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CHEVALLEY COHOMOLOGY FOR AERIAL
KONTSEVICH GRAPHS

WALID ALOULOU, DIDIER ARNAL anp RIDHA CHATBOURI
(communicated by Johannes Huebschmann)

Abstract

Let Tpoly(Rd) denote the space of skew-symmetric polyvec-
tor fields on R?, turned into a graded Lie algebra by means of
the Schouten bracket. Our aim is to explore the cohomology of
this Lie algebra, with coefficients in the adjoint representation,
arising from cochains defined by linear combination of aerial
Kontsevich graphs. We prove that this cohomology is localized
at the space of graphs without any isolated vertex, any “hand”
or any “foot”. As an application, we explicitly compute the
cohomology of the “ascending graphs” quotient complex.

1. Introduction

Let To1y (R?) denote the space of skew-symmetric polyvector fields on R¢, regraded
down by 1; thus an ordinary vector field has degree 0 and a homogeneous polyvector
field arising as the exterior product of k > 1 ordinary vector fields has degree k — 1.
With this grading, the standard Schouten bracket turns Tpoly(Rd) into a graded
Lie algebra. As in [AGM], we will study the Chevalley cohomology of this graded
algebra with coefficients in the adjoint representation. This cohomology is an impor-
tant tool in the construction of formalities, i.e., quasi isomorphisms between this Lie
algebra, and the Lie algebra of polydifferential operators, when these Lie algebras are
viewed as algebras up to homotopy (see [AGM, K2]). See also [K1], where the stable
(co)homology of various naturally arising subalgebras of Tpo1y (R?) was computed.

As in [AGM], we restrict attention to cochains Ca defined by “aerial” admissible
graphs A. The graphs under consideration do not have multiple edges but small loops,
i.e., loops starting and ending at the same vertex are admitted.

Let A be an “aerial” admissible graph. Given a vertex A, we denote by Star(A)
the collection of edges starting at A and by End(A) that of edges ending at A. We
will say that A is a hand of A if # Star(A) = 1 and # End(A) = 0 and, likewise, we
will say that A is a foot of A if # Star(4) = 0 and #End(4) = 1.
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The collection C'a of cochains constitutes a subcomplex; in particular, it is closed
under the coboundary operator. Furthermore, the coboundary operator corresponds
to a series of blow-ups for vertices of A followed by the addition of an edge. The
resulting cohomology vanishes in small degrees (see, for instance, [AGM], where it
is proved that the cohomology is zero in degrees < 3).

In [AAC1] and [AAC2] we considered only small subalgebras of Tp,o1y (R?), where
“small”means that we restricted attention to particular classes of graphs A.

Here we explore Tpo1y (R?) itself (i.e., we consider all the admissible graphs A).

We first note that each connected component of an admissible graph cannot be
trivial, i.e., such a connected component is neither the graph with a single vertex and
no edge nor the graph with two vertices and one edge.

Then, using an explicit homotopy, we localize the cohomology at the space of
cochains defined by linear combinations of graphs without any hand or foot.

In the last section, we study a certain quotient complex of graphs, more precisely,
the space of ascending graphs on which another homotopy can be defined. We then
compute the corresponding cohomology completely. As in [AAC1, AAC2], the coho-
mology is freely generated by odd wheels products.

We thank the referee for his valuable suggestions, which led to a better result in
Proposition 6.3 and to better proofs in Section 7.

2. Definitions and notations

Let us first recall the Schouten bracket of two polyvector fields in Tpoly (RY). Con—
sider the polyvector v =3, ., "™ A--- A, with degree deg(a) =

o ik
and B=3% . . B0, N N Oy, With degree £ — 1.
As in [AAC1], we put

k
8= Z (1)1 Z ol (9, B 8, AewBi oo NOy NOG A N D,
r=1 3

Then the Schouten bracket of o and S is
[, Bls = (=1)38()7, 8 — (=1)(des()+D dee(B)7

Let C": A" Tyoly (RY) — Tyo1y (RY) be a skew-symmetric (for deg) mapping with
degree deg(C"). If &' is the usual Chevalley coboundary operator, then 9'C” is, by
definition,

(0'C) (g, .. an)

= Z ) deg(a) (3,0 .7 ... n) (1))l [0, O (g, ... & .. an)]g
- steg(a) 0,505 i jon) (=1 ([, a]sy gy e Qe ey )
1<J
where the sigh £4eg(q)(0) is the sign of the permutation o acting on (ay,...,a,) in

the graded sense.
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However, if we change the graduation by putting |a| = deg(a) + 1, then each
n-linear skew-symmetric mapping becomes a n-linear symmetric mapping. With this
shift of degree, Tpoly (R?) becomes a Lie{1} algebra, and the Chevalley cohomology
operator becomes 9, acting on symmetrized mappings as follows (see [AAC1]):

