Subrings of the Asymptotic Hecke Algebra of Type H,

Dean Alvis
CONTENTS

1. Introduction

2. The Computation of the Structure Constants
3. The Left Cells in Type Hy
4. Small Left Cells

5. The CaseI’ = A,

6. The CaseI" = Ag
7.The CaseI’ = A9

8. Concluding Remarks

9. Data Files

Acknowledgments
References

2000 AMS Subject Classification: Primary 20C08

Keywords: Hecke algebras and their representations

The structure of the subring J"™" " of the asymptotic Hecke
algebra is described for I' a left cell of the Coxeter group of
type Ha. A small set of generators over Z is produced. The
subalgebras spanned by a subset of the basis {t.}, -1 are
determined.

1. INTRODUCTION

Let W be a finite Coxeter group with set of distinguished
generators S, length function ¢ : w — ¢(w), and Bruhat
order <. Let J be the asymptotic Hecke algebra of W,
as defined in [Lusztig 87, Section 2] (see also [Lusztig 87,
Section 18]). As an additive group, J is a free abelian
group with basis (t,),cy indexed by W. The multipli-
cation operation of J is given by

taty = Y Yootz (1-1)
zeW

where the structure constants -, , .-1 € Z are described
in the next section. It is known that .J is an associative
ring with identity. Moreover, if I is a left cell of W, then

JIT =N 7,

zeln—1

is a Z-subalgebra of J. We denote this ring by J(I').

Fokko Du Cloux has computed 7, , .- for all z,y, 2z €
W = W(H,4). In fact, Du Cloux has determined all of
the coefficients, not just the leading coefficients, of the
structure constants hy , . of the Hecke algebra; see [Du
Cloux 06].

By Du Cloux’s calculations, the coefficients of the con-
stants h,. ., . are nonnegative integers. Since the same is
known for the Kazhdan—Lusztig polynomials, results of
[Lusztig 03, Chapter 15] show that all of the conjectures
P1-P15 of [Lusztig 03, Chapter 14] hold in type Hy. In
particular, each left cell I' of W (H,) contains a unique
element of D, the set of distinguished involutions. More-
over, if e € TND, then ¢, is the identity element of J(T').

The purpose of this investigation is to explicitly de-
scribe the algebras J(I') when T is a left cell of W =
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W (H,). This is accomplished by determining the struc-
ture constants v, , .-1 for x,y,2 € I'N I'~!. These con-
stants were calculated by computer using the algorithm
described in Section 2, which differs from that used by
Du Cloux.

There are 206 left cells altogether in type Hy (see Sec-
tion 3). For I' a left cell of W, the associated W-graph
gives rise to a corresponding QW-module as in [Kazhdan
and Lusztig 79], which will be denoted by M (T').

We say that a bijection 7 : Ty NI — ToNTy  is a
permutation isomorphism from J(I';) onto J(I'g) if

Vay,z=1 = Tr(x)w(y)m(z)"!
forall z,y,z € Iy ﬂFl_l. A computer search of the matri-
ces of structure constants reveals the following theorem.
(The author knows of no a priori proof of this result.)

Theorem 1.1. Suppose (W, S) is of type Hy and Ty, Ty
are left cells of W such that the corresponding modules
M(Ty), M(T) are isomorphic. Then there is a unique
permutation isomorphism from J(I'1) onto J(I'z).

Because of this result, it will be sufficient to describe
the structure constants v, , ,-1 as M(I') ranges over the
isomorphism classes of left cell modules, greatly reducing
the number of cases to be considered. The isomorphisms
7:T1NI;Y — TynTy ! are given in a data file available
for download (see Section 9).

For a left cell I' not contained in the largest two-sided
cell of W = W (Hy), we have TN ~!| = 1 or 2, and hence
J(I') is easily described (Section 4). Thus the interesting
cases are those for which I is a subset of the largest two-
sided cell.

There are three isomorphism classes of modules M (I")
for such T" (see Section 3). Sections 5 through 7 describe
the rings J(T') for these three cases. A CAS (computer
algebra system) program was used to find a set of gen-
erators over Z, the characteristic polynomials for the left
multiplication operators (t,)r, : J(I') — J(I'), and the

subsets of {t;},cpopr-1 that span subalgebras of J(I').

