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Abstract: We derive the large & asymptotics of the surgery formula for SU(2)
Witten’s invariants of general Seifert manifolds. The contributions of connected
components of the moduli space of flat connections are identified. The contributions
of irreducible connections are presented in the residue form. This allows us to
express them in terms of intersection numbers on their moduli spaces.

1. Introduction

Let A, be a connection on an SU(2) bundle £ over a 3-dimensional manifold M.
The Chern—Simons action is a functional of this connection:

1 2
Scs = 5 Trel™? A{d3x (AH(?VA,, + §AHAVA,,) , (1.1)

here Tr denotes a trace in the fundamental representation of SU(2).

Consider an n-component link % in M. Let us attach a-dimensonal irreducible
representations V,, to the components .#; of . A partition function of the quantum
Chern—Simons theory with the Planck constant

2
- ?“ keZ (1.2)
can be presented as a path integral taken with an appropriate measure over the gauge
equivalence classes of A4,:

J

n
Ziy(M, Z;k) = [[24,] er*SUIT] Tr,, Pexp < fA,,dx#) , (1.3)
j=1 &

here Pexp( fg,j A,dx*) € SU(2) is a holonomy of 4, along the contour .%; and
Tr, is the trace in the a-dimensional representation V,. We also use the following

! Address after September 25: L. Rozansky, School of Mathematics, Institute for Advanced Study,
Princeton, N.J. 08540, USA.



28 L. Rozansky

general notation: {x} denotes a set of n numbers xi,...,x,. E. Witten noticed in [1]
that the partition function (1.3) is a topological invariant of the (framed) manifold
M and link . He also showed that the ratio

) Zo3(S3, L5 k)
J{a}(f,k)=————, K=k+2 (L4)
% sin (%)

is equal to the Jones polynomial for g = e¥.

Another important result of [1] is that Z;,y(M, Z; k) can be exactly calculated
through the surgery formula. Let us first define a rational (p, ¢) surgery on a knot
A belonging to a manifold M. We choose a pair of cycles Cj, C, on the boundary
of the tubular neighborhood Tub(J¢"). C; is a meridian, it is contractible through
Tub("). C, is a parallel, it is defined by a condition that it has a unit intersection
number with Cj. The parallel C, is defined only modulo C;. The (p, q) surgery on
A" is produced by cutting Tub(J#") out of M and then gluing in back in such a
way that the cycles C; and C, on 0Tub(X") are identified with C] = pC + ¢C;
and Cj = rCy +5C; on d(M \ Tub(#")). The numbers r,s € Z are defined modulo
P, q by a condition

ps—qr=1, (1.5)

which follows from the fact that C{ and C; should also have a unit intersection
number. The topological class of the new manifold M’ constructed by the (p, q)
surgery does not depend on a particular choice of  and s.

Let M’ be a manifold produced by rational (p;,q;) surgeries on the first m
components of the link % in M. M’ still contains a link ¥’ consisting of the
remaining components %, 1,...,%, of £. According to [1], the invariant of the
new pair M’, ¥’ can be expressed in terms of the old one through the surgery
formula

..........

150,00, SK—1 j=1

Zoyrae M, 250 =S5 Y Z (M ZR]TL?, (1.6)

here f is a framing correction phase and the matrices U i‘Z’q)generate a K—1-dimen-
sional representation of the surgery matrices

g = (f]’ Z) € SL2,Z). (1.7)

The formula for U E,Z’q) was derived by L. Jeffrey in [2]:

~(p.q) — I.Sign (q) e_%ﬂq)(U(qu))
* V2Kl
g—1

X Y S pexp | o (po? — 20(2Kn + pp) + sQ2Kn + upY)| , (1.8)
u==%1n=0 2Kq
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here ®(UP9) is the Rademacher function defined as follows:

pr _p+S_
‘P[q S]——q 125(p, q) » (1.9)

s(p, q) is a Dedekind sum

1 lal=1 i ;
s(p,q) = ” cot <né> cot (n%) . (1.10)

J=1

N. Reshetikhin and V. Turaev showed in [3] that the surgery formula (1.6) de-
fines a topological invariant, without relying on the path integral representation (1.3).
This made the whole theory mathematically rigorous. They also formulated a set of
general conditions on the components of Eq. (1.6) for it to define an invariant. The
problem with the surgery formula (1.6) is however that it does not make obvious the
relation between the “quantum” invariant Z;,,(M, £; k) and the well-known classi-
cal invariants of M and . such as Betti numbers, linking numbers, etc. A possible
remedy is to study the large k asymptotic behavior of Z(,3(M, #; k) by applying a
stationary phase approximation to the path integral (1.3). The stationary points of
the phase (1.1) are SU(2) flat connections on M. Let .# be their moduli space,
M . being its connected components numbered by the index c¢. Each component ./,

gives its own contribution ZE;)} (M, Z; k) to the total invariant:
Z{a}(M,y;k)zZzg‘j}(M,g;k). (1.11)
c

The individual contributions are presented as asymptotic series in % (or the expo-
nentials thereof):

c Nzero i c ) n— c
ZE\ (M, £3k) = 2nh) T exp <i__Lsgs>> {szlh L4 )] : (1.12)
or, equivalently,
c Nzero i ¢ ) )an
ZE\ (M, £;k) = 2mh) T exp [ﬁ <Sgs>+n§ls,§ # )} . (1.13)

Here Sgs) is a Chern—Simons action of connections of .#. and
Nyero = dim H? — dim H]! , (1.14)

H! being the cohomologies of the covariant (with respect to A,) derivative D.

The coefficients Aff),S,(,c) are called n-loop corrections. The expression for the 1-
loop correction was derived in [1, 4 and 2] (some details were added in [5]):

e 1 i in
A = i) _ i S(C) _ N
U= T YolH,) TP 7 \Pes T gt

xf\/]tR[]E[ Tr,, Pexp <§A#dx") . (1.15)
. =1 2,
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In this formula H, is an isotropy group of .#. (i.e. a subgroup of SU(2) which
commutes with the holonomies of connections of .#.), Ny, is expressed in [4] as

Nph = 21, + dim H? + dim H! + 3(1 + b},) . (1.16)

Here I. is a spectral flow of the operator L_ = %D + D acting on 1- and 3-forms
on M, b}, is the first Betti number of M. 1z is the Reidemeister-Ray—Singer torsion.
L. Jeffrey observed in [2] that /|tg| defines a ratio of volume forms on .#, and
H..

The higher loop corrections 4988 come from the n-loop Feynman diagrams.
They are expressed as multiple integrals of the products of propagators taken over
the manifold M and the link # (see, e.g. [6, 7] and references therein for details).

The asymptotic formulas (1.11)—(1.13) follow from the path integral of Eq. (1.4)
and can not be derived directly (at least, at this point) from the surgery for-
mula (1.6). In other words, the asymptotic properties of the r.h.s. of Eq. (1.6)
are not immediately obvious. Therefore it is interesting to take the surgery formula
for the invariant of a particular simple manifold and try to find its large £ asymp-
totics in order to compare it with Eq. (1.15) and multiloop Feynman diagrams. This
program was initiated by D. Freed and R. Gompf in [4]. They observed a numerical
correspondence between the invariants of some lens spaces and Seifert manifolds
calculated through surgery formula and the predictions of Egs. (1.11), (1.15) for
large values of k. L. Jeffrey worked out the full asymptotic expansion of the in-
variants of lens spaces as well as some mapping class tori in [2]. She checked
analytically that the classical and 1-loop parts of the flat connection contributions
were equal to the Chern—Simons action and the r.h.s. of Eq. (1.15).

In our previous paper [5] we studied the large k& asymptotics of the invariant
of Seifert manifolds constructed by rational surgeries on the fibers of S? x S!. We
demonstrated the consistency between our results and Egs. (1.11), (1.15) for the case
of 3-fibered spaces. We also found that the contributions of irreducible flat connec-
tions were finite loop exact. This means that (up to minor details) the asymptotic
series »_ oo, AR of Eq. (1.12) appeared to be finite polynomials for the case
when dim H, = 0. Such behavior is similar to the one observed in [8] for the 2d
Yang-Mills theories and explained there by a non-abelian localization.

In this paper we study the large k& asymptotics of SU(2) Witten’s invariant
of general Seifert manifolds X o {2} We calculate all contributions Z)(X o2} k)

(Proposition 3.1) and relate them to connected components of the moduli space
of flat connections (Proposition 4.3). Our formulas express the contributions of
irreducible connections as residues, which makes them look similar to the non-
abelian localization formulas of [9] and [10]. By comparing our expressions with the
residue formulas for intersection numbers derived in [9] and conjectured in [10] we
express the contributions of irreducible connections in terms of intersection numbers
on their moduli spaces (Proposition 5.3). As a byproduct of our calculations we
derive the full asymptotic expansion of the partition function of 2d SU(2) Yang-
Mills theory on a Riemann surface with punctures, including the contributions of
constant curvature reducible connections (Proposition 5.2). In Appendix 6 we discuss
the alternative way of deriving the asymptotics of Witten’s invariants of Seifert
manifolds which relates them to Kostant’s partition function (this is analogous to
the relation between the intersection numbers and Duistermaat—-Heckman polynomial
discussed in [9]). In Appendix 6 we use the moduli space of twisted flat SU(2)
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connections in order to get rid of singularities of the moduli space of untwisted
connections and to simplify some residue and intersection number formulas.

