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Abstract: We define a quantum % -algebra associated to sly as an associative
algebra depending on two parameters. For special values of the parameters, this
algebra becomes the ordinary # -algebra of sly, or the g-deformed classical # -
algebra of sly. We construct free field realizations of the quantum ¥ -algebras and
the screening currents. We also point out some interesting elliptic structures arising
in these algebras. In particular, we show that the screening currents satisfy elliptic
analogues of the Drinfeld relations in Uy(7).

1. Introduction

1.1. In [1] N. Reshetikhin and the second author introduced new Poisson algebras
#4(g), which are g-deformations of the classical # -algebras. The Poisson algebra
W#4(g) is by definition the center of the quantized universal enveloping algebra
Uq(ﬁL) at the critical level, where g’ is the Langlands dual Lie algebra to g.

It was shown in [1] that the Wakimoto realization of Uq(sAIN) constructed in [2]

provides a homomorphism from the center of U,(sly) to a Heisenberg—Poisson
algebra #(sly). This homomorphism can be viewed as a free field realization of
Wa(sly). When g = 1, it becomes the well-known Miura transformation [3]. In [1]
explicit formulas for this free field realization were given. The structure of these
formulas is the same as that of the formulas for the spectra of transfer-matrices in
integrable quantum spin chains obtained by the Bethe ansatz method [4]. This is
not surprising given that these spectra can actually be computed using the center
at the critical level and the Wakimoto realization. For the Gaudin models, which
correspond to the ¢ = 1 case, this was explained in detail in [5].

1.2. The Poisson algebra #y(sl,) is a g-deformation of the classical Virasoro alge-
bra. It has generators t,, n € Z. The relations in #4(sl,) were computed in [1] using

the g-deformed Miura transformation, which is a homomorphism from #4(sl2) to
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a Heisenberg—Poisson algebra #(sl,) with generators 4,, n € Z, and relations

1—g"
{ns o} = —h +Z"5"’_'"' (1.1)

Let us form the generating series

A(z) = g exp (— > M‘”) , Hz)= S tiz "

neZ neZ

The g-deformation of the Miura transformation is given by [1]
1(z) — A(zq'?) + A(zg~"?)7" . (1.2)

Using formulas (1.1) and (1.2) we find the relations in #4(sl,) [1]:

1

{tmtm} —h Z tn ltm+1 - h(q - q_n)én —m > (13)

lezl+ !

where / = logg. As shown in [1], in the limit ¢ — 1, the algebra #;(sl,) becomes
isomorphic to the classical Virasoro algebra while formula (1.2) becomes the Miura
transformation.

n [6] J. Shiraishi, H. Kubo, H. Awata, and S. Odake quantized formulas (1.1),
(1.2) and (1.3). This led them to the construction of a non-commutative algebra
depending on two parameters g and p, such that when g = p it becomes commu-
tative, and is isomorphic to the Poisson algebra #,(sl,). Let us denote this algebra
by #p(sha).

In [6] the algebra ¥ ,(sl;) was defined via its free field realization, i.e. a
homomorphism from #; ,(sl;) to a Heisenberg algebra . ,(sl). The formula
defining this homomorphism (see (3.2) below) is a normally ordered version of
the g-deformed Miura transformation (1.2), just as the free field realization of the
Virasoro algebra is a normally ordered version of the ordinary Miura transformation.
Shiraishi, e.a., also constructed the screening currents, i.e. operators acting on the
Fock representations of J# ,(sl,), which commute with the action of % ,(sl») up
to a total difference.! It is shown in [6] that if one fixes f € € and sets p = g'~F,
then in the limit ¢ — 1 the algebra #; ,(sl2) becomes isomorphic to the Virasoro
algebra with central charge 1 — 6(1 — f)?/B.

The work of Shiraishi, e¢.a. [6] was motivated by their bosonization formula
for the Macdonald symmetric functions [7]. The paper [6] reveals a remarkable
connection between the algebra %7 ,(sl») and Macdonald’s functions corresponding
to rectangular Young diagrams: those turn out to coincide with singular vectors of
Wqp(sl2) in its bosonic Fock representations.

1.3. The goal of the present work is to construct quantum ¥ -algebras generalizing
the results of [1] and [6], and to point out some intriguing elliptic structures arising
in these algebras. Namely, we construct an algebra #; ,(sly) depending on ¢ and
P, such that when ¢ = p it becomes isomorphic to the g-deformed classical # -
algebra #(sly) from [1]. We construct, along the lines of [1] and [6], a free field

! In fact, these screening currents were proposed earlier by S. Lukyanov and Ya. Pugay [19].
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realization of #; ,(sly) by normally ordering the g-deformed Miura transformation
from [1], and the screening currents. One can observe many similarities between
the algebra #; ,(sly) and the ordinary ¥ -algebra of sly constructed by V. Fateev
and S. Lukyanov [8] (see also [9]), which can be recovered from #; ,(sly) in the
limit ¢ — 1.

The algebra ¥, ,(sly) is topologically generated by Fourier coefficients of cur-
rents 7i(z),...,Ty—1(z). The free field realization of #, ,(sly) is defined by the
formula

D];,/—l - Tl(Z)D];’__ll + Tz(Z)DIZ__;2 - ""|‘(—1)N_1TN—1(Z)D,,—1 + (=1
= (Dy1 — M@))D -1 — Aa2(zp)) -+ (D1 — An(zp" ")) 1, (1.4)

where A;(z), i=1,...,N, are generating series of a Heisenberg algebra, and
[D,-1-f1(x) = f(xp~"). In the limit ¢ — 1 this formula becomes the normally
ordered Miura transformation from [8].

The screening currents S,-i(z) are solutions of the difference equations:

DS (z) = p~' : A (z2p™) Azp"*) 'S (2) -,
DS (2) = p~ 't A (zp")Ai(zp?) ST (2) :

Using formula (1.4) one can check that they commute with the currents 7;(z) up
to a total difference. This implies that their residues acting between bosonic Fock
representations commute with the action of ¥, ,(sly).

Using these operators one can construct singular vectors in the Fock represen-
tations of #; ,(sly). These singular vectors should give the Macdonald symmetric
functions corresponding to Young diagrams with N — 1 rectangles as was pointed
out in [6].

1.4. An interesting aspect of the algebras #; ,(sly) is the appearance of elliptic
functions in their definition and free field realization.