2. THE COMPUTATION OF THE STRUCTURE
CONSTANTS

We continue to assume that W is a finite Coxeter group
with distinguished generators S. Let H be the corre-
sponding Hecke algebra over A = Z[q'/? ¢~/?], q an
indeterminate, with standard basis (T ),,cy satisfying

Tsw
T T, =
{Tsw + (q1/2 - q71/2) Tw

%f sw > w, (2-1)
if sw < w,

for s € S, w € W. (This notation of [Lusztig 03] differs
slightly from that in [Kazhdan and Lusztig 79].) The

semilinear involution a — @ of H is given by ¢!/2 =
¢ V2 T, = T;_ll. The basis (cy),, ey for H (denoted
by (C},),ew in [Kazhdan and Lusztig 79]) satisfies

Cw = Z py,wTyv

yeWw

where py . € ¢ V2Z[g7Y?] when y < w, puw = 1,
Dy,w =0 when y £ w, and ¢ = cy.
For z,y,z € W, define f. , ., € A by

z,Y,2

T.Ty = > fhy.Can

zeW

Then ~, , .-1 is determined by

f;uz = ’yz,y,z_lqa(z)/Q + lower-degree terms

(2-2)

[Lusztig 03, 13.6(d)], where a(z) is a nonnegative integer
depending only on the two-sided cell containing z (see
below).

Now, if fr 4 . € A are given by

TzTy - Z fz,y,zTZa

zeW

then
fﬂlc,y,z = Z p/zﬂﬂfz,y,w

weW
by [Lusztig 03, 13.1(b)], where [p/, ] is the inverse ma-

trix of [p,,.]. Further, since W is finite, we have

/ —
pz,w = €28wPwow,woz

by [Lusztig 03, 11.4], where wyq is the longest element of
W and e, = (—1)%@). Put g2/ = (¢/2)*®) and let

P = g—1/2,1/2

z,y = Ay qy Py,

so P,y is the Kazhdan-Lusztig polynomial for x, y. De-
fine

Fryz= qalc/zq;/QqZ_l/sz,y,z-
Then

fﬂl?ayaz = Z (‘L:Zgwq;ul/zq;/2pwow7woz)
weW

% (q;l/Qq;”quu/zFx,y,w)

-1/2 —1/2 _1/2
=4, / qy / qz/ E Szgwpwgw,wngz,y,w-
weW



Therefore formula (2-2) is equivalent to

Z 5z5wpwgw,wgz Fz,y,w
weWw
= ’Ym,y,z—1q(a(z)fg(w)fg(y”é(z))/z —+ lower-degree terms.
(2-3)

To find the structure constants v, , .1 for z,y,z € I'N
I'~!in type Hy, the polynomials F, , ,, were evaluated by
computer for a fixed z € TNT ' and ally e NI~ w €
W, using a straightforward calculation based on (2-1).
The leading term of the sum on the left side of (2-3)
was then found for y,z € ' N T'~!, using the Kazhdan—
Lusztig polynomials that were computed in the course of
determining the left cells in [Alvis 87].

Varying = over I' N T'~! produced the value of the a-
function on I': if 6(z,y, z) denotes the degree of the left
side of (2-3) and

W= max{ 26(z,y,2) — (L(x) + L(y) — £(2)) |
z,y,ze N1 }a

then a(z) = p for z € TNT L Once the value a(z) was
found, the structure constants v, , .-1 were then deter-
mined using (2-3). The results of these calculations are
summarized in Sections 4 through 7.

3. THE LEFT CELLS IN TYPE H4

For the remainder of this paper, (W, S) is of type Hy.
In order to establish notation used in later sections, we
briefly review some results on the left and two-sided cells
of W.

Order the generators S = {a,b,c,d} so that (ab)® =
(be)? = (cd)® = (ac)? = (ad)? = (bd)? = 1. For w € W,
put R(w) = {s € Sjlws <w}. For I C S, define Ry =
{w € W|R(w) = I}. Also, for X C W, put X* = wpX,
where wy is the longest element of .

The left cells of W will be denoted by A; (1 <14 < 24),
Bi, Bf (1 <i < 36),Cy, Cf (1 <i < 25), Dy, D}
(1<i<16), B, Bf 1<i<9),F, Fr (1<i<4),
G1 = {1}, G} = {wo}. Each of these left cells has been
explicitly described in terms of the subsets Ry, I C S.
(See the discussion preceding [Alvis 87, Theorem 3.1].)
For example,

Ay = Rupe N Rydcebded,
Ag = (Raca N Recdeb) \ Rapebde,
Arg = Req \ (Recdeb U Rypebade U Rapgachd) .

Expressions for the other left cells will not be repeated
here. (One typographic error in [Alvis 87] should be
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noted: Ay is equal to Aj1d, not Ajpd.) The two-sided
cells of W are A = A* = UA;, B = UB,;, B*, C = UC;,
c*, D =UD;, D*, E = UE;, F =UF, F*, G = Gq,
and G*.

The characters of the left cell modules M(I") are also
explicitly known. In particular, if I'1, I's are two left cells
of W and M(I'1) is isomorphic to M(I'2), then I'; and
T'; are contained in the same two-sided cell of W. The
converse also holds unless I'1, I's C A, in which case there
are three isomorphism classes of left cell modules repre-
sented by M (A1), M(Ay), and M(Ai9) (see the proof of
Proposition 3.5 in [Alvis 87]).