2. A Surgery Formula for Seifert Manifolds

The simplest way to construct a Seifert manifold X {2} is to perform n rational
Ly

surgeries on the manifold ¥, x S', X, being a g-handled Riemann surface. Choose n

points P;, 1 < j < non X, and consider an n-component link .% in X, x S! formed

by the loops P; x S'. The Seifert manifold X o{2} is constructed by n rational
"Ly

(pj,q;) surgeries on the link components .#;. The surgery formula (1.6) tells us
that

Z(X oy3k) = é/r
{2} P>

1=

1 . n o~ (pr4))
Z{a}(Zg xS ,Z,k)HUajl . 2.1)
<K j=1

The framing correction fg for this surgery was calculated in [4]:

T 2 n H
==(1-= S(U9P)) 4 3sign | — 22
fo=5 (1-7) |[Sow o+ s1gn(P)}, 22)
here we used a notation
n n q
P=TIlp;,, H=PX*L. (2.3)
j=1 j=1Dj

The invariant Z;,3 (2 X S 1. %;k) is equal to the Verlinde number, i.e. to the number
of conformal blocks of the SU(2) WZW theory at level k for the surface X, with
n insertions of the primary fields ¢,, which correspond to the representations V.

The number N, fu} is given by the Verlinde formula

K-l H;=1 5“1/3

Zy(Zg xS, L k)= Niy = 3 o (2.4)
here S is an SL(2,Z) matrix which interchanges a parallel and a meridian:
0 -1
S = (1 0) € SL(2,Z) (2.35)

and 504; is its K — 1-dimensional representation:

Sup = \/% sin (%cxﬂ) : (2.6)

By substituting Egs. (2.2) and (2.4) into Eq. (2.1) and using an obvious relation
SUPD = U=%P) we arrived at the following equation:
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~(—=4,-0))
T, Op ™™ k9" sign (P) einsign(4)

Z(X (s ;k):e"ffrz -
9,{‘,} =1 Sz—lﬂg 2 2n+g 1 /IP'

X exp [2]( (H IZZs(qj,pj — 3sign (%))J Z(X{ 33 k), (27)

—1 ex in H 2\ p,—1 n
Z(X, (21 0) = Z —ML—) > (jl;llﬂj>

n"o (£B) m=0 (=1

Ly 2K
X exp 2nizr—’ (Km; + m;) | exp ——BE Mt (2.8)
j=1Pj i
Here we split the invariant Z(X {2} k) into a product of lengthy numerical factors
*La
and a sum Z (X o 2};k) whose large & asymptotics has to be determined. Note that
*La
this sum takes a slightly different form if we substitute 71; = u;m; for m;:

p—1 n oy
2K, 2y = (20" X exp [27:1'2;—’ (Km§+m,)}

;=0 j=11j

<5 exp (3% 75°) T sin (2,;;; i + 2K> 9

i sinn+29—2 (K )]_1 Dj
This expression bears a close resemblance to the following two objects: Verlinde

numbers and a partition function of the 2d Yang—Mills theory. With the substitution
of Eq. (2.6), Verlinde formula (2.4) turns into

8y T i)
- nt2g—2 :

j=1 sin" 7% (ZB)
According to [11], a partition function of a 2d Yang—Mills theory with the cou-

pling constant a defined on a unit area surface 2,, which has »n punctures with the
holonomies

Ng

0= (2.10)

Pexp(§4,dx") = exp(2nio30;), 03 = <(1) _01 ) (2.11)
around them, is equal to

1 e n
Z{O}(Zg;a) = 29— 1 gn+29-2 ﬂ;} ﬁn+2g—2 jl;ll Sln(znﬁej) ! (2'12)

The similarity between the sums in Egs. (2.9), (2.10) and (2.12) becomes ap-
parent if we put
~ 1 ~ 1 .
R SRR S L (2.13)

o = 2K
/ pj pj KP
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The sum (2.9) is a generalization of the other two sums: it has a quadratic exponent
of Eq. (2.12) and a sine in denominator of Eq. (2.10). The difference between the
ranges of summation in the sums (2.9) and (2.11) does not affect the similarity of
calculation of their asymptotics as we will see in the next section. Note however that
we cannot multiply the summand of Eq. (2.10) by an arbitrary quadratic exponential.
The exponent of Eq. (2.9) is special: the exponential is periodic in § after the sum
over m; is taken.

3. A Residue Calculation of Asymptotics
Now we turn directly to the asymptotic calculation of the sum (2.8). We convert

it into a sum over f € Z in two steps. By slightly shifting the argument of the
denominator along the imaginary axis we can double the range of summation:

p—1 n K _in H 2
Zs(X{ yh) = Z exp (2niKZr—jmjz> lim + > exp (35 p 1)

’ =0 j=1 Pj E—0F 2[;:_K+1Sinn+z‘q_2 (%(ﬁ — Zé))

> {Hﬂjexp[z 2ni (rj#,m,—ﬁ(mﬁz“—é))”. 3.1)

{u}==1

Indeed, the product of sines Kkills the summand at f =0 (to see that the same
happens at f = K combine the terms at m; and gq; — m;). If the product of sines
is absent (as it happens for the sums (2.10) and (2.12) if » = 0) we may add an
extra factor

sin (£p)
sin [%(ﬁ — ié)] (3.2)

that will take care of f = 0,K.
As the next step, we extend the sum over f to all integer numbers by using the
following simple lemma:

Lemma 3.1 If the function f(B) defined on Z has a period T then
-l 1. _ ﬂ2
S f(B) = 7 lim e X f(Bye ™. (3.3)
ﬂ=0 &E— ﬁez

As a result,

Zs(X{ € k)= —l1m\/_ Z exp <27‘CZKZ —m2> lim ! e’

f—’0+ 2 ﬁEZ
exp (= 5k 7 )

X sin 92 (Z(B — i)

27 ;
Xy {H,u/exp[ jl (rj,ujmj ﬁ(mj—l—z'u—lj{))]}. 3.4)

{1}==%1
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Thus we eliminated the difference in the summation range between Egs. (2.9),
(2.10) and Eq. (2.12).
At this point we can use the Poisson resummation formula

PWOED> T apexpQuimp)f (). (3.5)
(S

meZ—oo
which tells us that

p—1 n
Zs(Xg,{f};k)=§1E!ig(l)\/EZ DY <Hﬂj>

my=0 mo€Z {u}==+1 \j=1

. n v . 1+00 e 2
X exp (2111 Zl—’ (Km? + ,ujmj)> gll‘I(l) 3 [ dBe™™F F(B;mo, {m},{u}), (3.6)
J=1Fj 7 4—o0

. . 7
exp [_%g 2 4 2mip (mo -y, ek )}

sin"7? [Z(B — i¢))]

F(B;mo, {m},{u}) = (3.7)

A substituition f = K8 in the integral (3.6) would demonstrate explicitly the ap-
plicability of the stationary phase approximation in the limit K — oo. The stationary
phase point for the phase of the integrand (3.7) is

—ox L e —
ﬁst—ZKH <m0 ,§p,~)' (3.8)

The steepest descent contour Cgy(f) in the complex f plane is the line

Imf = — sign (%)(Reﬂ—ﬁsa. (3.9)

In the process of being deformed from its original form Im 8 =0 to (3.9) the
integration contour crosses those poles

B =K(I+1i¢) (3.10)
of the integrand (3.7) for which

sign (%)(ﬁst —~KI)>0. (3.11)

Therefore to the leading order in ¢

400 2 2
f dﬁe_mﬁ F(ﬁ; mo, {m}, {:u}) = e‘"sﬂsnc Ell; dBF(ﬁ’ my, {m}’ {:u})
—0o sd(Bst)

