot(y) = R(t, Py (y)) -y
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on some neighborhood of (ty,%~*(F)). Note that both sub-grommets
must have the same domain D/T C Y/T.

Note that a single ®-homeomorphism g: W — M'/T, where W is
an open subset of M /T is locally rigid if and only if it is rigid at every
exceptional orbit in W. (See Definition 8.12 and Remark 11.5.)

Definition 13.3. Let Y be a complexity one model. Let W C [0, 1] xY
be an open subset. A map

(13.4) GW—Y

is an isotopy of ®-T-diffeomorphisms if it is smooth and if g,(-) =
G(t,-) is a ®-T-diffeomorphism (onto its image) for every t € [0, 1].
(Here, we have the same model Y in the domain and range.) The
isotopy G is rigid at an exceptional orbit (fo, £) if it descends to an
isotopy of ®-diffeomorphisms

G:W/T —Y/T
which is rigid at (to, £). (See Definition 13.2.)

Lemma 13.5. An isotopy of ®-T-diffeomorphisms (13.4) is rigid at an
exceptional orbit (to, E) if and only if there exists a smooth T-invariant
function

S: W — Ry
such that G(t,y) = S(t,y) -y on some neighborhood of (to, E) and such

that the composition of S with the projection map Ry — Ry is equal
to the pullback via @y of a smooth function from [0,1] x t* to Ry .

Proof. By definition, there exists a smooth function R: [0,1] x t* —
Ry so that G(t,y) = R(t, ®y(y)) - y on some neighborhood of (ty, E),
where G: W/T — Y /T is the map induced by G. Let R: [0, 1] xt* —
Ry be a smooth map which is a lift of R on some neighborhood of
(to, Py (E)). For each (t,y) in a neighborhood of (to, E), the values
G(t,y) and R(t,®y(y)) -y are in the same T-orbit. This implies that
these maps differ on this neighborhood by a smooth T-invariant map
from W to T, by a theorem in [HS] (see [KT, Theorem 4.12]). We let
S be the product of this map with R o ®@y. 0
13.2. Rigidification on C**!. Let an h dimensional group H act on
C"*! through an inclusion map p = (po,...,pn): H — (SY)"1. Let
L, denote the group of R-linear automorphisms of C"*! that preserve
orientation, commute with the H-action, and preserve the moment
map ®p: C"*!' — h*. Let R, C L, denote the subgroup of unitary
transformations that commute with the H-action, as in Section 8.
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Lemma 13.6. R, is an H-equivariant smooth strong deformation re-
tract of L,.

Proof. Let n; = dp; € h* denote the weights for the action. Note that
n; # 0 if and only if p;(H) = S*.

Let us first assume that po is equal to either p; or to p;'. The
complexity one assumption then implies that p;(H) = S and hence
n; # 0 for all j. It also implies that p; is different from both p; and
pj_l, and hence they define non-isomorphic real representations of H on
C=R? forall 1 <i< j<h. The group of R-linear transformations
of C"*! that commute with the H-action is, by Schur’s lemma,

(13.7) Ay X oo X Ay,

where A; consists of the R-linear transformations of C? which commute
with the action of H by (po, p1) and where A; = C* for 2 < j < h. We
now have two sub-cases.

1) Suppose that pg = p;. Then A; = GL(2,C). The moment map is

h
1
Cn =3 (771 (20 + |21 [?) + ZWJ\ZJ'!2> :

=2
The subgroup of (13.7) consisting of those elements that preserve
(orientation and) the moment map is L, = U(2) x (S*)"~*. Thus,
L,=R,.
2) Suppose that py = p;*. We apply the R-linear transformation
(U]O,wl, s 7wh) = (2_07 Ly e Zh)‘
In these new coordinates, H acts by (p1, p1, p2,- .-, pn), and A =
GL(2,C). The moment map is
1 h
n =3 (771 (—lwol® + |wi[?) + anlzj|2> :
j=2
The subgroup of (13.7) consisting of those elements that preserve
(orientation and) the moment map is L, = U(1,1) x (S*)"~1. The
group R, = (S")"*! of rigid maps is a strong deformation retract
of L,.
Up to permutation, the only other case is that p; is different from
both p; and pj’1 for all ¢ # 5. The group of real linear transformations
of C"*! that commute with the H action is, by Schur’s lemma,

(13.8) Ag X ... X Ay,
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where each A; is the commutator of p;(H) in GL(2,R). The group of
rigid maps is R, = (S')""!. We again distinguish between two sub-
cases:
1) Assume that po(H) is finite. The complexity one condition then
implies that p;(H) = S, so A; = C*, for all 1 < j < h. We have
1o = 0, and the moment map is

h
1
Cn =5 > njlzl
j=1

with n; # 0 for 1 < 5 <h.
If po(H) € {1,—1}, then Ay = C*. If po(H) C {1,—1}, then

A; = GL(2,R). The subgroup of (13.8) consisting of those el-

ements that preserve the orientation and the moment map is

L, =C*x (SY" or L, = GL*(2,R) x (S")", respectively. In

either case, R, = (S')"™! is a strong deformation retract of L,.
2) Up to permutation, the only other case is where p;(H) = S* for

all 7. Then the group (13.8) is (C*)"*!. The moment map is

h
1
u =3 e
=0

with n; # 0 for all j. The subgroup of (13.8) consisting of those
elements of (C*)"*! that preserve (the orientation and) the mo-
ment map is L, = (S")"*!. Thus L, = R,.

U

13.3. Rigidification on a local model. Consider a complexity one
model

Y =T xgz CM1x p°

with moment map ®y: Y — t*.

Definition 13.9. Welet R, = {s € R| s >0} act on Y =T xpy

(Cthl X hO by

Hs ([)‘727 l/]) = [)‘7827 l/]a s € RJr'
Lemma 13.10. Fiz a smooth function s: [0,1] — [0,1] such that
s(t) = 0 for t in an open set containing [3,1] and s(0) = 1. To a

T-invariant open subset W C Y we associate an open subset VW C
0,1] x Y by
W= {(t,w) | ps@(w) € W}.
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Let g: W — W' C Y be any ®-T-diffeomorphism. Then there exists
an isotopy of ®-T-diffeomorphisms, G: W — Y, with the following
properties. Denote gi(-) = G(t,-).

1) go=9.

2) g1 is rigid at every exceptional orbit E.

3) If g is rigid at pieq)(E) then G is rigid at (t, E), for any exceptional

orbit E and any t.

(See Definitions 13.3 and 13.9.)

Proof. Write W = T xg V, where V C C'! x h° is open and H-
invariant. Since g is a ®-T-diffeomorphism, it locally has the form

(13.11) g([\, z,v]) = [1(z,v) - A, f(z,v), V],

where 7: V' — T is smooth and H-invariant, and where f: V —
C"*1is smooth, and for each v € h°, the map f(-, v) is an H-equivariant
diffeomorphism between open subsets of C"*! that preserves the ori-
entation and the moment map ®y. Because the origin is exceptional,
f(0,v) =0 for all v.

Let fo(v): C"! — C"! be the R-linear map obtained as the de-
rivative of f(-,v) at the origin. For 0 < ¢ < 3, define
(13.12)

a(hzv]) = {[r(s(t)z, V) M Fsz )] 0 <s(t) <1

s(t)
[7(0,v) - A, fo(v)(2),V] if s(t) = 0.

