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BOUNDARY LAYERS IN INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH NAVIER BOUNDARY CONDITIONS FOR THE
VANISHING VISCOSITY LIMIT*

XIAO-PING WANGT, YA-GUANG WANG!, AND ZHOUPING XINS

Abstract. In this paper, we study the vanishing viscosity limit for the incompressible Navier-
Stokes equations with the Navier friction boundary condition. To simplify the expansion of solutions
in terms of the viscosity, we shall only consider the case that the slip length « in the Navier boundary
condition is a power of the viscosity €, a=¢€7. First, by multi-scale analysis we formally deduce
that 'y:% is critical in determining the boundary layer behavior. When ~ > %, the boundary layer
appears in the zero-th order terms of the expansion of solutions, and satisfies the same boundary value
problem for the nonlinear Prandtl equations as in the non-slip case, when v= %, the boundary layer
also appears in the zero-th order terms of solutions, and satisfies the nonlinear Prandtl equations but
with a Robin boundary condition for the tangential velocity profile, and when vy < %, the boundary
layer appears in the order 0(61727) terms of solutions, and satisfies a boundary value problem for
the linearized Prandtl equations. Secondly, we justify rigorously the asymptotic behavior of the
vanishing viscosity limit for the incompressible Navier-Stokes equations with anisotropic viscosities
by using the energy method, when the slip length is larger than the square root of the vertical
viscosity. Even though the boundary layer appears in the lower order terms of solutions and satisfies
a linear problem, the vorticity of flow is unbounded in the vanishing viscosity limit.

Key words. Incompressible Navier-Stokes equations, Navier friction boundary condition,
boundary layers, anisotropic viscosities.

AMS subject classifications. 76D05, 76D10, 35K65.

1. Introduction

In this paper, we consider the vanishing viscosity limit for the following incom-
pressible Navier-Stokes equations with the Navier boundary condition in {¢t >0,z € Q}
with € being a domain of IR" (n=2 or 3):

Opus + (ue- V)uc+Vp=eAu, t>0,z€

V-uc=0, t>0,z€0Q
(1.1)

€

ut =0, 2(DuR)-T+nut-F=0, on 0N

Ue\tzo :ug(xay)a

where € is the viscosity and D(u¢) = 1(Vu+ (Vu)T) is the rate of the strain tensor,
with 7 and 7 being unit normal and tangent vectors on the boundary 9. The
boundary condition given in (1.1) is the so-called Navier friction condition, which
was first proposed by Navier [10] and derived for gases by Maxwell [9]. It means
that the rate of strain on the boundary is proportional to the tangential slip velocity.
This friction boundary condition was also justified rigorously as an effective boundary
condition for flows over rough boundaries; see [5].
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The asymptotic behavior of solutions to the incompressible Navier-Stokes equa-
tions in the vanishing viscosity limit, in the case where there are physical boundaries,
is a challenging problem due to the formation of boundary layers. The problem with
the non-slip boundary condition was formally studied by Prandtl in [12], in which it
was derived that the boundary layer can be described by an initial-boundary problem
for a nonlinear degenerate parabolic-elliptic coupled system, which is now called the
Prandtl equations. Under the monotonic assumption on the velocity of the outflow,
Oleinik and her collaborators established the local existence of smooth solutions for
boundary value problems of the Prandtl equations in the 1960’s, and their works were
surveyed in the monograph [11]. The existence of global weak solutions to the Prandtl
equations was obtained by Xin and Zhang in [18]. Recently, it was announced that
such a solution is in fact unique and is classical by Xin, Zhang and Zhao in [19]. In
[15], Sammartino and Caflisch obtained the local existence of analytic solutions to the
Prandtl equations, and a rigorous theory on the stability of boundary layers in incom-
pressible fluids with analytic data in the frame of the abstract Cauchy-Kowaleskaya
theory. Rather recently, a rigorous theory was obtained in [7] for the behavior of
boundary layers in a circularly symmetric flow with non-slip boundary conditions in
two space variables.

As in [1], by a simple computation it is known that the Navier friction boundary
condition given in (1.1) can be rewritten as

curl v =2k —n)u-7, on 0N (1.2)

in two space variables, where curl u€ is the vorticity, and x is the curvature of 0.

The problem of the vanishing viscosity limit when the non-slip boundary condition
is replaced by the Navier friction condition has been studied by many mathematicians
since the 1960’s. Yodovich [20] and Lions [6] studied the vanishing viscosity limit for
the incompressible Navier-Stokes equations in two space variables with a free bound-
ary condition, u¢-7 =0, and curl u* =0 on Jf). For the two-dimensional Navier-Stokes
equations with the Navier friction condition, Clopeau, Mikelic, and Robert ([1]), Lopes
Filho, Nussenzveig Lopes, and Planas [8] obtained that the solution u¢ to (1.1) con-
verges to the solution of the corresponding Euler equations in L>([0,77],L?(2)) under
certain boundedness assumptions on the initial vorticity when the slip length 7 is a
constant. Recently, Xiao and Xin [17] studied the vanishing viscosity limit from the
Navier-Stokes equations to the Euler equations in three space variables for the slip
case, u-71=0, and curl u¢-7=0 on 9. Almost all of these results do not have any
detail description of the boundary layer behavior when the viscosity goes to zero.
Certainly, this is a very interesting problem from the physical point of view. Only re-
cently, Iftimie and Sueur [4] investigated the boundary layer behavior for the problem
(1.1) when the slip length 7 is independent of the viscosity e.

As mentioned in [14], many interesting physical phenomena show that the slip
length should depend on viscosities in general.

The main proposal of this work is to describe the asymptotic behavior of solutions
to (1.1) in the vanishing viscosity limit, especially the behavior of boundary layers
when the slip length n depends on the viscosity €. In this paper, we shall first study
the asymptotic behavior of solutions to the problem (1.1) when the viscosity € goes to
zero for different dependencies of 7 on the viscosity, and derive problems of boundary
layer profiles. Then, we study rigorously the stability of boundary layers.

For simplicity of presentation, we shall only consider the problem (1.1) in the half
plane Q={z € IR,y >0}. In the following sections, one will see that it is not difficult
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to generalize our discussion to multi-dimensional problems in an arbitrary bounded
domain.

In order to have a complete expansion of solutions in terms of the viscosity, we
shall only consider the case that the slip length in the Navier boundary condition is
a power of the viscosity. Let n= % with 3 independent of € and a“=¢€" for an index
~v € IR. Then the Navier boundary condition given in (1.1) can be simplified as

€
eaul _

oy

us =0, Bus —« 0, ony=0. (1.3)
Obviously, when a®— 0 the boundary conditions in (1.3) formally tend to the non-
slip case, u¢|y=o =0, while if a®— 400 the boundary conditions in (1.3) tend to the
complete slip case, u$|y=o =0 and Jyuf|y=0=0.

From the above discussion, we already knew that the behavior of boundary layers
has completely different phenomena for the non-slip and slip boundary condition
cases. Therefore, the behavior of the vanishing viscosity limit for the problem (1.1)
with the boundary conditions (1.3) should be clearly influenced by the amplitude of
the slip length. Indeed, in the following sections, by multi-scale analysis we shall
deduce that 'y:% is critical in determining the boundary layer behavior. When + is
super-critical, the leading boundary layer profile satisfies the same boundary problem
for the nonlinear Prandtl equations as in the non-slip case, in the critical case v= %,
the boundary layer profile also satisfies the nonlinear Prandtl equations but with
a Robin boundary condition for the tangential velocity profile, and when v is sub-
critical, the boundary layer appears in the order O(e!=27) terms of solutions, and
satisfies a boundary value problem for linearized Prandtl equations.

The second goal of this paper is to study the stability of boundary layers rigor-
ously. We shall justify the asymptotic behavior of the vanishing viscosity limit for
the incompressible Navier-Stokes equations with anisotropic viscosities by using the
energy method, when the slip length is larger than the square root of the vertical
viscosity, in which even though the boundary layer appears in the lower order terms
of solutions and obeys a linear law but it still produces an unbounded vorticity of
flow in the vanishing viscosity limit. From the approach of this paper, one can easily
deduce Iftimie and Sueur’s results on the leading profile expansion of boundary layers
hold not only in L>(0,T,L*(2)) as given in [4], but even in L*°([0,7] x ), moreover
we have a complete expansion of u¢ with respect to the viscosity e.

The remainder of this paper is arranged as follows: In section 2, we study the
asymptotic behavior of solutions to the problem (1.1) (1.3) in the vanishing viscosity
limit by multi-scale analysis, from which we observe that the power v= % of the slip
length a®=¢" is critical for the behavior of boundary layers. In section 3 and section
4, we justify rigorously the asymptotic behavior of the vanishing viscosity limit for
the anisotropic Navier-Stokes equations by using the energy method, and obtain that
boundary layer is stable when the slip length is larger than the square root of the
vertical viscosity.

The preliminary version of the results given in this paper was announced in [16].
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2. Formal asymptotic analysis
In this section, we study the vanishing viscosity limit for the following initial
boundary value problem:

Opu + (u-V)u +Vp =eAu, t>0, (x,y)eIRi
V-ut=0, t>0,(fn,y)€]R%r

ug =0, ﬁui—aéaa—fzo, on y=0

U |t=0 =uo(,y)

by multi-scale analysis for different dependencies of a“ on the viscosity. In order to
simplify the presentation, we shall only consider the case where the slip length is a
power of the viscosity, a“=¢".