+2mi Y, Respp, F(B;mo,{m},{u}). (3.12)

ez
sign( & )pse—KkD)>0
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Let us substitute this expression into Eq. (3.6) and take the sum over m;, u; and
my. The function Zy (X {2 };k) will be presented as a sum of the contributions of

all stationary phase point; (3.8) with mg and m; belonging to the summation range
of Eq. (3.6) as well as the contributions of the poles (3.10). Both stationary points
and poles form 1-dimensional lattices Ay and Ap, which are invariant under the
shift

p— p+2K (3.13)
and (if we put £ =0 in A,) a reflection
p——p. (3.14)
The function
n v
exp (2m' S L (ki + ujm,-)> F(B; mo, {m}, {u}) (3.15)
j=1Pj

is invariant under the same transformations in the limit ¢ — 0 if we combine the
shift (3.13) with the shift of m;

mp—mj—gq, 1sjsn, (3.16)
and the reflection (3.14) with the reflections
my — —my, m; — —m;, wj— —p;, 1=<j=<n. (3.17)
An extra symmetry
my — mo — 1, m; — m; + p; (3.18)

helps us to keep m; within their summation range. Thus we conclude that the
contributions of the stationary points Ay and poles A, have the symmetries (3.13)
and (3.14). Now we can apply Lemma 3.1 “backwards” to the contributions of Ag
and Ap. We remove ﬁ lim;_,q v/¢ from Eq. (3.6) while taking only the contributions
of the poles fy and f and of the stationary points 0 < i < K (if S5 +0,K, then
their contributions should be doubled in view of the symmetry (3.14)):

Zs(Xg,{E}; k)= Zs,polar + Zs,st.ph. » (3.19)
q

pj—l n n op.
Zopolar = T Y, > > 3 ( ,uj> exp <2ni Ep—j (ij2 + ,ujmj))
Jj=1 j=1Fj

1=0,1 m,=0 {u}==+1 mo€Z
{M} sign( % )(:ﬂsl —KI)>0
x lim Resg—p, F(B;mo, {m}, {u}), (3.20)
pi—1 1 n . n rj 2
Zosph. = 2 ). >, ——F—~ pj | exp { 2mi ) — (ij + #j’"j)
mj=0 {u}==+1 ogg:;( Symg, (12‘%‘) Jj=1 j=1Pj
x lim [ dBF(B;mo,{m},{u}). (3.21)

=07 Cy(Ba)
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Here we used the following notation: let G be a group acting on a set X. For x € X,
we denote by Sym(x) the number of elements of G which leave x invariant. In
the future we will need two groups: the group of reflections + (its only nontrivial
element multiplies real numbers by —1) and the group of “affine” reflections Z.
which combines reflections of + with the shifts by integer numbers.

If we substitute Egs. (3.19)—(3.21) into Eq. (2.7) we will see that the whole
invariant Z(X {5};k) turns into a sum of polar and stationary phase contributions.

Let us first calculate the contribution of the stationary phase points S5 +0,K. We
introduce a new integration variable

_ B ;{ﬂste—% sign( %) , (3.22)
so that
lim [ dBF(B;mo,{m},{u})
20" CulBa)

jL AP H iﬂ: H n I.l
= Kef5e(#) exp {5{— (F H _2%2;’?)}

j=1

+oo exp( 2| 2 — inxes sien(7 )Z, ij)

X [ dx
_‘{O sinn+2g—2 (%ﬁst + nxes % sign( 4 ))

4 ey S
— 2Kexp [ M §F(1+5) 1PN ey e T
TP k) T @iy \2mKH b G,
)|,
—2K
(3.23)

Here we expanded the preexponential factor of the intergrand in powers of x and
integrated the series term by term.

The case of sy = 0,K requires a more careful consideration because the station-
ary phase point coincides with one of the poles (3.10). First of all, we introduce
new variables

1
ﬁ':ﬁ_Kl’ m}zmj—‘l—ijl, (324)

in which the contribution of fs = K/ is equal to

2miK i (r—]m;2 - lsjqjﬂ)
=\ p 4

Jj=1

o _ = :
Zspec = 2 Z Z H/“tj exp
osmi<p; {u}=+1
m €Z+§qj

J=1 O )

X €Xp [anZ,u] (pj my; — %sﬂ)} hm JdBG(Bsu) - (3.25)
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Here
23 2[3/ E 17 )}
/. _ [ ( B+ 7=l p,
G(Bsm) = S () (3.26)
and the contour C(&) is described by equation
. (H\ .
Im " = —sign <F> Rep —¢&. (3.27)
Let us split the function G (f’; ;) into odd and even parts:
1
i(ﬁ,;'“j) =5 (G(Bw) £G(=F)) - (3.28)

2
To calculate the integral of G~ ( ) we double the integration contour and then
close it:

1 .. _

lim [ G ($iw) = 3 Jim | [ - [ G (i)
Lets) S0l oo

= miResp_o G~ (B';1;) = miResp_o G (B511;) . (3.29)

We substituted G (B'; ;) for G~ (B'; ;) because G* (B’ ;) has zero residue.
To integrate G (ﬁ’ ; ,uj) we introduce a new integration variable

, 2
‘e <%e—%sign(%)> , (3.30)

so that the integration contour C(&) folds into two branches: one over and one under
the positive semi-axis in the complex x plane. The expansion of the preexponential
factor sin?~29~" (£pB') in powers of x leads to I'-function type integrals:

éllm [ dBG* (B'sw) =
C(&)

2K l P Il—n;2y+3 F (l'—n;Zg-i—?a)
@ny 2 i \2miK H I

—ne2Z

N > _2n¢ 2
¢ sin(27¢)

The I'-function in this equation is well-defined even if its argument is negative,
because it is always half-integer.

It remains now to substitute Eq. (3.23) into Eq. (3.21) and (3.29), (3.31)
into (3.25). Recall that Zs(géi_) represents the contributions of Sy = 0,K to Z g ph..
The sum over mg in Eq. (3.21) is finite due to the condition 0 < fiy < K.

Now we turn to the polar contributions. The calculation of the residue in
Eq. (3.20) is straightforward. The problems come from the condition (3.11). Con-
sider a contribution of a general pole ;. We introduce the new variables (3.24), so

(3.31)

¢=0
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that the pole at § = 8, corresponds to the pole at f’ = f; = i£. In the new variables
the contribution of f; to Z polar is equal to

Zs(lgolar = mi(—1 )nl Z Z Z H:uj
0§m/<pj {#}::I:] my€EL Jj=1
J /?S" s:gn(%)>0

mj/EZ+%qu
X exp Z”iKXn: (Qm'~2— lsq-ﬂ) exp 2mZu ( m, — ls l)
=\p 1 47V =5 \p 551
X Jlimn Resy—iz F(B's mo,m 1) (3.32)
here
P n m'
Bo=2K (my— "2 (333
a =187

We used the symmetry (3.18) in order to reduce the range of summation over m; to
0 < m}; < p;. The numbers m; are integer or half-integer depending on the parity
of g; and /. The same symmetry (3.18) allows us to further transform the sum
Z 0§’”jl'<pf into

mj€1+%qj1
1
E Z n m',
{(Wy=%losws% []-; Symz, (ﬁ)

1
m €Z+2qjl

(3.34)

if we substitute pim; for m} everywhere in Eq. (3.20). After taking a sum over

{u} = £1, we arrive at the following expression:

. , 1
280 e = (=120 Y

7/
pj n mn;
osms 4[], Symz, (m)

€xXp
j=1

n ri 2 1
2miK Lm'” — —s-q~lz)
Z: (Pj 74

mj'EZ+-%q]1
exp [——,”(%ﬁ’z + 2mif’ (mo — Z;le %)]
Xy ) lim Resg—;; Py — —
{w}=%1 . gm0 sin [ (B - )]
moy > Zj 1 p]
2 m — —ﬁ——] — =s5;l . 3.35

We can extend the sum over mg to

wim, Sym (mo - Z;?:l %’J’b’) ’ (3.36)
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if we transfer the polar contributions (3.29) from Zsg ph. t0 Z polar. Then this sum
can be split in two parts with the help of the formula

Slmy) — _ Sflmo) sign (a)

mZaSymy (mg —a)  eZoSymy (mo)  g<m|q Sym (mo) Sym (mo — |a])

X f(sign(a)my) . (3.37)
The residue in Eq. (3.35) is calculated at f'=if, so we can assume that

Im ' > 0. Then the sum -, s—ym can be easily calculated:

2niﬂ'mo

>Om 2 COt(TCﬁ ) (338)

Let us introduce the variable f” = B’ — i£. The residue in B” is calculated at 0. A
dependence on ¢ in the vicinity of this point is nonsingular except for the factor
cot[n(B” + i€)] coming from the sum (3.38). Since the range of summation in

mz0 does not depend on i, the sum 3° {(w}=+ 10 Eq. (3.35) can be calculated

explicitly:

: ‘u;m; : rj ﬂ, 'ujl' 1
i exp (—Zmﬁ’— sin |2 ( Lm — —-L — = s;l
{y':éil ! pj pi ' 2Kp; 2 ’
1 / m’
= —2isin |27 | -Lm’, — =s;1 ) | cos Lys sin { 2np’ -
i '
Dj K pj pj
‘ 1 / m'
—2cos [271 (r—]m]’ — = l)] sin <£ﬁ—) cos <2nﬂ' j) . (339
pj 2”7 K p; pj

