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GLOBAL EXISTENCE AND FINITE DIMENSIONAL GLOBAL
ATTRACTOR FOR A 3D DOUBLE VISCOUS MHD-a MODEL*

DAVIDE CATANIAT AND PAOLO SECCHI?

Abstract. We consider a magnetohydrodynamic-a model with kinematic viscosity and magnetic
diffusivity for an incompressible fluid in a three-dimensional periodic box (torus). Similar models are
useful to study the turbulent behavior of fluids in presence of a magnetic field because of the current
impossibility to handle non-regularized systems neither analytically nor via numerical simulations.

We prove the existence of a global solution and a global attractor. Moreover, we provide an upper
bound for the Hausdorff and the fractal dimension of the attractor. This bound can be interpreted in
terms of degrees of freedom of the system. In some sense, this result provides an intermediate bound
between the number of degrees of freedom for the simplified Bardina model and the Navier—Stokes-a
equation.
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1. Introduction

The basic system of equations that one can consider in magnetohydrodynamics is
obtained by combining Maxwell’s equations, which rule the magnetic field, with the
Navier—Stokes equation, which governs the fluid motion; this system has form

1
vt+(v-V)U—(B-V)B+V(p+2|B2):yA'u, (1.1a)
B+ (v-V)B—(B-V)v=uAB, (1.1b)
V-v=V-B=0, (1.1c)
(v,B)|t=0 = (vo,Bo), zeR"”, n=2,3, (1.1d)

where the fluid velocity field v(x,t), the magnetic field B(x,t), and the pressure
p(x,t) are the unknowns, while v >0 is the constant kinematic viscosity and p >0 is
the constant magnetic diffusivity. In this case, an incompressible fluid is considered.

This problem has been deeply studied. If »>0 and p>0, then there exists a
unique global solution in time when n =2, while for n=3 the problem is still open,
as discussed in [14].

When n=2, v=0, and p=1, local existence and small data global existence
results have been established by Kozono [11] for bounded domains and by Casella—
Secchi-Trebeschi [4] for unbounded domains.

When n=2, v=1, and u=0, there is a regularity criterion for the solution B
provided by Jiu-Niu [10], but the problem in its generality is still open.

As pointed out in [13] (see also the suggested bibliography), at the moment there
is no possibility to compute the turbulent behavior of fluids neither analytically nor
via direct numerical simulation (this task is prohibitively expensive and disputable as

*Received: July 24, 2009; accepted (in revised version): March 5, 2010. Communicated by Shi
Jin.

fDepartment of Mathematics, Faculty of Engineering, Brescia University — Via Valotti 9, 25133
Brescia, Italy (davide.catania@ing.unibs.it).

*Department of Mathematics, Faculty of Engineering, Brescia University — Via Valotti 9, 25133
Brescia, Italy (paolo.secchi@ing.unibs.it).

1021



1022 GLOBAL PROPERTIES FOR A 3D DOUBLE VISCOUS MHD-a MODEL

well due to sensitivity of perturbation errors in the initial data). Hence, one can try
to focus only on certain statistical features of the physical phenomenon through the
employment of suitable models. This is sufficient in many practical applications.

Because of the success of Navier—Stokes-a models in producing solutions in excel-
lent agreement with empirical data for a wide range of large Reynolds numbers and
flow in infinite channels or pipes, it is natural to consider such a kind of regularization
for magnetohydrodynamic models as well.

In @ models, a function (or several functions) is substituted in one or more of its
occurrences with a regularized function; more precisely, the function v is substituted
with u, where

v=(1-a*A)u, a>0.

This substitution is performed in nonlinear terms to make the nonlinearity milder, so
that the solution becomes smoother.

Linshiz—Titi [13] have suggested several models. For instance, filtering only the
velocity field, one can consider the following model, referred to as Navier—Stokes-a-
MHD (NSaMHD):

. 1
vﬁ-(u-V)v-i—ZvjVuj —(B-V)B+V <p+ 2|B|2> =vAv, (1.2a)
j=1
B, +(u-V)B—(B-V)u=uAB, (1.2b)
v=(1-a?A)u, a>0, (1.2¢)
Vio=V-u=V-B=0, (1.2d)
(’U,B)|t:0 = (’l)o,Bo). (126)

In this case, Linshiz—Titi [13] have shown a global existence result in a three-
dimensional periodic box when v >0 and >0, while Fan-Ozawa [8] have achieved
the same result in the whole space R? for both (v=1, p=0) and (v=0, u=1).

Let us note that, in the ideal case, i.e., when v=p=0, the NSaMHD model
possesses three quadratic invariants: the energy E“ =3 [, (v(z)-u(x)+|B(z)|?) d,
the cross helicity H& =1 [, v(x)- B(x)d, and the magnetic helicity Hg =1 [, A(z)-
B(x)dx, where A is the vector potential, so that B=V x A. Moreover, as a— 0,
these quantities reduce to the ideal invariants of the MHD equations.