The map fo(v) belongs to the group L, of R-linear automorphisms
of Ch*! that preserve orientation, commute with the H-action, and
preserve the moment map ®5. Lemma 13.6 gives a smooth family of
H-equivariant maps D, : L, — L,, for 0 < o <1, such that Dy = id,
image Dy = R,, and D,|r, = id|g, for all o, where R, is the group of
rigid maps of C'*+1.

Let o: [3,1] — [0,1] be a smooth function such that o(t) = 0 for ¢
near % and o(1) = 1. For % <t <1, define

(13.13) ge([N 2, v]) = [7(0,v) - A, Doy (fo(v))(2), V).

Note that whereas 7 and f in (13.11) can be chosen in different ways,
and can only be chosen locally, ¢g; only depends on g and is therefore
well defined.

Moreover, if g is rigid at jusuy)(£), then there exists a T-invariant
smooth function S: Y — Ry so that g(y) = S(y)-y on some neighbor-
hood of ps1,)(E), and so that the composition of S with the projection
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from Ry to Ry is the pull-back of a smooth function on t*. (See Lemma
13.5.) On a neighborhood of (o, E), g; is given by multiplication by
S(pswy(y)). For 0 < ¢ < 1 this is a straightforward computation.
For % < t < 1 this follows from the fact that the deformation D,
fixes R,. Finally, by the formulas for p, and for ®y, the function
(t,y) — S(psw(y)) satisfies the properties in Lemma 13.5. O

13.4. Rigidification locally on M/T.

Lemma 13.14. Let (M, w,®,7T) and (M’ ', @', T) be grommeted com-
plezity one proper Hamiltonian T-manifolds. Let ¢p: D/T — M/T
and ': DT — M'/T be sub-grommets with the same domain D C
Y. Suppose that D/T is contractible. Let C C Y be a set of excep-
tional orbits whose closure in'Y s contained in D. Let X C D be a
set of exceptional orbits such that ps(X) C X for all0 < s < 1. (See
Definition 13.9.)

For any ®-diffeomorphism f: M/T — M'/T that sends (C/T)
to ' (C/T) there exists an isotopy of ®-diffeomorphisms F': [0,1] x
M/T — M'/T with the following properties. Denote f, = F(t,-).

1) fo=f.

2) fi1 is rigid at every exceptional orbit in (C/T).

3) fi = [ outside y(D/T) N f~' (¥'(D/T)).

4) If f is rigid at every orbit in (X/T), then F is rigid at every

orbit in [0,1] x (X/T).
(See Definitions 13.1 and 13.2.)

REMARK 13.15. In fact, the isotopy F' depends “smoothly” on the
function f. This feature is relevant for the study of the space of au-
tomorphisms of a complexity one space. A similar situation occurs in
Section 15 but not in Section 14.

Proof of Lemma 13.14. Once and for all, we choose a T-invariant smooth
function
prY —R
such that
support(p) C D and ply =1

for some open neighborhood V' of C', such that p is a pullback of a
smooth function on t* on some neighborhood of the exceptional orbits.
Define open subsets of Y by

Dy :={be D | f(¢(b)) € ¥'(D/T)}, and
Dy :={b' € D[ ¢'(t) € f(¥(D/T))}.
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Because D/T is contractible, y"to fo lifts to a ®-T-diffeomorphism
g: D — Y. In fact, it is enough to assume that H*(D/T,Z) = 0. This
is explained in our proof of Lemma 4.11 in [KT], following techniques
of [HS] and [BM].

Our maps fit into a commutative diagram:

Y> D DDy % Dyc D CY

vl L

M/T 7, M'/T.
Moreover, C' C Dy N D} and glo/r = id|c)7.

We now apply Lemma 13.10 with W = D, to obtain an isotopy
G(tv ) = gt(')a
gt ,us_é)Df — us_é)D}.

Let & be the vector field which generates this isotopy. This means that
& is a vector field defined on /is_(i)D} for each ¢, so that

dge .
E(U) =¢0 gt(u)
1

for each u € p ) Dy (as an equality in T, ,)Y"). Let £evtofl he the vector
field on D N :“;(1) D’; given by

(13.16) &M (u) := p(u) p(g~" () p(ps (w)) plg™" (s (1)) & (w).

First, note that the support of £ in Y is contained in the open
set D N ,u;(}t) DY, so geutoll extends to a smooth vector field €8 on
all of Y. Construct an isotopy h;: Dy — Y by solving the ordinary

differential equation
dhy

cutoff
= gt o hy

dt

with initial condition

ho =4.
Since our cut-off functions are constant on orbits, and since g; is T'
equivariant, h; is also T" equivariant. Similarly, h; respects the moment
maps.

Second, note that there exists a closed subset of D} such that the

support of £ is contained in this set for all ¢. Therefore, each h,

is a diffeomorphism from D; onto D}, which coincides with g on a
neighborhood of the boundary of Dy in Y. Using the sub-grommets v
and ¢, the isotopy h; can be plugged back into M /T to give an isotopy
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of ®-diffeomorphisms f;: M/T — M'/T such that f, = f outside the
image of Dy and such that Elil o fioth) = h,.

Third, note that £ coincides with & on the set Vin ,u;(}t) Vi, where
Vi={v eV |¢)e f(¥(V))} (and V is an open neighborhood
of C'" where p = 1). The intersection of these sets for all t € [0, 1]

has a non-empty interior that contains C'. Hence, there exists an open
neighborhood of C' in D on which h; = g; for all t. Hence, hy =

—

Y ‘o f1 0 is rigid on C/T.

Finally, if f is rigid at every orbit in ¢(X/T), then g is rigid at every
orbit in X. Since ps(X) C X for all 0 < s < 1, it follows from the third
item of Lemma 13.10 that G is rigid at every orbit in [0, 1] x X. From
Lemma 13.5 it follows that the time dependent vector field & has the
following property. On a neighborhood of every exceptional orbit, &; is
induced by a smooth T-invariant map from [0, 1] X Y to the Lie algebra
of Ry, whose projection to the Lie algebra of Ry is the pullback of a
smooth function [0,1] x t* — Ry. This implies that £ has the
same property (because the cut-off functions are pullbacks from t* near
exceptional orbits). Again by Lemma 13.5, it follows that h; is rigid at
every orbit in [0,1] x X. O

13.5. Rigidification globally on M/T. Let (M,w,®,7) be a com-
plexity one Hamiltonian T-manifold. For each point @ € 7T, let t, be
the subspace of t spanned by all the infinitesimal stabilizers to points
in ®~!(a) C M. Define an affine space A, = a+12. Let p,: t* — A,
be the orthogonal projection determined by the fixed metric on t*.

Definition 13.17. An open subset V of 7 is orthogonal to the
skeleton if and only if for each o € t* there exists a neighborhood on

which V' coincides with a set of the form p*(V’) for some open subset
VI C A,.

REMARK 13.18. For every open cover {U;} of 7 there exists an open

cover {U!} such that U/ C U; and U! is orthogonal to the skeleton for
all 1.