2.1. The cases a*=¢ and ¢z. In these cases, we take the following ansatz:
u(ta,y) =3 50 € (uld (tw,y) +ul (t,x, L))
- ‘ ‘ (2.2)
pe(t,iﬂ,y) = ZjZOG% (pIJ (tv‘rvy) +pB7] (t,(E, %))

for the solutions of (2.1), where u®+(t,z,2) and pP(t,x,2) are rapidly decreasing
when z= % — +00.
Plugging (2.2) into the divergence free condition given in (2.1)s, it follows

Vould=0,  Vj>0, (2.3)
and
8zu§’0 =0, 5xu?’j JrazuzB’jH =0, vj=0 (24)
which implies
uzB,O —0, (2.5)

by noting that uf’o(t,m,z) is fast decay when z — +oc.
Plugging (2.2) into the equations given in (2.1)1, it follows

X cAou(uld +uP) 4 X ek 3 () Tuld b (o )0,uB
Jj=0 320 =0

g1 _
e (ué’o —|—uf’0)8zu370+ > €z 3 (uék —|—uf’k)8zu34+1*k
j>0 k=0

j L 0 i OypPI
+ 262VpI,J+e 2 ((%PB’O) + > €2 <82;B,j+1>

Jj=0 Jj=0
l ‘l . . .
= 2uB0+e202uBl + 3 2 (Auld + 02uBT + §2uBi12), (2.6)
Jj=0

Letting z go to +oco in (2.6), it gives

Ol +(ul - V)ul 4 710 =0, (2.7
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and

Opul I + (w0 Wyl 4 (w7 V! 0+ Vphd = Auld =2 — Z (ul k7 )uld—k
1<k<j—1
(2.8)
for all j > 1, where we denote by u’>~1 =0.
In the following discussion, we shall always denote the trace of a function u(¢,z,y)

on {y=0} by
u(t,x) =u(t,x,0).

The vanishing of the order O(¢~2) terms in (2.6) implies that

70 0
(up® +ub )9 uP 0 + ( aZvaO) =0 (2.9)
which yields

pP0=0 (2.10)

by using (2.5).
From the order O(€%) terms of (2.6) we obtain

A (ul 0 +uPO0) 4 (ul 0 +450) . Vul 0+ (F—l—u?’o)awu&o + Zayug’oazuB’o
_ aw B,0
(" -y 000+ VpTO+ (a 53,1) =00, (21
z

whose second component reads as

Oyph0 +0.pP1=0

implying
pPl=0 (2.12)
by noting that d,p/-® =0 from (2.7).
For any j >0, define
. . J Zki
uPI (2, 2) =uP (t,%z)—i-zﬂa’;ufvf’f(t,m) (2.13)
k=0

with 0!=1.
From the first component of (2.11) and (2.4), (2.5), we know that

satisfy the following Prandtl equations:

6tu1’0+u1’08xu1’0+u12)’182u1’0+8xp1’0:a3u117’0 ( )
2.14
8, ul’ +8.ub ' =0.
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The vanishing of the order O(e2) terms in (2.6) implies that

(91 + (ug O+ uy*)0) (uT T+ 0P+ 28,ul0) + (uf +up + 20y up °) 0, (T 0 +uB0)

—|—(u£’2 —|—u§’2 +z6yué = 85 éo)ﬁz B, O—|—( —|—u2 —l—z@yué’o)(@ZuB’l +0,ul0)

)

Oup”
+Vle+Zva p10+(ap 2)_83'&3’1. (215)

Obviously, the second component of (2.15) can be written as
Al +ub 0yt +uyt 9 uht 49, pTt +202pT 0 +0,pP? =02l (2.16)
which is equivalent to
0.pP2 =2l — (0, +ul 00, +ub" 0, + 0,ub V)ul ! —uP 0, ubt, (2.17)
by using the facts

(O +ul 00, +0,ul ) D, ul® + 32pT0 =0
and
(@ +ul 0, +0,ul Oyul 4+ 9,pT T =0

derived directly from (2.7) and (2.8).

The unknown p?-2(¢,x,2) rapidly decreasing in z — 400 can be easily determined
uniquely from (2.17).

From the first component of (2.15) and (2.4), (2.5), (2.12) we know that

udt =ul 't (t,2,0) +ul (t, 2) + 20,ul 0 (t,2,0)
ub? =ub? (t,2,0) +uy 2 (t,x,2) + 20,uy (t,2,0) + éa‘gué’o(t,wﬁ)

satisfy the following linearized Prandtl equations:

(O 00y 05 0+ 05l Yl +ub 0y + 0, (P10 + 20,p0) = 2! (2.18)
2.18
Apul! +8.ub? =0.

Similarly, for any j>2, from the O(e?)—order terms of (2.6); one can deter-
mine pP7+1(t,z,2) uniquely provided that {ul’k(t,x,z)}kgj,l and {u2’k(t,x,z)}k§j
are known already. From the O(e?)—order terms of (2.6); and (2.4), (2.5) we deduce
that (u?7,ub7 1) satisfy a linearized Prandtl system similar to (2.18).

To solve the boundary layer profiles from equation (2.14) and (2.18), the boundary
conditions must be determined.

First, from the first condition given in (2.1)5 we have

uB|,—g=0 (2.19)

for all 7 >1.
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Substituting the ansatz (2.2) into the Navier boundary condition given in (2.1)s,
it follows that

B3t +ul) =a {0l 4 3ok Oy + 0.7} (220)
§>0 j=0
on {y=2=0}.

Now, we study (2.20) for two cases.
Case 1: a=e.

In this case, from (2.20) we immediately obtain

u11)70|z:0 =0
o (2.21)
lim, oo (uf —ul®)=0  exponentially,
and
u’l”j:%azu?f’j_l, on 2=0
o , (2.22)
lim, 4 oo (ul — kzo %%ﬁu{’rk) =0 exponentially
for all 7 >1.

Therefore, one concludes

CONCLUSION 2.1. The solutions (uf,p®) to the problem (2.1) with a®=¢€ formally
have the following asymptotic expansions:

e 2yl B.j
w§(tay) = ¥ e (ul (ta,g) +ul (1,2, )

j20
I 1, 13 B,j
ug(t,x,y) :u270(t7z7y)+ Z eé (u27j (t,l’,y)+u2 " (t,lﬁ,%)) (223)
j=1
pe(tay) =3 e2phI(ta,y)+ 3 e2pPI (e, X)
j=0 i

for rapidly decreasing (uP3,pB7)(t,2,2) in z— +oo, where
(1) (u!9,p!0) are solutions to the following problem for the Euler equations:

8tul,0 4 (’U,I’O . V)UI,O +Vpl,0 =0

V-ul0=0 (2.24)

1,0
Ug

y=0=0

and for all j > 1, (ul7,p"7) are solutions to problems for the linearized Euler equations
(2.8) and (2.3),

(2) the leading boundary layer profiles (u2° ub")=(ul®+ul® ud' +ud’ +

zayué’o) satisfy the following problem for the Prandtl equations:
Al +uP 9, ub 0 4l 9,uP 0 4 B, pT 0 = H2ub°
Dl +8,ubt =0

o iy (2.25)
uy im0 =1uy’ [:=0=0

lim, s oo (W2 —ul®)=0  exponentially,
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pB2(t,2,2) is uniquely determined by the equation (2.17), for all §>1, (ub7 ub7th)

with uPd =uBJ 4 Z = 8k -k satisfy problems for the linearized Prandtl equa-

tions similar to (2 18) with boundary conditions given in (2.19) and (2.22), and
pBIt2(t,2,2) are uniquely determined by equations similar to (2.17).

1
Case 2: a°=¢€2.

In this case, from (2.20) we immediately obtain

dub? — ubd =0, on z=0

(2.26)
lim, 400 (uf Z o 8ku1’j k) 0 exponentially

for all j >0.
Therefore, we deduce

CONCLUSION 2.2. The solutions (u¢,p¢) to the problem (2.1) with a¢ =2 formally
have the same expansions as given in C’oncluszon 2.1 except that the leading boundary
layer profiles (u’f’o,ug’l) satisfy the nonlinear Prandtl equations as given in (2.25) but
with the boundary conditions

u’;l:o, 8zuf’ofﬂuf’0:0, on z=0
(2.27)

lim, oo (uf™ — -0 {0) 0 exponentially
and the lower order boundary layer profiles (uf? ub7™) (j>1) satisfy the linearized
Prandtl equations as given in (2.18) with the boundary conditions (2.19) and (2.26).

REMARK 2.3. From the above discussion, in general when the slip length a=¢"
for a fixed > %, for the solution u¢ to the problem (2.1) we can deduce that the
boundary layer appears in the zero-th order terms of the expansion of u¢, and the
leading boundary layer profiles satisfy the boundary value problem (2.25), which is
the same as in the non-slip case [12]. Complete expansions of solutions can be derived
as well in a way similar to the one given in sections 4.1 and 4.2.