In particular, we show that the series A;(z), i = 1,...,N, satisfy, in the analytic
continuation sense, the following relations:

A4 = ox (2) 410)462) (15)

where
_ OnGp)O,n (g™ )0,v (xp ")
0,5 (xp=1)0,n (xq)0,n (xpg=")

on(x)

and 0,(x) stands for the 0-function with the multiplicative period a. These relations
entail similar relations for the currents 7;(z).

The function @y(x) can be characterized by the properties that it is an elliptic
function, which has three zeroes uy,u;,us, three poles —u;, —up, —u3, and one of
the poles is equal to 1/N of the period. These properties imply that the function
¢@n(x) satisfies the functional equation

on(x)en(xp) - on(xp" Ty =1.
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We also show that the screening currents S;(z), i = 1,...,N — 1 satisfy, in the
analytic continuation sense, the following relations:

=1 (W Ayj—A;iip—1 0 (%pAij/Z)
S @S ) = (-7 (2) B S ST, 1)

where (4;;) is the Cartan matrix. The screening currents S; (z),i=1,...,N — 1,
satisfy the same relations with g replaced by p/q and f replaced by 1/. Moreover,
we show that the screening currents involved in the Wakimoto realization of U,(sly)
[2] also obey similar relations.

These elliptic relations define algebras, which are closely related to the elliptic
algebras introduced by A. Odesskii and the first author in [10]. Such an algebra
U,,p(1) can be viewed as an elliptic deformation of the quantized universal en-
veloping algebra U, (i) (where 7 is the loop algebra of the nilpotent subalgebra n
of g), introduced by V. Drinfeld [11]. According to [10], the elliptic relations of
the type (1.6) imply that the screening currents satisfy certain elliptic analogues of
the quantum Serre relations from U, (7). We hope to study these relations in more
detail in the next paper. We recall that the ordinary screening charges satisfy the
ordinary quantum Serre relations [12], see also [18].

In this work we concentrate on the # -algebras associated to sly. In [1] it was
shown how to construct the Poisson algebra #;(g) and its free field realization for
the general simple Lie algebra g. We expect that our results on the quantization
of #4(sly) can be similarly generalized. At the end of the paper we define the
Heisenberg algebra #; ,(g) and the screening currents corresponding to the general
simply-laced simple Lie algebra g. We then define the algebra #; ,(g) as the com-
mutant of the screening charges in # ,(g). We hope that the homological methods
that we used in the study of the ordinary ¥ -algebras [18] can be applied to these
quantum ¥ -algebras.

The ordinary # -algebras can be obtained by the quantum Drinfeld—Sokolov
reduction from the affine algebras. We expect that the quantum ¥ -algebras can be
obtained by an analogous reduction from the quantum affine algebras.

1.5. The paper is organized as follows. In Sect.2 we recall the results of [1] on
the Poisson algebras #;(sly). In Sect. 3 we recall the results of [6] on the algebra
Wa.p(sl2). We define the algebras #; ,(sly) in Sect. 4, and their screening currents
in Sect. 5. In Sect. 6 we derive relations in the algebra #; ,(sly). In Sect. 7 we
present these relations in elliptic form. Finally, in Sect. 8 we derive the elliptic
relations obeyed by the screening currents of % ,(g) and U,(g).

2. Poisson Algebras #,(sly)

In this section we recall results of [1]. Let us first introduce the Heisenberg—Poisson
algebra #(sly). It has generators a;[n], i = 1,...,N — 1; n € Z, and relations

{ailn), a;lm]} = (g™ — g )5 (2.1)
where (4,;) is the Cartan matrix of sly.

Remark 1. The parameter ¢ that we use in this paper corresponds to ¢ in [1]. The
algebra #;(g) corresponds to #7,,(g) in the notation of [1]. O
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Define now new generators A;[n], i = 1,...,N; n € Z, according to the formula

Alnl = Aipiln] = ¢"ain], i=1,..,N—1lLineZ,

N
Sg "l =0. (22)
i=1

From these formulas we derive the Poisson brackets (see [1])

(1—g")(1 — "™ D)

{Ai[n], 4i[m]} = —h Ty Snm » (2.3)
(I1-g¢ )2 - .
{Ailn], 2;m]} = h v q "on—m, I<j, (24)
where n+0.
Introduce the generating functions
Ai(z) = ¢~ WD exp (— ) li[m]z"”> : (2.5)
meZ

From (2.3) and (2.4) we find:

(y)’” (1—¢")(1 —¢g"™V=D)
z

1 — g™ } Ai(2)A:(w),  (2.6)

{4i(2), Ai(w)} = —h{ 2.

mezZ

_ m 2
{Ai(z), A;(w)} = h{ > <2q> (ll—q)} Ai(z)A;(w) 2.7)

meZ
if i < j.
Now let us define generating functions #(z), i = 0,...,N, whose coefficients lie
in A (sly): to(z) = 1, and

ti(z) = > Ay () Ay (2q) -~ A, (247 A(zq' 1) (2.8)

1Sjh<-<jis
i=1,...,N. Formula (2.2) implies that
tv(z) = M(2)Ax(zq) - An(zg" ) = 1.
Formula (2.8) can be rewritten succinctly as follows:
DL — (@D + 0@D) P A+ (DY iy @)Dy + (1Y
= (Dg1 = M@)Dy1 = Ma(z9)) -+ (Dy-1 — An(zg" ")) , (29)
where D, stands for the a-difference operator:

Dy + f)x) = [f(xa).

In the limit ¢ — 1 we have: A;(z) =1 — hyi(z) + o(h) and D,1=1—ho, +
o(h), where h = loggq. Hence the right-hand side of (2.9) becomes in this limit

(=DYHY(0; = 11@))0: — 12(2)) - (9. — An(2)) + o(A")
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and we obtain the standard Miura transformation corresponding to the classical # -
algebra # (sly), see e.g. [3]. This shows that the generators of #"(sly) can be
recovered as certain linear combinations of #y(z),...,Zy—1(z) and their derivatives
in the limit ¢ — 1.

The coefficients of the series #(z), i = 1,...,N — 1, generate a Poisson subalge-
bra #y(sly) of #;(sly). The relations between them are as follows (see [1]):

i—i\ ™M _ im _ m(N—j)
{ti(z),tj(w)}z—h{z (W"j ) d ql)(_lquj j)}ti(z)t,-(w)

meZ z

+h Z 0 < o ) timr(W)jr(2)

r=1

ij i+r

—h Z 0 ( > ti——r(z)tj-e—r(w) s

ifi<jandi+j < N; and

j—i _ im _ m(N—j)
{t:(z), t;(w)} :—h{ > (ij ) d-g 1)(_1 m{j ! )}t;(z)tj(w)

mezZ z q

N—j(S W
+h rg <Z?> i (W)t 4r(2)

i+r
qj

—h z 5 ( ) b () (W)

ifi<jandi+j>N.