Proposition 13.19. Let (M,w,®,7T) and (M', o', ®',T) be tall grom-
meted complexity one proper Hamiltonian T -manifolds. Let

f:M/T — M'/T

be a ®-diffeomorphism. Let W C T be an open subset which is orthog-
onal to the skeleton. There exists an isotopy of ®-diffeomorphisms
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F:[0,1] x M/T — M'/T with the following properties. Denote
Ji= F(tv )
D fo=71
2) fi1 s locally rigid.
3) If f is rigid at every exceptional orbit in ®~Y(W)/T, then F is
rigid at every exceptional orbit in [0,1] x ®~1(W)/T.

(See Definitions 13.17 13.1 and 13.2.)

Proof. Define the level of an exceptional orbit to be the dimension
of its stabilizer. Let [ be an integer. Suppose that f is rigid at all
exceptional orbits of level > [. Let W; be the set of exceptional orbits
of level [ at which f is rigid. Let K; be the set of exceptional orbits of
level [ at which f is not rigid. Note that K; is closed.

For each orbit £ in K there exist sub-grommets ¢: Dg/T —
M/T and ¥y: Dp/T — M'/T, such that ¥([1,0,0]) = E, the
domain Dg/T is contractible, and f sends the exceptional orbits in
U 5(Dg/T) to the exceptional orbits in 1 z(Dg/T). Moreover, because
W is orthogonal to the skeleton, we can choose the domains such that
the set X of exceptional orbits in DpN® L' (W) satisfies u(Xg) C Xg
for all 0 < s < 1. (See Definition 13.9.) Since Kj is closed, we can
choose a collection of such sub-grommets

¢,: D;/T — M/T and ¢,: D;/T — M'/T,

with domains D; C Y; fori=1,..., N < 00, and such that the images
;(D;/T) form a locally finite cover of K;. For each i, choose a subset
C; of D;/T consisting of exceptional orbits of level | whose closure in
Y;/T is still contained in D;/T, and such that the images 1,(C;) still
cover Kj.

By induction on i, we construct a sequence of ®-diffeomorphisms

fi: M/T — M'/T
such that f; is rigid at all points of
> () u U J7,()

J<i
and a sequence of isotopies
F;: (0,1 x M/T — M'/T
such that F;_1(0,-) = Fi(1,-) = f;(+) for all 4.



HAMILTONIAN TORUS ACTIONS... 61
For i =0, set fo = f. Given f;_1, let

X; =o' (Wyuy (wul o).

j<i

Notice that any subset of D; that consists of orbits of level [ is fixed by
the Ry action ps on D; (see Definition 13.9). It follows that us(X;) C
X; for all 0 < s < 1. Apply Lemma 13.14 with the sub-grommet 1),
and the subsets C; and X; to get an isotopy F;, and set f;(-) := F(1,-).

Each point x € M /T has a neighborhood U and an n = n(x) such
that Fj(s,y) =: fow(y) is independent of j and s for all j > n and
y € U. Therefore, there exists an isotopy of ®-diffeomorphisms

F:[0,1] x M/T — M/T
such that F'(0,-) = f(-), F(l_i-'%l) = fi(-) forall i, and F(1,-) = foo ().
Note that F(1,-) is rigid at all exceptional orbits of level > [. The result
now follows by induction on . O

We are ready to prove Proposition 8.16. We recall its statement:

Proposition 8.16. The inclusion RQ C Q induces an isomorphism

HY(T,RQ) = HYT, Q).

Proof. The proposition follows from Lemma 12.1 once we show that
the assumptions of this lemma are satisfied.

Let & = {U;} be any cover and g € Zl(il, Q) be any one cocycle. We
can choose an open cover {U/} such that U/ C U; for each i and such
that U/ N U is an orthogonal set with respect to My for each U € YU,
where My is the complexity one manifold associated to U by f3.

Take any U; and U; in Y. Let M and M’ be the restriction to
Z = U; NUj of My, and My;. Take any open sets X and Y such
that X NY =0, and let W =U{U...UU]_,,
f: M/T — M'/T be a ®-diffeomorphism.

Let p: Z — [0, 1] be a smooth function which vanishes on Y N Z
and is equal to one on X N Z.

Let f; be the isotopy obtained from Proposition 13.19. Then f'(z)
fo(a@)) () fulfills the requirements (1)-(3) of Lemma 12.1.

for any integer p. Let

Ol
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14. Rigidification of local stretch maps

In this section we prove that the sheaf of local stretch maps has the
same first cohomology as the subsheafs of locally rigid ®-homeomorphisms
and of locally sb-rigid ®-homeomorphisms.

14.1. Definitions.

Definition 14.1. Let Y = T xz C'M! x h° be a tall complexity one
model with moment map ®y. Its associated painted surface bun-
dle model is the polyhedral subset

Z = (image Py ) x C C t* x C,

and, for each exceptional orbit £ in Y, a label on the point p = F(E)
of Z, consisting of the isotropy representation at E. Such a point is
said to be painted by its label; the set of labeled points in Z is the
paint.

REMARK. We think of Z as a bundle over (image ®y) with fiber C.

Let Y and Y be tall complexity one models, Z and Z’ their associ-
ated surface bundle models, and F: Y — Z and F': Y’ — Z’ the
trivializing homeomorphisms. (See Section 9.) Let W C Y/T and W C
7 be open subsets such that F(W) =W. Let G: [0,1] x W — Y"/T
be an isotopy of ®-homeomorphisms and G': [0, 1] x W — Z' be such
that g, = F' o gy o F~!, where g,(-) = G(t,-) and §(-) = G(t,-).

Definition 14.2. G and G are isotopies of stretch maps if there
exists a function R: [0,1] x ®(W) — S* and an S'-invariant function
A:[0,1] x W — R.q such that

gi(a, 2) = (o, R(t, ) A(t, o, 2) - 2)
for (a,z) € W C t* x C.

Definition 14.3. G is sb-rigid at a painted point (to, p) if there exists
a smooth function R: [0, 1] x t* — S* such that

9:(8,2) = (B, R(t, ) - 2)
on some neighborhood of (ty,p) € [0,1] x Z = [0, 1] x (image ®y) x C.

Now, let (M,w,®,7) and (M',w',®',7T) be grommeted tall com-
plexity one Hamiltonian T-manifolds. Let

F:[0,1] x M/T — M'/T
be an isotopy of ®-homeomorphisms. Let fi(-) = F(t, ).
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Definition 14.4. F'is an isotopy of local stretch maps if for every
exceptional orbit F € M/T and the pair of surface bundle grommets
¢: B — M/T and ¢': B® — M'/T whose images contain E and
fi,(E), the composition ¢’ 1o f, 0 ¢ is an isotopy of stretch maps on
some neighborhood of [0, 1] x E. (See Definition 14.2.)

Note that Definition 14.4 is consistent with Definition 9.6 for an
isotopy that is independent of the parameter ¢.

Definition 14.5. F' is sb-rigid at an exceptional orbit (¢y, F) if, for
the pair of surface bundle grommets p: B — M/T and ¢': B" —
M’ /T whose images contain E and f,(E), the composition ¢~ o f,o¢
is sb-rigid on some neighborhood of (ty, E). (See Definition 14.3.)

Note that a single ®-homeomorphism f: W — M'/T, where W is
an open subset of M /T, is locally sb-rigid if and only if it is sb-rigid at
every exceptional orbit in W. (See Definition 10.1 and Remark 11.5.)