Another model is the so-called simplified Bardina model, which is studied by
Cao—Lunasin-Titi in [3].

In [5], the following magnetohydrodynamic-« model, derived from Bardina model
for incompressible fluids, is considered:

1
vi+(u-V)u—(B-V)B+V (p+2|B|2) =Av  in [0,T] xR?, (1.3a)
B+ (u-V)B—(B-V)u=0 in [0,7] x R?, (1.3b)
v=(1-0a?A)u, a>0 in [0,7] x R?, (1.3¢)
Vv=V-u=V-B=0 in [0,7] x R?, (1.3d)
(’U,B)|t:0:(’vo,Bo) IBGRQ. (1.36)

Once again, a global existence result is obtained.
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In this paper, we consider the following model, referred to as Simplified Bardina
MHD (SBMHD):

vi+(u-V)u—(B-V)B+Vp=vAv+f in Qx[0,77, (1.4a)
B+ (u-V)B—(B-V)u=uAB in Qx[0,77, (1.4b)
v=_1-a*A)u, a>0 in Qx [0,7], (1.4c)
V-u=V-B=0 in Qx[0,7], (1.4d)
(v, B)li=0 = (vo,Bo) e, (1.4¢)

where o, v, >0 and Q=[0,27 L)%, L >0, with periodic boundary conditions and hence
periodic solutions. Moreover, we assume that the forcing term f does not depend on
time and has zero mean: [, f(x)dz=0. We assume the same hypothesis of zero
mean for the initial data, so that also the solutions v (and u as well) and B have zero
mean.

The ideal version of system SBMHD conserves the energy and the magnetic he-
licity, but at the moment we are unable to find an invariant quantity corresponding
to cross helicity.

We will prove the following results.

THEOREM 1.1 (Global Existence). Assume that the initial data satisfy
Vo ELZ(Q), BoEHl(Q),

V"UOZV'BO:O,
Then, problem (1.4) has a unique global solution (v,B) such that, for each time
T >0, one has

veL™®(0,00;L%(2))NL2(0,T;H (2)),
B e L>®(0,00;H (Q2))NL2(0,T;H*(Q)).
Note that local existence, uniqueness and continuous dependence on the initial

data can be achieved through Galerkin method following [3, 13] and using the a priori
estimates that we provide in section 3.

From now on, to simplify notation we set [|-|| =||-[|r2(q) and denote by the sub-
script o a space of divergence-free and zero mean functions.

THEOREM 1.2 (Finite Dimensional Global Attractor). There is a (unique) com-
pact global attractor o/ CHL(Q) xL2(Q) in terms of the solution (u,B) to (1.4).
Moreover, we have an upper bound for the Hausdorff dimension dy(<?) and the frac-
tal dimension dp(27) of the attractor < ; in particular, there is a positive constant C

such that
£ 5+G6/5 £ 5+G3/10
o a ’

L*2||f|
G:T

3
dy (o) < dp () < CGY/® <§>

where, setting n=min{v,u},

is the modified Grashoff number.
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We can interpret the estimate for the attractor dimension in terms of the mean
rate of energy dissipation, defined by

1 . 1T
€=73 sup hmsupf/ (I Vu@®)|? +va? || Au(t) |+ ul[VB(1)]*) dt.
(up,Bo)esd T—o0 0

Moreover, in analogy with Kolmogorov dissipation length in the classical theory of
turbulence, we define the dissipation length as

3\ 1/4
ed: (77_) )
e

. i
sup hmsupT/ (V|Vu(t)|]? +ve® || Au(t)||? + p|VB(t)|?) dt
(uo,Bo)es/ T—ro0 0

_ L3773
&

We have the following result.

so that

(1.5)

THEOREM 1.3. The unique compact global attractor o/ C HL(Q2) x L2(Q) in terms of
the solution (u,B) to (1.4) has Hausdor(f dimension du(</) and fractal dimension
dp () bounded by

e (OMGNONO)!

where C' is a positive constant.

Identifying the dimension of the global attractor with the number of degrees of
freedom of the long-time dynamics of the solution, this means that the number of
degrees of freedom of problem (1.4) is bounded from above by a quantity which scales
like D. This information is useful to establish the validity of the model as a large-eddy
simulation model of turbulence.

Let us observe that, in space dimension n=3, the number of degrees of free-
dom of the simplified Bardina model (with no magnetic field) is bounded from above
by C(L/a)?/5(L/t4)*?/°, while for the Navier-Stokes-a model this upper bound is
C(L/a)3?(L/tq)? (see [3] for the first result and further references). Hence, in some
sense, our result provides an intermediate bound.

As a final remark, let us note that the nonlinearity in the SBMHD model consid-
ered in this paper is milder than the one in the NSaMHD model studied by Linshiz—
Titi. This means that the SBMHD is easier to handle than NSaMHD from the point
of view of global existence, and one expects the same behavior for the estimates of
the global attractor dimension, that is to say, new difficulties might arise in the proof
of the dimension bounds for the NSaMHD case. Nevertheless, this problem has been
addressed in [6], where using an approach analogous to the one presented in this
paper, bounds for the global attractor dimension of the NSaMHD and the Modified
Leray-a-MHD models are provided.