4. SMALL LEFT CELLS

Suppose I' is a left cell contained in one of the two-sided
cells B, B*, C, C*, G, G*. Then [ NT~!| = 1. In this
case, J(I') = Zt., where TN~ = {e} and 2 = t,.

Now suppose I' is contained in one of the two-sided
cells D, D*, E, E*, F, F*. In this case, [N ~!| = 2 and
I'NT~! = {e, s}, where e is the distinguished involution
and s is the other involution in T'.

Then

J(T) = Zt. & 7t,,

with identity element t.. Moreover, the calculations de-
scribed in Section 2 show that

2 = e
te +ts

From these results and the structure of the modules
M(T) given in [Alvis 87], Theorem 1.1 holds for left cells
T" not contained in A.

if T C DU D",
ifT C EUE*UFUF*.

5. THECASET = A,

It remains only to consider the left cells I' such that I' C
A. Suppose T is the left cell Ay, so [I'| = 326 and I'N
I'~! = 14 [Alvis 87]. The elements 1, ..., 214 of T NI~}
are indexed according to the list of reduced expressions
given in Table 1.

Put mfj = Yop,ziay? for 1 < 1,4,k < 14, and define
My, = [mfj} 1<ij<14" The structure constants vy, ,, .1 are
described below by giving the matrices My, ..., M14. To
save space, only a set of generators is given explicitly, and
the other matrices are then described in terms of those
generators. (Data files containing all of the matrices Mj
are available for download: see Section 9.)
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abcaba

abedabeaba

abedabedabeaba

abedabedabedabeaba
bedabedabedbedabeaba
abedabedabedabedabeaba
abedbedabedabedbedabeaba
bedabedabedbedabedabeaba
abedabedabedabedabedabeaba
abedbedabedabedbedabedabeaba
abedabedabedabedabedabedabeaba
abedabedabedabedabedabedabedabeaba
abedabedabedabedabedabedabedabedabeaba
abedabedabedabedabedabedabedabedabedabeaba

0~ O Uk W

— = = = = O
= wWw N = O

TABLE 1. The elements of I' N F_l, I'=A;.

Note that M}, is the transpose of the left multiplication
operator (t,, ) : J(I') — J(T') by (1-1):

toyte, = ) mijts,.
J

Thus the mapping ¢,, +— M} extends to an anti-
isomorphism from J(T') onto the subring of gl(14,7Z) gen-
erated by My, My, ..., My4.

If F denotes the free ring with identity generated by
indeterminates 71, ..., 714, then J(I') & F/I, where I is
the ideal generated by

{Tkn — mejrjﬂ <i, 5, k< 14}.
J

(Similar observations hold for any left cell, not just A;.)

The calculations described in Section 2 yield M7 = I,
the identity matrix, so x; is the distinguished involution
of Ay. Also,

0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 1 0 1 1 0 0 0 0 0
M_ 0 0 0 0 1 0 0 0 1 0 0 0 0 0
2 = 0 0 0 0 0 1 0 0 0 1 0 0 0 0 )
0 0 0 0 0 1 1 0 1 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 1 2 3 1 2 1 1 1 0 0 0 0 0
1 1 3 4 2 4 1 1 3 1 1 0 0 0
0 1 1 2 0 2 1 1 1 0 1 0 0 0
0 1 2 4 2 4 2 2 4 1 3 1 0 0
M 0 0 1 1 1 2 0 1 2 1 1 1 0 0
4 = 0 0 1 1 1 2 1 0 2 1 1 1 0 0 )
0 0 1 3 1 4 2 2 4 2 4 2 1 0
0 0 0 1 0 1 1 1 2 0 2 1 1 0
0 0 0 1 1 3 1 1 4 2 4 3 1 1
0 0 0 0 0 1 1 1 2 1 3 2 1 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 1 1 0 1 0 0 0 0 0