14.2. Rigidification on a local model. Let Y and Y’ be tall com-
plexity one models, Z and Z’ their associated surface bundle models,
and F': Y — Z and F': Y — Z' the trivializing homeomorphisms.
(See Section 9.)

Lemma 14.6. Let W be an open subset of Y/T. For any stretch map
g: W — Y'/T there exists an isotopy of stretch maps G: [0,1] x
W — Y'/T with the following properties. let g:(-) = G(t,-).

1) go=g.

2) g1 is locally rigid.

3) If g is rigid at E, then G is rigid at (t, FE) for any exceptional

orbits E and any t € [0, 1].

(See Definitions 14.2 and 13.2.)

Proof. First, we define an S™-invariant continuous function : F(W) —
R< such that for every pair of canonical inclusions A: D — Y and
N Dp — Y’ with the same domain we have

(14.7) FloRoR o FYa,2) = (o, Ma, 2) - 2)

on some neighborhood of the exceptional orbits in F(W N A(Dg/T)).

By Lemma 9.8, for every such pair of canonical inclusions there ex-
ists an S1 invariant function A satisfying (14.7). These functions agree
on the intersections of their domains, by Lemma 8.6 and because com-
positions of canonical inclusions are canonical inclusions. Hence, we
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can define A on a neighborhood of the exceptional orbits in F(1W). We
extend it arbitrarily to all of F'(W).
By assumption there exist \: F'(W) — R.g and R: ®(W) — S*
such that
F'logoF ' a,2) = (a, R(a)\a, 2) - 2).
Define g; by
(14.8) F'ogio F Y a,z2) = (o, Rla)\(a, 2) - 2),

where A\, = (1 — t)A + tA.

The function A; is smooth on the complement of the exceptional
orbits, because so are the functions A and . The maps z — M(a, 2) -
z have positive derivative everywhere because so do the maps z —
Ma,z) -z and z — A a,2) - z. It follows that {g;} is an isotopy of
®-homeomorphisms, and, by (14.8), an isotopy of stretch maps. O

14.3. Rigidification on M/T.

Proposition 14.9. Let (M,w,®,7T) and (M',o', &', T) be grommeted
tall complexity one proper Hamiltonian T-manifolds. For any local
stretch map f: M/T — M'/T there ezists an isotopy of local stretch
maps F: [0,1] x M/T — M'/T with the following properties. Let

ft()_ ( )

1) f

2) f1 is locally rigid.

3) If f is rigid at an exceptional orbit E, then F is rigid at (t, E)
for all t.

(See Definitions 14.4 and 13.2.)

Proof. We may assume that for each grommet ¢): D — M there exists
a unique grommet ¢': D' — M’ such that f sends the exceptional
orbits in (D) to the exceptional orbits in ¢'(D’).

Let W C D/T be a neighborhood of the exceptional orbits on which
the composition g := ¢'~' o f 09 is a stretch map. We apply Lemma
14.6 to obtain an isotopy of stretch maps

g: W —Y'/T
such that g is locally rigid.
Let & be the vector field on the complement of the exceptional orbits
in (W) for each ¢, such that

dg

t
_— = o) .
dt §t0 gt
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Note that there exists a neighborhood of the exceptional orbits in D’
which is contained in ¢;(W) for all t. Choose a function

p: (Y'/T)lr — [0,1]

whose support is contained in g,(W)ND'/T for all ¢, such that p = 1 on
a neighborhood of the exceptional orbits, and such that the restriction
of ®y to the support of p is proper.

The vector field

P = plu) - &(w).

extends to a smooth vector field on the complement of the exceptional
orbits in (Y'/T)|r, supported in D’/T. Our goal is to find maps

he: W — (Y!'/T)| 7
which satisfy the ordinary differential equation

dh cuto.
(14.10) d—tt = & o

with initial condition hg = g.

Let U" C (Y'/T)|7 be an open neighborhood of the exceptional orbits
on which p(-) = 1. Let U C W be an open neighborhood of the
exceptional orbits such that g,(U) C U’ for all ¢t € [0,1]. If z € U then
g+(z) solves (14.10).

Let V. C W be an open set whose closure does not contain any
exceptional orbits and such that VU U = W. Let V' C (Y'/T)|r
be an open set such that V'’ does not contain any exceptional orbits
and such that g;(V) C V' for all t € [0,1]. Let n, = p - & where
p=1onV and p = 0 on a neighborhood of the exceptional orbits.
Because L, ®y» = 0 and the restriction of ®y to the support of 7,
in (Y~ Y’.)|r is proper, there exists a solution % to the differential
equation % =10 Bt with initial condition l~10 = g, defined on the
complement of the exceptional orbits in W.

Because 7; = &% on V7’ and the restriction of g; to V N U takes
values in V’, the restrictions to V N U of hy and g; coincide. Hence, we
can define h; := g, on U and h; := ﬁt on V', and this solves (14.10).

Because h; coincides with g near the boundary of W in D/T, we can
plug it back into the manifold M /T to get an isotopy of local stretch
maps with the required properties. U

We recall the statement of Proposition 9.10.
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Proposition 9.10. The inclusion RQ C & induces an isomorphism

HY(T,RQ) = HY(T,¢).

Proposition 9.10 follows from Proposition 14.9 in exactly the same
way that Proposition 8.16 followed from Proposition 13.19, (except that
the U/’s no longer need to be orthogonal to the skeleton).

14.4. sb-Rigidification.

Lemma 14.11. Let W be an open subset of Z. For any stretch map
g W —27
there exists an isotopy of stretch maps
G:[0,1] x W — Z'

with the following properties. Let gi(-) = G(t,-).

1) go=g.

2) g1 is locally sb-rigid.

3) If g is sb-rigid at p, then G is sb-rigid at (t,p), for any painted

point p and any t € [0, 1].

(See Definitions 14.2 and 14.3.)

Proof. Let A\: t* x C and R: t* — S be such that

g(a, z) = (a, R(a) Ay, 2) - 2).
Define

gi(a, 2) = (o, R(a)\(v, 2) - 2)
where A, = (1—¢)A+1¢-1. Asin the proof of Lemma 14.6, G(t,-) = ¢:(+)
is an isotopy of stretch maps. 0
Proposition 14.12. Let (M,w,®,7T) and (M' ', &', T) be grommeted
tall complexity one proper Hamiltonian T-manifolds. For any local

stretch map f: M/T — M'/T there exists an isotopy of local stretch
maps F:[0,1] x M/T — M'/T with the following properties. Let

ft(')_ ( )

1) f

2) f1 is locally sb-rigid.

3) If f is sb-rigid at an exceptional orbit E, then {f;} is sb-rigid at
(t, E) for allt.

(See Definitions 14.4 and 14.5.)
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Proof. Proposition 14.12 follows from Lemma 14.11 in the same way
that Proposition 14.9 followed from Lemma 14.6. 0

We recall the statement of Proposition 10.4:
Proposition 10.4. The inclusion RP — & induces an isomorphism

HY(T,RP) 2 H'(T,&).

Proposition 10.4 follows from Proposition 14.12 in the same way that
Proposition 9.10 followed from Proposition 14.9.