The factors sin [Zn(ﬁ’ "+ i&) ’] and sin ( M) cancel the singularity of cot[n(8”
+i¢)] if n = 1. Otherwise the s1ngu1ar1ty will be canceled by the extra factor (3.2).
As a result, we may simply put £ =0 in Eq. (3.35):

1

N

Il

m(=1)"Qi)" Y — —
ogmj’gfzi =1 Symzi (-ﬁf)

m;EZ+%q}1
ik S (T2 Yoo 0 o
X exp | 2T 2:1 ijj _Zsjqjl (Zs polar, reg. Zspolarsmg) (3.40)
j=

; in H 02
( i exp (—Z 4 g2)
Zs golar reg. 5(_2)” Resﬂ=0 {ng(#ﬁ) COt(TEﬁ)
K

X,l;ll [z sin [275 (p,mj — %sﬂ)} cos (1%%) sin <27r,3r;—j)
1 . j
+ cos [2n <p]mf - Es]lﬂ sin <1£<P%> cos <2nﬂ%)] } , (3.41)
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77
. noHm
sign (Zj:] p! )
wym )

Sym., (mo) Sym (mo — |7,
exp [—21}‘5% 2 + 2mif sign (Z] lﬂp )( \Z} -~

7

s, polar, sing.

w'm’

g
W= s

0=mo=

galll

Resg—

X esﬁvo Sinn+2g -2 (Eﬁ)
n ) I B wi 1

x [T ) sin [271 <—jm’- - —sJ)} ) (3.42)
jl;ll ! pi 7 2Kp; 27

The reason why we call the sum (3.42) singular (apart from the apparent ugliness of
the sum over my) is that it seems to be related to a singularity in the “underlying”

moduli space. Note that Zs(lgolar reg. = 0 if g = 0 because the function whose residue

is calculated in Eq. (3.41) is nonsingular at f = 0.
Now it just remains to combine together Egs. (2.7), (3.19), (3.21), (3.23), (3.31),
(3.40)—(3.42) into one proposition:

Proposition 3.1 The large k asymptotics of Witten's invariant of a Seifert mani-
fold is a sum of a finite number of contributions:

pi—1

Z(red) (irr.)
CABIDES ) Zogm * 22 X

ne0 e —
m/EZ+—l-q / " ——mi$l
J 29" _]:l Py
(irr.sp.)
Y ) zZim, (3.43)
=01 os»:'s%’-
sm <

s
wim
’ lop 3uled1: >0 1L
m €2+ 3 qjl, 3y +1: =175 €Z

2 K g % Y e H
(red) n . iZ i (_)
P gn
{m} moy ( ) IH' ( 2 > Slgll( )e 2 P

[ (i 1H [ Bs?
2miK [ Lt = (2
xexp_m <§pjnf+4P(K>)}
in (H n . (H
X CXp ﬁ (—ﬁ — 12]§S(qj, P/) — 351gn (F)):l

/ nooan (22 (rm. —
X § i 1 £ : 6(21/) Hj:l s (pf (rjmj ¢)) (3 44)
iV \8mKH ) ¢ sin""2972(2nh) ’ ‘
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. -1 .
gimy ()" Din <K>g Sign (P) i rsign( 4 )

{m'};1 — n m’ 5
[T/= Symz, (ﬁ) VIP|

2

1
X exp 27'5sz <p -2 - Zsjqjlz)}
j

j=1

[ in (H n H
ZTIZ 12 L p;) —3sign [ =
<o 7 (P 35005 ) s1gn(P))}

ooy | S0 CEA)
X {E(_Z) RCSBZ() {SV’TH;(PBS COt(TEﬂ)

n 1 . m'.
j];[ [1 sin [271 (p, m; — Es’l>] cos (%p%) sin (2nﬁ;;>
o, 1 ) !
+ cos [Zn <;—’jmj — Esjl>] sin (%p%) cos (27:/3%)] }

r !
. noowm
sign (ijl -t )

- X

”/m/
{wy==1 't | Sym . (mg) Sym (mo —l " #D
0Smo< Z;;]”Jp—]j * * Z]_l P
in H g2 nomm nowm
I : M J_J
exp [—ﬁﬁ + 2mif sign (ijl JT,I) (mo - ’ijl -t )]
x Resg—g

Sinn+29—2 (%ﬁ)

n . 7 ﬁ /1/, 1
x [ ) sin [271 (—Lm'- - L —s-l)] , (3.45)
JEII J p] J 2K p] 2 7

(—1)yHDKs sign(P)  elimsien(F)
39-3 2g—2 7
2n+3g=3 gn+2g VPl H;le Symg, (%)

(irr.sp.) __ ~(irr.)
Zowyi1 = Ziwya +

s (T2 1 2
X exp 27'CIKZ —m; —é_lsjqjl

in (H & H
~ 1 =12 ) — 3si —
X exp | 5 (P j§=1s(‘]j,Pj) sign (P))
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' —n—2g43 r ( I'—n—2g+3 )

o0 1P\ 2
> (2niK 1_1) "
I —ne2z
, 2np "2 rimi— ¢ 1
STl {<_—) sin |27 ( L—" — 51 .
¢\ \ sin(2n¢) ,‘Z::H ]I:I pPj 2" $=0
;l 15 / / cZ
(3.46)

A condition Z;?:] i#’:' ¢ Z in the second sum of Eq. (3.43) means that for any
choice of signs =+ in front of the numbers m} the sum is never integer. The condition

1.1
;= +£1: Z;;] % € Z means on the contrary that there exists a choice of signs

such that the sum is integer.

4. Flat Connections and Asymptotic Contributions

4.1. Connected Components of Moduli Space

Our goal is to relate the terms Z?,:‘; )mo Z?m",'i;l and Z?m",;p " of the asymptotic
formula (3.43) to connected components of the moduli space ﬂ(Xg {_}) of flat
Ly

connections of the Seifert manifold X 2 in accordance with the quantum field
theory prediction (1.11). In this subsectlon we describe the connected components
of M(X, {q})

A flat connection 4, on a manifold induces a homomorphism Hol, of the fun-
damental group 7; into the gauge group which in our case is SU(2). This homo-
morphism maps an element x € m; into a parallel transport along x:

Hol,(x) = Pexp (§Aﬂdx“) € SU(2). (4.1)

Two flat connections 4, and AL are gauge equivalent iff there exists an element 4
of the gauge group which conjugates one homomorphism into another:

Holy = A~ ' Hols k. (4.2)

Therefore ./ is also a moduli space of homomorphisms 7; — SU(2) up to a global
conjugation.
The Seifert manifold X, 1,y is constructed by the surgeries UP+49) on the
Y
loops P; x S! of the manifold X, x ' as it was described in Sect. 2. The fun-
damental group of X, {2} is generated by the following elements: the loop b along
Ly

S!, the loops ay,...,a, around n punctures P; on 2, and the standard generators
c1,di,...,¢4,dy of m(2y). These elements satisfy relations

a’bh =1, 1<j<n, (4.3)

ay - e osag=cdie] 7 s cgdge T (4.4)

and the requirement that b commutes with all other elements of ;.
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There is another set of important elements in m;. These elements represent the
middle cycles of the solid tori (i.e. their parallels) which we glued in during the
surgeries:

fi=dbh, 1<j<n. 4.5)

Consider a homomorphism Hol, : 7y — SU(2). We introduce a function ¢ :
n; — [0, 2] such that for x € m; both Holy(x) and exp[2mios;¢p(x)] belong to the
same conjugation class of SU (2) Smce b commutes with a;, Egs. (4.3) and (4.5)
imply that for some numbers i, 7’ € Z,

m; + q,;$(b)
pPj
’ d(b) — r,

$(a;) = ; (4.6)

O(f)) = %+ ! (4.7)

The remaining analysis depends on the value of ¢(b). If ¢(b)#0,2, then
Hol(b) does not belong to the center of SU(2). Therefore since b belongs to the
center of m;(X {p}) all the holonomies should belong to the same U(1) subgroup

of SU(2), in particular,

Hol4(b) = exp[2miosd(b)],  Holy(a;) = exp <2m;w) . (48)

pj
This means that the connection is reducible: the isotropy group H,, which commutes

with the holonomies, is equal to U(1). Also since all the holonomies now commute,
the r.h.s. of Eq. (4.4) is trivial. Therefore for some iy € Z,

o+ Z—m’ +990) _ . (4.9)
pj
Substituting here Eq. (4.6) we find that
n om.
d(b) = — <m0 - Z-’) . (4.10)
j=1Pj

As for the phases ¢(c;),#(d,), 1 < j < g, they are totally unrestricted. The only
condition on Hol,(c;) and Hol,(d,) is that they belong to the same subgroup U(1) C
SU(2) as all other holonomies.