2.2. The case a*=¢ci. When o :ei7 we take the following ansatz:

u(ta,y) = ¥ et (ul (ta,y) +uP (t2, )

Jj=0
Y b (2.28)
pe(ta,y) =3 i (p™ (ta,y) +p7 7 (2, 7))
J=0

for solutions of (2.1), where u?(t,z,z) and pPJ(t,x,2) are rapidly decreasing when
z= % — +00.
Plugging (2.28) into (2.1)3, we obtain

V-uldi=0, Vj>0, (2.29)
and

LUy T =0Uuy T =0, mu7‘+zu)‘:7 j_a .
Dl =04l =0, 9,uPT+0,u37=0, vj>0 2.30
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which implies
ud? =ut =0, (2.31)
yielding
ud®=ub'=0, ony=0 (2.32)

from the boundary condition u$|y—o=0.
Plugging (2.28) into (2.1)1, it follows that

S A0l 4 uP )4 S ek 3 (0hF+uP ) Tl R ()0 )

/>0 j50 k=0
1 . 42 .
+> T 3 (uék +u2B’k)8zuB’J_k + et S (uék +uf’k)azuB’J“_’g
j=o =0 >0 k=0

) . B,j
FA 1,5 _1 0 _1 0 FA amp ]
+]§064Vp e <8zpB’0> et (azpB’l +]§064 d.pPit?

3 )
. ; , , ‘
= Y e102uBF+ 3 i (Auld 4+ 92uP T 4 920 B0t

k=0 7>0
(2.33)
Letting z — +o00 in (2.33), this yields
Ol 0+ (ul 0 V)ul 0+ Vpl0 =0
V-ul0=0 (2.34)
U;O y=0=0
and
oI + (uh0 -V yuld + (- V)ul 0+ Vpld = Ayli=t— S~ (ulF . V)ulik
1<k<j—1
Veuld=0
(2.35)

for all j >1, where we set ul'* =0 when k< —1.
By using (2.31), the vanishing of the order O(¢~2) and O(e™#) terms in (2.33)
implies that

9.p" 0 =0.p"" =0, (2.36)
which yields
pP=p”'=0. (2.37)
From the order O(e°) terms of (2.33), we obtain

Ay (ul 0+ uPO0) 4 (ul 0 445 0). Vul 0+ (W—i— ul )9, uPC + 20,u5 9, uB°

2
—_— _ ax B,0
—&-Z(U;k +u}23’k)5’zUB’2 P4 Vplo4 (8 pB,z ) =0uP", (2.38)
Py 2P



974 BOUNDARY LAYERS IN INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

whose second component reads as

Oyph0 +0,pP2=0

implying
pP?=0 (2.39)
by noting W:O from (2.34).
For any j >0, define
(5]
u® (t,z,2) =uPI (t,x,2) + Z %aguij—%(t,x) (2.40)
k=0

with 0!=1.
From the first component of (2.38) and (2.29), (2.30), we know that (u?°,u%?)
satisfy the following Prandtl equations:

Dud? +u?°9,u? +ud?9,u?’ +8,pl0 = 2u?’
(2.41)
dpud’ +8.ud* =0.

The vanishing of the order O(e%) terms in (2.33) implies that
_ 1
A(ull+uP )+ 3 {(uf’k—kuB’k) Vul TF 4 (ul* P )&cuB’l*k}
k=0

pBi1
—I—Zza u2k8 ub1- k—i—Z( +u2 )8 ub3- k—l—Vp“—i—(g Bg)zaguB’l.
= k=0

Obviously, the second component of (2.42) can be written as 242
,plt+0.pP3 =0, (2.43)

which implies that
pB3(t,z,2)=0 (2.44)

by using the fact d,pl>! =0 from (2.35) with j=1.
From the first component of (2.42) and (2.29), (2.30) we know that (u?',u%?®)
satisfy the following linearized Prandtl equations:

Aul +ud 9, u?" +ud !t 9,ul” +ud? 9 ut 4 ud? 0, ulC + 9,plt = 92ud"

(2.45)
dpudt +0,ud® =0,
From the order O(e?) terms of (2.33), we deduce

4

0 1 2 7% & _

(O +ud 0, ) u®? +ud Oputt +uf 8zuB’0+uq’2-VuI’°+§ ud D,uBAF
k=2

B2
+Vpl2+2V0,pl0 + (gwgm) =02 (2.46)
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By using (2.34) and (2.35), the second component of (2.46) can be written as
0.pP 4 = 02ul? — (9, +ul 0, + 1L 0. + 0,ul O ul? —uP 00, (ul? + 20,ul®), (2.47)

which determines p?*(t,z,2) umquely provided that u % and u2 2 are known already.
To solve (u?®,u%?) and (u?',ud?) from equatlons (2 41) and (2.45) respectively,
we need to study their boundary conditions.
First, from (2.1)3 we immediately have

q,J
Ug

»=0=0 (2.48)
for all j >2.
Substituting the ansatz (2.28) into the Navier boundary condition, it follows that
BY et (uy? +ul)=e 10?0+ oult 3T (9,ul? + 0077 (2.49)
720 Jj=0

on {y=2z=0}, which implies that

B,0
0,u7

z:OZO

Ozu .o =Buy® +uf°)|y=2=0 (2.50)

Bzu?’j zﬂ(u{”;l +u{3’j71) —8yu{’j72 on y=z=0, Vj>2.
Therefore, from (2.41) and (2.50) we know that
2O(t,2,2) —U1 0y B0
ug’2(t,x7z) = ué’z +uy? 420, uI 0
satisfy the following problem:
ud? +u?°9,u? +ul?0,ul’ +8,pT 0 = 2u?’

pud? +8.uL? =0

(2.51)
D uP’| o =ud?.—0=0
lim, 4 oo (ud” — u{ %)=0 exponentially.
By uniqueness of classical solutions to (2.51), it follows that
u‘f’o(t,x,z)zﬁ(t,x), ie. uP'=0, ul?=0. (2.52)
Substituting (2.52) into (2.47) and (2.45), it follows immediately that
pBA(t,z,2)=0 (2.53)
and
uPt bz, 2) =ul () +ul (2, 2)
(2.54)

ug’?’(t,:v,z):z:(?yu2 (t, x)+u2 (¢, m)+u2 (t,m,z)
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976
satisfy the following problem for the linearized Prandtl equations
) q,1 6 1,0 q,1 q,1 9 I1_92
dud +ul 9, ud + 20,ub C0 ult +ud 8u 04 9,plt =0%u
Dpudt +0,ul® =0
o (2.55)
Ug’g 2=0=0, azu1’1|z:0:ﬂu{’0(t7x)
lim, oo u?t =ul (t x) exponentially.
From the order O(e?) terms of (2.33) we get the following equation for determining
B,5 .
poo(t @, 2):
9, +dyuy)ud®. (2.56)

0.p"5 = 02ul® — (0, +ul 0, + (ub® + 20, ul
Similar to the above discussion, for any j>2, from the O(e%)—order terms of
(2.33); and (2.29), (2.30) we deduce that (u‘f’],ug’jH) satisfy a problem for the lin-

earized Prandtl equations as given in (2.55) with the boundary conditions

ud =0, 9u?? =pudi! on z=0
(2.57)
lim, 4 0o Z o 8k okl ) — exponentially.

From the O(e%)—order terms of (2.33)2 one can determine pB12(¢,2,2) uniquely
provided that {u?*(t,2,2)}r<;_2 and {ud"(t,2,2)}r<; are known already.
Therefore, we conclude:

CONCLUSION 2.4. The solutions (u,p¢) to the problem (2.1) with o€ = €3 formally

have the following asymptotic expanswns.

Pty + Y e (ul? (te,y) +ul (te, %)

ui(ta%y):ul , T,
j>1
(t T y): Zoeiu, O(t x y)—|— ;364(u2 (t T y)+ j(t,ﬂf,%)) (2 58)
J= j>
4 _ _ ‘
p(tay) =3 eipli+ 3 et (pli(t,2,y) + 9P (7, L))
j=0 j>5

ul 0. pl0) are solutions

for rapidly decreasing (u®9,pB7)(t,z,2) in z— +oo, where (
to the problem (2.34) for the Euler equations, for all j>1, (ul7 p) are solutions to

the linearized Euler equations (2.35), for all j>1,
B,j l5/2] k 2k
ul? (t,@,2) =uy (82, 2) + Z S Obul I (t,2,0)
=0 e (2.59)
ud? A (b 2) =ug 7 () + Z Sropuy 2 (1,2,0)

satisfy a boundary value problem for linearized Prandtl equations similar to (2.55),
and for all §>5, pP(t,x,2) are given by equations similar to (2.56) directly.
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REMARK 2.5. As in the above discussion, in general when the slip length a¢=¢”
for a fixed 0<y< %, for the solution u¢ to the problem (2.1) we can deduce that
the boundary layer appears in the order O(e!=27) terms of solutions, and satisfies
a boundary value problem for linearized Prandtl equations, but it still yields the

vorticity of flow being unbounded in the vanishing viscosity limit.