Remark 2. 1t is natural to define the Poisson algebra #;(sl.,) with generators
t(z), i = 1, and relations

{t(2), tj(w)} =h XI: 0 (%) timr(W)t)1r(2)
r=0 zq

i+r
q]

—h Z 0 ( ) i@ (W), 1= U

3. The Algebra %, ,(sl2)

In this section we recall the results of Shiraishi-Kubo—Awata—Odake [6] on the
quantum deformation of #;(sl,). However, some of our notation will be different
from theirs.

Let 4, § be two complex numbers, such that neither 4 nor Af belongs to 27i@.
Set g =€ and p = ¢"1=P). We will use this notation throughout the paper.
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Let ,}i’j]’ »(sl2) be the Heisenberg algebra with generators A[n], n € Z, and rela-

tions: Ll — oY1 )
(i), 2] = — ( q1)(+ pn(p 9)

In the limit f — 0, in which p — ¢ we can recover the Poisson bracket (1.1) as
the f-linear term of the bracket (3.1).

For u € C, let m, be the Fock representation of the algebra é’fj]’ (sl2), which is
generated by a vector v,, such that A[n]v, =0, n > 0, and A[0]v, = pv,. Let

5n,—m , n#0. (31)

Hap(sla) = lim # (sLo)/L,, n >0,

where I, is the left ideal of # 7 p(512) generated by all polynomials in A[m],m > 0,
of degrees greater than or equal to n (deg A[m] = m). By definition, the action of
#; p(sly) on the modules 7, is well-defined.
Introduce the generating function

A(z) = p_l/zq’;“[ol : exp <— Zo l[m]z“’”) :,
m+

where columns stand for the standard normal ordering. Now define the power series
T(z)=),.cz Tlmlz~" by the formula

T(z) =: A(zp"*) : 4+ : A(zp™*) 7' e . (32)

The coeflicients T[r] of the power series T(z) belong to #; ,(sl,). They satisfy the
following relations [6]:

— 1 —
A=) = PM) o

li_o%fz(T[n—I]T[m+l]—T[m—1]T[n+l])= 1= — P )on-m
- (33)
where f;’s are given by the generating function
% 1(1—gm(1 - ™)
f) = Zfzx _CXP(ZI m( q 1)(er(p/q) . > ' (3.4)

In the limit ¢ — 1, formulas (3.2) and (3.3) become formulas (1.2) and (1.3),
respectively.

Introduce an additional operator Q, such that [A[xn], O] = fd,0. The operator
e*?,0 € €, acts from 7, to 7,3 by sending v, t0 U,i,p. In [6] two screening
currents were constructed:

St(z) = 22510 exp ( > s+[m]z_’") :, (3.5)
m+0
S7(z) = e Yz O exp (— 3 s“[m]z_'”) ., (3.6)
m+0

where
m

st [m] = %z[m], m+0,  sT[0] = 24[0] ,

Am], m=*0,  s7[0]=2A[0]/8.
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The Fourier coefficients of S*(z) act from 7, to 7,4, and the Fourier coefficients
of $7(z) act from =, to m,_1.
They satisfy [6]:

[T[n], ST(W)] = 2,C;F (W), [T[n],S™ (W)] = Zp,C (W),
where CF(w) are certain operator-valued power series, and

f@) = flxa)

90 - 10 ==

This implies that T[n], n € Z, commute with the screening charges [ S*(z2)dz,
whenever they are well-defined [6].2 In the limit ¢ — 1, those become the two
screening charges of the Virasoro algebra.

4. The Algebra %, ,(sly)

4.1. Heisenberg Algebra. Let # (sly) be the Heisenberg algebra with generators
ai[n],i=1,...,N — 1, n € Z, and relations

LA =g (Pt — p )1 = (p/a)") 5
n 1—-p"

[ai[n],a;[m]] = n-m,»  (41)

where n=0. This formula was derived from the commutation relations (3.1) in the
case of sly, which follow from [6], and from the condition that in the limit f — 0
the fS-linear term should give us the Poisson bracket (2.1).

For each weight p of the Cartan subalgebra of sly, let m, be the Fock repre-
sentation of #;/ ,(sly) generated by a vector vy, such that a;[n]v, =0, n > 0, and
a;[0]v, = w2 Jvu, where o is the i™ coroot of sly.

Let 5, ,(sly) be the completion of #”(sly) defined in the same way as in the
case of sy, see Sect. 3. The algebra # ,(sly) acts on the modules 7.

Introduce new generators A;[n] of # ,(sly) by the formulas

Mln] = Adiln] = p"Pain], i=1,..,N—lneZ, (42)
N .
S ptmn] =0. (43)
1=1

From these formulas and (4.1) we derive the commutation relations between them:

1A= = P~ (i)
n 1— p™N

[l,[n],l,[m]] = n,—m > (44)
(1 —¢")(1 - p")(1 — (p/q)")p_nén’_m,

o i<j, (45

1
aln), Ayl = —
where n=+0.

2 The same screening charges were constructed earlier in [19], (see also [20]). Moreover, it was
proposed in [19] that the deformed Virasoro algebra should be the subalgebra of the Heisenberg
algebra, which commutes with these screening charges.
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Let us introduce the power series
Ai(z) = pmWHDR2G=AI0L : oxp (— > i,-[m]z"”) D (4.6)
m+0

We can compute the operator product expansions (OPEs) of these power series
using the following lemma. Introduce the notation

k oo
(xlogy ooyt oo = T TT (1 — otixt™) .

i=1n=0

Lemma 1. Let b[n], n € Z, and c[n], n € Z, satisfy commutation relations:

k I
[ ] =~ (; -3 ﬁ,”-) -
i= j=

where n=+0 and |t| < 1. Then for |z| > max; {|w]|,|B;|} |w| the composition
: exp ( > b[n]z"”) :exp ( > c[n]z_") :
n=+0 n+0
acting on each module , exists and is equal to

M : exp ( > b[n]z'") exp ( 3 c[n]z‘") .