15. Rigidification of sb-diffeomorphisms

In this section we prove that the sheaf of sb-diffeomorphisms has the
same first cohomology as the subsheaf of locally sb-rigid ®-homeomor-
phisms.

15.1. Definitions.

Definition 15.1. Let Z be a painted surface bundle model and W C
[0,1] x Z an open subset. A map

GwW—2Z7

is an isotopy of sb-diffeomorphisms if it sends each painted point to
a painted point with the same label, is smooth, and each ¢;(-) = G(¢,-)
is a diffeomorphism with its image.

Definition 15.2. Let M and M’ be grommeted tall complexity one
Hamiltonian T-manifolds. An isotopy of ®-homeomorphisms

F:[0,1] x M/T — M']T
is an isotopy of sb-diffeomorphisms if for every pair of associated
surface bundle grommets ¢: B — M/T and ¢': B" — M'/T the
composition ¢’ 1o fi o ¢ is an isotopy of sb-diffeomorphisms. (See
Definition 15.1.)
15.2. Rigidification on a local model. Let Y and Y’ be tall com-
plexity one models, and let Z and Z’ be their associated surface bundle
models.

Let Y = T x g C't1 xp® and @y ([t, 2, v]) = a+(®Py(2),v), where the
splitting t* = h* x h° is obtained from the metric on t. Then image ®y
is the product of the affine space A, = a + h° and the set image ®p,
so that

(15.3) Z = A, x image dy x C.
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Definition 15.4. We define an R -action on (15.3) by

,us(Q:ﬁa Z) = (Q7 Sﬂa 82) for s € IRJr'

REMARK 15.5. Definition 15.4 does not correspond to Definition 13.9
under the trivializing homeomorphism F: Y/T — Z.

Lemma 15.6. Fiz a smooth function s: [O 1] — [0, 1] uch that
s(t) = 0 for t in an open set containing [5,1] and s(0)

open subset W C Z we associate an open subset w C |0, ]

W= {(t,w) | sy (w) € W

Let g: W — W' C Z be any sb-diffeomorphism. Then there exists
an isotopy of sb-diffeomorphisms, G: W — Z, with the following
properties. Denote g = G(t, ).

1) go=y.

2) g1 is locally sb-rigid.

3) If g is sb-rigid at psu(p) then G is sb-rigid at (t,p), for any

painted point p and any t.

(See Definitions 15.1 and 14.3.)

Proof. Since g is an sb-diffeomorphism, we have

9(q,8,2) = (q,0,h(q, 3, 2)),

where h: W — C is smooth, and each map h(q, 3, -) is an orientation
preserving diffeomorphism between open subsets of C that fixes the
origin if (g, 3,0) is painted; in particular, h(q,0,0) = 0.
Let
ho(q): h* x C — C
be the R-linear map obtained as the derivative of h(q, -, -) at the origin.
The map ho(q) belongs to the group of R-linear maps from h* x C to
C of the form
B+ A
where A: C — C is in GL3 (R?) and B: h* — C is any linear map
such that B(®y(FE)) = 0 for each exceptional orbit £ in C"*'. This
group, which we denote L, strongly deformation retracts to the sub-
group with B = 0, and, further, to the circle subgroup R consisting of
maps of the form

(3,2) — Az

for some A € S'. Choose a smooth family of maps D,: L — L, for
0 <o <1, such that Dy = id, image D; = R, and D,|g = id|g for all
0.
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We first linearize. For 0 < t < %, let s = s(t), and define

(Q7ﬁ7 %h((b 857 SZ)) fo<s<1
(qaﬂa hO(Q)(B, Z)) if s =0.

We now rigidify. Let o: [3,1] — [0,1] be a smooth function such

that o(t) = 0 for ¢ near 1 and o(1) = 1. For 5 < ¢ <1, define

gt(Q: ﬁa Z) = (Q7 ﬁa DU(t)(hO((D)(Ba Z))

9:(q, 8, 2) = {

g

15.3. Rigidification locally on M/T. To rigidify, we need to work
with grommets in M and M’ whose domains are the same. The notion
of “sub-grommets” from Section 8 is not good for this purpose, as
the “canonical inclusions” are not sb-diffeomorphisms. The “surface
bundle grommets” of Definition 9.5 are not good either, because their
domains are prescribed. We introduce the notion of “surface bundle
sub-grommets”.

Definition 15.7. Let M be a grommeted tall complexity one proper
Hamiltonian 7-manifold. Let ¢: B — M/T be an associated surface
bundle grommet (Definition 9.5). Let E be a painted point in B with
associated surface bundle model Zz. Note that B and Zg are both
subsets of t*xC which contain the point £ = (7(£),0). Any sufficiently
small neighborhood Bg of F in Zg is an open subset of B. In this case,
we call the restriction

a surface bundle sub-grommet on M.

Lemma 15.8. Let (M,w,®,7) and (M’ o', 9", T) be grommeted tall
complexity one proper Hamiltonian T-manifolds. Consider two asso-
ciated surface bundle sub-grommets, ¢: B — M/T and ¢': B —
M'/T, which have the same domain B C Z = F(Y). Let C C Z|r
be a set of painted points whose closure in Z| is contained in B. Let
X C B be a set of painted points such that pg(X) C X forall0 < s < 1.

For any sb-diffeomorphism f: M/T — M'/T that sends o(C) to
©'(C), there exists an isotopy of sb-diffeomorphisms F': [0, 1]xM /T —
M' /T with the following properties. Denote f; = F(t,-).

1) fo=f.

2) fi1 is locally sb-rigid.

3) fi(s) = f(s) for all s outside o(B) N f~1¢'(B).
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4) If f is sb-rigid at every exceptional orbit in p(X), then F is sb-
rigid at every exceptional orbit in [0,1] x p(X).
(See Definition 15.4, 15.2, and 14.5.)

Proof. Once and for all, we choose a smooth function
p: Z — R
such that
support(p) C B and ply =1

for some open neighborhood V' of C, such that p is a pullback of a
smooth function on t* on some neighborhood of the painted points.
Define open subsets of Z by

By:={be B| f(p(b)) € ¢'(B)}, and
By ={t' e B|¢'(V') € f(p(B))}
Our maps fit into a commutative diagram:
Z> B DBy % B,Cc B CZ
el 1o
M/T S, M')T
Moreover, C' C By N B} and g|c = identity|c.
We now apply Lemma 15.6 with W = B¢ to obtain an isotopy
G Ms_(i)Bf — :“s_(i)B}‘
Let & be the vector field which generates this isotopy. This means that
&; is a vector field defined on u;é)B} for each t, such that

dge .
%(U) =& 0 gi(u)

for each u € MQ(%) By (as an equality in T}, Z). Let &% be the vector
field on B} N us_é) B given by

(15.9)  &"M(w) := p(u) plg™" () plhsiy (W) p(g™" (ki) (1)) E(w)-
As in the proof of Lemma 13.14, we can construct an isotopy h;: By —

Z such that dh
o fézutoﬂ o hy

dt
and

ho = g,
and plug this back into M/T'. This gives an isotopy of sb-diffeomorphisms
fi: M/T — M’/T which satisfies the conditions of the lemma. O
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15.4. Rigidification globally on M/T.