Outline of the paper. In section 2 we provide some preliminary results that
we will use in the following sections. Section 3 is devoted to the prove of some a priori
estimates which imply, in particular, the global existence of the solution. In section 4
we prove the existence of the unique global attractor, whose dimension is estimated
in section 5.
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2. Preliminary results

We consider functions with zero mean over 2. This assumption is taken for all
functions in all the remainder of the paper.

If f is a divergence free function, then

/(f~V)g-hdw=—/(f—V)h-gda: (2.1)
and
/(f-V)g~gdw=07 (2.2)

where the integrals are intended over €.
Let us denote \; to be the minimal eigenvalue of —A; we have A\; = L~2 and the
Poincaré inequality becomes

Mllgl?<[Vgl®. (2.3)
We consider norms in nondimensional form

lgller @) = llgll+ LIVl
lglli2c) = llgll + LI Vgl + L[| Agll,

so that the Agmon inequality

1/2 1/2
gl (@ < Cllglliio gl (2.4)
can be recast in homogeneous form
lgllu= (@) <C Vgl Ag]"/?. (2.5)
We recall the Gagliardo—Nirenberg inequality: let us set
1/p
[Flep={ D_10'F17|
U=k
then
[ Flis SCIf [ I £ Il (2.6)
provided
1 ] 1 1 ]
“Lea(3-2)+0-0 Lsast
s n romn q m
where n is the space dimension (there are some exceptional cases that we will not
consider).

In particular, we will use the following estimates:

lgllLsr <Cllgl g2, (2.7)
Vgl <C|lAgl % |lg|"/3. (2.8)

Moreover, the following estimate holds:

lgllLe <C|[Vgll- (2.9)
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3. Global existence

The global existence of the solution follows from the local existence (see the
introduction) and the following estimates. Let us note that such estimates imply
uniform in time estimates, hence the global existence result.

3.1. Estimate for ucH', Bc12.
PROPOSITION 3.1 (Some A Priori Estimates). Assume that a solution (v,B) of
problem (1.4) is defined in the time interval [0,T]. Let us set

Fo=[u(O)]1* + 0| Vu(0) | + | BO)]
—1 02 —1/2 £112
Kl:mm{A FI? 14125 }

va? '’ v

n=min{v,u}, and \; =L=? (minimum eigenvalue of —A).
Then, the following estimates hold:

K
() +a*[Vu]* + [ BOI <koe™™ 21—, (3.1)
1
t+r
[ CIvam P el dumP +a VB P)dr <kt (32
t

provided r >0 and t+r<T,

T
AK
/ =M (]| Vu () |2 +va® | Au(t) | + 1 VB()|?) dt < TAl + ko (3.3)
0 1

Proof. We test the first equation by w (i.e. we take the scalar product with u
and integrate over 1) and the second one by B; summing up, using (2.1) and (2.2),
and integrating by parts when needed (in particular, the term with the pressure p
disappears, since V-u=0), we obtain the energy identity

| o

(el + a2 [ Vul® + B]?) + vIIVul* +vo? | Aul* + 1| VB = (f u),

DO =
o

t

where (-,-) denotes the standard scalar product in L2(€), i.e.,

(ﬁMszﬂm-

Now, setting A=—A, where A is the Laplace operator with domain D(A)=
(H2(€2))3, we have that A is a positive self-adjoint operator and

(3.4)

-1 IAZT£I2 | ve? i Aqull2
|(f,u)|<{|A fllAu] g{ +45° A

2va?
_ —1/2 ¢12
A= 2] [Vl A 4 )| Vw2

by Young’s inequality.
If we set

—1p(2 —1/2 £12
s { LS AP

va? v
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we have
|(f w)| < (B +va?||Aul? +v|Vul?) /2,
hence we deduce the energy estimate

d
3 lelP +?[Vull* + | BIP) +v|[Vul* +va® | Au|* + p| VBIP < Ki. - (3.5)

We set n=min{v,u} >0 and use Poincaré inequality (2.3) to recast the previous
estimate in the form

d
7 UlelP +a®IVull* +IBIP) +nha(Jul* + o Vul* + | BI?) < K

and obtain, by the Gronwall lemma,
K
() + [ Vau(t) P+ | BOI? Shoe™™ 4L (1 -7,
1

where
ko= [|lu(0)[1? +a?|[Vu(0)|>+ (| B(0)]>.

This gives (3.1).
Setting k1 =ko+ lel, we have from (3.1)

[l + a2 [ Vu®)||* + | BE) < ki (3.6)

Moreover, integrating (3.5) for 7€ [t,t+7], where r >0, yields
t+r
/ W Vu(n)|? +va?||Au(r)|® + p| VB(7)|[?) dr < rKi+ ki,
t

that is (3.2).

