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Abstract: We present a unified framework for the quantization of a family of discrete
dynamical systems of varying degrees of “chaoticity.” The systems to be quantized
are piecewise affine maps on the two-torus, viewed as phase space, and include the
automorphisms, translations and skew translations. We then treat some discontinuous
transformations such as the Baker map and the sawtooth-like maps. Our approach
extends some ideas from geometric quantization and it is both conceptually and
calculationally simple.

1. Introduction

Interest in the quantization of discrete dynamical systems on compact phase spaces
comes from the desire to understand the possible signature of classical chaotic
dynamics in quantum mechanics. Recall for example that it is expected and in
some cases proved that the asymptotic properties (& — 0) of the eigenfunctions
of quantized systems depend on the degree of “chaoticity” of the corresponding
classical ones (see, for instance, [Sar] and references therein). The torus forms an
excellent testing ground for these ideas. Indeed, the simplest ergodic systems are
the irrational translations on the torus, whereas the simplest hyperbolic dynamical
systems are certain area-preserving maps [AA, CFS]. Among these, the best known
are the toral automorphisms, the Baker transformation and some discontinuous maps
such as the sawtooth map considered in [Ch, LW, V, Li]. It has been shown there that
their singularities do not destroy the ergodicity and mixing properties one expects
for hyperbolic maps.

One way in which the classical singularities will show up at the quantum level is
as follows. For the linear automorphisms the classical and the quantum evolution are
identical, as in the harmonic oscillator. The singularities will destroy this property,

The authors would like to thank Prof. Sandro Graffi for suggesting the problem addressed in this
paper and for many stimulating discussions. The first author thanks the department of mathematics
of the University of Bologna, where part of this work was performed for its hospitality and the
C.N.R. for partial financial support.



74 S. De Biévre, M. Degli Esposti, R. Giachetti

so that, to control the semiclassical behaviour of the eigenfunctions a non-trivial
Egorov theorem will be needed. Similarly, the statistics of the eigenvalues of the
quantum propagator should be more generic than in the linear case, where they are
determined by purely arithmetic properties. Clearly, before being able to address this
kind of problems, one needs to develop a quantization for the systems considered.
Since none of the above examples is obtained by evaluating a smooth Hamiltonian
flow on the torus at discrete times, the usual quantization schemes all fail and a
direct attack is needed.

In this paper we will show how to extend the most elementary part of geometric
quantization [Bl, GuSt, Ko, Sn, Wo] beyond its natural context in order to construct
a unified and simple framework for the quantization of all of the above systems.
Some of them had not been quantized before, such as the translations and certain
piecewise affine hyperbolic maps. It will turn out that the unitary matrices describing
the quantum evolution of each of those systems can be computed straightforwardly
and with relatively little effort in this way.

The toral automorphisms and the Baker transformation were quantized respec-
tively in [HB,DE,DGI] and in [BV] and they have been studied intensely ever
since, both numerically and analytically [Kel, Ke2, Ke3, DGI, Eck, Sa]. The methods
of quantization used in these papers look very different from each other. Our
approach reproduces the same results in those cases.

In order to get a more precise flavour of the ideas to be developed, recall
that in classical mechanics the dynamics of a system is obtained by integrating a
Hamiltonian vector field Xy on a symplectic manifold (M, w). Here H € C*®(M)
and Xy is defined by Xy |w = dH. In quantum mechanics, the dynamics is given by
a unitary flow U; on a Hilbert space #%. A quantization is a set of rules allowing
to associate to (M, w) a Hilbert space #% and to each function f on M in a suitable
class €, a self-adjoint operator f on 3. One then says that U, = exp[(—z/h)H t]
is the quantization of the classical flow of Xy. Typical requirements [Be] are that

the map f +— f is linear, injective, unital, i.c. that it satisfies 1 = Id,, and that

it is compatible with the natural involutions, (f)* = f. Moreover, one requires the
classical limit condition (1/iR)[ f,9] " {f,g}.

When the classical evolution is not a flow, but a discrete map, this scheme
is clearly not sufficient. We extend here some of the simplest ideas of geometric
quantization beyond their natural range of applicability to obtain a unified framework
for the quantization of a reasonably large class of area preserving maps on the torus.
We will show that, in spite of its reputation, the essence of geometric quantization
is intuitive, simple and well suited for such generalizations. For that purpose, we
first present in Sect.2 a revisited version of the geometric quantization on 7*RR,
just to demonstrate how it permits to reformulate quantum mechanics for systems
having 7*IR as phase space and to quantize linear flows. At several points, we
shall use physical or intuitive arguments to motivate parts of the construction that
are usually justified in terms of very general geometrical objects. We then apply
this approach to the quantization of toral automorphisms in Sect. 3: the resulting
quantum propagators are identical to the ones obtained elsewhere by other methods
[HB, DE]. In the final Sect. 4 we shall obtain the quantization of translations, skew-
translations as well as of a class of piecewise linear hyperbolic maps such as the
Baker transformation and other maps studied, for instance, in [Ch, LW, Li, V]. Those
maps do not preserve the natural geometric structures associated with the torus, and
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therefore geometric quantization as such does not apply to them. The proposed
extension, however, will provide a definite answer.