0 0 1 2 1 3 1 1 2 1 1 0 0 0

0 1 2 4 2 4 2 2 4 1 3 1 0 0

0 0 1 2 1 2 0 1 2 1 1 1 0 0

1 1 3 4 2 5 2 2 5 2 4 2 1 0

M . 0 1 1 2 0 2 1 1 2 1 2 1 0 0
6 — 0 0 1 2 1 2 1 1 2 0 2 1 1 0

0 1 2 4 2 5 2 2 5 2 4 3 1 1

0 0 1 1 1 2 1 0 2 1 2 1 0 0

0 0 1 3 1 4 2 2 4 2 4 2 1 0

0 0 0 1 1 2 1 1 3 1 2 1 0 0

0 0 0 0 0 1 0 1 1 0 1 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0

Moreover,

Mz = —I+ M2,
My =1— My — Mg — M3 + MaMy,
M7 =1 — My —2My — M2 — Mo My — Mg My
+ M3 My,
Mg =1— My —2My — M3 — MaMy — MoMg
+ M3 My,
Mg = —I + My + My — Mg + M3 + MaMy + Mo Mg
+ MgMy — M2 My
Mg = I —2Ms — 3My + 2Mg — 2M3 — 4Ma My
— 2Mo Mg + 2M2 + MyMg — 2Mg M>
+3MZMy — Mo M2,
My = 2My — Mg + Mo My — M2 — MyMg — 2M32 My
+ My M3,
Mg = —I + My — My + 3Mg + 2M3 — Mo My + M2
+ 3My Mg + 3M3 My — 2M> M3,
Mz = I + My — 4Mg — 2M32 + 3M2 My + M2 Mg — 2M3
— 4My Mg + MgMs + ME — 3M3Z My + 2Ma M3,
Mg = 21 — My + My — 6 Mg — 2M2 + 4Mas My + M2 Mg
— 2M3? — 6My Mg + MgMo — 2MZ — 5M3 My
+3Ma M3 + Mo MZ.

This completes the description of the J(I') when I' =
A;. The characteristic polynomials of the matrices M
appear in Table 2. After similar calculations were car-
ried out for the left cells As, ..., Ag, a computer search
established the corresponding cases of Theorem 1.1. In
addition, we have the following.

Theorem 5.1. Suppose T' = Ay and X is a nonempty
subset of NI, Then Y . Zty is a subring (with 1)
of J(T) if and only if X is one of the sets {xz1}, {x1, 714},
rnr-t

6. THECASET = Ay

In this section T' is the left cell Ag of W, so |T'| = 392
and ' NI'~! = 18. The notation of the previous section
will be adapted to this case. The elements z1, ...
of TNT~! are indexed as in Table 3.

; T18
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k det(ul — My)
1 (=1+wu)
2 (=2 +u) (=1 4+ w)u(l +u) (=2 4+ u*)*(1 — 3u +u?)(—4 — 2u + u®) (=1 + u +u?)
3 (=34 u) (=1 +uw)*u?(1 +u)(5 — 10u + u?) (=5 — bu + u?) (=1 — u + u?)
4 (— 1—|—u)3( +u)®(1 — 18u + u?)(1 — Tu 4+ u?) (1 + 3u + u?)
5 (1 +uw)?(—24+u?)?(—4 —8u+u?)(5 — 5u+u?)(1 — 3u +u?)
6 (=1 + w)u(l 4+ u)(2 + u) (=2 + u?)*(—4 — 22u + v?)(1 — 3u+u?) (=1 — u + u?)
7 w1 F )B4+ u?)? (5 — 10u + u)(—4 + 2u + u?)
8 w1+ )(3—|—u)2(5—10u+u)(—4+2u+u2)
9 (=1 +u)? (2+u)( 2+u) (—4 — 22u + u?)(—1 —u+ u?)(1 + 3u + u?)
10 (=14 w)u?(1+u) (=2 +u?)*(—4 — 8u+ u?)(5 — 5u 4+ u?) (1 + 3u + u?)
11 (1—|—u)( +u)?(1 — 18u + u?) (1 + 3u 4+ u?) (1 + Tu + u?)
12 (=34 w)u®(1+ )5(5—10u—|—u)(—1—u+u2)(—5—|—5u—|—u2)
13 (=24 u)(—1 +w)u(—=2 +u?)*(—4 — 2u + u?) (=1 4+ u + u®) (1 + 3u + u?)
14 (=1+w)"(1+u)
TABLE 2. Characteristic polynomials for I' = A;.
k Tk 001000000000000000O0
T cdedea 111016010000000000
c
000010000000000000O0
2 dedabedbedca 011121111010000000
010011001001000000
§ o cdedabedabedea THHIHH T
L dedabedvedved M= | fRRLE LA LERES
b)
5 cdedabedabedabedcea 8888(1)(1)8(1)%8(1)(1)(1)%(1)8(1)8
6 cdedbedabedabedbedca 00085881 8939188¢8
7 dedabedbedabedabedea 8888888(1)(1)8%(1”1)%%(1)%(1)
8 cdedabedabedabedabedca 000000000000010000
9 dedabedbedabedabedabedca 88888888888(1)8(1)%8(1)8
10  cdabedbedbedabedabedbedbea and
11 cdedabedabedabedabedabedca 8?8688?88888888888
12 cdedabedabedbedabedabedbedcea ?88?%8888?88888888
13 dedabedbedabedabedabedabedca 001010001000000000
14  cdedabedabedabedabedabedabedea 8?888%?%8888?88888
15 ededabedabedabedabedabedabedabedcea My — 090009010893 889
4 = 000100000100000100
16  dedabedbedabedabedbedabedabedbedcea 8 8 8 8 8 8 8 (1) 8 8 % % 8 8 8 8 8 8
17  dcdabedbedabedabedabedabedabedabedea 00p2u000d559888498
18  cdedabedabedabedabedabedabedabedabedabedcea 000000001000011000
000000000000010000
000000000100000101
00000000000O0O0O1T00OO0O1O
000000000OO0OO00O0O0OO1O00O
TABLE 3. The elements of TNT™! T = Ag. by the calculations described in Section 2.
Further,
Let My = [m k] be the 18 x 18 matrix with (7, j) entry Ms = —I — My — Mz — My + M3,
Vor,mirwyt . Then My =1, Mg = I 4+ My — M2 + M Ms,
M7 = — Mz + Mo My,
_ 2 2
D10000gna000000000 e R
011010100000000000 Mg = I+ Ma + Mz — M — 2Ma M3 — 2Mo My — M3
010001000000000000 3
011021111000000000 +M2,
0090100700260006000 )
000010111010100000 Mo = —TI — Ma+ My,