Proposition 2.1 (Symmetrized cohomology). If C is a n-linear, | |-symmetric map-
ping, then its coboundary 0C is

n

(9C)(ag, .., an) = > (qa‘(i,o...?. ) (=1)CNl=DY | Clag,... & ... an)

1=0
+ (—1)|C|E|a‘ .. . n, i)vc(ag’ma‘;”qan)ai)

—an‘(z’,j,o,.../i\...3\...n)C’(VQiaj,a0,...c@...&}...mx@.
i#i

From now on, we study this operator 9. As usual, we denote by Z" the space of
n-cocycles and by B™ the space of n-coboundaries. The n'* cohomology space is the
quotient H™(9) = Z™/B".

3. Aerial graphs and cochains

In this article, we are only looking for cochains defined by the use of aerial Kont-
sevich graphs as in [AGM].

An aerial Kontsevich graph A is a graph with vertices and edges. We label the
vertices by capital letters A, ..., Z, the edges W are oriented: ]\ﬁ is starting from
the vertex M and ending at the vertex N. For each vertex M, Star(M) is the collection
of edges starting from M, and End(M) is the collection of edges ending at M. To
define an orientation on the graph A, we first put a total ordering ny; on Star(M),
for each vertex M, and denote by StarK(M ) the corresponding list of edges starting
from M. We then equip the set V = Va of vertices of A with a total ordering n(V).
These orderings define the orientation of A, and we denote the oriented graph as

%
A= (A,n) = (A7 (H(V), (nM)MEV))'
It is therefore a list of edges

_)

E(A) = (Starz (A),...,Starz (2))

if(Viny)={A<--- < Z}.
To build the cochain, we add “terrestrial vertices” and “legs” to A.

For all #V-tuple (my,...,mz) of natural numbers, we then add m =my + ---
+ myz new vertices, denoted PM, ..., PM (M € V) and m new edges (the legs),

—
L={MPM, M eV, k<mp}. We get a new graph Ay, which is “A with some
legs”.

—
We thus put on Ay a natural orientation to get Ay,.
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We first extend to Va, the ordering of V' by putting
N<PM PM<PMifM<MorM=M andk < k.
Similarly, we extend the ordering of Stara (M) to Stara, (M) by putting
MN < W < J\F,ﬁi :

Now let (z!,...,2%) denote the coordinates in Rd Suppose e is any edge of Ay,
and t any index, 1 <tz < d. We write 0y, for t—cr
For any vertex M of A, if Stara, (M) = {61 < - < (?M>} and « is a sps-vector

field, then we denote by a!star(a) its corresponding component
alstar(v) — ate—l’"'te—>sM )

In the same way, if End(M) = {e1,...,€q, } (or End(M) = 0) is the set of arrows
ending at the vertex M of Ay, then 3t1~: .y 1s the operator 88731‘:_) (or the

Capng

identity).
Finally, if VA = {M; < --- < M, } and a4, ..., q, are n polyvector fields, then we
put, as in [K1], B—>(a1, ..yan) =0 except if, for every 4, «; is a spz,-polyvector

field. In this case we put

d n
o tStar(IW)
B?(al,...,an)— E H@tEnd(M) 3,5 /\/\at
L M
End(P b End (Pm" )
 tp=11=1 My,

—
We say that BA—L> is the graph operator associated to Ap,.

Remark 3.1. If we change the ordering inside the lists Star(M), then the operator

—
Bz becomes g(o)Bx» if o is the permutation of the list F(Ar) defined by the
change of orderlng Wé extend the deﬁnltlon of B—> to any ordering of the list of

edges in AL by putting U(AL) for o(E (AL)) and:

BU(A—g) = EA—L>(U)BA—L>.

Thanks to this remark, we can put the legs at the end of the list Ap, getting the
new ordering

<StarZ>(M1), ..., Starx (M), My PM ,an,ﬁ{;n)

Let us denote by €(L) the sign of the corresponding permutation of E(A—g) The
cochain Cz defined by the oriented aerial graph A = (A, n) is, by definition,

Canlar,. .. an) =Y e(L)Bx(an,. .. an).
L
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We consider here the cochains that are linear combinations of some Ca , with
constant coefficients

C= CZA,n can(Am) = ZCA,nCA,u-

An

Due to Remark 3.1, we suppose that, for any A, any M € V(A) and any permuta-
tion 7as of Star(M), ca n = &(Tar)ca nmar, where n™ is the ordering of edges we get
through the action of 75, on n.