Proposition 4.1 The connected components of reducible flat connections with
Pp(b)+0,1 are e/%({red})”.lo. Their holonomies are described by Egs. (4.8), (4.10)
and (4. 6) The choice of numbers my, ..., M, wg is limited by a condition

0§¢%LW¢MJMM§%- (@11)
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If ¢p(b)=0,1 then Hol,(b) belongs to the center of SU(2) and the connec-
tion can be irreducible. Equations (4.3) restrict the possible conjugation classes of
the holonomies Hol,(a;). Since this time Holy(b) is invariant under the reflection
e2mibos _, o213 we find that

j +q;9(b)

(a;) = (4.12)
P(a; 2,
If g =0, then Eq. (4.4) degenerates into

ay - ca,=1. (4.13)

This condition imposes a quantum group version of the polygon (e.g., triangle for
n = 3) inequalities on the phases ¢(a;). If however g = 1, then since the commu-
tants hlhzhl_lh_l, h12 € SU(2) cover the whole group SU(2), Eq. (4.4) does not
restrict the phases ¢(a;).

Proposition 4.2 The connected components of irreducible flat connections are

/%({i;;‘})i. The conjugation classes of some of their holonomies are determined by

Eq. (4.12) with ¢(b) =
the condition (4.11).
If there exist the numbers fi; = %1 such that Z;?:l fi;¢(a;) € Z, (¢f. Eq. (4.9))

) are reducible and
{m};l

, 1=0,1. The choice of the numbers #i; is limited by

NI~

then some of the connections of the connected component .M

we denote it as %(irf's_pi).
{m}il

4.2. Identification of Asymptotic Contributions

We are going to identify the contributions that the connected components of the
moduli space .4 (X f {_p}) make to Witten’s invariant Z(X p {E};k).
g Ly

Proposition 4.3 The contribution to Witten’s invariant Z(X W) k) of a reducible
*Lyg
component M"Y is 75V of Eq. (3.44) such that

{rit}srto {m}smo
n .
m; = i (mod p;),  mo = g + 3 L1 (4.14)
=1 Pj
The contribution of an irreducible component M ?;}) pis Z?m“,i , such that
/ ~ 1= 7
m; = m; + qul, I=1. (4.15)

The contribution of a special irreducible component M (irr-sp.) (which also contains

, {myl
some reducible connections) is Zgn”,‘??‘l) whose indices are given by Egq. (4.15).



Residue Formulas for Large £ Asymptotics of Witten’s Invariants 45

One possible way of verifying these claims is to use Egs. (1.12) and (1.15).
One has to compare the already known Chern—Simons actions of flat connections
to the leading exponentials of Egs. (3.44)—(3.46). One-loop corrections can also
be compared if at least some of the parameters in the r.h.s. of Eq. (1.15) can be
independently calculated. We carried out this program for 3-fibered Seifert manifolds

Xo (%, %, %) in [5] by using the 1-loop calculations of [4].

A more direct way of identifying the asymptotic contributions is to “measure”
(or, in the language of quantum theory, “observe”) directly the holonomies of flat
connections along some elements of the fundamental group of the manifold. Suppose
that we know that for an x € m; the conjugation class of Hol,(x) is the same for
all connections of a connected component .#.. Let us introduce a knot (that is,
a Wilson line) along x carrying a y-dimensional representation of SU(2). In other
words, we multiply the integrand of Eq. (1.3) by an extra factor Tr, Pexp( ffx Aydxt).
According to Eq. (1.15), at the 1-loop level in 1/K expansion the contribution of
M. will be multiplied by

sin[2my¢(x)]
sin2np(x)]
Therefore the knot is an observable which measures the conjugation class of the

holonomy.
We introduce the following link into the Seifert manifold X oz} @ line along
>Lag

1l

Tr, Pexp (fAudx“) = Tr, exp[2nios P(x)] (4.16)

b with y-dimensional representation and # lines along a; with y; dimensional repre-
sentations. The new Witten’s invariant Z,,,(X W2} Z; k) can be easily calculated
Ly

with the help of the lemma whose simple proof can be traced back to [1]:
Lemma 4.1 Let A" be a knot in a manifold M and let A, be the meridian of

A If A carries an a-dimensional representation and Ay, carries a y-dimensional
representation, then

>:I=l

(89, mainy.  @17)

%)

~—1
Sy
Za,y(M,f’%m;k)— Z(M‘%‘ k)— (

5 sin (

><:I?-i

As a result,

'S sin (£059)) ~(p,4))
Zoyy gy 2500 = &0 5 N, o, 17200 s (e0) g

=1 Jj=1 sin (Kal)

K lsm(,(ow,)S U(ijb)

El sm( ﬁ?) H] 1 Z“J—l sin( £a;) %1

j=1 sin (£p) 5?1—2!] -2

= elff

. (4.18)

Instead of going through the detailed asymptotic calculation of the sums of this
equation along the lines of the previous section (which is possible but tedious) we
will present a simple argument which will show how the extra factors

sin ( By)

4.19
sin (K,B) (4.19)
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and

s (I?OC j)
affect the asymptotic formulas (3.44) and (3.46). Note that all the terms in Eq. (3.43)

came as local contributions of some special points f*: Z?:l‘;',)mo came from the sta-

tionary phase points B* = By, ZF};’,‘;; , came from residues at f* = K/ and Z?m”,s}pl)
came from both stationary phase and residue at f* = KI. Therefore to the lead-
ing order in K the effect of the factor (4.19) is to multiply these contributions by
sin( £8*y)

. Comparing this factor with the r.h.s. of Eq. (4.16) we conclude that

sin( %)
_F
()= — . (4.21)
2K
This means that for Zg:‘;';)mo
P n m;
db)=—=|my—>S 2|, 4.22)
H\" ,;1 Dj (
. (irr.) (irr.sp.)
while for Z; 72 ) and Z; %)
l
) =3 (4.23)

in full agreement with the Proposition 4.3.
To find the effect of the factor (4.20) consider the calculation of the sum

K—1
s ey
> Sp, U0, (4.24)

o,=1

which produces the factor U ;ﬂq”p’) of Eq. (2.7). The relevant part of this sum is

K-l ; : 2K,
3 exp [% <%cx}- — 20 (ﬂ;ﬂﬁ + ﬁus>)} , (4.25)
J

J

here my and uy are m and p coming from Eq. (1.8) while ug comes from the
formula

. (T i T
sin (Eﬁaj) - E#S:zilus exp (—zEusﬁaj) . (4.26)

The sum (4.25) can be calculated along the lines of the previous section. It will turn
into a purely gaussian integral over «;. The stationary phase point which dominates
this integral is

o0 — 2Kmy + psq;B

4.27)
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On the other hand, comparing an integral over «; of the summand in Eq. (4.25)
with the exponentials of Eq. (2.8) we conclude that

m; = fismy, i = Pshu » (4.28)
so that
2Km; ;
ol = “S_——mjp - 9l (4.29)
J

Therefore to the leading order in K, the effect of the factor (4.20) is to multiply
the contributions by

sin (]ﬂ(ocﬁ-soyj)
N CO A
sin <E°‘j )

with o™ coming from Eq. (4.29) in which we should substitute § = f*. Then
Eq. (4.16) tells us that

(4.30)

5
Play) = | ——L%| (4.31)

pj
which is again in full agreement with the Proposition 4.3.

Finally as a result of our identifications we can recognize the presence of
the factors []i_,sin[27¢(f;)] in all the formulas (3.44)—(3.46), e.g. the factors

[T}, sin (i)—’;(rjmj - d))) in Eq. (3.44) and []}_, sin (;—fjm; - %sjl) in Eq. (3.45).

5. Intersection Numbers on Moduli Space

Consider again the asymptotic formulas (3.43)—(3.46). Whereas the contributions of

reducible connections Zg:‘;‘;)mo are presented as infinite asymptotic series in 1/K, it
turns out that the contributions of irreducible connections are in fact finite polyno-
mials in 1/K. This follows easily from the residue formula (3.45). The situation
seems similar to that of the Yang—Mills partition fuction calculation of [8] and the
calculation of Verlinde numbers in [12, 13]. In all these cases the moduli spaces
contributing the polynomials to the partition functions are isomorphic. In particular,
it is easy to see that
irr. 7+ L q 1w

ﬂ({‘,ﬁ});l{Xg,{f}) = M (%), 0= fp—j” = p—; , (5.1)
here ./ (9y(Z,) is a moduli space of SU(2) flat connections of a g-handle surface
with n punctures P; and holonomies around them fixed by Eq. (2.11). Both the
Yang—Mills partition function (2.12) and Verlinde number (2.10) were expressed in
terms of the intersection numbers on .# (¢}(2,). We will derive a similar expression

for Z?m",i , by comparing the asymptotic formulas for these three objects and using

the localization formulas of [8, 9 and 10].
We start by presenting the residue formulas for the partition functions (2.10)
and (2.12).
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Proposition 5.1 A number of conformal blocks for the SU(2) WZW model on X,
with n insertions of the primary fields O, is equal to

K\? [T}, sin(2ra;¢)
4 oL 21K
N (2> {Re%_o sin"" 72 (2n¢) corrke)

AN o\ [ 1
B (5) {#}gﬂcl <1I=11m> e (};ﬂ]%) 0<m<—2|:zj 1 l Sym,. (m)

exp {2ni¢ sign (Z;;l ujoc,-) (2Km - ‘Z;;, ﬂjo‘j')]

sin™%~2(2n¢)

x Resg—o , (5.2)

fn+2g—2>0andn+37_ o is even If n+ 37, o is odd then Nfa} =0.