In the following, we will need an exponential variant of the previous estimate.
Let us multiply (3.5) by e="*1*/4 >0 and integrate in time over the interval [0,T]:

T
B d
/o e ([u(t) 2+ [ V()| + | BH)]?) dt
T
+ / e (1] V() |2+ vo | Au(t) |2+ 1] VB ()2 dt
0

T
g/ Kle—'r]/\lt/4dt:%(1_6—77A1T/4><ﬁ.
0 nAL nA1

An integration by parts of the first integral yields
_ T
[ 4 (Jlu(@)]* + o[ Vu(®)* + 1 B#)]*)],

[T
0 [T )4 V) + B,
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hence we have

eI (u(T) 2+ ? [ Vu(T) [+ | B(T) )

T
nA _
I [T )+ 02 T P+ B OO

T
[ Vu )P el | Au(®) + | VB())de
0

4K
<— +ko;
nA1

neglecting the first two terms, which are positive quantities, we conclude

T
4K

/ e (1| V(1) |? +vad | Aw () [P+ ul VB(0)]P) dt < T}\l + ko,

0 1

that is (3.3). 0

3.2. Estimate for ue H?> and BeH'.
PROPOSITION 3.2 (Further A Priori Estimate). Let us assume that a solution
(v,B) of problem (1.4) is defined in the time interval [0,T]. Let us set

ko= lw(0)[I*+ [ B(O)||* + [V B(0)|,

n=min{v,u} and \; =L~2 (minimum eigenvalue of —A).
Then, the following estimate holds for a suitable kb =k4(f,ko,a,m,A1) >0:

ak,

lo@)* +B®)]* +a* | VB(t)|? <k68‘”“/4+n)\1

(1—e~mat/4y, (3.7)

Proof.  We test Equ. (1.4a) by v and (1.4b) by (1—«a?A)B; proceeding similarly
as before, we obtain

d

3 (I[P +1BI* + [V BI?) +v[|Vo||* + p|[VB|* + po?|| AB]|*
=—/(u-V)u-v—l—/(B-V)B-v+a2/(u-V)B-AB
+/(B-V)u-(B—a2AB)+/f-v

:a2/(u-V)u-Au—az/(B-V)B-Au+a2/(u-V)B~AB

| —

fozz/(B~V)u~AB+/f-v
:—a2/8kui8iuj8kuj +a2/6kBiaiBj8kujfa2/8kui8iBj8kBj
+a2/8kBi8iuj8kBj+/f-v,

where the sum over 4,5,k =1,2,3 is assumed.
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We denote 9 to be a generic first order spatial derivative. First, we have to
estimate nonlinear terms of form

a2/|6u|\8u|2 gC’a2||Vu||Loo HVuH2
<Ca?||Aul|'?|VAu[|'? | Vul?
<Co||2) Vo2 Vu?

C
ol V| *

<ev|| Vol + 2

C
<ev|| Vo2 +ev|v]]? + — || Vu|?,
NE
1

having used the Holder inequality, estimate (2.5), the identities

[vlf* =[[ull® + 202 Vul* + o™ Au?, (3.8)
V0|2 =[[Vul* + 202 | Aul* + oV Aul?,

and Young’s inequality. An application of the Poincaré inequality yields

C.
a2/|8u3<25u||Vv|2+UA1/2||VU||4. (3.10)
1

Let us note that we can not follow a similar approach for terms with 0B, since we
can not handle the quantity | VB*.

Nonetheless, using Holder inequality, estimate (2.8) and Young’s inequality, we
easily deduce

o / 0ul|0B? < Ca? |Vl [VB|2.
< Co?||Vul |AB|7/| B/

2 2 C.o® 8 2
<epa”||AB| +7||VUH 1Bl (3.11)

It remains to estimate

/f~v:/f-u—a2/f-Au.

By slightly modifying (3.4), we have

1A~ 712 2 2
|(f u)é{ va? Jr%HAuH

A-L/2p2
e (A &

and hence, recalling (3.9),

va? v 3v
|(f,u)] <K1+THAUH2+1HVUHQ §K1+§HV””2-

Similarly,

(3.12)

_ —1/2 g2 vat
o2(. M) < {a2llA PEvA {”Ayf'mmun?

2 2
2| £l [ Au| I 4 va® ) Aqy |2
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by Young inequality.

If we set
IO 4 e e i &
2 v ) v )
we have
o®|(f, AU)|<K2+7IIVA 17+ ||AUI|2<K2+ HV’UII2o

In conclusion,
3v
<K+ Ko+ || Vol

fre

Combining (3.10), (3.11), (3.13), and (3.6), we obtain

(ol +BI? +02|VBIP) + Vol + 4 VBI? + po?| AB|

3
< <4 +25> v||Vo|]2 +epc?||AB||* + K + Ko

1
+CE|VUI|4< 75t ||V * ||B||2>
VA

nla

(3.13)