We consider here only symmetric C, i.e., the linear combinations § = Y ca n(A, n)
satisfying, for any A, any vertex M and any permutation o€ &(Vp), or
o € 6(Star(M)), cane =ea(o)can, where n? is the ordering obtained by the per-
mutation of the vertices by o, without modifying the ordering in the Star(N) (resp.
the permutation of edges in each Star(M)), and £a (o) the sign of the corresponding
permutation of E(K)

The naturally acting symmetry group is therefore the family of permutations p of
E(A), where p =00 ][]y, ™v, with 0 € &(Va), Tm € &(Star(M)) and the sym-
metrization of the graph (A, n) is

Sym(A,n) = ealp)(An?) =Y ealo) [T e(man) (A, (0, (nF)))).

o, TM MeVa

Ezample 3.2. The symmetrization of the wheel W3 = (ﬁ,B?,CTi) is thus

—
Sym(W3) = 3W5 — 3W4, where W} is the aerial oriented graph W5 = (1@, BA, @)
The corresponding operator Csym(w,) is an infinite sum of Byy,, and BWéL'

4. Coboundary operator for aerial graphs

Let (A,n) be an oriented aerial graph; the value of the coboundary operator on
(A,n) is a sum of blow-ups (called proper blow-ups in [AACZ2]) of the vertices P of
A. For P € Va, let us now define this blow-up 9p(A,n).

We first add a new vertex @ in Va: we put Opg(Va) = Va U{Q}. With this set of
vertices, we then build some new graphs dp g 1 ;A as follows:

%

If, in A, Star(P) = {e] < --- < 5.}, then fix a subset I of End(P) and an index
0<j<sp.

(a) If M # P and N # P, then we keep the A arrows MN in 0p.Q.1,;AA.

(b) The A arrows MP become, in 0pg.1; A, either MP if MP was in I or m if
it was not the case.
— — s
(¢) The A arrows PM = @1 become, in Op..1,;A, either PM if k < j, or QM if
k>j.
(d) Finally, we add the arrow P@ in 0p,g,1,;AA.

Denote by Star’(M), Star’(P) and Star’(Q) the star of the vertices in the new
graphs.

For any t, 1 <t < sp + 1, we fix an orientation nﬁ;yQ on 0p,q,1,; A by keeping the
ordering on VA and putting ) somewhere before or after P and the new arrow just
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after €;_1 in Star’(P). Then, if p < Q, we get
(OrQ.r.iA b )
= (Star'(A), ..., (C1ree s @1 POy @)ooy (Tt s @h)s -, St (2)),
and, if Q < P,
(Opq.1,;8, D)
= (Star' (), (Ftree s @) (T 1ree s ot PG, E )y, St (2)).

We multiply (0p,q.1,;A, Wp o) by a sign ep g ; ;- These signs, which are computed
in [AACZ2], are:

ehor; = (1) (=) Zmer s (—)Xpam<qler=ilonif P < Q,
respectively,
oy = (1)L (1) Zarcr su (1) Zqanar I (1) (o =D+ ifQ<P.
Definition 4.1 (The blow-up of the vertex P). We call (proper) blow-up of the vertex
P in (A,n) the sum

Jj+1

Op(A,n) = Z Z Z Z5},Q,I,j(8P,Q,I,jAangD,Q)-

Q 0<i+j<ap+sp ICEnd(P) t=1
or ap+sp=0 H#I1=i

Ezxample 4.2. Let us consider the following aerial graph, where the numbers
(1),..., (3) give the edges ordering: A

(1)

(A ,n) = «B
(2) (3)

D E.

We add the new vertex C and get

Op(A, n) = 83)0){E}’1(A) + 83)0’{1@}71(A) + 88’0){14—5}72(A).

Suppose, for instance, we put C between B and D (A< B < C <D < E). We
then get the following graphs:

(a) In 83707{E}71(A),

@) @ y c D y c D
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(b) T D, gy ().

) )
¢ ® > ¢ @ »
*4¢———o — *4¢————>
o) @) ) ®)
E D E D
() 0y ¢ a2, (B),
oA oA oA
) ) )
o ® B o @ » o @ »
* ¢ — e — *¢——e
%w\ 3) @ @) ®
D E D E D E

and similarly for each possible position of C.