2. Geometric Quantization on T*R

As usual we call (g, p) the coordinates of T*R =2 R? and choose the standard sym-
plectic form w = dg A dp that gives the canonical Poisson bracket {gq, p} = 1. Our
goal is to realize the space of the quantum states #; as a subspace of &’ (]R2 ),
equipped with a suitable Hilbert space structure, and to establish a correspondence
between classical and quantum observables, so as to be able to describe the phys-
ical properties of the quantum system. To this purpose we recall a first result, the
validity of which is easily checked by a direct computation: there exists a map
f € C®(R?) — f € L(S'(R?),#'(R?)), which is linear, unital and satisfies the
classical limit condition. This map is explicitly given by

f=—ihVy, + [, @.1)

where Xy = (0, /)03 — (94.f)0p is the Hamiltonian vector field associated to f and
Vyx =X — (i/h)X |0 denotes the covariant derivative with respect to the connection
form 6 = %( pdq — qdp). Note that the use of Vy guarantees the local gauge invari-
ance of the construction (see [Wo, Sn] for details). It is moreover worth remarking
that, if 7 in (2.1) is replaced by —ihX r, then the unital property fails to hold,
thereby violating the uncertainty principle. In particular we have § = i%id, + ¢/2 and
p = —ihdy + p/2, so that, indeed, the canonical commutation relation [q, p] = if
is satisfied. The correspondence between f and f given in (2.1) is referred to as
prequantization [Ko].

We now need some conditions to choose the subspace #3 of &/(IR?) and the
Hilbert space structure it has to carry for it to correspond to the quantum Hilbert
space of states. Note first that the equation ihd,, = f is easily solved on &’/(IR?).

Writing y = exp[—(i/A)ft], one has
(GXP [%f t} l/l) (¢-p)
= oxp [‘il% J ds (%(p(s)q‘(s) ~ 4() () ~ f(4(s), p(s)))] Wa(®), p0)),

where (q(s), p(s)) is the solution of the Hamilton equations ¢ = 0, f, p = —0,f,
with initial conditions (g, p). Note that the prequantized flow exp[(i/h)ft] makes
sense also when € &'(IR?).

The idea is then to try to pick 5 in such a way that exp[(i/h)ft] is a unitary
one-parameter group for a suitable large class % of functions f. This allows then
for the interpretation of f as the quantized observable.

An a priori obvious choice would be L2(IR?, d{g ). It is nevertheless not suitable
as the quantum Hilbert space. Indeed it is easily seen that the spectra of § and 7 are
not simple: actually, the generalized eigenspaces are infinite dimensional, which is
in contradiction with standard quantum mechanics on L2(IR ). Otherwise stated, § (or

D) is not a complete set of commuting observables on L?(IR?, d—zq;‘f{f), or, equivalently,
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¢ and p do not generate an irreducible algebra. To put this more precisely, recall
that the Heisenberg group is the group H = IR3 (as a set) equipped with the group
law (a,b,p)a', b/, ¢')=(a+a ,b+b,¢+ ¢ + L(ab' —a'b)). H acts on R? by
(a,b,9)q,p) =(q+a,p+Db). The prequantized operators ¢, p generate a unitary
representation of H on L2(R2, %4dp 2nh 2 given explicitly by

(UG b, W, p) = exp |~ 56| exp |~ 5500~ 80| Wi~ p =) @22)

This representation is not irreducible on L2(IR2, o h ).

There is a second problem with (2.1) which is worthwhile mentioning. It is easy
to see that, if H(g, p) = p*/2+ V(q), then H=*p?/2 + V(q). It is then clear that
the correspondence (2.1) is far from reproducing the Schrédinger equation.

Some conditions have to be imposed on the quantum Hilbert space #% C &'(IR?)
in order to avoid the previous difficulties. For the irreducibility of the algebra gen-
erated by ¢ and p we should require

(i) U(a,b, @) restricts to a unitary irreducible representation of H on ;.
To reproduce the Schrodinger equation we should impose
(i) Inp € N*, and a dense subspace D of th so that D, D% and " (1 £n <ng)

are essentially self-adjoint on D and 7? = p?, §" = q on D.

Note that this is equivalent to requiring the correct form of the Schrodinger equation
for all polynomial potentials of order at most ng. We are however already asking
too much if we take ng = 2, as we now show.

Proposition 2.1. If Y € /(IR?) satisfies P2y = D*Y and G2y = g2y, then y = 0.