My = 88886%8(1)38(1)%8(1)8888 ) M1 = I+ 2M> + MaMy — M3 — M3 + M3 Ms,
000000111010110000 2
000000001101010100 M12=—21—2M2—M4+2M2+M2M3+2M2M4
000000001011221010 2 3 g2 2
000000000001 13010 I
000000000000011111 Mz = —2Ma My + M2 M3,
0000000000OO0O0OOOO1IO

379
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k det(ul — My)

1 (—1+u)™

2 (=1 +u)?u?(=5 — 5u +u?) (=1 — du + u?) (=5 — u + u?)? (=1 —u + u?)2(—=1 + u + u?)
3 (=1 +u)(1+u)3(1 — 7u+u?)(—1 —du +u?)(1 — 3u+ u?)2 (=1 —u +u?)? (=1 + u + u?)
4 (1 +uw)?(1 —3u+u?)*(—1 —u+u?)?

5 (=14 uw)7(1+u)®(1 — 18u + u?)(1 — Tu + u?)(1 + 3u + u?)

6 w2 (14 u)?(1 +u?)2(5 — 10u +u?)(1 — 3u + u?) (=1 — u + u?)(5 + 2u + u?)?

7 w214 u)?(1 +u?)?(5 — 10u+ u?) (1 — 3u+u?)(—1 — u+ u?)(5 + 2u + u?)?

8 u?(=5 — 15u + u?)(1 — 3u + u?) (=1 — u + u?)* (=5 + u + u?)?

9 (—14+wud(l +u)(—4 — 22u + u?)(—4 + 2u + u?)3

10 (=1 +u)?ud(—4 — 2u +u?)*

11 w?(—=5—15u +u?)(1 — 3u +u?)(=5 +u + u?)? (=1 + u + u?)*

12 (=1 +u)?u?(1 +u?)2(5 — 10u + u?) (=1 — u + u?)(5 + 2u + u?)2 (1 + 3u + u?)

13 (=1 +u)?u?(1 +u?)2(5 — 10u + u?) (=1 —u + u?)(5 + 2u + u?)2 (1 + 3u + u?)

14 (=1+u)°(1+uw)3(1 — 18u +u?)(1 + 3u + u?)(1 + Tu + u?)

15 (=14+w)(14+u)3(1 —Tu+u?)(1 —3u+u?)? (=1 —u+u?) (=1 +u+u?)? (=1 + du + u?)
16 (1+u)2(1—3u+u?)*(—1+u+u?)?

17 (=1 +u)?u?(=5 — 5u+u?)(=5 —u+u?)? (=1 —u +u?) (=1 + u + u?)? (=1 + 4du + u?)
18 (=1 +u)0(1 +u)d

TABLE 4. Characteristic polynomials for I' = Ag.

Myy = —2I —2My — 2M3 — My + 2M32 + 2Mo M3 + M3
—2M3Z M3 + M3,

Mys = 31 + 3Ma + 5M3 + 3My — M2 + AMoMs + 6 My My
+ M2 — M? — M3 + 2M2 M3 — 3Ma M3 — 2Mo M}
—4M$ + M3 M3,

Mg =1 — My —2M2 + M3,

M7 =51 + 6Ms + 2M3 + 4My — 4MZ — 3Ma M3 + 2Ma My
— M2 4+ 6M32 M3z — 3Ma M2 — Mo MZ? — 2M3 — M2 M3
+ Mo M3,

Mg = 3My — 3M3 + M3,

This completes the description of the structure con-
stants for the left cell I' = Ag. After the structure con-
stants for Aqg, ..., A1g were also computed, the relevant
cases of Theorem 1.1 were verified by a computer search.
We also have the following.

Theorem 6.1. Suppose ' = Ag and X is a nonempty
subset of TNI™Y. Then Y . Zty is a subring (with 1)
of J(T') if and only if X is one of the sets

{x1}, rnr—t.

{x17x18}7 {flax4ax107$167$18}7

The characteristic polynomials of the matrices M}, ap-
pear in Table 4.