Let us remark that, if § is a symmetric combination of graphs A, then by con-
struction Opd is symmetric under permutation of vertices. Moreover, 0pd satisfies
TMOpd = e(Tar)0pd, for any M € Vj,5 and any permutation 75, of Star(M). There-
fore, if some A appearing in 0 contains the “small loop” PP, then some graphs
happening in dpd contain double edges 1@, but, by the preceding remark, these
graphs disappear in dpd.

As in [AAC2], the following description for the coboundary holds:

Proposition 4.3 (The coboundary 9 on the aerial graphs). Let § =) 5 , can(A,0)
be a symmetric combination of aerial graphs. Then 0Cs = ZAN canCacan) = Cos,
where

A(A,m) == > 9p(A,n).

PeVa

As usual, we define the cohomology groups on the space AG of linear combinations
§ of aerial graphs. The n'® cohomology group H"(AG) is the quotient Z"/B™.

5. Trivial connected components and degree

Let us consider a connected component of a graph A. If it contains only one vertex

(without any edge), or two vertices A, B with only one edge AB, then we say it is a
trivial component.

Proposition 5.1 (Suppression of trivial components). Up to a coboundary, any cocy-
cle § can be written 6 = can(A,n), where each A is a graph without any trivial
component.
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Proof. Let us write A = Ay U Ar, where Ar is the union of the trivial components
of A, and A is the union of the non-trivial components. Denote by vy the number of
vertices in Ay, pa the number of “point” components (components with one vertex)
and ga the number of “arrows” components (trivial components with two vertices).
Remark that, if ga > 1, then the symmetrization of A vanishes. Thus we can write
our cocycle ¢ as (omitting to mention the ordering):

§ = Z §5@®0) 4 s

p=0
:Z( Z CA(ANI_IAT)—F Z CA(ANI_IAT)>.
p20 “A,pa=p,ga=0 A,pa=p,ga=1

By the definition of 0, we can separate the blow-up of vertices P in Va, with the
blow-up of P in Va,. Using symmetry, we only look for ordering on Va such that all
the vertices in Va,. are put down after the vertices in Va, . For such a graph A,

A(Ax UAT) = (9AN) U Ap + (—1)="n M Ay L1 (A7),

Suppose first that A is in 61, then Sym(dA7) = 0. Indeed, if p = 0, A7 = 0, else
OA7r contains two isolated arrows.

Now, if A is in §®0) then A = pAl., where A/, contains one arrow and p — 1
isolated points. Thus, after symmetrization,

0=096 = Z 960 4 gs»:1)

p=0
1
=> ) ca——=Sym(0AN UAp + (—1)="MpAy U AL)
Ipl
p=20 A,pa=p, ga=0 (UN + 1).p.
1

— Ay UA7).
2 e SmOay uA)

A,pa=p, qa=1

For any A in 61 define g(A) as the graph Ay U g(A7), g(Ar) being the graph
with p + 1 isolated vertices and no edge (since there is no edge, the ordering of vertices
is unessential). Then

1 1 Me SM
0(o70(8)) = T gIAN Ug(Ar) + (-1 A,

Put
=% 3 (pTreay Lo Sym(g(a)).
vN!(p+l)!

p20 Apa=p, ga=1

Then (6 — 0B))) = 0 for any p. Put §' =6 — 98 = 3 /s 74— Sym(A). We then get

N 'p'



CHEVALLEY COHOMOLOGY FOR AERIAL GRAPHS 91

0=05" =Y a(")»"

p=0
=> Z — ¢\ Sym (DAN U A7)
UN+1 )!p!
p20 A,pa=p
F(—nZweaysn P gem Ay uA,

’UN!(p + 1).
Thus, for any p > 0,
S Meva . SM p / /

0= (=1)=MeVan W ——————¢/\ Sym (Ay UAT).
A,pZA:p UN!(p+ 1)!
Looking for ordering of edges for which the trivial arrow is at the end, we get, for any
p>0,

0= > (~1)™¥an e Sym (Ay) U A
A,pa=p
Therefore, 3 1 ;. s~y = €A SYmM (An) UA7 = 0,and 6" =3, o cAAn hasno
trivial component. O
From now on, we suppose there is no trivial component in each A.

For such a graph A, it is natural to call hand a vertex M such that sy; =1, ap; =0
and foot a vertex M such that s;; = 0 and ap; = 1.

Definition 5.2 (The fh-degree of an aerial graph). The “feet and hands” degree
(fh-degree) of A, denoted th deg(A), is the number

fhdeg(A) = #{M € VA, M is a foot} — #{M € Va, M is a hand}.
Let us remark that, for any graph, ) pcy, sp —ap = 0. Thus,

0= Y Gr-ar)t X (s -ap)

PeVA PeVa
ap+sp=1 ap+sp>1

and
fhdeg(A)= > (ap—sp)= Y  (sp—ap).