(%lﬂlw-',ﬁlxm n€Z n€Z

Proof. Direct computation based on formula
n
exp(—zx—)=1—x. O
n>0 1

Let us assume that |p| < 1 and |z| > |w|; more precisely, it suffices that |z| >
|w|pg~!, and |z| > |w|q. Then we find from formula (4.4) and Lemma 1:

&L p, P g, Va7 PV Voo
(%lg, pa=, V=1 PV PV oo

In the same way we obtain:

Ai(z)Ai(w) =

L Ai2) Ai(w) © (4.7)

2lgp~ 97", Py PV oo
&lpYa, ra7 " PV )oo

Ai(z2)A;(w) = A2 A w) i<, 4.8)

&PV, pVg ! PV P Yoo

A(2)4;(w) = (E|pN-1, pNg, pNHigT1 pN oo

A@)Aw) s, P>, (49)
where |z| > |w|.

Remark 3. When |p| < 1, the functions appearing in the right-hand side of for-
mulas (4.7)—(4.9) are power series in w/z, whose coefficients are rational functions
in p. O
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4.2. Definition of the Quantum W -Algebra. Now we define generating functions
Ti(z), i =0,...,N, whose coefficients lie in #,(sly) : To(z) = 1, and

Ti(z) = > Ay (2) Ay (zp) - Ay (20D T, (4.10)

1)1 < <jisN
i=1,...,N. Formula (4.3) implies that
Tn(z) =t Ai(2)Aaep) - Anp" ™) = 1.
Formula (4.10) can be rewritten as follows:

DYy = Ti@)D) ) + Ta@)D) 7 =+ + (=) Ty 1 (@2)D ot + (= 1)

= (Dot = MEND 1 = Ma(zp)) - (Do = Ax(@* ™). (411)
Formulas (4.10) and (4.11) are quantum deformations of formulas (2.8) and (2.9)
—(2.9).

We define the algebra ¥ ,(sly) as the subalgebra of #,(sly) generated by the
Fourier coefficients of the power series Ti(z), i =1,...,N — 1, given by formula

(4.10). Tt is clear from the definition that in the limit § — 0, i.e. p — g, the algebra
Wqp(sly) becomes the Poisson algebra #;(sly) defined in [1], see Sect. 2.

Remark 4. The currents A(z) and T'(z) that were used in the definition of ¥#; ,(sl;)
in Sect. 3 correspond to A;(z) and Ti(zp"/?), respectively. [

Let us fix § and consider the limit ¢ — 1 with p = ¢'#. Then we have: 4,(z) =
1 — hyi(z) +o(h) and D,y =1~ h(1 — )0, + o(h), where h = logg. Hence the
right-hand side of (4.11) becomes in this limit

(=DVAN((1 = B)o: = @) = B)o: = 12(2)) - - (1 = B)d: — xw(2)) + o(h"),

and we obtain the normally ordered Miura transformation corresponding to the # -
algebra of sly, introduced by Fateev and Lukyanov [8]. In the notation of [18],
this algebra is W\/ﬁ(slN) with central charge (N — 1) — N(N + 1)(1 — )?/B. Thus,

in the limit ¢ — 1, the algebra %, ,(sly) becomes isomorphic to ¥~ \/B(SIN). The
generating currents of %~ ﬂ(sl ~) can be recovered as certain linear combinations of

To(z),...,Tn—1(z) and their derivatives in the limit ¢ — 1.

5. Screening Currents for %, ,(sly)

Introduce operators Q;,i =1,...,N — 1, which satisfy commutation relations
[ai[n], O;] = A;jBdn,0. The operators e act from Ty 10 Ty pe,.
Now we can define the screening currents as the generating functions

SH(z) = 225100, exp < > sf(m)z"") 0, 5.1)

m+0

S7(z) = e G775, 101 exp <— S sf(m)z"") 0, (5.2)

m+0
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where
s [m] = qun[”i]l, m+0,  s[0] = a;[0], (53)
- _ ai[m] -0 — .
s; [m] = @y =1 m=+0, s, [0] = a[0]/B (54)
(compare with (3.5) and (3.6)).
Let
Ai(z) = g~ : exp (— > a,»[m]z"”) D (5.5)
m=£0
Then we have
Ai(z) = 8 (2)S (z9) 7"+, (5.6)
and
Afz2) = ST (@) @p/g) " (5.7)

Formulas (5.6) and (5.7) show that the screening currents are solutions of the
following difference equations:

DySH(z) =: A2) 'S} (2) «,
DS (z) =: Ai(2) 'S (2) : .

In the limit ¢ — 1 they become the differential equations defining the ordinary
screening currents.
We also have from (4.2):

Ai(z) = p: A(zp™) A1 (zp™) ' (5.8)

Theorem 1. The screening currents commute with the algebra Wy ,(sly) up to a
total difference. More precisely, for any A € Wy ,(sly) we have:

(4,87 (w)] = 2,C/ (w), (4,87 (W) = D pjCi (W),
where CE(w) are certain operator-valued power series, and

) = )
[Zaf100) = == 5

Proof. Let us consider the case of the screening currents S;7(z); the case of S (z)
can be treated in the same way.

Consider the difference operator (4.11). We want to prove that each term of this
operator has the property that all of its Fourier coefficients commute with S;"(z) up
to a total Z,-difference.

From formulas (5.3),(4.2),(4.4),(4.5) we obtain the following commutation
relations:

1 :
iln), 7 Im)] = = — p"P=0(1 = (p/g)")on - »

Ui b7 Tml] = - P20~ (pJg)" Vo,
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where m+0, and
[Ai[nl, s [m]] =0, j*i, i+1.

From these commutation relations we derive the following OPEs (cf. Lemma 1):

i
Ai(2)Si(w) = ;()iz—_v;}:/zq—_l)) CA2)ST(w) s, [z > w],

(Z —w i/2—1
SHw)Ai(z) = ;zz——w;/z—crl)) A2)STW) s, w2,

Q(Z _ wpz/2+1q—l) ‘

Ai1(2)SF(w) = P A (2)SF (W) 1, [z > v,

p(z —wp'l?)
SH A = LEPD L ston s, > 1
‘ plz — wpi?) '
and
A;(2)SF(w) = A;(2)S;(w) =, Vzw,
if j4i, i+ 1.