7. THECASET = Ay

Suppose T is the left cell Ajg. Thus |I'| = 436 and T'N
I''! = 24. A notation similar to that in the previous

Tk

dedbedbede

dedbedbedbedbe

cdedbedabedabedce

cdbedbedbedabedabedce

cdedbedabedabedabede

cdedbedabedabedbedbe
dedbedbedabedabedabedc
cdbedbedbedabedabedbedbe

9 cdedbedabedabedabedabedce

10  ededbedabedbedabedabedbede

11 dedbedabedabedbedabedabede

12 dedbedbedabedabedabedabedce

13 cdedbedabedabedabedabedabede

14 dedbedbedabedabedabedabedabede

15 dedbedabedabedbedabedabedbedbe

16  cdedbedabedabedabedabedabedabede

17 dedbedbedabedabedbedabedabedbedce

18  dedbedbedabedabedabedabedabedabedce

19  cdedbedabedabedabedabedabedabedabede

20  cdedbedabedbedabedabedbedabedabedabede
21  dedbedbedabedabedabedabedabedabedabede
22 cdedbedabedabedabedabedabedabedabedabedc
23  cdedbedabedbedabedabedbedabedabedabedabede
24 cdedbedabedabedabedabedabedabedabedabedabedce

0~ O Uk WN

TABLE 5. The elements of TNT™!, T' = Aj,.

two sections is used for the elements of ' N I'~! and the
matrices of structure constants. Table 5 lists the elements
T1, ..., T24 of TNI—1.
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Also,

] be the 24 x 24 matrix with (7, j) entry

-
I
S
=]
9]
=
=
<3 .
E
8
g
s &
= &
+~
o |
Lk.U

m:

My = My + Moy + 2MsMs — Ms M3,

)

2

M3 + My Moy + 2M37 Mg — M3

M;s =
M5 = MgMy,

2
M32Ms + M3 Mg
2

M3 — 2MF Mg — Mg My

)
)

2

—Mg — M3 + MgMy + MyMgMy — Mg My,

Mg = —My — MgMy + M82M4,

Mi1 = My + MgMy — M2
+ My — M3 Mg — M3 Mg My + M3

+ M?
Mia = —2MgMy — MgMay — M3
2

My = M2,

_ Mf
Mz = —2M3 — MyMay — MZ Mg + M3

Mg = —2My — Moy — MaMs + My M3,

Mg = MgMy + MgMay + 2M3 — 2M7 Mg — M3 Mg

My

[elelelalolelelolelelelolelelolelelololelolelolwo]
[elelelelolelelelelelelolelelolelelolelololelolwo]
[elolelalolelololelelelelelelolelelelelolololol]
o000 0O00CO0OHOOOOOOOHOOOHH
[slslslslslslaslslalslaslslslolalyjelelsloleslolelo]
COO0O0OO0O0OOCO0OOOO0O0OO0O—HO—HOOOOOO
OOO0O0O0O0OO—HOO—HOOO—HOOO—HOHOO
COO0O0OOHOOOOOOOO—HOOOO—HOOOO
OO0 00OCOOO-HOO-HOO—-HO OO OO
OCOO00O0O0OOOOOO-HOOOOOOOOOOO
CO—HOOO0OOOOO—HOOOOOOO—HOOOOO
CO0O0O—HOHOOHOOHOOHO—HOOOO0OO
OO0O00O—HO—HOO—OOO—HOOOOOOOO
[ololelololslololelelalllololelelelelelelelele)
OO0 —HHAHHA—O—OOOOOOO
[elelelslolelolelelelolelololelelelelelololelolo]
—HOOOOHOOOOOOOO—HOOOOOOOoOoOo
OCOHHHOHOO—HOOHOOOOOOOOOO0O
[elelelololelololololololelelelelelelelelelelolo]
[elelelslalolbllelollelololelololelelolelelw)
HHHOOOO0OO0O0O—HOOOOOOOOOOOOO
[slelelaljelololololololelelelelelelelelolelele]
[elelelalolololololelololelelelelelelelelolelolo]
[=lelololololololelelololelelelelelelelelolelele]

I
=

Mis = Ms + M2 — MyMs — MsMy + M2 — 2M3

M3 Mg

+ 3MZ Mg — MaMgMy + M2 My — M

2

)

+ 2M2 Mg My — 2M3

My = MyMay,

)

2

M3 Mg — M2 May + MyMs My
M3 Moy,

)

2

M3 Mg + MyMoy Mg — M2

2
4

Moo = 2Mg My + M3 — M3 Mg + M3 Moy — MyMoy Mg
I — My + May + MyMs + MsMy — Mg Moy