2.3. The case a=1. In the case a=1, we take the same ansatz as in (2.2).

From the boundary condition (2.20) with a®=1, we obtain

p,0 _
azul |z:0 =0

8Zuf’jfﬂuf"j71:0 on z=0, Vj>1

T Oy U

1imz—>+oo( Z " kg9 k) =0 exponentially, Vj>0.
=0

Thus, from (2.14), (2.19), and (2.60) we know that
WO (t,x,2) =uP Ot z)+u1 (t,x)
bt (t,x,2) =ul (b z)+u2 (t, :E)+2’8 ul¥(t,x)
satisfy the following problem:
Al +uP 0, ub 0 4l 9,uP 0 4 B, pl 0 = 92’
8Iu1’0+82u2’1 =0

8zul’O|z:O :Ug’l |z:0 =0

lim, 4 o0 (ulf’o — u{ 0) =0 exponentially.

On the other hand, from (2.7) and u}°|,—o =0, we have

(et uf 0, )ul® + 8, pT 0 =0.
So, by uniqueness of solutions to (2.61), we deduce
uP O (t,x,2) =ul (t,2,2) =0.
Substituting (2.63) into (2.17) and (2.18) respectively, it follows that
pP2(t,z,2)=0

and

Wtz ) =uP (b, z)—i—u1 (¢, x)—l—za ul®(t,x)

Ul (t,x,z) =u (t x z)+u2 (t, x)—l—za u2 L, )+§a§u§’°(t,x)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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satisfy the following problem for the linearized Prandtl equations:
bt fup w09 Ll 4 20, ub 9,ub%0 bt b L9,ul? u;? + 8, ( L4 20, pls 0) O2ub?

1 2
Opul”” +0,ub" =0

8Zul’l |z:0 = ﬁu{’o(t,x), u12)’2

z:OZO

. 11 o I0 .
lim, 4 oo (uf’l —ul! —zﬁyul’()) =0 exponentially. (2.65)
The vanishing of the second component of the O(e)—order terms in that (2.6)

implies

— 22
(8t+u{’08z—i—zayué’oaz—i—(?yué’o)( —l—u2 ? 4 20,uf +28§u£’0)

2
z
+282 10( Jrza ul 0)+ayp1,2+23§p1,1+?35p1,0+8zp3,3

_82 04 o%uf (2.66)

which gives rise to

aZpB,B _ (83 ) 7@62 _ Zayué’oaz — 8yu£70) UQBQ (2.67)
by using
oFpl 0+ (6t +30yu§’0) O2uy” +uy " 0: 03y +20,ui 02, uy =0,
2pT i+ (8t+28y“§’0) Dyuy +uy 03 uy” +uy 02 uy” =0
and

Byp" 2+ (O -+ ul °0, + 0,0l ) uf? = O3ul®

derived immediately from (2.7) and (2.8).
Therefore, one concludes

CONCLUSION 2.6. The solutions (u¢,p®) to the problem (2.1) with a¢=1 formally
have the following asymptotic expanswns.

u§ (ta,y) =i (ta,y) + X e (ur (Lay) +ur (62, 22))

]>1

us (t,z,y) = (ul® +e2ul®) (¢, z,y) + gzez(% (t,,y) +ud (,x,%))

peta,y) =30 exptI(tay) + 1 €2 (" (tay) +p2 (te, 1))
7=0 7>3

for rapidly decreasing (WP, pBI)(t,x,2) in z—+oo, where (ub' ub?)=

+u1 —l—za u Z 2 8’“ 12 k) satisfy the problem (2.65) for the
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linearized Prandtl equations, and pP3(t,x,z) is uniquely determined by equation
(2.67).

REMARK 2.7. Similar to the above discussion, one can deduce that when v <0,
the amplitude of the boundary layer is at most of the order O(e%), which yields that
the convection term (u€-V)u€ is uniformly bounded in e. By using an approach similar
to the one presented in section 3, one can justify rigorously the asymptotic expansions
of solutions (uf,p) given in (2.68) in the vanishing viscosity limit. Rather recently, in
[4] Iftimie and Sueur studied this expansion up to the order o(ez) in L (0,T, L*(Q)).

3. Stability of boundary layers with unbounded vorticity

In this section, we study rigorously the asymptotic behavior of solutions to
the initial-boundary value problem for anisotropic Navier-Stokes equations with the
Navier friction boundary condition for the vanishing viscosity limit.

Due to the degeneracy of the Prandtl equations, it is a challenging problem to
rigorously justify the formal asymptotic expansions of solutions obtained in section
2 for the vanishing viscosity limit in the Sobolev spaces, except that one can verify
these expansions when the data are analytic in the frame of the abstract Cauchy-
Kowaleskaya theory as done by Sammartino and Caflisch in [15] in the case where the
velocity field satisfies the non-slip condition on the boundary.

As we shall see, the crucial point in rigorously justifying the formal expansions of
solutions obtained in section 2 in the Sobolev norms is estimating the convection term
u®-Vu® by the viscous term in the Navier-Stokes equations. To do so, in this section,
we shall first study a problem similar to (2.1) in the case where the slip length a¢ =e#
with € being the vertical viscosity, and the horizontal viscosity vanishes as well when ¢
goes to zero. As we have seen, from the formal analysis given in section 2, even though
in this case the boundary layer profiles satisfy a linearized Prandtl system, but the
vorticity of flow in the layer is not uniformly bounded in ¢, and the convection term
is unbounded as well. In order to control the convection term by the viscous term,
instead of (2.1) we study this problem for the anisotropic Navier-Stokes equations
with the horizontal viscosity being €z. The vanishing viscosity limit problem for the
Navier-Stokes equation with the Navier boundary condition for general anisotropic
viscosities will be considered later.

The anisotropic Navier-Stokes equations are widely used in geophysical fluid dy-
namics as a mathematical model for water flows in lakes and oceans, and also in the
study of the Ekman boundary layers for rotating fluids; see [2, 13].

Similar to that mentioned in section 1, for simplicity of presentation we shall
mainly study the problem in the two-dimensional half space, though it is not difficult
to generalize our discussion to the problem in a smooth bounded domain in IR" (n=2
or 3). Consider the following problem:

Apu + (uf - V)us + Vp© = €2 92u¢ +ed2uf, t>0, (z,y) € R%

V-ut=0, t>0, (x,y)G]Ri
(3.1)

1 9ug
us=0, pPuj—e1 87;1:0, on y=0

u6|t:0 :Uo(x,y),

where (3 is a positive constant.
For the solutions (u€,p®) of (3.1), by taking the same ansatz as (2.28) one can
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formally derive problems for all order profiles in a way similar to that given in section
2.2, and conclude that

CONCLUSION 3.1. The solutions (u€,p¢) to the problem (3.1) formally have the
following asymptotic expansions:

uf(t,x y)—u1 (t,z y)—|—e4u{3 1( ,L%)—&— ;e%(u{’j(t,x,y)—&—uf)’j(t,m,%))
3>
us(t,2,y) =uy (t,y) +e2ub(tw,y) + X €t (ug” (ta,y) +us (to 7))
j>3
4 . _ _
pe(tay)= 3 eiphI(tay)+ 3 €t (ph (tay) +pP (L, )
j=0 j=>5

(3.2)
for rapidly decreasing (u®7,pP7)(t,x,2) in z— +oo, where (u''0 p!0) are solutions
to the problem (2.34) for the Euler equations with u'®|,—o=wuo(z,y), pI'' a constant,
for all j>2, (u!9,pl7) are solutions to the following problem for the linearized Euler
equations:

atuf,j + (ULO . V)ul’j + (uI»j . V)UI’O + vpf,j
=2yl —2 +8§ul’j_4 - Y (ubF-v)ulik

‘ 1<k<j—1
V-uld =0 (3.3)

1,5 +o0 B,j—
u2j|y:0=—f0 Oz uj / 2(t7xa§)d€

uLj |t:O = 03

and for all j>1, u?’j satisfies the boundary value problem for a linear degenerate
parabolic equation:

10 999 0P+ 9 a0 B B j
Auld +ul°9,uP 4+ 20,ul 0.0l + 8,ulCulT — 92ub = f]

azulB’jZB(F'FUlB’jil)_W? OH{ZZO} (3 4)

lim, 400 uf”j (t,z,z)=0 exponentially

u?7j|t=0:0

where

i=1 [ [5] _
B n I,k— B,j—k B,k B k i
ff 32 J—2 Z <Z %az (@’}Ul’ 2nu1 5J >+ h a 2J— > *a:ch’]
k= n=0

=815l . goilE
n 1 Ik—2n B,j—k T,k+2—2 =k
_k20n21%85+ Uy nu2 ! _kz_: z_: ZrT y U2 "0.u i
uzB’j+2 1s gwen explicitly by
uBit2 _ +OO(:) B,j d
2 (t,.’L',Z)— :L’ul (t7$7§) 6 (35)
z

and for all 5 >5, pPJ(t,x,2) is given by

) +oo
pBi= / Ji (b, €)de, (3.6)
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where

(5]

j B.,j—2 B,j—4 g-2 " on. Lk—2n | Bk B,j—k—2
f3= 05 2 4 2y T = Oy 22 Er0yuy” T g Oy
n=0

]

ol

]

. k
j=3 2

j—5
2" an I,k—2n B,j—k—2 2" n+1 Ik 2n B,] k—2
Zr0:00uy " Uy Z Z Zro Uy

0 k=0n=0

(]

5] & —— .
I,k—2n B,k B,j—k

Z % Oy, +ugy )azuz .