PeVa PeVa
ap+sp=1 ap+sp>1

If § = > can(A,n) is a linear combination of graphs, then we say that ¢ is homo-
geneous with fh-degree b if fhdeg(A) = b for any A such that ca n # 0.

Denote by AG the space of linear combinations d, graded by AG = @z AG?, if
AG" is the space of § homogeneous with fh-degree b.

Suppose each A has no trivial component. Then for any P in Va, the hands and
feet of each graph in dp(A,n) are exactly the hands and feet of A. Therefore,

Proposition 5.3 (0 is homogeneous with fg-degree 0). For any b, if § belongs to
AGP, then 06 is in AG®, or
=P H"(AG").

bEZ
The first result of this paper will now be H*(AG®) = 0, if b # 0.
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6. Homotopy

Let (A,n) be a graph without any trivial component, a vertex N in Va such
that (an,sn) # (1,1) or Star(N) = End(N) = { NN} is said to be non-simple. Thus,
if N is simple, then there are vertices M and R such that N # M, N # R and
End(N) = {MNY}, Star(N) = {NR).

Definition 6.1 (Homotopy). For any vertex N if N is not simple, define hy(A,n)
=0.

If N is simple, then

1. Put N in the first place, multiplying by ex(n) = (—1)XZm<n 5M

2. Suppress the vertex N and the edge _]\7?3,

3. Replace the arrow MN by m, keeping its position in Star(M).
The resulting oriented graph is

hy(A,n) =en()(hn(A), b (n)).
The homotopy h is the map defined by
Il) = Z hN(Aan)v
NeVa

which is linearly extended to linear combinations § of graphs.

Example 6.2. Let us consider the following aerial graph:

A

1
B

Then ha(A,n) = he(A,n) = hp(A,n) = hg(A,n) =0 and

hp(An) = = h(A,n).

£

By construction, for any graph (A,n) and any vertex IV,
Sym(hn (A, n)) = hy(Sym(A,n)).
Let us remark that the homotopy & is homogeneous with fh-degree 0:
h(AG®) C AG".



CHEVALLEY COHOMOLOGY FOR AERIAL GRAPHS 93

Proposition 6.3 (h is a homotopy). For any homogeneous 6 € AG®, the following
holds:

(hod+8o0h)(8) = bs.

Proof. Let us recall our notation:
(a) When computing 9p(A, n), we add a new vertex, Q: Vo,a = Va U{Q}.
(b) When computing hy (A, n), the vertex N disappears: V3, (a) = Va \ {N}.
Thus,

(hod+0oh)(A,m)

= Y (hnodp+dpohy)(An)+ Y (hpodp+hgodp)(An).

N, P€EVa PEVA
N#P

If N # P is not simple in Va, then (hy 0 9p + 9p o hn)(A,n) =0.
If N is simple, since § is symmetric, then we can choose n such that

VaA={N<P<A<.---<Z}.

Moreover, since I' = (hy 0 Op + Op o hy ) (A, n) is symmetric under the position of @,
we only look for @ such that Vi ={P < Q <A< --- < Z}.

In this case, there is no sign in hy(A,n) and, for any ¢, I and j, the sign 5}7@[,]-
is (—1)~1. Moreover,

(Opq.1,5 hn(A),npq)
= ((P1, s @et, PGy € 3), (@, €L, Star' (A), ., Star' (2)),

where Star’ (M) is Star(M) except that the edge MN is replaced by ME.

Let us remark that this computation holds even if M = P or R = P.

Computing the corresponding term in hy o Op, we put P in the first place, creating
the sign (—1)°7, then proceed to the blow-up of P, creating the sign 533,62,1,]'7 then put
P and @ in their positions, passing through N, and finally, as above, the homotopy
has no sign. We thus get the above signs multiplied by

(~1)7 (=) (=) = -1,
Therefore,
D> (hyodp+0pohy)(An) =0.

N, PeVa
N#P

Let us compute hp(9p,q,1,; A, nfD’Q). This term is not vanishing only if P is simple,
thus j =0,¢t=1and #I = 1.
In this case, (8P,Q7{?}’OA,11}37Q) is a sum of graphs for each possible position of
Q. By symmetry, it is enough to consider the graph where the vertices are
{P<Q<A<---<Z}.

Then there is no sign in front of hp(dp g (21,04, 1p ) = (A, n), with the change of
labelling P — @ for the first vertex.
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There is exactly ap such terms corresponding to the choice of the arrow ¢ in
End(P). Thus,

Z hP@P,Q,I:{?},oAvn}D,Q) =ap(A,n).
I

Let us now compute hq(9p,q,1,jA,np o). This term is not vanishing only if @ is
simple, or j = sp — 1 and I = (). In this case, 1 <t < sp.