7 , , o2 1 k3
g(l/”V’UH +ul|VB|? + pe?||AB|)?) + K1 + Ko+ o y)\1/2+ = |, (3.14)

which implies, thanks to (2.3),

A
y(t)+nfy( ) < kb,

having set

y(O) =[O+ B®)I* +o? VB,

20k2 [ 1 k3
ky = 2(K1 + K3) + 1( + 2 )

4 172 7 702
@ V/\l/ Hia

Hence we deduce

Ak
@) ?+IBOI? +a?[[VB@)|? <kge™™ 4+ 2 (1 -4
U

and finally

@) + I B@)|” + (| VB ()] < k2,
where

ko =lv(0)[* + 1 B(0)||* + 2| VB(0)]]%,

4k,

ko =k, + )
2 0 77)\1

(3.15)

(3.16)

(3.17)
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4. Existence of a unique compact global attractor

From the existence and uniqueness properties of the solution to (1.4), we get a
semigroup of solution operators, which we will denote by (S(¢)):>0, that associates to
each couple of initial data (ug,Bo) € HL () x L2(Q) the semiflow for time ¢ >0, i.e.,
S(t)(uo, Bo) = (u(t), B(1)).

Let us note that, following the computations performed for instance in Babin—
Vishik [2, Chapter 7, Section 5], one can prove that S(¢) is differentiable with respect
to the initial data. This property is needed in order to apply the techniques presented
in section 5.

First, we show the existence of an absorbing ball in D; =H! xL2. From (3.1),
we choose t' large enough so that

2K
HU(t)II2+042||Vu(t)||2+IIB(t)II2<nTl1 Vit (4.1)

in particular, we have
. 2K .
limsup(||w(t)||* + o Vu(t)||* + | B()[*) < Tl =77
t—o0 nAL

Hence the ball By of radius r; and centered at the origin is an absorbing ball in D,
for system (1.4). Note that 7 is independent of the initial data.

Now, let us note that we can modify inequality (3.15). Indeed, from (3.14), we
also obtain

A
Y () + R y(t) 2K+ K) +20 |Vl (

o? 4 2
1 +ﬁHVUII |Bl|

1/)\1/2

8CK? 1 8K
<2(K 4+ Ko)+ L + L =K}
atn?Af \ paAl/2 - a?pPA ’

for each t >, where we have used (4.1). We multiply both members by e"*1*/4 and
integrate from t’ to ¢ to obtain

y(t) < y(t’)efﬂ/\l(t*t/)/‘l_’_%(l _efn/\1(t7t')/4) Vit
na1

Thus we can choose ¢’/ >t large enough so that

5K}
lo@®)*+[B@)|* + 2| VB()|* < mz vt
1
In particular, we have
; 2 2, 2 2y DKy L o
timsup([[o(t) 2+ [ B(0)| + 0> [VB(0)[2) < 2 =13;
t—o00 ’17)\1

this implies that the ball By of radius ro and centered at the origin is an absorbing
ball in Dy =H2 x H! for problem (1.4). Observe that r as well is independent of the
initial data.

From Rellich lemma (see [1]), Dy is compactly imbedded in D;, hence we have
that S(t): D1 — Dy, t>0, is a compact semigroup from D; to itself (bounded sets in
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D; are mapped in bounded sets in Dy that are compactly imbedded in Dy). This
implies that S(t)By # @ is compact in D; for each t>0.

Moreover, S(t)By C By if t is sufficiently large, thus, if we assume s>0 large
enough, the set Cs=U;>,5(t)B; is nonempty and compact, since it is closed and
contained in By, which is compact in D;. By monotonicity of Cy for s >0 and by the
finite intersection property of compact sets, we deduce that

= JSt)B

s>0t>s

is a nonempty compact set in D;. < is a global attractor, since it attracts bounded
sets of the whole space Dy, therefore it is the unique global attractor in D;.

5. Estimate for the finite dimension of the attractor
First of all, we linearize the model about a solution (v(t),B(t)), where v(t)=
u(t) —a?Au(t). We denote by dv=du—a?Adu and § B perturbations satisfying

L5v—vASv+B(Su,u) + B(u,6u) — B(6B,B)— B(B, 5B)—
L6B—uASB+ B (6u,B)+ B(u,0B) — B(6B,u) — B(B,0u) =
(0v(0),0B(0)) = (dvg,0By),

where, by definition, #(u,B)=(u-V)B. Let us note that the first equation can be
recast in terms of w and B only:

a&u vASu+ (I —a?A) 7 [ B(6u,u) + B(u,6u) — B(6B,B) — B(B,5B)| =

The above system has the form

{(?t(;erT(t)éwO, (5.1)

5w(0) = (S’U)Q = (5u0,(5B0)

if we set dw=(J%), A=—A, T(t)= (”ée' M(}B)A—f—To(t), where T3 is the 3 x 3 identity

matrix, and
) <5u>
((I a?A)~
B
Now, let Fy={0w;(0):i=1,2,...,N} be a set of linearly independent vectors in