The proof of this proposition is a simple calculation that we omit. In conclusion,
the requirements (i-ii) cannot be satisfied on any non-trivial subspace of &/(IR?).
Hence we cannot even quantize in the proposed manner Hamiltonians with quadratic,
let alone general polynomial potentials. The best we can still hope to do is to impose
(i) and a weakened version of (ii), as we now explain.

Given w € R?, with w = (wy,w), let v € R? such that w(w,v) = 1, we define
the subspace

w={y e L' (R») |V, =0}, (2.3)

where X, is the Hamiltonian vector field associated to A, (x) = Twx =wig+wyp
and V,, := Vy, . Here and in the following x = (¢, p). We then have

Lemma 2.1. Let w € R? and v € R? such that w(w,v) = 1. Then € 9,, if and
only if there exists a tempered distribution f, on the line such that

) = () exp |~ o (s)h )| 24

Proof. We have V,, = (W20, — w10p) — (i/2h)hy(x). Consider the map (g, p) —
(y1, y2) = (hy(x), hy(x)) which is linear and with determinant equal to unity. V,iy=0

becomes 0y, N(y1, y2) = —(i/2R)y1 n(y1, y2), with n(y1, y2) = Y(g, p). Its general
solution is #(y1, ¥2) = fo(y1) exp[—(i/2h)y1 y2], thus proving the lemma. [
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Remark. 1f v € R? satisfies w(w,v') = 1, then v/ = v + rw, with r € R. It is easy
to see that fy(y) = exp[(i/2h)ry*] fo(¥). We will therefore omit the indication of
the dependence of f on v. We then have the following lemma.

Lemma 2.2. Let y € ¥'(R?) and w € R?. Then the following are equivalent:
(1) By =i ;
2) h”z// mn ny, for all n € N;

B) ¥ € o= {ne F'(R»)|(Vx,)n=0};
(4) Let veR? such that w(w,v) = 1. Then there exist @y, 91 €S (R) such that

W) = (h()00(hu(x)) + @1(hu(x)) exp {—;—h hw(x)h.,(x)] .

Moreover, if u € R2, then hysl,, C s,

Proof. A direct calculation shows @ = —ihn h”w_lvw + A, Using [V, h(x)] =0
to compare A% to (h,)", and the previous lemma, the result follows easily. [

The lemma suggests to weaken (ii) by imposing, (4, )" = k%, for some choice
of w. This would imply D C «4,. Now it is not hard to see that the eigenvalues of
g and p on ., are doubly degenerate. In order to satisfy (i) it would be natural
to pick D in a subspace of ./, on which this degeneracy is lifted. It is easy to
describe all subspaces of =7, /’\that are, like .7, itself, invariant under all 4,, and on
which the eigenvalues of all %, are non-degenerate. Although there seems to be no
physical criteria permitting to select one such subspace, Z,, (see (2.3)) satisfies the
above requirements and it is customary in geometric quantization to construct £,
as a subspace of Z,, because of its geometric appeal. The condition V¢ =0 is
called a polarlzatlon condition in this context. Note that we can 1dent1fy 92,, with
F'(R) and that h then acts as a multiplication operator while h as a derivative
operator. A calculation as in the proof of Proposition 2.1 shows that if u € R? is

not a multiple of w, then #292,, N Z,, = {0}, thus excluding a priori the quantization
of quadratic Hamiltonians, as already pointed out.

Let us now briefly show how one can nevertheless correctly describe the
quantization of quadratic Hamiltonians within the framework of geometric quanti-
zation (see [GuSt,Wo] for details). Recall that for a quadratic polynomial
(g, p) = (A/2)¢* + ugp + (v/2) p* the flow of X is linear and can be written as
Tq(), p(t)) = A(t) (q, p), with A(t) € SL(2,R) (T denotes the transpose). The
prequantized flow then reads

(exp [%ft] w) ¢.p) =¥ (A(r) ( f,)) = (U O, p)

and the map 4 — U(4) gives a unitary representation of SL(2,IR) on L?>(RR?, dz"n‘g’ ).
We now observe that U(4) satisfies U(4)D,, = P1;-1,,. We will explain below
that it is possible to equip a suitable subspace J#, of &, with a Hilbert space
structure and then to identify the Hilbert spaces for different values of w by means
of unitary maps P, : #, — #,. This is a particular case of a general construction

which allows to compare Hilbert spaces corresponding to different real or complex
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polarizations (BKS kernels [Wo,GuSt, Sn]). The quantized linear transformation
V(A) is then defined by V(4) = DyP,, 14-1,, 0 U(4) : o, — H#, (see (2.8)).