Remark that (8P’Q’@’5P,1A,n§3’Q) is a sum of graphs, with all possible positions
for . By symmetry, we only consider the graph where the vertices are {P < Q <
A< - < Z}. Then,

ho(0p,g.0.sp—10,155) = (—1)' 71 (=1)*" (A,nl"),

where n( is obtained from n, just by pushing the t'" arrow in Star(P) at the end of
Star(P).

Replacing this arrow to its original place creates a sign (—1)*”~*. Thus, since there
is sp such choices, we get

> hqOpqusp—181b o) = —sp(A,n).
t

This proves the proposition. O]

Corollary 6.4 (Restriction to fh-degree 0 graphs). Let § be a symmetric combination
of aerial graphs. If § is a cocycle, then there is a coboundary 08 such that § — Of is
a cocycle homogeneous of fh-degree 0:

H*(AG) = H*(AG").

There is a more precise localization of the cohomology given in the next section.

7. Cutting the hands

The arguments of this section were suggested by our referee.

Since the hands and feet of graphs in dp(A,n) are the same as those of A (with
the same labelling), we now consider the subcomplex (AGY, d) of all combinations of
graphs A with fh-degree b and having k£ hands. Let us now suppose that k& > 0.

—b
Now, denote by AG, the space of aerial graphs with fh-degree b and having k
hands, with some extra labels 1,..., N on the hand or foot vertices (it is clear that
N = b+ 2k). To come back to AGZ, we have to forget this extra labelling, which

—b
means we restrict ourselves to Sy-invariant linear combinations of graphs in AG,,
where Sy is the symmetric group, acting by permuting the extra labels. Indeed, there
is a complex isomorphism

—b
AGE = (AG,)"™.
Moreover, for each subset K in {1,..., N}, with #K = k, we put

——p —b
AG [ = Span{A € AG,, the extra labels on hands belong to K }.

——b ——b —b
It is clear that, as complexes, AG, = P SR =k AG, and each subcomplex AGj is

—b
isomorphic to AG|; i ([1,k] denotes the subset {1,...,k}).
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Define now a mapping @ from ;4\571([)1,@ to Zé?uil] by replacing the hand with
extra label k£ by a foot as follows:

Since we consider symmetric combination, we choose the labelling of vertices such
that A is the hand with extra label k and Star(A) = {E} We define the mapping
® as follows: N

We change the arrow 1@ into BA and put this last arrow at the place u in the
new Star(B), multiplying the obtained graph, denoted (®(A),n(w)), by the sign n*
of the vertices permutation placing A, B in the two first places, and then replacing
the vertices at their place. Explicitly,

L[ (DT (1) Zacaes su if A< B,
- (_1)71,71(_1)53(_1)ZB<1\/1<A SM if B< A.

Finally, ®(A,n) = 3221 u(®(A),n(u)). Remark that if § is a symmetric linear

u=1
combination of graphs, then ®(J) is also symmetric.

—b
Proposition 7.1 (® is a complex morphism). ® is a bijection from AGy ) onto

——b—2
AGy j_1)- Moreover, @ is an isomorphism of complexes. As a consequence,

N
—~—b — —-N
AG, ~ AG, ®R(k>.

Proof. First ® is clearly a bijective map, and the inverse map (A,n) — ®~1(A n) is

the following: In the graph A, change the arrow B71 into AB. Then, in the ordering,
place this last arrow at the place corresponding to the vertex A and multiply by n*
if u is the place of BA in Star(B), in n.

Up to a symmetry on hands and feet, we can restrict ourselves to graphs (A, n)
where the ordering of vertices is A < B < ---. Let us compare ® o 9p(A,n) and dp o
®(A,n), if P> B.

Thanks to the symmetry property, we choose @ just after P, let us fix I C End(P)
and j < sp, 1 <t <j+1; this choice defines a graph ¢% ¢ ; ;(9pQ.1,;A,nb ) in
8}3 (A, 11).

Applying ® on this graph we get, for each 1 <u < sg + 1, a graph

I'= nuE%’,Q,I,j((I)(aRQJ,jA)a “%,Q(U))-
With the same @Q, I, j ,t and u, we have the graph

w st
I"=n EIP,Q,I,j(6P,Q,I,j(¢’(A))’n(“)ﬁz@)-
Up to the sign, these two graphs coincide. But, by definition,

E%QJJ = (_1)t_1(_1)1+SB+ZB<M<P sMm

_ (_1)t71(_1)(33+1)+ZB<M<p SMo_ S/EQJJ'

Consider now the case P = B. In any graph in ® o dg or dp o @, there is no edge
zﬁ, but two new arrows B@ and either BA or QA.