— Moy Mg + M}
— MyMgMa1 — MyMoy Mg — Mf

Moy = 2My + MyMg + Mo Mg — M4M§-

— M$Mg + M3
Moo = My + Mg — Moy + M2 — MyMay — MyMg M,

+ My MsgMay,

M7 = —I — Mg + M2,

Mys = MsMoy,
2

Mg
Mas

[elelolololelololelelolelelelelelelolelololelolo)
[elelolololelololelelolelelelelelololelololelel)
[elelslajolalelolelslolelelelelelylelelalolyly )
CO0000O0000OO0O—HOOOOOO—HOO
COOCOO0COOCOOCOO0OO0OO0O0O—HOOOOOO
COOOOCOOCOOCOO0OO0OO—HOOOOOOOO
COO0COO0OOCOOCOOHOOOOO—HOHOOOO
COOCOOCOOHOOOOOOOO—HOOOO—HOO
COOCOOCOO0OOCO0O0O—OO—HOO—HOOOOO
COOCOOCOOOOHOOOOOOOOOODOOOO
COOHOOOOOOOOOHOOOOOO—HOOO
CO0O00OHOOOOOHOOHOOOOOOOO
CO0O—HOOOOOOHOOOOO—HOOOOOO
[elelololelelelelololelelelelelelololelol ol i)
CO0000O0OHHAHOOOHOOOOOOOOO
[elelololelelelelelololelelelelelololelolololo i)
OHOOO0O0O0O—HOOOOOOOO—HOOOOOOO
COHOOOHOOOOOHOOOOOOOOOOO
[sleleloljololololelolelelelelelelolelelolelolo)
CO0O0O—HHOOOOOHOOOOOOOOOOOO
—HOOHOOOOOOOOO—HOOOOOODOOOO
[elelelololelolololelolelelelelelelolelelolelolo)
[elelolololelelojelololelelelelelelelelelolelolo)
[eleleljololololelelolelelelelelelolelelolelolo)

|
=

and

As before, a computer search was used to verify the
cases of Theorem 1.1 corresponding to left cells with CWW/-

ER-
e ph .
o m..u ——
3 S 3 3
w S ~— 8
D S > i
= g B
] am 8
= 2 S i
—~ » 8
.nln. Xa —
< T3 2
— < % ~
M a,.bwf |
eN & Lk
L 3y BE
= ess %
~— Z.S ~
M — = 8 -
S < Il
3 g S 5
b SE = -~ 8
= N > s =~
g Sof § 8
W& SARTERS L
eS| LB g K
Md Jﬁm -~ g
Z = N %
2 g5 -]
= SN -~ -
—_— e e.EF [ ]
uW me(\ 8 8
..mHO WCBMI.JJ - =
£ L = » <

[=lelololelelelelelelolelololelelololelololelolo]
[elelelolel olelolelelolelololelelololelololelolo]
—OO00O—HOOOOOOO0O—HOOOOOOoOOoO
ipininlclolslolalolallelslslslslalslelsloleloles)
[clelslslelaljslolslolslslslslslelslelslolesloles)
COO0O—HO—HOOOOOOOOOOOOOOoOoO
[clelslaslellol ol lelelolelslelslelelelelelelole)
COO0OO0O—HOOOOOOOO—HOOOO—HOOOO
CO—H—~HHO—HOO—HOO—HOOOOOOOOOOO
[elelelolelelelelelelolelolelelololelolololelol]
CO—HOOOOO0OO—HOOOOOOOHOOOOO
COO0OHOHOOHOOHOOHO—HOOOO0OO
COO000O—HOHOOHOOOHOOOOOOOO
[clelololololololalololollolelololelelolelelele]
[clelololelelolelelel ool ol lellelelolelelele]
OCOO00O00O0O0O0OHOHHOOOOOODOOOO
[clejslslelslolalslslalslslallelaleloljeleloly)
OO0 OOOOOOHOOHOOHOH-HO—-HOOO
[elelololelelololelololelololelolelelelelolelele]
CO000O00OHOOHOOOHOOOHOHOO
CO000O0O0O0OOHOOOOOOOHOOO—HH
[elelololelolololelololelolelelolelolelelolelelo]
[clelololelelololeleloleloleleleleleleloleolelol]
[clelololelelololelololelolelelelelellolololole]

_
=

Table 6 contains the characteristic polynomials of the

matrices M.
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k det(ul — My)

1 (-1 —u+u?)?

2 (14w

3 (1T +w)*(1 —Tu+u?)(—1 —du+u?)(1 — 3u +u?)* (=1 —u+u?)2 (=1 +u + u?)(1 + 3u + u?)
4 (=14 u)?(1 +w)*(1 4+ u?)? (=1 — 4u +u?)(1 — 3u + u?) (=1 + u + u?) (1 + 3u? + u*)?
5 (=1 = 1u+u?)(=1 —du +u)3 (=1 —u+u?)3 (=1 + u + u?)®

6 (=14 u)?(1+ w1+ u)? (=1 — du+u?)(1 — 3u + u?) (=1 + u+u?)(1 + 3u? + u*)?
7 (=1 4+w)8(1 +uw)*(1 — 18u +u?)(1 — Tu + u?)(1 — 3u + u2)(1 + 3u + u?)*

8 (1 +w)8(1 - 3u+u?)? (=1 — u + u?)*

9 (=24 uw)buB(14+u)?(2 +u)?(—4 — 8u+ u?)(—1 + 4du + u?)?