HL(Q) xL2(Q) and let E={6w;(t):i=1,2,...,N} be the set of the solutions to (5.1)

with initial data in Ey. Moreover, we set E; :{(g;;l((tt))) :1=1,2,...,N} and

1 B(6u,u)+ B(u, 5u)—<%’(5B,B)—<%(B,5B)])
ou,B)+ %#(u,0B)—B(0B,u)— B(B,du) ’

Tn (t) =Trace(Py(t)oT(t) o Py (1)), (5.2)

where Py(t) is the orthogonal projection of HL(Q)xL2(Q) onto the span of Ej.
Finally, let {®;= (il) :i=1,2,...,N} be an orthonormal basis for Py(H. x12)=
span(E;) with respect to the inner product

{(31'»)’(3?)}—ww‘%)+a2<v¢i’V¢j>+<wm>, ()= (s e,
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Let us note that [®;,®;]=4;; (Kronecker symbol) and hence ||, ||* + 2|V, |* +
|l;]|?=1 for each i=1,2,...,N.
Thanks to the trace representation (5.2), we obtain

T (1) [T(t) (1), ®i(-1)]

M=

K3

—

N

B ([(é o1, ) AR (P00 - (A B)0)

+(%(¢;, B), ;) — (93(1/’1'7“)11/%))7

having simplified terms according to the definition of the inner product [-,-], which

llplieb tllat
22 71,“ U9 B B
((la ) l) ( > _—(u 711,2) |' ( 1 2)7

and (2.1).
We have
N vl 0
3 . = 2 i i 2 . 2
2{( ; ufs) A«pz,@] _;((M Ve, V) +val|Ag,?)
N
=Y (IMVE;[* + v’ | Ad,[1*) = Qn,
=1
where
_(VvIy O o (1) 1) 3) (BT
M_( 0 \//7]9 9 V(I)%_(aw1¢i ’a$2¢i 7"'78952¢i 78903"/)1‘ )

and ¢, = (¢§1),¢§2),¢§3))T, where T denotes the transposition of a vector. Thus we
obtain

Tn(t)=Qn(t)+Rn (1), (5.3)
where
N
Ry =" ((B(6:,u).6,) ~ (2., B).¢) +(B(6,. B).v;) ~ (W, u).46))).
Let us set

‘Ili = (d)iaaazl ¢i7aaw2 d)i?aamg ¢7,)T

and note that (¥; ¥,;) < [®;,®;]=1.
We need the following estimate (see Cao—Lunasin—Titi [3]):

N 1/2
lolEe < S (DW«lP) (5.4)
Lo X ag [3 ) .

i=1
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where ¢? :Zil(qsi-qﬁi) and C' >0 is a constant independent of N. Therefore, re-
membering the definition of @y, we deduce:

1/2 12
CQ%AL N ) Y
||¢||L°° < au1/4 5 le|v¢z|| < V1/2 5
1=

N 1/2 1/2 N 1/2 1/2
2 N 2 N
<§_1:V¢¢|| > < /1'1/2 ’ <§_l:||A¢l| ) < avl/?”

Another tool that we will exploit is the Lieb—Thirring inequality (see [7, 12, 15]).
Let us assume that {©;}YY, is an orthonormal set of functions in (L2)*. Then there
exists a positive constant C'=C(k), independent of N, such that

N 5/3 N
/ (Z@i(ac)-Gi(m)> dmgcz/(v&(m);vei(az))dm.
2 \;=1 =179
We can take
O, = (¢;,%;,00,, ¢;,00,¢;,00,,8;)",

since (@;,0;)=[®;,®;]=1, and set ©?(x,1) izil\il O;(x)-O,(x); hence we have

/@10/3< N (5.5)
Q n

We want to estimate Ry.

N N
SI(#(60w).0)|< | Sl(@:Vyu-gilde

N
</ (Zl@l"‘) Vul- 1<Cllé | Vul 2"/

i=1
cQi? 1 C
S O(zyiv/QHVuIIIQI1/2<§QN+@HWIIQIQI (5.6)

by applying the Holder inequality and then Young’s inequality.

N N
> |- (B, B), )| =D _|(B(:,6,),B)]
i=1 i=1

/2

N 1 N /2 /N 1
§2/¢i||v¢i|3|<a/<2|¢i2> <Z|av¢i2> |B|
i=1 i=1 i=1
< [©1BI< €% B
B o B o 1.5/3 1.5/2

cQ3P
and/s
1 C|B|*?
SN+ ab/273/2

8
1 CL*4|| B> 2
SgQN+WHVB” ) (5.7)

<

1BV B*/

1BV B>
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having applied (5.5), (2.7), Young’s inequality and then the Poincaré inequality.
N
> (%4, |—Z|— (¢:,%;),B)|
i=1
N N 1/2
<z/|¢i| Vi, |B-1</(Z¢ﬂ) (Swer) s
i=1 i=1 i=1

N 1/2
<l (wail?) |B[1s |1l

=1

apl/4

CQ1/4
< (levtb ||2> VB2 B|"/?|0/°

CQ3/4
= 1/4 1/2

C
< QN+ 2HVBII IBII*|©2>/°. (5-8)