—
Suppose there is QA at the place u in Star(Q) and lﬁ at the place ¢ in Star(B).
The corresponding graph appears
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(a) in (®(dp.0.7.;(A)),nt(u)), only if AB ¢ I, with the sign
(— 1)J+177u€§3QI] (— 1)j+1(_1)u—1(_1)t—1(_1)5A _ (_1)t-‘ru-‘rj7
(b) in (9B,0.1,;(®(A)),n(j + u)') with the sign

n]+u 1 t Bor ( 1)j+u—1<_1)t—1 _ (_1)j+u+t
) J '

Similarly, suppose there is BA at the place u in Star(B) and Bﬁ at the place t in
Star(B).
1. The corresponding graph appears in (®(dp,q.1(A)),n" (u)), only if AB e I,
(a) if t < w, with ¢ =t and the sign
n'epqu; = (D" TH=1)TH (1) = (-1
(b) if t > w with ¢/ = ¢ — 1, and the sign
Wty = (F)' T (D) (1) = (1)
2. The corresponding graph also appears
(a) ift <w,in (8B7Q71\{E}7j+1( (A)),n(u— 1)), with the sign

u—1_t

t—1 _ _ 1\utt+1
n EB ,Q, I\{ﬁ},j—‘rl ]‘) ( ) - ( 1) 9

)
(-
(b) ift>wu,in (9, Q.I\{AB}, j+1( (A)),n(u)?), with the sign
t—1 _ ([ 1\u+t+t
MU o g = (DD = (1
This finally proves
Pod=0009.
By iteration of this construction, we get the following isomorphisms for each subset
K in {1,...,N}, with #K = k:
—b  ——b —~— -N — —-N
AGK = AG[],]C] = AG@ - AGO
This proves the proposition. O]

— _N — -N
The homotopy is defined on AG,  as well. Therefore, if N > 0, then AG, is

—b
acyclic, thus AG,, is acyclic.
Since taking invariants of a finite group action commutes with taking cohomology,
we get, if N > 0,

——b ——b
H*(AGY) = H*((AG,)~) = H*((AGy))™ = 0.
Summarizing, we finally get the following localization of the Chevalley cohomology
H*(AG).

Theorem 7.2 (Localization of the cohomology). Let AGY be the space of graphs
with fh-degree b and k hands. Then for any b # 0 or k >0, H*(AGY) = 0. Thus the
cohomology is localized into the space of graphs without trivial component and without
any foot or hand:

H*(AG) = H*(AGY).
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8. Application to some quotient complexes

Thom

poly (R9) of strongly homogeneous polyvector

In this section, we consider the space
fields «, i.e., polyvector fields:

a= Z o ()0, A+ N O,

1<i1,.. in <d

where /1" () is a homogeneous polynomial with degree k.

This space is a subalgebra of (Tpoly(Rd), [, ]S) Let us look to its cohomology with
value in the trivial module.

Let us say that a graph A is strongly homogeneous if s); = aps for any vertex M.

Denote by HG the space of symmetric linear combination of strongly homogeneous
graphs and by NHG the space of symmetric linear combination of non-homogeneous
graphs.

In fact, the space HG naturally appears in the computation of the cohomology:
the linear combinations § of strongly homogeneous aerial graphs define cochains Cj
on T;gf;(Rd) with value in the base field R.

Lemma 8.1 (HG is a quotient complex with a homotopy). The space NHG is a
subcomplex of AG, and HG = AG/NHG is a quotient complex. More precisely,

O(NHG)C NHG, and h(NHG)C NHG.

Proof. Suppose A is non-homogeneous, sp # ap for some vertex P in A; then the
only point to verify is the existence of a non-homogeneous vertex in JdpA =
> +0pq.1,;A. But in this last graph, either P or @ is non-homogeneous.

By definition of the homotopy, h = Y hx, we only look to simple vertices N in A,
clearly the non-homogeneous vertex P in A remains non-homogeneous in hy(A). O

Let H;,,,(HG) denote the cohomology of the quotient complex. For instance, each

odd wheel is a cocycle.

Definition 8.2 (Wheels). A simple wheel is a graph A, with p vertices A4;,..., 4,

and p edges AjAs,..., A,_1Ap, and A,A;. Denote its symmetrization by W, =
Sym(A,).
We can represent A, by the following:
p—1
p
Ay =
1
2 3.