10 w4 — 1du+u) (=1 +u~+u?)(4 + 2u + u?)2 (=4 + 6u + Tu? — u? + u?)?

11 (=24 u)?ud(2 +u)2(—4 — 8u+u?)(4 — 6u + u?)2(1 — 3u + u?)(—1 + u + u?)?

12 w4 — 1du+u?) (=1 +u+u)(4+ 2u +u?)?(—4 + 6u + Tu? — ud + u)?

13 wd(—4 —22u +u?)(1 — 3u +u?)?(—4 + 2u + u?)* (1 + 3u + u?)

14w —6u+u?)(—1 —u+u?)(4+2u+u?)?(—4 — 4u — 3u? — u® + u*)?

15 ud(4—6u+u?)(—1 —u+u?)(4+2u +u?)?(—4 — du — 3u? — w3 + u?)?

16 (=14+u)3(1 +uw)?2(1 — 18u +u?)(1 — 3u + u?)(1 + 3u + u?)* (1 + Tu + u?)

17 (=1 +u)uB(—4 — 2u + u?)®

18 (=1 —1lu+u?)(—1 —4du+u?)?(—=1 —u+u?)?(=1 +u + u?)8(—1 + du + u?)

19 (1+w)?*(1—7u+u?)(1 —3u+u?) (=1 —u+u?) (=1 4w+ u?)?(1 4 3u+ u?)(—1 + du + u?)
20 (—14+w)*(1+u)?(1 +u?)?(—1 —4du+u?) (=1 +u+u?)(1+3u+u?)(1 + 3u? + u?)?
21 (=14 w)*(1+u)?(1 +u?)?(—1 —du +u?) (=1 +u+u?)(1+ 3u+u?)(1 + 3u? +u?)?
22 (1+u)8(1 —3u+u2)3(—1+u+u?)?

23 (=14 w01 4+u)d

24 (=1 —u+u?)8(—=1+u+u?)?

TABLE 6. Characteristic polynomials for I' = Ajg.

8. CONCLUDING REMARKS

The Wedderburn structure of the rings J(I') can be de-
scribed in a uniform way if scalars are extended to a
splitting field. Put K = Q[v/5]. Then K is a splitting
field for W and K (,/q) is a splitting field for H by [Alvis
and Lusztig 82]. For T a left cell of W and F a field, put

JIT)p = F @z J(T).

Since the coefficients of the structure constants h, , . are
nonnegative for Hy by the calculation of [Du Cloux 06], a
result of [Lusztig 03, 21.9] shows that J(I')¢ = C®z J(I)
is semisimple. Thus J(T') g is semisimple.

A CAS program was used to compute the dimension
of the derived algebra

[J(D)g, J(T)g] = (rs —sr | r,s € J(T)q) .

This dimension is 0 unless I' C A, and is 3, 6, and 12 if
I'=A4,, T = Ay, and I' = A9, respectively. Another
CAS program has verified that the number of central
idempotents in J(I') g is 11, 12, and 12if T = A;, ' = Ay,
and I' = Ajg, respectively. From these observations and
the structure of the modules K ®gp M (T") given in [Alvis
87], the following holds.

Theorem 8.1. Let T be a left cell of W = W (Hy). Then
J(F)K =K ®z J(F)

1s split semisimple over K, and is isomorphic to the en-
domorphism algebra of the KW -module K @g M(T').

9. DATA FILES

The following files are available for download.

e http://mypage.iusb.edu/~dalvis/h4ddata/rtran.txt
contains a multiplication table for W = W(H,),
in terms of a fixed indexing 0,...,14399 for the
elements of W.

e http://mypage.iusb.edu/~dalvis/h4data/basic.txt
contains basic information about the elements of
W, including lengths, a reduced expression, the sets
L(w) and R(w), and inverses.

e http://mypage.iusb.edu/~dalvis/hddata/pyw.txt
contains the Kazhdan-Lusztig polynomials Py, for
the set of “reduced” pairs y < w.

e http://mypage.iusb.edu/~dalvis/h4ddata/lcells.txt
contains, for each left cell I' of W, a list of the
elements of W and a description of the associated
W-graph, which determines the module M (T").



e http://mypage.iusb.edu/~dalvis/hddata/gammas.

txt contains the matrices M; = [mfj], where
mfj = Vop,ziayt for a specified ordering of the

elements z of NI,

e http://mypage.iusb.edu/~dalvis/h4data/isos.txt
contains a description of the permutation isomor-
phisms 7 : 'y N Ffl — Iy N I‘gl of Theorem 1.1.

e http://mypage.iusb.edu/~dalvis/h4data/
README.txt additional
on the content and format of the files above.

contains information
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