R
||

”MCL i
i “H

Now, let us justify rigorously the above expansions (3.2).
First as in [4], for the problem (3.1) we have

PROPOSITION 3.2. Assume that ug € L*(Q) with V-ug=0. There ezists a global
weak solution u® € CY([0,+00),L?(2))NLE .([0,+00),H () to (3.1), moreover, we
have the estimate

us (#)]|22 +2€ [ [ 0pu (7)||22d7 +2¢f, |Oyus (1) ||22dr 57
3.7
126 [1 [, Blug|2dadr < ||ug|2.

for all t >0, where ||- ||z denotes the L2—norm on Q= {x € IR,y >0} with the bound-
ary 0Q={y=0}.

REMARK 3.3. The estimate (3.7) can easily be obtained by multiplying equation
(3.1) by u¢ and integrating over Q2. When f is non-negative, from (3.7) the a priori
bound follows for u¢ in the space L>([0,400),L?(2))N L% .([0,+00), H'(£2)). As noted
in [4], even if 8 is not non-negative (3.7) also implies an a priori bound for u€ in the
space L7° ([0,+00),L%(Q))NLE .([0,400), H!(2)). Indeed, the boundary term in (3.7)
can be estimated as

[ Bluifds ==t [ 0,(8jui P)dady > ~Cet O]~ 50,0 O -

Substituting this estimate into (3.7), it follows that
t
||U€(t)||%z+/ NV (22| 0u (7) I +el|yu (1) | 72)dr < eV fuollZ2 (3.8)
0

for all ¢>0. The existence of weak solutions to (3.1) can be obtained by using the
argument of Theorem 3.1 in [4].

For the asymptotic behavior of the solution u¢ when € goes to zero, first, similar
to [4], we have:

PROPOSITION 3.4. Assume that ug € H*(Q2) with V-uo=0 for a fived s >2 and let
uP e C([0,T],H*(2))NCL([0,T],H*~1(Q)) be a unique solution to the initial-boundary
problem for the Euler equations (2.34). Then, for the solutions u® to (3.1), we have

€ =] oo (0,72 (2)) = O(€¥) (3.9)
when € goes to zero.

Proof. The proof of this proposition is similar to the one given in [4]. For
completeness, let us sketch the main ideas.
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Set 4€=u¢—u" and p¢=p°—p°. From (3.1) and (2.34) we know that (uc,p°)
satisfy the following problem:

Dyt + (u® - V)i + (i@ - V)u + Vi — €2 2us — edZus =0

Vi =0

(3.10)
U5|y=0=0
@10 =0

Multiplying the equations in (3.10) by @€ and integrating in space variables, it
follows that

1d

5%“116(75)”2,:2 —|—/Q1ZE-(11€-V)u0dxdy=/(e%ff-6§u€+6ﬂ6~8§u6)dxdy. (3.11)

Q

Obviously, we have
[y == [ ovit-duudndy < 510 ()~ 10" 1))
and
Jouc - Oiucdady = — [, 0,0 - Oyucdady — e Joq Bususdz
< =310, a (O)]F2 = 10, (1)|[72) — €3 [ Bt ufda

by using (uf — et )]0 =0.
On the other hand, we have

|77 [yq BuSusde| = €3 [o & (Busus)dadyl
< Cre 5 [as () s (15 ()] 2 + [ (6) | 112)-
So, from (3.11) we deduce
@ @132 +e2 0,507z + €0, (1) .2
< 2C1€3 [ ()| (1185 (1) 2 + [ ()| 22 ) + 20V (8) | o< 13 (8)][3 2 + 262 [[u® ()35

which implies

t t
1(t)[17.2 SC26%/ IIUO(T)IlfpdTGXP(CzHCs/ IV ()| L= d) (3.12)
0 0
for all 0<t<T.
From (3.12) we immediately conclude the estimate (3.9). d

REMARK 3.5. If the slip length and horizontal viscosity in the problem (3.1)
are generalized as €7 and €’, with 0<~y < % and § > 0, respectively, then by the same
approach as above we can obtain

in(L_~. &
||u€_u0||Loo(0’T;L2(Q)):O(Emln(; 7’2)) (3.13)
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under the same assumption as in Proposition 3.3. In particular, the case y=0, 6=1
is the one studied by Iftimie and Sueur in [4].

We are going to justify rigorously the asymptotic expansions (3.2). For simplicity,
let 8 be a positive constant in (3.1). Suppose that for a fixed s>18, uge H*(Q)
with V.49 =0 and up2=0 on {y=0}. Then, from the problems of profiles given in
Conclusion 3.1, it is easy to have

ul*en?_,Ci([0,T],H**77(Q)), 0<k<10
up €2 C([0,T], H*"*-%-1(Q)), 1<k<10 (3.14)
uyt €2, CI([0,T), H*"*-%(Q)), 3<k<12.

Denote (u®*,p?%) to be

upe (b w,y) = Zewl (1) + 3 eEulH 1,0, )
k_l

ug (t,w,y) = Z eTul T (t,x,y) + E evul k(t,x,%) (3.15)

o (trg)= 3 A ph () + 3 eipPh(ta, X)
k=0 k=5

the approximate solutions to (3.1), where all profiles are given in Conclusion 3.1, and
let the solutions of the problem (3.1) have the expansions:

us(t,@,y) =us(t,z,y) + €1 RE(t,2,y)
N (3.16)

pe(t,x,y) =p“(t,z,y) +et n(t,z,y).
Then, from Conclusion 3.1, we know that (R, 7€) satisfy the following problem:
O R+ (us- V)R + V€ — (€292 +€02) R + (R V)u* = F*
V-R¢=0
Rsly=o=—(uy " +eiug ) (t,2,0) (3.17)
BRS —ei BBIZ =0, (ul " +eiul?) = Be i (ul 0 +ul'), on {y=0}

R6|t20207

where F¢ is bounded in the space L>(0,T;H:~14(IR%))NWL>=(0,T; H:~19(R?))
with the norm

1M oo 0,75 112 (2 2) = J2ax, Z ”6;?1(\/an)a2FE(t)”%2(Ri)
lal<s

By constructing R € N2_CI([0,T], H*~12%(IR?)) satisfying
VR =0

Es|y:():_( B11+ ‘ll’LLB 12)(15,1;70)’
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we know that R = R — Re satisfies the following problem:
O R+ (uS - V)R +Vrt — (202 +€02) R + (R - V)u? = F*

V-R°=0
, (3.18)

1 9RS
Rs=0, BR;—et%l

:Te(tam)v on {y:()}
RE'tsOZOa

where we have dropped tilde mnotation for simplicity, rezO(e‘i) in
s— 2T g— 3L

Lo(0,T;H. ™ 2 (R))NWL>°(0,T;H.” * (R)), and F=0(¢ i) in the space

L0, T; H:14(Q)) nWhee(0,T; HE~15(0)).

PROPOSITION 3.6. For the solution R¢ to the problem (3.18), we have the fol-
lowing estimate:

T
SupTIIRE(t)Iliz +/O (Vellos R )17 + el 0y RE(t)I72)dt < Ce 2. (3.19)

0<t<

Proof. Multiplying the equations in (3.18) by R and integrating on €2, it follows
that
1d € 2 € € €,a
——||R°(t)||72+ [ R-(R°-V)u"“dzdy
2 dt o
—/ Re- (6%85 —l—e@;)Redxdy:/ R F¢dxdy. (3.20)
Q Q
Obviously, by using the boundary conditions given in (3.18), we have
/Re-(e%a§+ea§)REdmy:—6%||afo(t)||2Lz —lo,Re(1)]12
Q
—ei [ BIRS (t)\zd:v—i—e%/ Rirfde.  (3.21)
oQ o0

It is easy to show that

—e%/ ﬁ\Ri(t)\zdz—Fe%/ Rir¢dx
0 o0

€ € € 1 €
< 5H3y31(t)|liz ORI (B[22 +Ce2 (1) 122 (o0 (3.22)

On the other hand, by using (3.14), the divergence free part of R, and R$|,=o=0,
we obtain

[ # (Re.V)ue’“dxdy‘ < LR +
Q

e d / R;Riazu?’ldxdy
Q

SCL|IRE (1)1 22+ Coet | RS (1) 12|05 RS [ 12 (3.23)
Plugging (3.21), (3.22), and (3.23) into (3.20), it follows that

d € i € €
TR @7z +e2 0B @) 172+ el 0y R (1|72

<SC(IRONZ2 +IF DN +e2 [l (072 00): (3.24)
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which implies the estimate (3.19) by using the Gronwall inequality. o

PROPOSITION 3.7. For the problem (3.18), we have the following estimate for
8tR€.'