Remark 8.3. The symmetric even wheels vanish: W5, = 0.

An easy computation proves that each odd wheel Wy, is a cocycle in HG. For
instance,
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Example 8.4.

8( ) = +3 =33 € NHG.

Now, if Wap41 is a coboundary in HG, it would be the coboundary of a strongly
homogeneous connected graph with 2p edges and 2p vertices, that is of the wheel
Wap, but this wheel vanishes. Therefore,

H o (HG) # H*(AGY) = H*(AG)

since, for instance, H3(AG) = 0 (see [K1, AGM)]).

Recall that the odd wheels freely generate the cohomology of linear and vectorial
graphs; see [AAC1, AAC2]. In order to generalize the linear case, we now consider
a new quotient complex of graphs, the space of ascending graphs.

A graph A is ascending if, for each vertex M, with sy, arrows coming out from M
and ajps arrows coming in to M, we have

either (aMasM) € {(070)7 (170)7 (Oa ]-)7 (17 1)}7
or (aprr,syr) € {(a,s), suchthat a <s, and 1 < s}.

In the first case, we shall say that M is type 1, and in the second case, we say M
is type 2.

Let us denote the space of these graphs by ASC, and the space of non-ascending
graphs by NASC.

Example 8.5. The following graph is an ascending graph:

C
B

because (aa,s4) = (1,2), (ap,sp) = (1,1) and (ac, sc) = (1,0).
Conversely, the following graph is non-ascending;:

C
A— <>
B

since (a4,54) = (2,1), and the vertex A is neither type 1 nor type 2.

A

A

Lemma 8.6 (ASC is a quotient complex with a homotopy). The space NASC' is a
subcomplex of AG, and ASC = AG/NASC is a quotient complex. More precisely,

O(NASC) Cc NASC and h(NASC)C NASC.
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Proof. Let A be a non-ascending graph; there is a vertex P in A that does not satisfy
the conditions of the definition. This means ap > sp and a, > 2.

If M # P, then each graph in 9y A is still non-ascending in P. In dpA, the quantity
(aar, sar) changes only for M = P or M = Q. Denote by s, si (resp. ap, agy) the
number of edges starting from P, @ (resp. incoming in P, @) for a graph in dpA.
We have:

ap+ag=ap+1, sp+sg=sp+1l, dp+sp=2 ag+sy=2.
Suppose that the vertex P is ascending. Then
(a) either (a’p,s’p) = (1, 1) thus (ag, sq) = (ap, sp),
(b) or ap < s thusa'Q—s’Q>ap—5p>O.

In both cases, due to its new vertex ), dpA is non-ascending.

By definition of the homotopy, & = >_ hy, where the sum is on the simple vertices
N in A, clearly, if A is non-ascending with its vertex P, then hx(A) remains a
non-ascending due to the same vertex P. O

Definition 8.7 (Lines). A simple line A,. is a graph with » + 1 vertices Ay, ..., A,41

and r edges A,+1A4,, A Ar—1, ..., A2A;. We denote by L, the symmetrization of
A,

Let us now consider a connected ascending graph A with only type 1 vertices.
Then A is either a wheel or a line. These graphs and their cohomology were studied,
for instance, in [AAC1].

The ascending graphs complex has the same cohomology as the complex of linear
or vectorial graphs:

Corollary 8.8 (Cohomology of ascending graphs). The cohomology of the quotient
complex H*(ASC) is freely generated by the products of odd wheels:

H*(ASC) = <W2k1+1 AN W2k2+1 A A ngerl,O <k <---< kp>

Proof. Denote by k the number of hands and by ¢ the number of feet of the graphs in
ASC. Let ASCy the vector space generated by such graphs. Since, for each graph,
> pap =) pSp, we can write

ASC = ASC™P ! @y " ASCyy,
k<t

where ASCTYPel is the space generated by graphs having only type 1 vertices, that
is, the product of lines and wheels.

Since the homotopy is defined on the quotient, we get H*(ASCy ) =0 if k < ¢
and H*(ASC) = H*(ASCTypel),

In [AACI1], it is proved that the cohomology of lines vanishes and the cohomology
of wheels is the space generated by the products Wagp, 11 A Wag,11 A=+ A Wak, 11,
with 0 <k <--- < k. O
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Remark 8.9. Similarly, we can study the space of descending graphs where the vertices
M are type (aps, spr), with

anr > Spm ifaM>1,
S]\/[§1 ifaMgl.

As above, the cohomology is freely generated by the product of odd wheels Wap, 1.
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