The last formula means that S;"(w) commutes with all Fourier coefficients of
Aj(z) if j#1i, i + 1. Therefore it is sufficient to consider the OPE between the factor

(Dt — Aizp ™ O)D 1 — Aii(zp) -
— Dfrl — (Ai(zp"™ ") + A (zp' ! D -1+ Ai(zp' ™) A (zp') :

in formula (4.11) and S;"(w). We have to show that all Fourier coefficients of each
of the terms commute with S;"(w) up to a total difference.
For the term : A;(zp'~')A;11(zp) : we have according to the OPEs above:

t Az D A1 (@p) 1 S w) =1 Aizp'™ ) A (zp)S;T(w) 1

which means that all Fourier coefficients of : A;(zp'~')A;11(zp’) : commute with
S (w).

Now consider the linear term A;(zp'~') + A;11(zp'~'). We have according to
the OPEs above:

piz—wp™"?)
q(z —wp~i**lg1)

(AiCep'™") + Ara (™S Ow) =  Aizp ™S ()
onif242,,—1 )
q;( T )) A DS ) (59)

for |z| > |w|, and the same formula for the product in the opposite order for
|w| > |z|. Therefore we can compute the commutator

[ (Ai(zp™™") + Ai1(zp~1))2"dz, 7 (w)]
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by evaluating the residues in the right-hand side of (5.9). We find that this com-
mutator is equal to
(/g = DL A(wp?q™ DS (w) : (wp ™2+ 11yt
= P74 A (p")ST (W) 2 (wpT Y]
=[P (1 =) (p = q) - Aiwp g~ DS w) = (wp™ P H g
because by formulas (5.6) and (5.8)
L Aiwp"?)SH(wg) == pT1 A (wp)ST () -
This completes the proof. [J

Corollary 1. Any element of the algebra Wy p(sly) commutes with the operators
S/ Sii(z)dz acting on the Fock representations, whenever they are well-defined.

In the limit ¢ — 1, the operators [ Sii(z)dz become the ordinary screening
charges [ e**%@dz, where oy = £p*!/2,

Corollary 1 implies that one can construct intertwining operators between the
Fock representations m, of #; ,(sly), and hence singular vectors, by integrating
products of the screening currents over suitable cycles. For the ordinary # -algebra
of sly, the screening charges satisfy quantum Serre relations, and the integration
cycles correspond to the singular vectors in the Verma modules over the quantum
group Uy, (sly), see [12-14, 18]. We expect an analogous structure for the %, ,(sly)
screening charges.

6. Relations in % ,(sly)

6.1. Relations between Ti(z) and T,,(w). Let us again assume that |p| < 1. Intro-
duce the formal power series f, n(x) by the formula

«lp" g, p"a ", PV Y5 PV )oo 6.1)
&x[pm=1, pm, PV g, PV PV ) oo

Jmn(x) =

The function f,, y(x) is a very-well-poised basic hypergeometric series
x, x2pN, xW2pN o pN-mo o pa—t q
6Ps sphx |,

X2 =2t xpMlg, xpigT

see formula (2.7.1) of [15].
In what follows we use the notation

ox)= > x".

neZ



666 B. Feigin, E. Frenkel

Theorem 2. The formal power series Ti(z) and T,(w) satisfy the following
relations:

I () T Tw0) = Sy (=) Tul0)Ti(2)

2D () 1o () o) - 62)
1-p zp z

Proof. Using the OPEs (4.7)—(4.9), we obtain that when |z| > |w|
Ai(2) + A (W) A, (wp) -+ - Ay, (wp™ ') -
is equal to
w\ ! m—1
Sar ()1 A A 00 A5 009) -+ Ay (49" 1) 1

if i = ji for some k € {1,...,m}; and

-1 _ k—1 _ k ,—1
JmN (g) e G V_prpk(g()z(z _wf,pz) ) : Ai2) Ay (W) Ay (wp) -+ Ay, (wp™ 1) 1,

if jy < i < jiy1- Here and below the case i < j; corresponds to k& = 0 and the
case i > j, corresponds to k = m.
On the other hand, when |w| > |z,

F Ay (W) A5 (wp) - Ay (wp™ 1) < Ai(2)
is equal to
z\~! .
o () AR ODAL00p) -+ 43, o0p"HAG2) 2

if i = jx for some k € {1,...,m}; and

'z —wpt )z —wptgTh) -
o () EE D) ) o) 4, 0 DA

if jo < i< it
Since the normally ordered product does not depend on the order of the factors,
we conclude that the analytic continuations of

me( )A(z) Ay (W) A, (wp Y

and

me( ) A (W) Ay, (wp™ ) Ai(2)

coincide.
Therefore

fme( )A(Z) AJI(W) (wp)...Ajm(wpm—l):anZ

-/ me( ) A A 00p) - Ay, wp™ ) - Ai(z)"dz
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where Cg and C,. are circles on the z plane of radii R > |w| and r < |w|, re-
spectively, is equal to 0 if i = j; for some k € {1,...,m}; and the sum of the
residues of

(z —wp*'g)z —wpq™")
(z — wph=1)(z — wpt)
if jo < i< jry1-
But the latter is equal to (1 — ¢)(1 — p/q)/(1 — p) times
G Ay (W)« Ay (wpr D) Aiwp* D Ay, (wpb) -+ Ay, (wp™ ) ! plr DD

= Aj (W) Ay wpt AP ) A (wpF) - A, (wp™ ) Wi pt Ry
After summation over j; < j, <--- < jn, all of these terms will cancel out except
for
(I =q¢)(1 - p/g)
l-p
with i < j;; and

A2 A (w) - A (wp™ )

D A(wp~ Ay (w) - Ay, (wp™ 1) LW pm D

1 —¢)d - m— n n+1)m
DRI, 0)- A o™ Y™ 7 D

with i > j,. This gives us formula (6.2). O

In the limit p — ¢ formula (6.2) gives the Poisson bracket between #;(z) and
tm(w) from [1], see Sect. 2.

Formula (6.2) shows that the Fourier coefficients 7i[n] of the power series
Ti(z) generate the algebra ¥, ,(sly). In particular, 7;(z) can be written as a degree
i expression in T1[n], n € Z.

One can also derive similar relations between T(z) and T;(w) with i,j > 1.
These relations are quadratic, and involve products of 7;_,(z) and Tj.(w), where
r=1,...,i—1, if i+j <N and i £j; and r=1,....N—j, if i+j>N
and i < j. In the limit p — ¢ these relations give the Poisson brackets between
ti(z) and ¢;(w) from [1], which are described in Sect. 2.

Let us define analogues of the Verma modules over the algebra #, ,(sly); in
the case of sl, this has been done in [6].