Proposition 15.10. Let (M, w,®,7T) and (M',w', ¥, T) be grommeted
tall complexity one proper Hamiltonian T-manifolds. Let

f: M/T — M'/T

be an sb-diffeomorphism. Let W C T be an open subset which is or-
thogonal to the skeleton. There exists an isotopy of sb-diffeomorphisms
F:[0,1] x M/T — M'/T with the following properties. Denote
fi=F(t,-).

) fo=f.

2) fi1 is locally sb-rigid.

3) If f is sb-rigid at each exceptional orbit in W, then F is sb-rigid

at each exceptional orbit in [0,1] x W.

Proof. This follows from Lemma 15.8 in the same way that Proposition
13.19 followed from Lemma 13.14. U

We recall the statement of Proposition 11.3:

Proposition 11.3. The inclusion RP C P induces an isomorphism

HY(T,RP) = H'(T,P).

Proposition 11.3 follows from Proposition 15.10 in the same way that
Proposition 8.16 followed from Proposition 13.19.

Part V: Paintings
16. Surface bundles

Let (M,w, ®, T) be a tall complexity one space. The map ®: M/T —
7 is topologically a fiber bundle over ®(M) whose fibers are surfaces.
(See Proposition 2.2.) Because ®(M) is a polyhedral subset of 7, the
complexity one quotient M /T is, topologically, a manifold with corners.
However, smoothly this is only true outside the exceptional orbits. In
this section we introduce painted surface bundles over ®(M). Just like
M/T, a painted surface bundle comes with a subset that is “painted”
by isotropy data. Unlike M /T, a painted surface bundle is a manifold
with corners everywhere. It is relatively easy to determine whether two
surface bundles are isomorphic, and this will enable us to determine
whether two complexity one quotients are ®-diffeomorphic.
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Definition 16.1. A skeleton over an open set 7 C t* is a topological
space S whose points are labeled by representations of subgroups of T',
together with a proper map n: S — 7. This data must be locally
modeled on the set of exceptional orbits of a complexity one space in
the following sense. For each point s € S, there exists a tall complexity
one model Y = T x g C" x h° with exceptional orbits Yo C Y/T,
and a homeomorphism ¥ from a neighborhood of s to an open subset
of Yo which respects the labels and such that ®y o ¥ = 7, where
®y : Y — t* is the moment map.

EXAMPLE 16.2. The set M,,. of exceptional orbits in a tall complexity
one space is naturally a skeleton.

Note that if (S, 7) is a skeleton over 7, then the map 7: S — 7T is
a local embedding. Also, given an open subset U C 7, the restriction
S|y :==SnNa YU) is a skeleton over U.

If (S,m) and (S, ") are skeletons, an isomorphism from S to S’ is
a homeomorphism i: S — S’ that sends each point to a point with
the same isotropy data and such that © = 7’ o 4.

Let (S, ) be a skeleton. A function ¢: S — R is smooth if for each
point s € S there exists a neighborhood U of s in S and a neighborhood
W of 7(s) in 7 and a smooth function ¢: W — R such that ¢(7(z)) =
o(x) for all z € U. More generally, if X is a manifold (with corners), a
map from S to X is smooth if the pull-back of every smooth function
on X is a smooth function on S.

Definition 16.3. Let 7 C t* be an open subset. A painted sur-
face bundle over 7 is a manifold-with-corners N,* together with a
proper map w: N — 7 whose nonempty fibers are smooth oriented
surfaces, and a “painted” subset P C N, whose points are labeled by
representations of subgroups of 7', subject to the following conditions.
First, every point in N has a neighborhood U and a diffeomorphism
U = w(U) x (a disk) which carries 7 to the projection map to w(U),
Second, P is a skeleton, and the inclusion map from P to N is smooth.

Definition 16.4. An isomorphism between painted surface bundles
is a diffeomorphism which respects the maps to t*, the orientation on
the fibers, and the paint.

4 A manifold with corners structure on N is provided by an atlas consisting of
homeomorphisms X;: U; — §;, where {U;} is an open cover of N and ; is an
open subset of R"}, such that the transition maps X; o X, 1 are smooth. Here, a
function on a subset of R™ is smooth if it extends to a smooth function on an open
subset of R™. See [DH].
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Definition 16.5. Let (M, w, ®,T) be a grommeted tall complexity one
proper Hamiltonian T-manifold. The associated painted surface
bundle consists of the following data:

1) The topological manifold-with-corners Ny, = M /T, together with
the map 7: N); — 7 that is induced by the moment map, and
the orientation on each fiber of m obtained from the symplectic
orientation of the reduced space ®~*(«a)/T.

2) The manifold-with-corners structure on Ny, that is given by the
following coordinate charts. Choose arbitrary grommets whose
images cover the complement of the exceptional orbits in M and
are contained in this complement. For each given grommet and
each chosen grommet, take the associated surface bundle grom-
met. (See Definition 9.5.)

3) The subset P of Ny consisting of the exceptional orbits, together
with a label for each p € P consisting of the isotropy represen-
tation of the corresponding exceptional orbit in M. We call this
information the paint.

The fact that the coordinate charts in item (2) give a well defined
smooth structure on M /T follows from the facts that the smooth struc-
tures given by the different grommets coincide outside the set of excep-
tional orbits (see Lemma 9.4), and that each exceptional orbit lies in
the image of only one grommet. The fact that we get a manifold with
corners follows from [KT, Lemmas 4.7 and 7.1].

Note that a map from M /T to M’'/T is an sb-diffeomorphism if and
only if it is an isomorphism of the associated painted surface bundles.
Here, M and M’ are grommeted tall complexity one proper Hamilton-
ian T-manifolds.

Definition 16.6. A painted surface bundle N over 7 is legal if there
exists a cover {W,} of 7 and for each « there exists a grommeted tall
complexity one proper Hamiltonian T-manifold M, whose associated
painted surface bundle is isomorphic to Ny, .

We introduce the sheaf P of isomorphisms of surface bundles. To
each subset U C 7 we associate a groupoid P(U). The objects in
P(U) are the legal painted surface bundles over U. The arrows are the
isomorphisms of painted surface bundles.

There is a natural inclusion map from P to P, which associates to
each grommeted complexity one space its associated painted surface
bundle and to each sb-diffeomorphism the corresponding isomorphism
of painted surface bundles.
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Lemma 16.7. The map P — P induces an 1somorphism in coho-
mology )
H'Y(7,P) = HY(T,P).

Proof. This follows immediately from Lemma 6.4. 0

17. Global objects: the exciting transition

We are now ready, at last, to leave the world of sheaves of groupoids,
and return to to the case where we have a single global object: a painted
surface bundle.

First, we extend Definition 7.1 as follows:

Definition 17.1. A #-homeomorphism between a complexity one
quotient and a painted surface bundle is a homeomorphism which re-
spects the paint, is a diffeomorphism off the paint, respects the maps
to 7, and preserves orientations on the level sets of these maps.

EXAMPLE 17.2. Suppose that M is grommeted. The identity map from
M/T to the associated surface bundle is a ®-homeomorphism.

Let Q be the sheaf of ®-diffeomorphisms as defined in Section 6,
and let P be the sheaf of isomorphisms of painted surface bundles as
defined in Section 16.

By combining Lemmas 6.3, 8.16. 9.10, 10.4, 11.3, and 16.7, we get
an isomorphism

(17.3) HY(T,Q) = HY(T,P).