Proposition 5.2 A partition function of the 2d Yang—Mills theory on a g-handled
surface X, with n punctures P;, the holonomies around which are fixed by
Egs. (2.11), has the following asymptotic representation in the limit of small gauge
coupling constant a: if 37_, +£0,; ¢ Z, then

Ziy(Zg;a) = {‘er’})(zg;a)+{}51;1 x Zi (g a) (5.3)
H= w1 10,>0

—ag? n
irr. € .
Ee})(zg; a) = ~ i Resg—g YT cot(nqb)jl;[1 sin(2n0;¢)
i n—1 n sign (Z;le ,llej)
B (5> o\ e > Sym, (m)
{u} J 0§m<|zj:1,u,0]|
exp [—a¢2 + 2mi¢) sign (Z, | 0 ) ( |Z, | 10 ')J
x Resg—g - , (5.4)

¢n+29 2

2
2 n oo (1) I+ nt2g+ -3
Zed) s oy [T A S (=1) a
{0} (Zg,a) - <jl;[1uj> eXp a <m j;tujej> 1§Ozn+2g+21/n2n+4g+21/ 91/'

(n+2g+20' —3) 1

(5.5)
R

)n+29+l’—2 :
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If n is even and 3u; = £1 such that Z;le ui0; € Z, then Z&?)(Zg;a) in Eq. (5.3)
should be substituted by Z'5-)(Z,; a):

{0}
. nt+2g—3
(irr.sp.) . (i) . "a 2 3 - 2g —n n -
Zioy (2g0) = 20! (2g:0) + on+g gnt2g—2 r < 2 u,;tl jl;[l‘u/
Z;!:lHJB,GZ

(irr) g 112972 (n+22g—2)! +g-3 -

=Zi(Zga) — (—1)92 T ] 36

oy (Zg3a) — (=1) a3 (n+2g — 2)!a w;' /=‘#j o
E;___lﬂjejez

The contributions ZE??‘)(Zg;a) come from constant curvature U(1) connections, the

contribution Zgr}')(zg;a) comes from irreducible flat connections.
Equation (5.2) was derived (for the case of n = 0) in the papers [12, 13]. E.
Witten derived Egs. (5.5) and Eq. (5.6) in [8].
According to [8],
2Z§;‘;')(zg;a) = [ exp(w+4a0) ; (5.7)
M {g}(zg)
here O is a 4-form defined in [8] and w is a symplectic form on .#(,(Z,) normal-
ized in the following way: if a, and b, are two su(2) valued 1-forms representing
the tangent vectors at a point on .#4y(Z,) then
1
w(a#,b#) = 4? Trzfya# A bﬂ . (58)
The moduli space #(p;(Z,) is a bundle over a moduli space .#(X,) of flat
connections on X, without punctures? (let us forget for a moment that .#(Z,) has
a singularity, we also assume that 0; are small and Z;;l +0; ¢ Z). The symplectic
form @ is a sum of forms

o =wy+2) 0,0w;; (5.9)
=1

here wy is a pull-back of the symplectic form on .#(2,) while w; are closed 2-forms
normalized so that

f(t)j = 5,']‘ 5 (510)
s?

S? (g £i < n) are the 2-dimensional spheres which make up the fibers of the
bundle 4 (gy(24) — M(2y).

The Verlinde number (5.2) is a dimension of the Chern—Simons Hilbert space
for X, with n insertions of primary fields @, . In other words, it is a number of
holomorphic sections of a certain line bundle over .#(4,(Z,) with

O(j -1

0= 1. (5.11)

21 am thankful to L. Jeffrey and A. Szenes for explaining to me the properties of this bundle and its
symplectic structure.
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Therefore it is given by the Riemann—Roch formula

Niy= [ OTd( M5 (Zy)) (5.12)
M 93(Zy)

(see, e.g. [11, 10] and references therein). Note that a natural symplectic form
coming from Egs. (1.1) and (1.3) is

o =4n’w . (5.13)

Therefore the semiclassical formula for the dimension of the Hilbert space should
contain the exponent exp ( %) = exp ( %‘;) in full agreement with Eq. (5.12).
The Todd class Td(.# (93(2,)) can be expressed as

Td( M (5(Z4)) = exp (mo + ile)A (M y(Z,)) (5.14)
p=

(see, e.g.[10] and references therein). Upon substituting this expression in Eq. (5.12)
we get

Niy= | exp (KCOOJFZ“jwj)ff(/f{o}(Zg)). (5.15)
M (63 (Zy) Jj=1

The pairs of Egs. (5.2), (5.15) and (5.4), (5.7) are particular cases of the following
conjecture which can be deduced from the calculations of [8], the main theorem
of [9] and the calculations and conjecture of [10]:

Conjecture 5.1 For the numbers 0;,1 < j <n such that Y,  +0;¢Z, let
Mgy (Zy) be the moduli space of flat SU(2) connections on X, with n punctures
and holonomies (2.11) around them. Then for the two (not necessarily integer)
numbers K,a

f exp |K ((Do +2Zt9jcuj> + 4420 A\(ﬂ{g}(zg))
M 93(Zg) J=1
= -2n (E)g Res M cot(anS)[nI sin(2nK0;¢)
2 =0 sin" ™2 (ngh) j=1 !

.\ n—1
i n n 1

i > (Hﬂj) sign( ,Uj9j> > —
<2) {uy=+1 \J=1 =1 0§m<|27:1u,0,}3ymi(m)

exp {—ad)z + 2niK ¢ sign (23;1 1;0;) (m - IZ;;I ‘ujej')]

T ) . (5.16)

X Resy—o
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Suppose that we change the phases 6, by small amounts 46; such that for any
t € [0,1], Z;’zl +(0; 4 t40;) ¢ Z. The topological class of the manifold .#(4)(Z,)

does not change. As a result,

[ exp A (M 9y(2,))

M (91 (Zg)

K (wo +23°(0; + A@,-)w,) + 440
j=1

Il

g ) )
271 (K_)J Re S¢ 0 %f) COt(ﬂK¢)H Sln(2nK(0] + Aej)¢)
2 (n$) f

.\ h—1

i n n 1
-3 2 <Hu,-> sign <Eu,-9;) Y =

<2> {up=£1 \j=1 j= 05me| Sy S ()

exp [—a¢2 + 2miK ¢ sign (Zﬁ:l 1;0;) (m - {Z;:l (0 + AO/')D}
sin" 22 (1)

X

ReS¢=0

(5.17)

It is easy to put the r.h.s. of Eq. (3.45) in a form similar to the r.h.s. of Eq. (5.17)
for the case when >77_, i% ¢Z:

A _ (-1 )nln <K> sign (P) &' insign(4)
{m’} 1= n m
[T}, Symg, (7) 2) VPl

i 2 1 2)
Lo~ Zsqi
J I(Pj ! 4 /4 }
in [H n H
X exp lZK <F—12123(qj,pj) 351gn<P>>}

Xy ﬁ,u exp 27:12/1/( —m; —lsjl)
{uy=%1 \j=1 = pj 2

_ K H g2 Py
X { Resg—o M cot(anb)H sin [ZanS (m——i-l)J

s

X exXp [ZniK

in"*29"2(ng) j=i P
O e () = )
— -— M —————————————————————————————
2 {w'}=%1 ! 0§m°<‘27=1@ Sym,, (mo)

XRCS¢ =0 51n"+2g_2(71:¢)

exp[ ink B 2+27r1Kq,’)s1gn(Z}'=1 %’7’,)( ‘ZJ 15 m +2K)D]}

(5.18)
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Comparing this expression with the intersection number formula (5.17) we come to
the following conclusion:

Proposition 5.3 The contribution of a connected component M ({';}) 7 of the moduli

space of irreducible flat connections to Witten’s invariant Z(X {2 };k) can be
*Lg
expressed in terms of the intersection numbers of the forms on this component:

gy _ (1 elirw(E)  sign(P)