3

T
sup [ R (D) + / (Vell a0 R (1) 3 + €0, 0 R (1) [32)dt < Ce 3. (3.25)
<t< 0

Proof. From (3.18), we know that 9, R¢ satisfies the following problem
Ot(0eR)+ (us - V) (9 R) + YV (9y7€) — (€302 +€02) 0, R + (9, R) - V)us®

+(0pu - V)R + (RS- V) 0pus® = 0, F©
V- (8.R)=0 (3.26)

O R5=0, BORS —6%78(%55) =0r(t,z), on {y=0}

8,;R€|t:0 = 0

Multiplying the equations in (3.26) by 0;R¢ and integrating on €2, it follows that

1d
5 IR DI+ / R (DR -V )u + (Oyu - V)RS + (R - V)0 )dudy
Q

- / OiR - (¢2 0%+ €02)9, R durdy = / R -0y Fdxdy.  (3.27)
Q ‘ Q
As in (3.21), by using the boundary conditions given in (3.26), we have

/ OuR* (202 1 ¢02)0, R drdy =€} |0,0, R (£)|22 — 19,0, R (8) |2
Q

—e%/ ,3|atR§(t)|2dx+e%/ 9, RSOyreda.
o0 o
(3.28)

and

—ei | BIO,RS()Pdz+et | 9,RSOrcda
o0 o0

€ € € 1 €
< 51050 RI@)IIZ: + CIORI(#) 172 +Ce? [0 (D72 002 (3.29)
By using (3.14), the divergence free of R and R§|,—o =0;R5|,=0 =0, we obtain
| JOuRE - (0, RE - V)usdrdy| < C1||0RE(t)|22 + e~ 7 [, 0, R50, R§D,uy " dady|

< C1[|0RE(t)][32 + Cae (|0, RS (1) | 21| 0: 00 RS | 12
(3.30)
and

/ Oy R° - (R*- V)atue’“dxdy‘
Q

< RO ROl o +le [ DRS00 dndy)
Q

<G[0 (1) 2 | R ()| 12 + Cae 3 |9 RS (1) 210 RS | .2 (3.31)
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On the other hand, we have

/ O R (3tu€~V)Redxdy‘
Q

/ R (0p(u*+ €7 R -V)Redmdy’
Q

<C5|[VR (1) 20 R (1) 2+ |V R| 2 ]|0n B[
<G| VR O)||12 |0 R ()12 +€ 7 | VR 2|9 B || 2 |0 RS | 111
€ € 3 € € €
< IVOR Lz + Co(e® VR L2 + DI 0B 72 + [ VR - (3.32)
Plugging (3.28)—(3.32) into (3.27), it follows that
d 9, R¢ 2 i 9.0, R¢ 2 9. 0, R¢ 2
IR L2 + €2 1020 R (1) |12 + €ll 0y O R (2) |72

§ € € € €
<O7(e3|| VR 22 + 1) |0, RE(122 + | VRE|[22 + | RS (1)]|2
HIOF ()13 + €2 10 (D) 132 0y (3.33)

which implies that
T
sup HatRe(t)llinr/ (Velloz 0B (1) 172 + €| 0y 0 RE (1) |72 )t
0<t<T 0

T 3 .
< [ el ot TR i R 1)+ | RO
0

1 €
HIOF ()17 + €2 1|07 (1) 172 (o0 It (3.34)

By using (3.19) in (3.34), the estimate (3.25) follows immediately. |

Similarly, by differentiating the problem (3.18) with respect to the z-variable, and
using the same argument as above, we can conclude

PROPOSITION 3.8. For the problem (3.18), the following estimate holds for 0, R¢:
T 3
sup [0, R°(1)]| 2 +/ (VelloZR (D172 +ell 0y 0n R (D) 72)dt < Ce™2. (3.35)
0<t<T 0
Finally, let us study the estimate for &2, R¢. For this, we obtain

PROPOSITION 3.9. For the problem (3.18), we have the following estimate:

T
Oiltlnglasze(t)lliﬁ/o (Vellow 07, RE(8) |72 +€l| 0,07, R (#) [ 72)dt < Ce™ 3. (3.36)
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Proof. From (3.18), we know that 07, R satisfies the following problem:
DuO2, RE) + (u - V) (92, R) £V (D2,m) — (¢4 02 + €02)02, R+ (03, ) - T )ue
F(02,u - V)R + (8yus - V)9 RS+ (Opus - V), RE
(RS- V)O2uc + (0, RS- V)Oyussd + (0, RE - V) Dy = 92, F
V(07 R) =
02, RS =0, B@QIRG —61M =02 r¢(t,x), on {y=0}
02, R¢|j—0=

(3.37)
Multiplying the equations in (3.37) by 82, R¢ and integrating on (2, it follows that

2dtH82 RE(t)||32 — /82 R -( 628§+68§)3fogdxdy

= / 02 R®-02 Fdxdy — / O R {(05, R -V u " + (0, R - V)0,u" + (0, R - V) Opu™"
Q

+(R-V)O7,u 4+ (05,u - V)R + (9u’ - V)0, R + (0u - V)0, R } dady. (3.38)
As in (3.21), by using the boundary conditions given in (3.37), we have
Jo OB R ( 628§+68§)83$R6dxdy— —e2]|0,02, R (1)||2, — €]|9, 02, R (1)

—et Joo BlOZRi(t )[2dz + €t oo, 02 RS 02,1 d:
(3.39)
and

%/ BlO2, RS (t |2dx+e%/ 02 RS2 reda
o0
€ € € l €
< 510507 BRI @117 + CullO R ()72 + Cre 057 (D)1 72 00 (3.40)

Now, let us estimate each term in the last integral of (3.38). By using (3.14), the
divergence free part of R, and R§|,=0 =0, we obtain
| Jo, 02, Re - (82, R - V)usdady| < Cs||02,RE(t)||22 + e~ 7 [, 07, R0%, Rs 0. uy ' ddy)

< Col| 02, Re (1) |22 + Caet |02, RS (1) | 121002, RS | 2,
(3.41)
and

/ 07, R-((0 Re~V)8wu€’a+(8wR€-V)@tue’“—i—(Re-V)afzue’a)dxdy’
< Cul|0Z, R ()| 12 ([0 R (1| 22 + 102 R (1) | 2 + | R () £2)

_1
1

/ 02, RS (8, R50% uP' + 0, R50*uP ' + R50,0% u )dxdy‘

< CallO ROl 2 (10 R (8)] 22 + 10 R (1) | 2 + 1R (2) ] 2)

+C5€3 (|07, R (1) 22 (105, R ()| 2 + 102 RS () |22 +[|10: RS (B)[|22)- (3.42)
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On the other hand, we have
‘ / 2 R-( 3QIUE~V)REd:cdy‘
‘/82 R ( ”+el4lRE)~V)R€dxdy‘

< Cl|VR(0)|| 2107, R ()| 2 +€ T |V R 12107, R .

< Col| VR ()| 22107, BE () | 12+ €% [ VR 12107, R 12107, R | 0

€

€ 3 € € €
< IVOLRNL + Cr(e2 | VR + D07, ReN 7 + | V|72, (3.43)

OO

/ 92, R (0 uE-V)atRedxdy‘

/ 92 R ( 6’“+el41RE)-V)6tREdmdy‘
< Cs||[VOR(t)| 12|07, R (t)|| .2 +6%HvatRE”Lz||8152Q:RE”L4||8zRE”L4
< Cs|[ VLR (#) | 1 192, RE (1) 2
T Coct VO R 12 102 BN 2 108, e B 100 B 2 00 BN
< Cs||VOLR (1) 12|07, R (t) || 1.2
+Croe ¥ VLR 12 02, BN 22 102, R 2 10 R s

< SIVOE R+ Cun(R 0o e s + DIOERENZ + VAR 32, (344)

and

02 R ( 8tuE-V)8xR€da:dy’
Q

‘/ 2R ( Ev%eTRG)-V)aszdxdy‘
< Cha| VO R (1) 2|02, RE(t) | L2 + €% | VOu R 2|07, B | s 100 B[ s
< C1a|| VO R (1)]| 12 |07, R (1)l 2

+C13€ T ||V, RE| 12 07, R\ 2 107, BEN 2 0 REN| 72 106 RE N 21
< Ci2|| VO, RE(8)|| 12 |07, R (2) | 2
z € € % € % € %

+014€3 ||V, R 12|07, R\ 22 07 B | 711 0. RE | 71

€ € ) € € €
< SIVOLRT: + Cus (€2 |0 RE [ + D107 B[ 72 + [ VO B[ 72. (3.45)
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Plugging (3.39)—(3.45) into (3.38), it follows that
LR R (1) + 21002 RO + el 0,08 RO
< Cio(€2 ||V R + €3 (| Voo R + D05 R 72 + VR0 R 72 + [ VO R 72

HIVO R 22 + RO I72 + 105 F ()72 + €2 05,7 (1) |72 00 (3.46)
which implies that

T
S, \|5‘2-R€(t)lliz+/0 (Vell 0207, B (4) |12 + €l 0, 0, R ()2 )t

< [ e en TR oIS RO 00 1 R 0,000 s+ IR O

€ € € 1 €
HVOLR(®) 172 + | R (B)II72 + 107 (D)1 72 + €2 107, ()12 00 dt- (3.47)
By using (3.19), (3.25), and (3.35) in (3.47), the estimate (3.36) follows immedi-
ately. 0

Finally, by combining the estimates given in Propositions 3,6, 3.7, 3.8, and 3.9,
with the classical Sobolev embedding theorem,

IR < CUIRIZ2 +10: RS, V|72 + 1|07, R, 07, R, 02, Re| 1> + 110007, BF[72),

and with ||-||z2 being the norm in L?([0,T] x IR ), we obtain
PROPOSITION 3.10. For the solution R¢ to the problem (3.18), we have the
estimate

€ _T
R ||Loo((o,T)x1R3) <Ce 1. (3.48)

Thus, from the representation of solutions given in (3.15), we conclude:

THEOREM 3.11. For the problem (8.1), suppose that the initial data ug of (3.1)
belongs to H*(QY) for a fived s> 18, with V-ug=0 and up2=0 on {y=0}. Then, in
L=((0,T) x IRZ) we have

3 . . .
ui(ta,y) =up () + 3 ek (u? (Gay) +ur (te, 7))+ 0 ()
i=
3 i I,5 3 B,3
ug(tvxvy): Z€4u27j(t7x7y)+64u27 (t,l‘,%)—&-O(e) (3'49)
7=0
3
P (ty) = X i (tay) +0()
=

with all profiles being given in Conclusion 3.1.