By Lemma 5.4, every legal painted surface bundle N determines an
element [N] of HY(7,P). Similarly, every tall complexity one proper
Hamiltonian T-manifold M determines an element [M] of H'(T, Q).

Definition 17.4. Let (M,w,®,7) be a tall complexity one proper
Hamiltonian T-manifold. An associated painted surface bundle
is a legal painted surface bundle N such that [M] € H'(Z,P) and
[N] € H(T, Q) correspond under the isomorphism (17.3).

Proposition 17.5. Let (M,w,®,7T) be a tall complexity one proper
Hamiltonian T-manifold. Up to isomorphism, there exists a unique as-
sociated painted surface bundle N, and it is ®-homeomorphic to M/T .

If (M",w',®,T) is another tall complexity one proper Hamiltonian
T-manifold, and N’ is a painted surface bundle associated to M', then
M/T and M'/T are ®-diffeomorphic if and only if N and N’ are iso-
morphic.
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Proof. Let cy; € HY(7,P) be the class that corresponds to [M] under
the isomorphism (17.3). Because the sheaf P has gluable objects, every
element of HI(T, P) comes from a global object, and this object is
unique up to isomorphism. (See Lemma 5.4.) In particular, there
exists a legal painted surface bundle N with [N] = ¢), and it is unique
up to isomorphism.

By Lemma 5.4, M/T and M'/T are ®-diffeomorphic and only if
[M] = [M’] in H'(T, Q). Similarly, N and N’ are isomorphic if and
only if [N] = [N'] in H'(7,P). Because the map (17.3) that sends [M]
to [N] and [M'] to [N'] is an isomorphism, [M] = [M'] if and only if
[N] = [N'].

It remains to prove that if [M] corresponds to [N] then M /T is ®-
homeomorphic to N. Let 4 be a countable cover of 7 so that M|y can
be grommeted for all U € U, and so that each open set in 4 intersects
only finitely many other open sets. Let a € Z'(4, Q) be a cocycle
such that for each U € 4 the object a, is M|y with some choice of
grommets, and the arrows are the identity maps. Clearly, under the
isomorphism H'(7', Q) — H(T, Q), [a] maps to [M].

Let [b] € H'(4,P) be the image of [a] under the isomorphism of
H' (4, Q) with H'(4,P). Each of the isomorphisms composed to con-
struct this isomorphism was induced by an inclusion of two sheaves,
each of which is a subsheaf of the sheaf H of ®-homeomorphisms de-
fined in Section 6. Therefore, [a] and [b] descend to the same class
in HY (84, ). Thus, for each U € 4, there exists a ®-homeomorphism
from M/T|y to the object by, such that for each pair U,V € il the
associated arrow is Syv = fu o fy, L

Under the inclusion H (4, P) — H'(4,P), the class [b] maps to
[N]. Hence, there exists ®-homeomorphisms g,: by — N|y such
that gy o g;;' = id for each pair U,V € 4. Composing with the
®-homeomorphisms M/T|y — by, we get ®-homeomorphisms from
M/T|y to N|y which coincide on overlaps. O

18. Smooth Paintings

When 7 is convex, we can replace our painted surface bundle with a
simpler object: a smooth painting.

Definition 18.1. Let (S, 7) be a skeleton and let ¥ be a closed ori-
ented surface. A painting is a map f: S — ¥ such that the map
(m, f): S — T x X is one to one. Paintings f: S — Y and f': S" —
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Y are equivalent if there exists an isomorphism 7: S — S’ and a
homeomorphism &: 3 — ¥/ such that the compositions o f: S — 3
and f'oi: S — Y/ are homotopic through paintings.

One similarly defines smooth paintings and smooth equivalence of
paintings.

ExaMPLE 18.2. Each tall complexity one space naturally determines
a painting f: M. — > up to equivalence; see Section 2.

Proposition 18.3. Let 7 C t* be an open set. To every painted sur-
face bundle (N, P, ) over T such that image 7 is convexr and m: N —
image m 1s open, one can associate a smooth equivalence class of paint-
ings f: P — X such that two such surface bundles (N, P,m) and
(N', P',7") are isomorphic if and only if they have smoothly equivalent
paintings and image m = image 7’.

Moreover, if (M,w, ®,T) is a tall complezity one proper Hamiltonian
T-manifold and (N, P, ) is an associated painted surface bundle, then
the associated paintings Mey. — % and P — X are equivalent. (See
Section 2.)

The proof of the proposition relies on a “trivialization” of the surface
bundles:

Lemma 18.4. Let T C t* be an open set. Let (N, P,m) be a painted
surface bundle over T such that imagew is conver and w: N —
image is open. Then there exists a closed oriented surface ¥ and
a smooth map f: N — X such that the map

(7, f): N — (image ) x X

1s a diffeomorphism.

Moreover, given any two such maps f and f' there exists a diffeomor-
phism &£: X — X such that f is smoothly homotopic to & o f' through
maps which induce diffeomorphisms from N to (imagew) x 3.

Proof. By the definition of a painted surface bundle, every point in N
has a neighborhood U and a diffeomorphism U = 7(U)x (a disc) which
carries 7 to the projection map to m(U). Because m: N — image 7 is
open, m(U) is an open subset of image 7. This implies that every point
in image7 has a neighborhood V' in imagen and a diffeomorphism
771 (V) 2V x X where X is a closed oriented smooth surface which
carries the map 7 to the projection map V x ¥ — V. The proof is
similar to the proof of Ehresmann’s lemma (that a proper submersion
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is a fibration). Because image 7 is contractible, the bundle 7: N —
image 7 is trivial. The second part of the lemma is proved exactly like
Proposition 2.2. O

Proof of Proposition 18.3. Let f be as in Lemma 18.4. By restrict-
ing f to the skeleton, we get a smooth painting, determined up to
smooth equivalence. Isomorphic painted surface bundles give isomor-
phic smooth paintings.

We need to show that if two painted surface bundles give rise to
smoothly equivalent paintings and have the same image in 7, then
they are isomorphic.

Given a skeleton (S,7), let f;: S — 3 be a smooth homotopy
through paintings.

Let N = (imagen) x X, and let m be the natural projection to t*.
Let f;: § — N be given by fi(z) = (r(x), fi(x)).

Since f; is smooth and one-to one, for each ¢ and each x € S there
exists a vector field X; on N, defined near ft(x), such that

d -
(18.5) %ft(l“) = Xt‘ft(x)'

Note that X; is tangent to the fibers of m. Using a partion of unity, one
can obtain globally defined vector fields X; on (image 7) x ¥ which are
tangent to the fibers of 7 and such that (18.5) holds. We then integrate
these vector fields to a family of diffeomorphisms ¢, : (image7) X ¥ —
(imagem) x ¥ such that gy = id and % g = X, 0 ¢g;. Each g, preserves
the fibers of m, and ¢,(f(x)) = fi(x) for all z € S. In particular,
g1: N — N is an isomorphism that respects the m and such that
g1(fo(z)) = fi(x) for all z € S.

The last claim follows from the fact that, by Proposition 17.5, M /T
and N are ® homeomorphic. O

19. Eliminating the smooth structure

The final step is to show that, instead of working with smooth paint-
ings, we can simply work with (continuous) paintings.