Although the 0™ Fourier coefficients T;[0] of the series Ti(z) do not commute
with each other, they commute modulo the left ideal generated by Ti[n], i=
1,...,N —1; n>0. We can therefore define a Verma module M, ,, , as a
W p(sly)-module generated by a vector vy, . ,,_,, such that Ti[n]v, . ,,_, =0,
if n>0, and T;[0]vy,,. yv_, = ViVy,..yy_,- Lhe relations in ¥ ,(sly) imply
that the module A, ., , has a PBW basis which consists of lexicographi-
cally ordered monomials in 7;[n],n <0, applied to the highest weight vector

6.2. Relations in W, p(sly). In this case the relations are:

fi2 (2) 1@Tn = fiz (5) HOTE)

z
w

:u;m;p/q_)@(z)_a(w—l’)) (63)
1-p zp z ' .
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These relations are equivalent to the relations of Shiraishi, e.a. [6] given by formula
(3.3), because their f(x) coincides with fj (x) given by (6.1). Formula (6.1) can
be simplified in this case:

1 (xlg, pg™ " pPHoo
1 —x (x| pg, P?¢7"; PP)oo

S12(x) =

6.3. Relations in W, ,(sl3). In this case we have:

(xlg, pa~ ", P% P’s PP
&1, p, P4, PPa7 1 PP oo

S1,3(x) =

xlpg. PP, P’ PP
x|p, P*9, P07 P*)oo

S23(x) =

The relations are the following:

1.3 (g) Ti(z2)Tv(w) — f1.3 (VZ—V Ti(w)Ti(2)
_a —ql)(l 20 (5 (1 Tyz)— 5 <@) Tz(w)> :
2 zp Z

_ (-9 - p/g) (5 (1

)

fur () @B = £ (=) R0T)
l-p )
)

1.3 (g) D(2)h(w) — fi3 (

- U002 (%) 1o () 1)
1-p zp z

In the limit p — g they become the relations in #,(sl3) described in [1].

7. Relations in Elliptic Form
We recall that g and p are assumed to be generic with |p| < 1.

7.1. The case of sl,. Consider the OPE given by formula (4.7):

-1
A@)AW) = fis (g) CAEZ)AW) (7.1)
where ,
wy\ _ (%lg, pa"s P PP)oo
iz (?> T (2L pg, P20 PP
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Formula (7.1) is valid for |z| > |w| (see Lemma 1) and it shows that the com-
position A(z)A(w) can be analytically continued to a meromorphic operator-valued
function on € x C, given by the right-hand side of the formula.

Likewise, the composition A(w)A(z) converges when |w| > |z|, and we have:

1
AW)A(z) = fl,z( ) CAWAR) ;. (7.2)

z
w

Since : A(z)A(w) :=: A(w)A(z) :, by definition of the normal ordering, we
obtain from formulas (7.1) and (7.2) the following relation on the analytic con-
tinuations:

A@AW) = ¢ (=) AWAE@), (73)
where _
fiax™hy  0,2(x)0,2(xpq)0,2(xp°q ")
_ - . 74
PO =T5E T 0,2 Cpa )0, () 79
and - - -
)= (1 =xa)[[A=x""'a) [ (1 —a") .
n=0 n=lI1 n=1
We can also write:
 0,2(xp)0,2(xq")0,2(xp~ ' q)
PO = g 10,2600, Gpg )
Formula (7.3) can be rewritten in a more symmetric form as
7 (2) 4@am) =7 (2) A a) (7.5)

where y(x) satisfies: @(x) = p(x~")/y(x). Apart from y(x) = f1,2(x), there exist other
choices for the function y(x), in particular,

02607 1)0,2(xq)0,2(epg )
V(X) - sz(x)3 >

and
0,2(x¢)0,2(xpg™")
9pz(x)0pz(xp)

Any two such choices differ by a multiple, which is invariant under the change
—1
X —x .

P(x) =

Remark 5. Formula (7.5) should be compared with the property of locality in vertex
operator algebras [16,17] (see also [18]). Recall that two power series A(z) and
B(w) are called local if 4(z)B(w) converges for |z| > |w|, B(w)A(z) converges for
|w| > |z|, and their analytic continuations satisfy: A(z)B(w) = B(w)A(z). O

The function ¢(x) is an elliptic function, i.e.

o(xp?) = o(x), (7.6)
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and it satisfies the functional equation
p(x)p(xp) =1. (7.7)

Equations (7.6),(7.7) provide a new understanding for the algebra ¥ ,(sl2).
Let us explain that.
According to (7.1) the series A(z) satisfies the relations:

fi2 (2) 4400 = fi2 (Z) 400 AG). (7.8)

There is a difference between relations (7.3) and (7.8). The first is a relation
on analytic continuations of the compositions of two operators, while the second is
a relation on formal power series. A relation of the second type implies a relation
of the first type—it can be obtained by multiplying it by a suitable meromorphic
function. But different relations of the second type may give rise to the same relation
of the first type as we will see below.

Remark 6. Similar phenomenon occurs in vertex operator algebras. Consider for
example the Heisenberg algebra with generators f3,,v,,n € Z, and relations

[ﬁl’b Vm] = Kén,—m »

where k € C. These relations imply the following formal power series relations:

BE0w) = 100B(z) = w0 (%) -
But we can also write
(z =w)B(2)p(w) = (z —wp(W)B(z) ,

regardless of the value of k. [

In order to get a relation of the second type from the relation (7.3) of
the first type, we have to “factorize” the function ¢(x), i.e. to represent it as
o(x) = g1(x")ga(x), where gi(x) and g,(x) are formal Taylor power series in
x. Then we obtain a relation of the second type such as (7.8).

Factorization of ¢(x) is not unique in general. In our case, we can write
@(x) = fi2(x71) fi2(x)7", but we can also write o(x) = fi2(x~'p)~! fi2(xp7 "),
by virtue of the functional relation (7.7). This non-uniqueness leads to inter-
esting consequences, and in a sense it “explains” the structure of the quantum
W -algebra.