REMARK 3.12. For any fixed J >4, under certain compatibility and regularity
assumptions on initial data one can similarly conclude

s (tarsy) =l (t,y) + 3 ek (Wl )+ u b, L) +0(eF)

Jj=1

us(t,z,y) = Ze% () + Y eF (uy? (ta,y) +us (to, ) +0(e7F) (3.50)

e

Ptay) = 32 e plI (1) + 33 4 (019 (1) + P (t., 5) +0(e )
=0 j=5
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in L>=((0,T) x IR%).

4. Remarks on some general cases

In this section, we are going to sketch the main idea for generalizing the above
discussion to the case that the slip length €1 in the problem (2.2) is replaced by €Y
for a fixed 0<7<%.

4.1. The case ¢ for a rational number 0 <~y < % Consider the following
problem in {¢,y >0,z € R}:

Dpus 4 (u - V)u + Vp© =€ 727 02u + edus

V-u=0

uhly=0=0 (4.1)
€ Ouf

(Bui _6737;)‘@/=0 =0

ueh:O::uo(x7y%

for a rational number 0 <y < %
Let r>0 be such that =2 and b= 217 are co-prime integers. Take the following
ansatz for the solutions to (4.1):

M@%w=§¥ (! (t,2,) +u (tx, 7))

P ()= 3 € (ph (o) +pP (1, L)),
j=0

(4.2)

where uB (t,2,2) and pP+ (t,x,2) are rapidly decreasing when z = % —400.
Plugging (4.2) into (4.1)s, it follows that

Vouldi=0, Vj>0
o.uli =0,  Vj<b—1 (4.3)
el 4o, ul =0, Vj>0
which implies that
ub 7 =0, ub’|,—0=0, Vj<b-1. (4.4)

Plugging (4.2) into (4.1); and (4.1)4 respectively, it follows that

3 P W) S ORI

7>0 7>0 k=0

b—1 J Jj+b

+Zerj_%2(u£’k+u2 )0 uP~ k+z ”Z F Yo, u Itk

§=0 k=0 j>0 k=0

+2_7Vp »J+Z v <8p J)JFZ ”<8;pa+b)

7>0 7>0

2b—1
_ Z TkaQ Bk Z 14+7r(j—2a) 82 ,j+uB,j)+Zel+rj(a§uI,j+aguB;j+2b) (45)

>0 3>0
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and
ﬂZeTj (u{’j —i—u?’j) =" Zerjayu{’j + Zerj_%azuf)’j (4.6)
Jj=0 Jj=0 Jj=0
on {y=2z=0}.
Set
[3/0] Lk
g _ . By Yo
uPl (tz,2)=u ](t,x,z)—i-zﬁ@;julﬂ bk, (4.7)
k=0

From (4.6) we immediately obtain

d.ul|,—9=0, Vj<b—a—1 8
(OuPT — Bub =) _y=0, Vj>b—a. .
From (4.5) and (4.8), we can deduce that
P (t2,2)=0, Vj<b—a—1 (4.9)
which implies
uy (t,x,2)=0, Vj<2b—a—1 (4.10)

from (4.3)s.

The vanishing of the order O(e"(*~®) terms in the first component of (4.5) implies
that u’l”b_“(t,a:,z) satisfies the following problem for a linear degenerate parabolic
equation:

b—a

s 1,0 ,b—a b—a 1,0 1,0 b—a
Ouy” M Huy Oy U AUy C0puy F 20 Uy 0 uy

b—a—1—F——
1.k Tb—a—k — b—a
+ Y u0u) +0pplt= = 02uf
k=1

(4.11)
6zu]19’b_a|z:O :ﬁu{ﬂ
. b—a I,b—a .
lm, oot (82, 2) =uy” “(t,2) exponentially.
From (4.3), we immediately get that u2’2b7a(t7x,z) satisfies
Db 4+ 9 ul T =0
N (4.12)
ug’ 7a|2:0:0.

The vanishing of the order O(e"(?*~®)) terms in the second component of (4.5)
gives rise to an equation for determining p?3*=%(¢,z,z) by using uf’b_a and u2B’2b_a.
Similarly, for any j >b—a+ 1, from the O(e"7)—order terms of the first component
of (4.5) we deduce an equation for solving u¥/. Then, we can determine u57*" from
(4.3)3. The vanishing of the O(¢"Ut?))—order terms of the second component of
(4.5) gives an explicit formula for determining p®+7+2b(¢,x,2) by using {uf’k}kgj and

Bk
{uy " e<ito-
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In the same way as in the proof of Theorem 3.11, for the problem (4.1), we can
conclude

THEOREM 4.1.  For the problem (4.1), under certain assumptions on the regu-
larity and compatibility conditions on the initial data ug, the solutions to (4.1) have
the following expansions:

ot Lk Tk Lo T B,j J
uithzy)= 2 ettty + 3 T bry)turt e, ) ol
= j=b—a
2b—a—1 5 Lk J T B J
us(t,z,y) = ruy” (tay)+ X € (up (La,y) Fuy Y (G, ) +o(e)
k=0 j>2b—a
3b—a—1 J . . .
pltay)= > FphF(ta,y)+ eI (p" (t,x,y) +pP (t,x, 22)) +o(e")
k=0 j>3b—a Ve

(4.13)
in L*((0,T) x ]R?&-) for a fixred J>1. Moreover, the first components of the boundary
layer profiles

L/8 g
4 ; 2
uPd (t,m,2) =uPI (ta,z)+ > o Oful-d—bk
k=0

satisfy linear degenerate parabolic problems similar to (4.11) when j >b—a, the second
components are explicitly given by the problem (4.12) for all j >2b—a, and for all j >
3b—a, pPI(t,x,z) are given explicitly by {ul’k(t,x,z)}kgj_gb and {uQ’k(t,x,z)}ij_b
as in (3.6).

4.2. The case €” for a irrational number 0 <y < % Consider the following
problem in {t,y >0,z € R}:

Dpu -+ (u - V)us + Vpt = =2102u" + cut

V-uc=0

W5ly—0 =0 (4.14)
(Buf — € G )ly=o =0

uli=0 = uo(z,y),

for a irrational number 0 <y < %
For the solutions to the problem (4.14), we take the following ansatz:

u(tay) = u(ta,y) + 3 e (Lay) okt )
k>1 Ve
+ 3 TRk () +uE (L, )

k>1 ve

e )
N k
pe(ta,y) = (tay) + 3 e (o () +pF (e, )
E>1

+ 3 eGIR (LR (b z,y) +pBok (t, L)
E>1 Ve

+ 3 €2 (LI (tx,y) +pBRI (82, L)),
j>1 Ve
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where all profiles with the index “B” decay exponentially when z= % — 4-00.

From the following discussion, one can see the motivation for taking the ansatz
(4.15) is that first the term u® 1(t , ) is to cancel Bu in the Navier boundary
condition, secondly, the term v5B:1(t,x, ﬁ) is to cancel 9,u in the Navier bound-

B,1,1(

ary condition, thirdly, the term w t,x, \/E) is for satisfying the divergence free

Bll(

condition associated with u?!(¢,x, ) fourthly, the term p t,x, \/) in the pres-

Bl

sure is to to cancel the second component of the equations for w t,x, \[) and

finally all higher order terms come from the nonlinear interaction in the Navier-Stokes
equations.

Now, we are going to describe how to determine each order profile in (4.15) step
by step.