Proposition 19.1. Let (S,7) be a skeleton, let > be a closed oriented
surface, and consider paintings f: S — Y. Every painting is equiva-
lent to a smooth painting, and if two smooth paintings are equivalent,
then they are smoothly equivalent.

Proof. Embed ¥ into R3. Choose an € tubular neighborhood of ¥, and
let r: U — X be the associated normal retract.
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We begin with the first claim. Let f: S — X be a painting.
Choose a continuous function €: S — R* so that

1
€(s) < e and €(s) < ZHf(S) — (Vs eSan(s)=mr(s).
For all s € S, choose a neighborhood V; C S such that

1f(y) = f(s)l| <e(y) VyeV.

Let {U,} be a locally finite refinement of {V;} with index assignment
a — s(a). Let A\, be a smooth partition of unity subordinate to U,,.
Define h: S — R3 by h(y) = >, Aa(y) f(s(a)); then

1 (y) — fF()Il < e(y).

Since €(y) < €, we can define g;: S — ¥

9:(y) = (1 —1)f(y) +t h(y)) vt € [0,1]

Clearly, go = f and g¢; is smooth. Moreover, ||g:(y) — f(y)|| < 2¢(y).
Therefore, for any y and ' in S such that 7(y) = 7(v/),

9:(v) =9I = 11f (W) = F WO =lge(w) = F DI =g (W) = FWOII > 0.

Therefore, g; is a painting.

We now prove the second claim. Let A denote {0,1} x S. Let
f:IxS — 3 be ahomotopy of paintings such that the restriction of
f to A is smooth.

Choose a continuous function e: I x S — R* so that

1
€(t,s) < eand €(t,s) < ZHf(t’ s)— f(t, || Vs €S >n(s) =mn(s).
For all x € I x S, choose a neighborhood V,, C I x S and a function

h,: V, — > such that

e If x € A, then h, is a smooth local extension of f|qy,.
o Ifx ¢ A then V,NA=0and h,(y) = f(x).

o Forally € V,, |[f(y) — f(2)[| <e(y) and |[f(y) — k()| < €(y).

Let {U,} be alocally finite refinement of {V, } with index assignment
a — z(a). Let A\, be a smooth partition of unity subordinate to U,,.
Define h: I x S — R? by h(y) = >, Aa(y)ha(a) (y); then

17(y) = FW)I] < e(y).
Since €(y) < €, we can define g: [0,1] x S — X, by g(y) = r(h(y)).



HAMILTONIAN TORUS ACTIONS... 79

W) < 2¢(y).

Clearly, g|a = f|a and g is smooth. Moreover, ||g(y)— f
1] x S such that

Therefore, for any y = (¢,s) and ¢ = (¢,¢) in [0,
7(s) = 7(s’), then

lg(w) = 9Ol = 11f () = SO = lg(w) = F W = [lg(") = FWIII > 0.

Therefore, g is a homotopy through paintings. U

20. Global existence up to ¢-diffeomorphisms

In this paper, we have shown that certain invariants determine a tall
complexity one space up to isomorphism. In our next paper, we will
construct complexity one spaces out of these invariants. For future
reference, we give here one step in this direction: given a skeleton
(S,7) and a closed convex subset A C 7', we show that if they locally
come from complexity one spaces, then any painting f: S — 3 can
be realized by gluing these spaces by ®-diffeomorphisms.

Proposition 20.1. Let 7 be an open subset of t* and A C T a convex
closed subset. Let f: S — X be a painting, where X is a closed ori-
ented surface of genus g and (S,7) is a skeleton over T. Let il be an
open cover of T. For each U € Y, let (My,wy, ®y,U) be a connected
complexity one proper Hamiltonian T-manifold of genus g over U, so
that image ®y = UNA and so that the set of exceptional orbits (M )exe
is isomorphic to the restriction S|y == SN w Y(U).

Then, after possibly refining the open cover, one can associate to each
U and V in 8 a ®-diffeomorphisms hyy: My /T|vnvy — My /T |vnv
such that hyyv o hyy = hwy, and such that the following holds.

If (M,w,®,7T) is a complexity one space such that for every U € U
there ezists a ®-T-diffeomorphism Ay: M|y — My so that hyy is
the map induced by the composition Ay o (A\y)~t, then the painting
associated to M is equivalent to f.

The proof of Proposition 20.1 will use the fact that, locally, a painted
surface bundle is uniquely determined by its skeleton, its image, and
its genus:

Lemma 20.2 (Local uniqueness of surface bundles). Let (N, P, 7) and
(N', P',7") be two painted surface bundles over an open neighborhood
of a point « in t*. Suppose that they have the same genus,equivalent
skeletons, and the same image in t*. Then there exists a neighborhood
U of a such that the restrictions (N|y, Ply, 7|v) and (N'|v, P'|u, 7'|v)
are 1somorphic.
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Proof. Let f: P — 3 be a smooth painting associated to N as in
Proposition 18.3. By the local normal form theorem, there exists a
neighborhood U of « so that 7 identifies each component of P|; with a
subset of t* which is star shaped about «. Hence, f|y is smoothly
homotopic to a trivial painting; on each component, simply define
fi(z) = f(ta+ (1 — t)x). Applying a similar argument to N’, N|y
and N’|y have smoothly equivalent paintings. By Proposition 18.3,
N|y and N'|y are isomorphic. O

We can now prove our main proposition.

Proof of Proposition 20.1. By Proposition 19.1, after possibly passing
to an equivalent painting, we may assume that the painting f: § — X
is smooth. Let N = Ax3, let m: N — 7 be the projection to the first
coordinate, and let P C N be the subset defined by P = {(7(s), f(s)) |
s € S}, with the labels inherited from S. For each U € U, since My
is tall there are non-exceptional orbits in each nonempty moment map
fiber. Hence, the local normal form theorem, together with the stability
of the moment map image, imply that image &y is a manifold with
corners. (See Lemma 4.7 in [K'T].) Since, by assumption, image & =
U N A, this implies that N is a manifold with corners. By Definition
16.3, (N, P,7) is a painted surface bundle.

Let a € T be any point. Let (N’,P’,7’) be a painted surface
bundle associated to (My,wy,®y,U), as in Proposition 17.5, where
a € U € U. By Lemma 20.2 there exists a neighborhood W of «
such that (N|w, P|lw, m|w) is isomorphic to (N'|w, P'|w, 7'|w), so that
(N|w, Plw, 7|w) is a surface bundle associated to (My|w, wu|w, Pulw, W).
By Definition 16.6, the surface bundle (N, P, 7) is legal.

Hence, by Lemma 5.4, it gives rise to an element in the first coho-
mology H'(7,P), where P is the sheaf of isomorphisms of legal surface
bundles defined at the end of Section (16). By the isomorphism (17.3),
this, in turn, comes from a cohomology class in H'(7, Q). Let {h.s}
be a cocycle that represents this class.

Let (M,w,®,T) be as stated in the proposition. By the definitions,
the element of H'(7,P) associated to M is exactly the one represented
by the cocycle {h,s}. By Definition 17.4, this means that (N, P, 7) is
an associated surface bundle to (M,w,®). By Proposition 17.5, this
implies that M /T is ®-homeomorphic to N. Therefore, the paintings
associated to M/T and N are equivalent. O
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