Let us discuss this structure in more detail Let A;(z) and A,(z) satisfy the
relation

-1
A2)A(w) = i (g) L A2 A(w) : (7.9)
A (@) A(w) = fis (}p) A @) Aa(w) : (7.10)

@MW) = fi2 () @ AMW) : (7.11)
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Then we obtain the power series relations:

fi2 () 4@ = fiz2 (5) Aim4i2) (7.12)

1 _
fia(2) m@men =2 (2) aeae. @)

By analytically continuing these relations and dividing by the appropriate func-
tions, we obtain:

4@ 40) = ¢ () 4,00 4i(2) (7.14)

for all i,j,€ {1,2}. The elliptic relations (7.14) do not depend on i and j while
the formal power series relations (7.12)—(7.13) do. However, formulas (7.14) have
different meanings for i = j and i+.3

Consider first this formula in the case when i = j. In this case we write:

o(x) = fi(x™ ) fiax) 7. (7.15)

Let us assume that |p| <|g| < 1. Then the function f»(x~') is analytic in the
region |x| > 1, while the function fj,(x)~! is analytic in the region |x|< 1.
Thus, formula (7.15) gives us a solution of the Riemann problem on the circle
|x| = 1. In other words, we represent the function ¢(x) on the circle |x| =1 as
a product of two functions, one of which has analytic continuation to the exte-
rior of the circle, and the other has analytic continuation to the interior of the
circle.
Consider now the case i = 1, j = 2. In that case we write:

@(x) = fi (7' p) 7 fiaGpTh). (7.16)

The function f1,(x~!)~! is analytic in the region |x| > |p|, while the function
f1.2(xp™") is analytic in the region |x| < |p|. Hence formula (7.16) gives a solution
of the Riemann problem on the circle |x| = |p|. The fact that formulas (7.14) are
defined on different circles for i = j and i+ leads to the appearance of J-functions
in elliptic relations.
Indeed, let us set T7(z) = A;(z) + A,(z). Naive application of formula (7.14)

tells us that 7(z) satisfies the same elliptic relations as A;(z)’s:

w

z

TW()Ti(w) = ¢ ( ) Ti(w)Ti(z) .

These relations are correct if z and w are generic. However, there are additional
d-function terms if |z| = |w|pT!.

3 We thank N. Reshetikhin for a discussion of this issue, which led us to a better understanding
of elliptic relations and helped to correct some of the formulas below.
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To see that, let us write the relations between 77(z) and T7(w) as formal power
series. Using formulas (7.9)—(7.11), we obtain, in the same way as in the proof of
formula (6.2):

fi2 (2) n@00) = fiz2 (5) TnTi@)

w
_ (=90 = pa) <5 (3) L Ai(2)Aa(zp) : —9 (ﬂ’) : A1 (W) Ax(wp) :> .
zp z

l—p
(7.17)

The appearance of the d-function terms in the right-hand side is due to the following
functional relations:

1 (1 = xq)(1 —xp/q)
(1-x)1=xp) ~°

(1 —xg=1)(1 — xq/p)
(I =x)(1 —xp~1)

If we divide both sides of formula (7.17) by f12(w/z), we obtain:

J1,2(x) = f12(xp)”

fi2(x) = fiatep™)”

(45 P)oo(Pg™ "5 PP)oo
(Pq; P)oo(P?07 5 PP)oo

NETiw) = ¢ (Z) T +

X (6 (1> c Ai(wp~ ) Ay (w) 1 46 (W—p> » A1(w)Aa(wp) 3) :
zp z
(7.18)

The right-hand side contains extra -function terms as expected.

We see from formulas (7.9)—(7.11) that: A;(z)A,(zp) : is a central element
in the algebra generated by A,(z) and A,(z); note that this fact is equivalent to
the functional relation (7.7). Hence we may set it equal to any number. If we
set it equal to 1, then we obtain relations (6.3), but actually we can put an ar-
bitrary overall factor in the right-hand side of formula (6.3). In particular, if this
factor is 0, we obtain the original defining relations (7.8) of the Heisenberg alge-
bra. Hence the algebra #; ,(sly) is a central extension of the Heisenberg algebra
Hy p(shr).

We can also set : A;(z)Ax(zp) ;=1 in formula (7.18). Then we obtain the
following relation:*

N = ¢ (3) HOnTE)

(% P )oo (P4 P oo ( <w) wp )
o — o(— .
T P)e(Pd T P 7)) (z)

The function given by (7.4) is just one of solutions of Eq. (7.7). It is interesting
whether other solutions give rise to algebras similar to % ,(sl>).

4 Analogous relation was also obtained by S. Lukyanov [21].
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7.2. The case of sly. From formulas (4.7)—(4.9) we find in the same way as in
the case of sl,:

A A0) = oy (=) 4,0 A), (7.19)
for all 7, j, where

()= Opv ()0,n (P YO, ep™ ' @)0,n (P g ™") _ Opn (xp)Opn(xg ™ )0, (P~ "9)
o 0,5 (xq)0,v(xpg=")0,n(pV=1)0,n(xpN ) O,n(xp=1)0,x(xq)0,n (xpg~")

It is the last equality that ensures that the elliptic relations between A;(z) and A;(w)
are the same for i = j and i<, although the “factorized” relations between them
are different, see formulas (4.7)—(4.9).

Relations (7.19) can be rewritten in a more symmetric form:

w (2) @00 = (5) 400412), (7.20)
where
O, (p™)0,N (xq)0,n (xpg ")
VN(x) - OPN (x)3 s
or
—1
o) = 0,n (xq)0,~ (xpg™")

0,x (x)0,~ (xp)

Although relations (7.19) do not depend on i and j, they have different meanings
for i = and i=+j, as in the case of sl, (see above). In particular, this leads to
the appearance of non-trivial J-function terms in elliptic relations between Tj(z),
i=1,...,N — 1. For generic z and w we have:

n@n00) = [Hew (£0) 10076)

But when |z| = |w|p* there may appear additional §-function terms. For example,
we obtain from formula (6.2):

m—1 k
T Tww) = [T ox (%) T,(w)Ti(2)

(2" PV oo (P PV )oo(@s PY oo g™ "3 PV oo () @)
(2% PV oo (P10 PV )oo( 25 PV oo (25 PV oo e

ifm=1,...,N —2, and
m—1 ka

T(2)In-1(w) = ] on (7) Ty—1(w)Ti(2)
k=0

(pN 15 N)oo(q, N)oo(pq spN)oo <(W) (WpN_l>)
o = )46 )
N (PY 719 PV )oo(PV g™ PV )oo( 25 PY Yoo \ \ 2D * z




674 B. Feigin, E. Frenkel

The function @y(x) is elliptic, i.e. oy(xp") = @y (x), and it satisfies the func-
tional equation
on@)n(xp) - on(pN ) =1, (7.21)

Equation (7.21) implies that : A1(z)A2(zp)- - - An(zp™ 1) : is a central element of
I, p(sly). Formula (4.3) shows that we have set it equal to 1, but we could set
it equal to any number. If we do not set it equal to a number, we obtain another
algebra, which is natural to call the quantum % -algebra associated to gl .