First, by plugging (4.15) into the divergence free relation, we get that the vanish-
ing of the order O(elz="*~2) terms for each k> 1 implies that

d.ul* =0, (4.16)
yielding
Bk _
uy " (t,x,2) =0, for all k>1. (4.17)

Therefore, the vanishing of the order O(e(%_'y)k) terms for the second component
of the equations in (4.14); gives

9.p5 k1 =0, (4.18)
which implies that

pBRL(t x, 2)=0,  forall k>1. (4.19)

Obviously, the vanishing of the order O(e(z=71*~2) terms for the second compo-
nent of the equations in (4.14); gives

d.pBr =0, (4.20)
which implies that
pBF(tx,2)=0, for all k> 1. (4.21)
The divergence free condition implies that
divul = divelF = divu!* = divw’*7 =0 (Vk,j>1)
821)5’1 =0
v L 0P T =0 (VE>1) (4.22)

pulF Lo, wBM =0 (VE>1)

Qpwp ™ + 0wy T =0 (VE,j>1),



994 BOUNDARY LAYERS IN INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

which leads to

Uf =0
vy M (ta,2) = [ 0,00 (82, €)de (Vh>1)
(4.23)
wQB’kltxz =/ pul T (t,x,6)de  (Vk>1)
wy T 2, 2) = [0 0wy (L, €)dE (VE,j>1).
By a direct computation, we have
Bu] — €7 Oyus
=Bul —d.up ! — € (Byul + 807"
IR ) -0
k>1
te? (ﬁ(v{’l +UF’1) —6yu{’1 — azwf;’l’l) + Ze“’+§ ((%v{’k +8Zv{3’k+1)
E>1
S Bl o) 0yl T =0,
k>2
SR (R R, -0
E>1
+Zze(é—v)k+%(5( Kod PRy g KT g BRIy (4.94)
k>15>2
So, the Navier boundary condition implies that
azulByl|z=0:/6)u[1)|y=0
8ZU{3’1|Z:0 :_ayu(l)|y:0
B.,1,1 Il B1
O.wy M om0 = (Bv1 +01) —Byurt[y=2=0
Oty Flemo=Blur™  +u Nlymemo (h22)
(4.25)
0Pk co=—0 01" 2o (VE>2)
0P o= (B * o) =Dl D lymame (W22)
Oowp ™ oo = (Bwi ™ b T = 9pur ) ymemo (VEZ2)
O™ om0 = (Blwy ™™ ) =y N ymemg (V1 22).
Obviously, the boundary condition u§|,—¢ =0 implies that
Uply—0=0
v lymo=—v" im0 (Yh21)
. . (4.26)
Uy ly=0=—uy "|z=0=0  (Vk=1)
wy ™o =—wyM omo (VhG21).
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Now, we determine each order profile in the expansions (4.15) as the following

steps.
(1)
(2)

First, we solve (u”,p°) from the Euler equations (2.7).

Secondly, the vanishing of the order O(e%’V) terms in the first component
of the equations (4.14); gives that u>"(t,z,z) satisfies a linear degencrate
parabolic equation with the boundary condition (4.25);, which has a unique

solution u?’l(t,m,z) which decays quickly when z— +o00. The observation
(4.17) gives that ul' =0 on {y =0}, so we can determine (u!1,pL!) by solving
the linearized Euler equations. From the divergence free condition (4.22),
with k=1, we get wf’l’l(t,x,z), from which one can determine pg’l’g by
using the vanishing of the order O(e!~7) terms in the second component of
the equations (4.14);. This also gives the boundary condition of wé’l’l (t,z,2),
which can be used to determine (w!'1'!,p/:1:1) by solving the linearized Euler

equations.

Thirdly, the vanishing of the order O(e%) terms in the first component of the
equations (4.14); gives that vf’l(t,x,z) satisfies a linear degenerate parabolic
equation with the boundary condition (4.25)s, which has a unique solution
vf’l(t,x,z) which decays quickly when z — +o00. From (4.23); and the second
component of the equations (4.14); at the order O(e2), we get pB1=0. The
fact (4.23); also gives that v2* =0 on {y =0}, so we can determine (v!-!,p})
by solving the linearized Euler equations. From the divergence free condition
(4.22)5 with k=1, we get v2?(t,z,z), from which one can determine pB?3
by using the vanishing of the order O(e) terms in the second component of
the equations (4.14);. This also gives the boundary condition of vg’Z(t,x,z),
which can be used to determine (v'?,p!?) by solving the linearized Euler
equations.

Fourthly, the vanishing of the order O(¢!~27) terms in the first component
of the equations (4.14); gives that u>?(t,z,z) satisfies a linear degencrate
parabolic equation with the boundary condition (4.25)4 with k=2, which has
a unique solution u?’z (t,z,z) which decays quickly when z— 4o00. From the
divergence free condition (4.22), with k=2, we get wQB’Q’l(t,x,z), from which
one can determine pB-22 by using the vanishing of the order O(e2~27) terms in
the second component of the equations (4.14);. This also gives the boundary
condition of wg’g’l(t,x,z), which can be used to determine (w!%! pL21) by
solving the linearized Euler equations.

Fifthly, the vanishing of the order O(e!~7) terms in the first component of
the equations (4.14); gives that w’ "' (t,2,2) satisfies a linear degenerate
parabolic equation with the boundary condition (4.25)3, which has a unique
solution wf’l’l(t,:c,z) which decays quickly when z — +o00. From the diver-
gence free condition (4.22)5 with k=j=1, we get wQB’l’Z(t,x,z), from which
one can determine p2:1:3 by using the vanishing of the order O(e%_”’) terms in
the second component of the equations (4.14);. This also gives the boundary
condition of wl?(t,2,z), which can be used to determine (w12 pL1:2) by

solving the linearized Euler equations.

Similarly, for any fixed k>2, the vanishing of the order O(eg) terms in the
first component of the equations (4.14); gives that le’k(t,x,z) satisfies a linear
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degenerate parabolic equation with the boundary condition (4.25)s5, which has

a unique solution vf’k(t,x,z) which decays quickly when z — 400. From the
divergence free condition (4.22)3, we get vf’kﬂ(t,x,z), from which one can

determine pZ-#+2 by using the vanishing of the order O(e%) terms in the
second component of the equations (4.14);. This also gives the boundary
condition of v2**1(t,z,2), which can be used to determine (v!++1 plk+1)
by solving the linearized Euler equations. The observation (4.17) gives that
ul* =0 on {y=0}, so we can determine (u”* pl*) by solving the linearized
Euler equations.

(7) The vanishing of the order O(e(z=¥) terms in the first component of the
equations (4.14); gives that u2 ¥ (t,z,2) satisfies a linear degenerate parabolic
equation with the boundary condition (4.25)4, which has a unique solution
uf)’k(t,a;z) which decays quickly when z— +o0o. From the divergence free
condition (4.22)4, we get wQB’k’l(t,:p,z)7 from which one can determine pZ:%-2

by using the vanishing of the order O(e%_"’k) terms in the second com-

ponent of the equations (4.14);. This also gives the boundary condition of
wi™(t,2,2), which can be used to determine (w!#*1 pL*:1) by solving the
linearized Euler equations.

(8) The vanishing of the order O(elz="*+2) terms in the first component of
the equations (4.14); gives that wf)’k’l(t,x,z) satisfies a linear degenerate
parabolic equation with the boundary condition (4.25)7, which has a unique

f;’k’l(t,x,z) which decays quickly when z—+4o00. From the di-

vergence free condition (4.22)5, we get wy™?(t,x,2), from which one can

solution w

determine pZ-%3 by using the vanishing of the order O(e(%_’”k“) terms in
the second component of the equations (4.14);. This also gives the boundary
condition of wi*?(t,x,2), which can be used to determine (w’*2 plk2) by
solving the linearized Euler equations.

(9) For any fixed k,j > 2, the vanishing of the order O(e(2=V*+%) terms in the
first component of the equations (4.14); gives that wP™7(t,z,2) satisfies a
linear degenerate parabolic equation with the boundary condition (4.25)s,

which has a unique solution wlB kg (t,2,2) which decays quickly when z — +o0.
From the divergence free condition (4.22)5, we get wQB’k’JJr1 (t,z,z), from which

one can determine p2-%:7+2 by using the vanishing of the order O(e(%_'y)’”%)
terms in the second component of the equations (4.14);. This also gives
the boundary condition of wg’k’jﬂ(t,:c,z), which can be used to determine

(wlk i+ plki+1y by solving the linearized Euler equations.

REMARK 4.2.

(1) As in Theorem 4.1, one can justify rigorusly the above formal analysis in a
way similar to section 3.

(2) Now, we give a remark on the choice of the x—directional viscosity coefficient
€!=27 given in (4.14). If we study the expansions (4.15) rigorously as in section 3 by
introducing an approximate solution up to certain order and investigate the problem
of the remainders (R, 7€) as before, then (R, 7€) satisfy a problem similar to (3.17).
Doing energy estimates for R as in Proposition 3.6, we need to study term

/ R¢-(R-V)u®*dzdy,
Q
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in which the leading term can be estimated as

/ € TRE RSO, u N dady| < Ced |0, RE(1)]| 2 || B (1)) .2 (4.27)
Q

On the other hand, if in the problem (4.14), the z—directional viscosity coefficient
equals to € for a fixed a >0, then the viscous term in the problem of R® gives an
estimate on

|0 R ()72
which can control the term given in (4.27) if and only if
0<a<l—2y. (4.28)

To make the above formal analysis work, we further require that « equals to %,

(é —v)k, or (% —’y)k—i—% for certain k,j > 1. Therefore, the possibilities for « are
1 1
a==-—7v, 1—-2v, or B (when WSZ). (4.29)

So, for simplicity and consistency with the discussion in section 3, we have set a=
1—2v in (4.14).
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