{m}y1 = T [T}, Symg, ('Z—;) VIPI

1
X exp [ZMKZ (p jz - Zsjqjlz>}
i

Jj=1
in (H n . H

2—1—(: <F — IZJES(qj, p]) -3 sign (—};)>:|
n 1

x > | I1w | exp ZmZ#J ( mj; — -—s,l)
(=1 \j=1 =1 \pj 2

/ l‘j H
x [ exp Z i/ K w; +2mi—
Sty s Pe

(irr.)
Ay, (519

or, equivalently,

gy _ 1 esme(E)  sign(p)

{m’}l /
2 H;.’zl Symg, (;j—) VIP|

i (D oo
X exp |2miK )" m siq;l
=1 \ Pj 4

j=

in (H n H
Z=_12 1) — 3gi el
X exp [2 <P j§=1s(qj,pj) 3 sign (P))}

n m'. H ” .
x [ exp|K|wo+2> ~Lw+21i—06 A(/%('rf‘)‘i)
ﬂ('") j=1 pj P {m})
g
1 1 w;
x []2i sin 27 m — s+ ———]) . (5.20)
11:11 (PJ 729 i pj

The numbers m; and m; are related by Eq. (4.15), also /%({m}) ;s isomorphic to
M o }(Zg ).
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Note that the last product in Eq. (5.20) looks like the “equivariantized” Reide-
meister torsion of the Seifert manifold.

The formula (5.19) looks very similar to Eq. (5.7) and also to Eq. (5.12) if we
recall that

Niy =Ziy(Zg x S, L k), (5.21)

the n-component link . consists of n loops which go along S! of £, x S'. E. Witten
proved Eq. (5.7) in [8] by applying the equivariant localization arguments to the
path integral representation of the 2d Yang-Mills theory. It seems likely that there
should be a path integral localization proof for Eq. (5.19) as well. We came to
Eq. (5.19) through the back door: by working out the large k¥ asymptotics of the
surgery formula and then cooking up an intersection number that would match the
contribution of an irreducible connection. A localization argument would derive the
r.h.s. of Eq. (5.19) directly from the path integral (1.3). Note, however, that even for
the seemingly simpler case of Eq. (5.12) there is no localization proof yet. M. Blau
and R. Thompson [14] could only use abelian localization in order to establish
Verlinde formula (2.4). At the present time in order to prove the formula (5.12)
one has to show that the path integral for Zg,; (2, X S, Z; k) is equal to the number
of sections of a certain holomorphic line bundle and then use the Riemann—Roch
theorem to calculate that number.

6. Conclusion

An extensive use of path integral arguments puts the theory of Witten’s invariants
somewhere between mathematics and physics. The path integral calculations are
tested in physics against the data coming from experiments with elementary par-
ticles. In a similar way we can say that the asymptotic expansion of the surgery
formula (1.6) provides us with experimental data about Seifert manifolds. This data
has to be compared with the asymptotic expansion (1.13) of the path integral.
Being viewed in this way, the annoying complexity of the formulas (3.43)-
(3.46) should be encouraging. It means that there is plenty of experimental data
(i.e. topological invariants of 3d manifolds) hidden in them. As we already know,
this data includes Chern—Simons invariants, Reidemeister—Ray—Singer torsion and
spectral flows at the 1-loop level. The Casson—Walker invariant appears as a 2-
loop correction to the contribution of the trivial connection to Witten’s invariant of
rational homology spheres (and Seifert manifolds Xo,{g} among them, see e.g. [5]).

The full trivial connection contribution in the general case of X Bz} was studied
*Lg

in [15] with the help of Eq. (3.46). We do not repeat this analysis here.

In this paper we were mostly interested in the contributions of irreducible flat
connections. These contributions appear to be finite loop exact. Our main result is
Eq. (5.20) which expresses these contributions in terms of the intersection numbers
on the moduli space of flat connections. Similar expressions were obtained by J. An-
dersen [16] for the case of Seifert manifolds with H = 0. He expressed Witten’s
invariant as a trace of an operator acting in the space of sections of a certain line
bundle and then used the Lefschetz—Riemann—-Roch theorem in order to calculate
that trace. We have not completely reconciled our formulas yet.

The form of Eq. (5.20) is very suggestive. It combines symplectic form on
the moduli space, 4-form @ (which appeared in Witten’s study of 2d Yang—Mills
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theory [8]), A-genus and an “equivariantized” Reidemeister torsion of the Seifert
manifold. However Eq. (5.19) was derived “through the back door,” that is, by
comparing the residue expression (3.45) coming from the surgery formula (5.17)
with the residue formula (5.17) for the intersection numbers. It would be much
better to derive Eq. (5.19) directly by applying some sort of localization arguments
in the spirit of [8] to the Chern—Simons path integral (1.3). This still remains an
unsolved problem.

Acknowledgements. 1 am thankful to J. Andersen, L. Jeffrey, A. Szenes, A. Vaintrob and E. Witten
for valuable discussions and advice. This work was supported by the National Science Foundation
under Grant No. PHY-92 09978.

Appendix 1

There is an alternative way of calculating the sum (3.1) which is similar to the one
used in [5]. This method is a Fourier transform of the method used in Sect. 3. It
involves gaussian integrals instead of residues and boundary contributions instead
of stationary phase contributions.

We start by expanding the denominator of Eq. (3.1) in an analog of geometric
series:

1 n i 2n -
— (2,')"+29—2e—r(”+29—2)(15'—15) ZKn+2 _2(),)6—7)'(!3—15) )
. n+2g—2 n 7 A g
sin 0% (2(p — i¢))
(AL.1)
Here K,(m) is the SU(2) Kostant’s partition function:
_(m+n—1\ _(m+n-1) gZmimx
K,,(m) = ( n—1 ) = m = 2mi RCSX=0 m . (A1.2)

In other words, the polynomial K,(m) is equal to the number of ways in which an
integer number m can be split into a sum of n ordered nonnegative integers.

The expression (Al.1) can be put in a different form if we use a “shifted”
Kostant’s polynomial

.\ n 1 .
= K, —_—)= — 2 _ 2 Sym4 ()
R = Kl =)= G, L )
,/€Z+2
T e27timx
— Res f =
@iy sin"(nx) ormz0,
K,(m)=0 for m<O0. (A1.3)

Since K,(m) = 0 (as defined by K,(m) = ;—; 1). IT: 1(m +j)ifmeZ 1—n<
m < —1, we can shift the range of summation in Eq. (Al.1) so that

1
S n+2g 2( (ﬁ )

= (2i)"t202 Z% ]Zn+2g_2(y)exp (—%y(ﬁ— ié)) . (A14)

" n
YEZ+5
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The Poisson resummation formula

Z Sy —m)= Z e™in Z e2m‘(l—2ﬂ’)y (A1.5)

mEL+14 1=0,1 ez

allows us to convert the sum in Eq. (Al.4) into an integral over y:

1 n+2g—2 niln
sin n+2g 2( (ﬁ ) - (21) 12016 fdyKn+2g 2(')’)

X exp (—%(/3 +2KB —KI — ié)) . (AL6)

We substitute this expression into Eq. (3.1). Since the summand of Eq. (3.1) is
invariant under the shift f — f + 2K, we can combine the sums Zﬁz_ K1 2-pez
into one sum Eﬁel’ which we transform into an integral with the help of the
Poisson formula (3.5):

n+2g—2 ) ), —1 n
ZS(X{ } k)— @_g_ Zemlnpz E (H )

10,1 m=0 {u}==1

n .
X exp (2711‘ le— (Km’; + ,ujmj)>

j=1 Pj

x lim fdyK,,+2g 2(p) exp [27uy <I+ é)J
£=0 moezo

X fd,Bexp [—2—21 (——/324-[3( Kmo-l-z—nﬂ))

=1 Pj

(AL.7)

The integral over f is purely gaussian and straightforward to calculate. We go
from m; to m} according to Eq. (3.24) and transform a sum Z,ﬁ’j ;é into

1
o= ~ %
0<mj/< 4 =1 SymZi (f,) {w'}==*1

mj €Z+ 7qJ

(A1.8)

by substituting ,u m for m] Since K,,+zg 2() =0 for y < 0 we can extend the
integration range to all y. We also substitute

/
n uj
v+ Kmo— 3 (K 4 (A1.9)
° j=1Pj 2)
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for y. After all these transformations we end up with the following expression:

1
K|PI\? _u. ) 1
Z(X, 53K = iy (_'_D o~ FsiEn(§) 5 g > _
% 2 |H IS01 oswzl H Symg, (‘,L)
m€Z+2qJ

n .
X eXp {an Z ( = %sjqjlzﬂ

1
DY (H/‘j) €Xp [27‘12#1 < mj — ESJI>‘|
{u}==%1 j=1 pj
> (tot) 2ni P
X f Ki2g—a(y;m; s 1) €Xp (?ﬁyz) , (A1.10)
here

~ (tot)
Kn+2g 2(% j’:uj)_ lim Z Z (H#j)