IVB['2| B2

Finally, proceeding similarly as for (5.7), we have

N N
IR / >t v

C L34 Vaull/2
/@‘ﬂvm ‘L/Q I A2 (5.9)

Combining (5.6), (5.7), (5.8), and (5.9) into (5.3) we can deduce

t
T (t) > QNQ( ) —CR(t), (5.10)
where
L ., L? oz, LB 2
R(t)—%HVUH +WHVB|| 1Bl +W||VB||

L5/4HVUH1/2
4+ =1

e |Aw||? = Ry (t) + Ro(t) + R3(t) + Ry(t),

since |Q|= (2 L)3.
We will use the following result (see, for example, [7] and [15]). By the trace
formula, if N is large enough so that

1 (T
XNiliminfT Tn(t)dt >0,

T—o0 0

then N is an upper bound for the Hausdorff dimension dy (/) and the fractal dimen-
sion dp(&/) of the global attractor «:

du (/) <dp (/) < N.
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Now, the asymptotic behavior of the eigenvalues of the operator A is such that
Aqi2/3

S C

hence we obtain (we refer to [7] and [15] for both the previous estimate and the middle
part of the following one)

Ai =

) T]/\1N5/3
Qn >nZHW [ >nZA >

=1

since, by induction, one can easily prove that 22?;1 i2/3 > N®/3_ This implies that

5/3 T

A N _ 1

XN>7—C'hmsupT (R1(t) + Ra(t) + R3(t) + Ry(t)) dt. (5.11)
0

C T—o00
For Ry, thanks to (3.2), we have the estimate

1 (T 3 T
timsup . [ Ra(t)dt=timsup . [ |Tu(o)]de
0 — 00 0

T—o0 V2T
L3 TKi+k LK
<—— Soip thLoop T e (5.12)

Let us note that the last term in the previous inequality is independent of the initial
data.
As to Rs, we have

limsup & / Ra(t) = s limsup / IB()|2[VB ()|t

T—o0

L ko [7 —oa 2 L2
S ot lgnsgopf/o PEIVBOIFdE A+ 2 Al h%nj;lop IIVB )12 dt,

since ||B||? <koe "'+ K;/(n\1) because of (3.1). Now we use (3.3) and (3.2) for
the first and the second integral respectively, and deduce

4K
limsup — / Ro(t hm sup — ( ! k0>
T—o0 T—00 A1 (5.13)
7111msu (TKy1+k1)= ﬁ
vy T_mpT PP T ety
since \; = L™2.
As to Rg, recalling (3.1) we have
limsup / Ra(t) 1< — o timsup / |BOIM VB0t
1,5/4 EL/4
< —s li S0 emMYA |V B(t)|2dt
o5z s = | e VB(®)|
1,5/4 1/4
g 1/4T/ IVB@)|2dt

_L7/4K11/4 _ TK, +k B L7/4Ki’)/4
TSR P T a2t

—

(5.14)
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having used (3.3) and (3.2).
Similarly, we obtain

T—o0

1 (T 15/4 1 (T
limsupf/0 R4(t)dt§WIi;nsupT/o [Va(t)||*? || Au(t)|| dt
— 00
T

L5/4 k1/4

—nAit/4 2

Sz limsup / ¢ | Aw(t)|2dt

L5/4 1/4
li A
e I:ﬁnfipal/z,\l/‘* 1/4T/ Al dt

_ Lt TEitk LUK
- a1/2n7/4 lénjgop va2T _a5/2m77/4'

We conclude that

3K, ILAK2  LTAKYM
otz T adp T ab/2gii/a

1 (T
limsup —/ R()dt<C
0

T—o0

Now, since

AP < OTUIFD? _ LA AP

\ \
va? va? na?

)

we have

1037

(5.15)

(5.16)

17 2 S sl 134 /2N 2]’
limsup—/ R()dt<C Hf” l( ) +( !fH ) n (H.f”) ]
T—00 T 0 (% o 77 n

In view of (5.11), we look for an N such that

. 3 33
N©5/3 o112 [/ 0\ ? IOl £I12\5 L3/A| £111/2\ 3
WO BRI (LY (B 2],
CL a’n o asn n

Introducing the modified Grashoff number

_ L1
=
(observe that this is a nondimensional quantity), this request is satisfied if

3 % %
N>CG%> L L +@Go/5 L 4+ G310
« « o ’

hence we have Theorem 1.2.

It remains to prove Theorem 1.3. With this aim, we prove an alternative estimate

for Ry. From (5.6), we have

N
S B(b0u), 60| < QN+C—L||WH2

i=1

(5.17)
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From the computations for (5.7), we obtain

N

1 1
S B B8 < [ ©1BI< Bl €750
i=1

5/6 I o
<Civm (/9-97/5) <Yyvs) (/9/) (/@)

C 1/4N7/12 1 CN7/9|VB|*/3

EHVB”iggQN'*' /313 )

since
/ ©?(x,t)dz=N.
Q

Similarly, from (5.9) we deduce

N 7/9 4/3
Z|(=@(¢mu)a¢z‘)|</@2|v“|ngN+M'
i=1 8 n'/?