We see that in a certain sense the structure of the algebra % ,(sly) is “encoded”
in Eq. (7.21), as it is in the case of sl,.

8. Elliptic Relations for the Screening Currents

8.1. The Screening Currents of Wy ,(sly). Let us we assume that p and g are
generic and |g| < 1. Then we have the following relations for the screening currents
when |z| > |w|:

2 (L 5o

Si+ Z)Sl+(W) =7Z I D
( (319, P74 9o

:SH(2)SH(w) 5,

RS
(21" @)oo

SH@)SHw) = SF@)SF(w):,  4;=0.

Sz+(Z)S]+(W) =z . St+(Z)S/+(W) T Aij = —1 s

Remark 7. If we set p = ¢' P, then in the limit ¢ — 1 these relations give us the
well-known relations between the ordinary screening currents:

SH2)SH(w) = (z —wy! : ST (2)SF(w)

when |z| > |w|. O

From the formulas above we obtain, in the analytic continuation sense,

wy 1-28 Bq(}wp)

SEsTn == (7)) ghE S s,
9\ w
248 0, (¥ —1/2
stasion = (%) i s st @, dy = -1,
9\w

S (2)Sf (w) = S (w)S(2), A;;=0.
We can rewrite these formulas as follows:

- Ay—Ayf—1 0o (% pHil?)

SF(2)SH(w) = (=1 (Z) T 282l T stz (8.1)
' ) 0,3 ")

The function

0,(xpi’?)

Oy TP &)

y6) = (=1 s
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appearing in the right-hand side of formula (8.1) can be written as

() = ——dz’(’)ff?) : (83)
where
0 ij/2
9y x) = 3P0 % | (8:4)

The functions y;;(x) and ¢;;(x) are quasi-periodic:
Wieg) = dy(x),  Pee™™) = e Pyy(x)

$ij(xq) = ¢ij(x), bij(xe®™) = e%iA"jﬁd)ij(x) .

Note also that iy, (x) = ¢;;(x) =1, if p=gq.

To obtain relations on the screening currents S; (z), i =1,...,N —1, let us
assume that p and g are generic and |p/g| < 1. Then we obtain in the same way
as above:

Aij_'Alj/ﬂ_l ()p/q(gp"'ij/z)

87 (2)S7 (w) = (=1~ (?) Opta(5 p""%)
P9\ w

STWIST(z).  (85)

We also have:

1

SH@ST (W) = = wq)(z — wp~'q)

(ST (w) 5,

SH)ST(w) =z —wp™ ) : ST (@S; (W), Ay=-—1,

ST @S (w) = 5T @S (W) Ay =0.

8.2. The Screening Currents of Uq(sAIN ). The screening currents involved in the

Wakimoto realization of Uq(gl ~) [2] also satisfy elliptic relations.
These screening currents S;(z), i = 1,...,N — 1, are given in [2] by the formula

a 1 1., ~
Si(z) =:ex e =y 1) z) 1 8i(z) -
(2) p (go[vn]qq 4 — - P'log i(z)

The following relations hold [2]:
o 1 i
(@, a5] = ;[Vn]q[Aij]qén,—m> [§,¢']1=v4y,

—4
~ ~ q 1z — W~ ~
Si(2)S;(w) = ———-Si(w)Si(z) ,

z—wqg
in the sense of analytic continuation, and @/ commute with §j(z). Here vis k+g¢g
in the notation of [2].
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Let us assume that g is generic and [¢?’| < 1. Then the relations above give us
the following relations on S;(z)’s:

w —4ii=1 0,(Zg=4)
5,2);00) = = (%) 2l g (w)siz), 8.6
(2) j(W) 2 0[(%(],4!!) j(w) (z) (8.6)
where ¢ = ¢*. These relations should be understood in the analytic continuation
sense.
The relations (8.1) can be viewed as elliptic deformations of the quantum Serre
relations of Drinfeld [11]:

Aj
E2)E(w) = T E(w)Ei(z) ,

ij
z qu"f

which can be easily obtained from (8.6) in the limit £ — 0 with fixed q.
The function

Pi(x) = _x—A,,/v_1M
Bt(x—lq Ij)
in the right-hand side of formula (8.6) can be rewritten as
D;i(x)
P, (x) = — 12
0= )
where )
Dii(x) = x—AU/ZvM

0,(x)

The functions ¥;;(x) and ®;;(x) are quasi-periodic, and ¥;;(x) = ®;;(x) =1 in the
limit when ¢ — 1 and ¢ is fixed.

8.3. General Case. Let g be a simply-laced simple Lie algebra. Let .%’ji’ »(8) be the
Heisenberg algebra with generators a;[n], i = 1,...,/ = rankg;n € Z, and relations
(4.1), where (4,,) is the Cartan matrix of g. We define the Fock representations 7,
and the completion #; ,(g) of Ji’;’ »(8) in the same way as in Sect.4.1.

We define the screening currents S,-i(z), i=1,...,[, by formulas (5.1)—(5.4).
We then define the algebra #; ,(g) as the subalgebra of # ,(g) of elements which
commute with the screening currents S;"(w) up to a total Z,-difference. It follows
from the definition that #; ,(g) commutes with S, (w) up to a total & ,,-difference.

The relations between S;"(z), i = 1,...,1, in the analytic continuation sense, are
given by formula (8.1). The relations between S; (z), i = 1,...,/, in the analytic
continuation sense, are given by formula (8.5). Note that formulas (8.1)—(8.5) make
sense for an arbitrary integral symmetric matrix (4;;).

If we set p =g'~F, then in the limit ¢ — 1 the algebra W4,0(3) becomes the
ordinary ¥ -algebra, #~ \/B(g) in the notation of [18]. On the other hand, we expect

that in the limit f — 0, i.e. p — g, the algebra #; ,(g) becomes isomorphic to the
Poisson algebra #,(g) considered in [1].

Acknowledgements. We would like to thank T. Miwa for the invitation to visit R.IM.S., and
H. Awata and A. Odesskii for useful discussions.
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Note added in proof. Shortly after this paper appeared on the g-alg electronic archive, the pa-
per by H. Awata, H. Kubo, S. Odake and J. Shiraishi, “Quantum %y algebras and Macdonald
polynomials” was submitted to the same archive; it partially overlaps with our paper.
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