E=0% oeZ (=41

R N Hj
X Kniag—a | y+Kmg — >~ (Kmj + -+ 3

j=1Pj

XCXP[—%5<?+Kmo znjﬂ(K +‘;f)> (AL11)
J

Jj=1 p

The function Iz'f,titz)gﬁz(y; m}, 1) is locally polynomial in y but it (or its derivatives)
has a break at the points

n y .
brz_KmoJrz%(Km;Jr%), my€Z, (A1.12)
p=pJ

because the shifted Kostant’s partition function K'Hzg_z(y) (or its derivatives) has
a break at y = 0.
The sum ), in Eq. (Al.11) can be limited to

my =

K+,le]< 2“1’{) (A1.13)

because I%Hzg_z(y) =0 if y < 0. The remaining semi-infinite sum over my is reg-
ularized by the factor e~2™¢ which is present in Eq. (Al.11). Actually, if g =0,
then the alternating sum over i is similar to the ones which express the weight
multiplicities of tensor products through Kostant’s partition functions. Therefore the
sums

> (H;g) 2 (y—l—Kmo—Z L'k (Km +’;’)> (A1.14)

{w}= j=1Pj
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are equal to zero if y + Kmy is big enough. As a result, only a finite number of
terms contribute to the sum over mg. If g = 1, the number of terms is infinite but
the limit at & — 0™ is still finite.

The best way to find an expression for Kiﬁ‘;g_z(y; m’, j1;) is to use the residue
part of Eq. (Al.3). The sum over (Al.13) can be calculated with the help of
Egs. (3.12) and (3.38):

) (=)= exp(2migy)
Kni2g—2(y; m;,,“j) = T2 Resg—o S cot(nK¢p)

n [2n¢ A " Ny M
ij:Il - [7 <ij+ 2)] <2> {#’}z;il (Huj> [Oéé":qsymi (o)

J J=1

¢ Resyg & xpL2ig sign (@) — |a|)]J

sin"+zg_2(n¢))

p } (A1.15)
a=k+Zjog (mrx)

It is clear from this formula that I%f:itz)g_z(y; m’, ;) is indeed a local polynomial in
7, the breaks at the points (A1.12) come from the “singular” sum > ,_, ..

The calculation of the integral over y in Eq. (A1.10) is now straightforward
(but tedious). The integral is a sum of the contributions of the stationary phase
point y = 0 associated with irreducible connections and break points (Al.12) as-
sociated with reducible connections. To calculate the former one has to take the
polynomial which is equal to sz,titzg_z(y; m;-, ;) in the vicinity of y = 0 and substi-

tute it in Eq. (A1.10) instead of I%Sitz)g_z(y;m}, ;). To calculate a contribution of a
point (A1.12) one may substitute the term of the sum Zmoez of Eq. (A1.11) which
has the break at that point, in the similar way. These calculations lead ultimately to
Egs. (3.43)—(3.46). We do not discuss them here but the examples for the case of

a 3-fibered rational homology sphere X (%’ %, %) can be found in [5].

As we see, the residue calculations of Sect. 3 are simpler and more straightfor-
ward. However the calculations involving the Kostant partition function present a
clear group theoretical picture by relating the surgery formula to multiplicities of
irreducible representations in tensor products of representations of quantum groups
(for more details see [5]). This simplifies the analysis of reducibility of connections
providing the contributions to Witten’s invariant based on general simple Lie groups.

Appendix 2

In Sect. 4 we used the fact that the moduli space .#(9,(2) of flat connections on
a punctured surface is a bundle over the moduli space .#(2,). However the space

AM(Zy) is singular. Its singularity results in the “ugly” sums like Zo < <|Zn 0 !
=m j=1%Y%

in Eq. (5.4) and in the requirement that the sums Z;':I +0; should not be integer.
In order to avoid the singularity of .#(2,) E. Witten suggested in [8] to consider
the twisted SO(3) bundle over X, for which the moduli space of flat connections
is nonsingular. Since we are dealing with punctured surfaces, we may even avoid
using SO(3) directly although our formulas will be very similar to those of [8].
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The base for our bundles is the moduli space /Z(Zg) of flat connections on
X, with one puncture, the holonomy around which is equal to ™. Note that
dim.4(Z,) = dim #(Z,;) = 3g — 3. In fact, #(Z,) is a 2¢ times folded covering
of the moduli space of flat connections on the twisted SO(3) bundle over X,. For
the set of phases

elzé—él, 0r="0,...,0,=0,;, 0«1, (A2.1)
the moduli space .#p;(Z,) which we will also denote as simply as ,/%N,,(Zg), is a
bundle over ./ (Z4) in much the same way as it was a bundle over .#(Z,) when

0, rather than 0, was very small. The reason why we can use notation /%N,,(Zg)
for M (9,(Z,) is that in contrast to the case of 6; <1, the topological class of

M (9y(24) does not depend on the phases 6; as long as éj < 1.
Rewriting the r.h.s. of Eq. (2.12) in terms of éj we find that

1 e~ n N
Zioy(Zg;a) = ‘W}Q‘(‘”ﬂ W}g sin(2nB0;) . (A2.2)

The extra factor (—1)? translates into shifting the summation from integer to half-
integer m in the Poisson resummation formula:

S(=1DPs(B—x)= 3 +iem. (A2.3)

BeZ meZ
As a result, instead of Eq. (3.38) we should use
2mifm __ i 1
,Z:o ¢ 2sin(nf)

1
meEZ+ 5

(A2.4)

We can also drop the second sum in Eq. (3.37) if |a| < % which is indeed the
case if ; < 1. Thus we get

e=a#” T}, sin(2n¢f))

Gre) g . N 1
Zioy (20:0) = 550 RS0 s — ey (425)
instead of Eq. (5.4).
If we introduce a set of integer numbers d&; related to «;
061=K—O~(1, azzdz,...,anZ&n, (A26)
then apparently
K\ T sin (£69))
N =— (= e e . S A27
{06} < 2 ) ﬂgl( ) Sinn+2g—2 (%ﬁ ( )
As a result, if &; < K, then instead of Eq. (5.2)
K\Y [T}, sin(2n¢d;) 1
N{ . =4n| =) Resy_q—~ . A2.
{a} s <2> €S¢=0 Sinn+2g—2(2n¢) sin(27zK¢) ( 8)
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Finally, if we introduce the new numbers
/ ! ~/ / ~/
m; = — —mj, my, = ny,...,m, = n,, (A2.9)

and assume that iﬁ; < pj, then Eq. (5.18) can be rewritten as

Zm (=1y+niknpig (]i)g sign (P)ei§nsign(%)
{m'}:1 — n m \/
[Tj=1 Symgz, (;T,) 2 1P

1
X exp 27UKZ ( / ~;2 — —quj12>
L Jj=1 p} 4

in (H _ (H
X exp | 5 (; - 12;8(4;, pj) — 3sign (;))}
n X rj o 1

X > H exp |2miy p; | —=rit; — Esjl
{ny==1 \y=1 J=1 Pj

" i+ ok
exp (5 ) [T 5n (20 5 )
sin" "2 (n¢h) sin(nK¢)

x Resg—g (A2.10)
Since Egs. (5.17) and (5.15) still hold:

2{H(Zga)= [ exp(0+4a0),  o=wy+2Y 0w;, (A211)
j=1

Mn(zy)
Ny = [ exp (Ka)o—f- z&,wj)j (Mn(Z,)), (A2.12)
M o(Z4) Jj=1

we conjecture that

[ exp [K (coo +2z";§jw,> + 440 A (M y(Z,))
j=1

A o(Z4)

g —a¢? " sin(2nK¢0;
=21 (5> Resg_o —— [, sin@rK$0;) (A2.13)

= sin™9 72 (ng) sin(nK¢)

We do not need to generalize this equation further to the analog of Eq. (5.17)
because the manifold .#,(Z,) is manifestly independent of 0;.
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Combining Egs. (A2.10) and (A2.13) we obtain the nonsingular version of
Eq. (5.19) which holds for #i; < p;:

R _ 141 ;Kr
Z?mn-/.;;l _ ( 1)” 17871 P Slgn(P) 1 ns;gn( ) (A214)

2[1}-, Symg, (%) VIP|

1
X exp [2mKZ <pl i — Zs]q]lz)}
j

j=1

in ([ H n H
TR _qn o) — 3 7
X exp [2K (P ];s(q],pj) 351gn<P>>}

x [ exp [K (coo—l—ZZ;a)j+27uE >JAA(J%~,,(ZQ))

A(Z) =1Pj
1 1 w;
><H2z sin 27 <—] i — —sil + ———j) . (A2.15)
=1 pi 2 2mi p;
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