Finally, we have
N N
Z|<%(¢i,B>,¢i>|<Z/|¢A|¢WB\
=1 i=1

N 1/2 , N 1/2
<[(Ser) " (Xwe) 1ve
i=1 i=1

N 1/2
<@L <Z|¢i|2> IVB]|

i=1
1/4

1/4

<O (/ZIW) v51< % ([or) i
CQY'N! ON?/3
7\\VB||< QN+w||VBH4/3

Combining (5.17), (5.18), (5.19) and (5.20), we conclude that

1 cL? CN7/9
sz(t)<§sz+7||Vu(t>H2 WIIVB()II‘*/3
CN? /9
Sy TGl

Now, using (1.5), we have

, 17 r? ) L 17 )
hmsupf ; %\\Vu(t)ﬂ dt:a4nyllqmjgopf ; v||Vu(t)||=dt

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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On the other hand, also using the Holder inequality,

1 [T NT/9
li — [ ———|[VB®)|**dt
msup 7 | a4/3771/3|| @l
NT/9 17,
e —— - /3 4/3
PETERVERETE h;n_ilopT/O p VB[V 1dt
2/3
N7/9 1 T ]\[’7/9[/277
<—— | i — VB(t)|*dt <————. 5.23
i (s [ v B(0) T (523)
Similarly, we also have
1 (FCNT/® N7/OL?
limsup—/ 7,|\Au(t)||4/3dt<7,n. (5.24)
Tooo TJo /3 a4/363/‘3

Therefore, in order to have Xy >0, it is sufficient to have

,r]NS/S LGT] N7/9L2’I7
CL2 ~ 7 attd a4/3£3/3’

12/5 12/5 4/5 8/5
N=>C L L rons (L LA™
[0 éd « fd

Hence we need to have

12/5 12/5 3/2 3
N > Cmax L L , L L ,
a 4y a Ly

which is Theorem 1.3.

or

REFERENCES

[1] R.A. Adams and J.J.F. Fournier, Sobolev Spaces, Second Edition, Academic Press, New York,
2003, First Edition by R.A. Adams, 1975.
[2] A.V. Babin and M.IL. Vishik, Attractors of Evolution Equations, North-Holland, Amsterdam,
1992.
[3] Y. Cao, E.M. Lunasin and E.S. Titi, Global well-posedness of the three-dimensional viscous
and inviscid simplified Bardina turbulence models, Commun. Math. Sci., 4 (4), 823-848,
2006.
[4] E. Casella, P. Secchi and P. Trebeschi, Global classical solutions for MHD system, J. Math.
Fluid Mech., 5, 70-91, 2003.
[5] D. Catania, Global existence for a regularized magnetohydrodynamic-a model, Ann. Univ. Fer-
rara, 1, 1-20, 2010.
[6] D. Catania, Finite dimensional global attractor for 3D MHD-o models: a comparison, Quaderni
del Seminario Matematico di Brescia, 38/2009, preprint.
[7] P. Constantin and C. Foias, Navier-Stokes Equations, The University of Chicago Press, 1988.
[8] J. Fan and T. Ozawa, Global Cauchy problem for the 2-D magnetohydrodynamic-a models with
partial viscous terms, J. Math. Fluid Mech., DOI 10.1007/s00021-008-0289-7, December,
2008.
[9] G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations, Vol.
I: Linearised Steady Problems, Springer Tracts in Natural Philosophy, New York, 38, 1994,
Second printing, 1998.
[10] Q. Jiu and D. Niu, Mathematical results related to a two-dimensional magnetohydrodynamic
equations, Acta Math. Scientia 26B, 744-756, 2006.



1040 GLOBAL PROPERTIES FOR A 3D DOUBLE VISCOUS MHD-a MODEL

[11] H. Kozono, Weak and classical solutions of the 2-D MHD equations, Tohoku Math. J., 41,
471-488, 1989.

[12] E. Lieb and W. Thirring, Inequalities for the moments of the eigenvalues of the Schringer
Hamiltonian and their relation to Sobolev inequalities, Studies in Mathematical Physics:
Essays in Honor of V. Bargman, eds. E. Lieb, B. Simon and A.S. Wightman, Princeton
University Press, Princeton, New Jersey, 226-303, 1976.

[13] J.S. Linshiz and E.S. Titi, Analytical study of certain magnetohydrodynamic-a models, J. Math.
Phys. 48, 065504, 28, 2007.

[14] M. Sermange and R. Temam, Some mathematical questions related to the MHD equations,
Commun. Pure Appl. Math., 36, 635-664, 1983.

[15] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Appl. Math.
Sci., Springer-Verlag, New York, 68, 1988.

[16] R. Temam, Navier-Stokes Equations, AMS Chealsea Publishing, 1984, xiv+408 pages, First
Edition, Amsterdam, New York, North Holland, 1977.