We start by showing how to equip suitable subspaces #, of the &2, with a
Hilbert space structure. Note first that (2.4) implies that if ¥, ¥, € 9,,, then Y, ¥,
is a function of 4, (x). Moreover

[U(a,b, ) U(a,b, o214, p) = fi./ 200 (x) — awi — bws).
This suggests defining a Hilbert subspace 3¢, of 9, by

Hy={Y€Dy|[WF(»)dy < oo}, (2.5)

equipped with the obvious scalar product (Y11, Y2)y 1= [ wllpz( y)dy. The choice of
the Lebesgue measure in (2.5) is dictated by the requlrement that U(a,b, ) be
unitary on %,

Let w= (w;,w;) and z = (z1,2z;) be linearly independent and consider the
two corresponding Hilbert spaces #, and #,. We denote by v = (v;,v;) and
u = (u1,u3) two fixed vectors such that w(w,v) = w(z,u) = 1. Consider ¥ €
and ¢ € #,. It is then easy to see that @y belongs to L!(IR?,dqdp). The following
proposition then follows from a straightforward calculation that we omit [GuSt].

Proposition 2.2. Let w,z € R? be linearly independent. Let A = w(w,z). Then
there exists a unique continuous linear map P, : #,, — H#, such that, VW € #,,
and Vo € H,,

dqdp

(@ Po): = [ Y SL 26)

Moreover, if Dy € C, with |Dy| = \/2nhi|4|, then DyP,, is unitary.

The proof of the proposition provides an explicit expression for P,,:

(Pa ) = 5 ¢ [-5,; hz(x)hu<x)] [F(exp [——ﬁ zw(y,hz(x))] dy,

where S, is the quadratic form

zw(yl,m—l [(yl,y2)<“’(“) : )(”)] @7

o(u,w) ) \ »

Note that P,, extends to Z,, (see [Fo]).

The previous result allows to associate to any linear map 4 € SL(2,R) and
to any given z € R? a well defined unitary operator, unique up to a phase, in
the following manner. Given 4 € SL(2,IR) and z € R?, it follows immediately that
Y € #, of the form (2.4), we have

(UAW)x) = f(h—1,(x))exp | - h7}1 1(0) Arg—1,(¥) | 5

2h

where U(4) is the previously defined prequantum action. Hence U(4)H#, = H#71,-1,
and we can define V(4): #, — #, by

V(4) = DyB, 1y-1,0 U(A). (2.8)
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V(A) is an unitary integral operator representing the quantum propagator associ-
ated to the classical symplectic transformation 4. Indeed, to see that it agrees with
Schrodinger quantum mechanics (up to the choice of a phase), note that in the case

where z = (1,0) and 4 = (z b , with 530, we recover the well known formula

(u=(0,1), w=(d,—b), v=(—c,a), 4=0>) for the integral kemel of V'(4), i.e.

V(4)(y1, y2) =

1 i 2 Z:I
exp | 7 (ay; —2 +d .
\/E;I_h—b_ p [2hb( 1 iz y2)

The correct phase for V(4) is not obtained by the very simple approach we have pre-
sented. This can be done with a considerable amount of additional work [Fo, GuSt]:
this problem is however of no concern in the present framework, since a global
phase does not change the quantum dynamics of a single transformation.

3. Quantization of Toral Automorphisms

We shall now apply our previous construction to quantization on the torus
T? = R?/Z2, with canonical symplectic structure wq2, such that dn* wp = dg A
dp, where 7 : R? — T? is the usual covering map. In the first place, we need to
identify the quantum Hilbert space. The periodicity of the system in ¢ and in p
will be taken into account along the same lines well known in solid state physics,
namely by considering distributions on IR? with quasiperiodic boundary conditions
both in ¢ and p. This approach is calculationally convenient and we shall show
its equivalence with the geometric quantization procedure. It has the advantage of
being readily extendable to the geometrically non-natural situations of Sect. 4.

Let us introduce u; = U(1,0,0) and u, = U(0,1,0) as in (2.2). Given A € R*
and 0 € T2, we denote by #;(0) the space of all the tempered distributions ¥ on
the plane satisfying the following conditions:

uY(q, p) = exp[2ni0; 1Y (q, p), (g, p) = exp[27ib, 1Y (q, p) . (3.1)

Computing (ujuz — upuy )Y using (2.2) and (3.1) one can easily see that this space
is non-trivial if and only if 2nAN = 1 for some N € N. We shall refer to this as
the prequantum condition and, from now on, we shall assume it to be satisfied. In
this case, Vn = (n1,n,) € Z% and Y € F(0),

Y(x + n) = exp[—2mi(01n1 + Oan2)] exp [zih (gn2 — pm )] exp ["%’H”Z] Y(x),

(3.2)
where, as in Sect.2, x = (g, p). Given now ¥(q, p) € %4(0) and w € R?, one
checks readily that V¢ € #;(0). We then define, in analogy with (2.3), the corre-
sponding space of linearly polarized sections 2,,(0,N)= F;(0)ND,, = {¥ € F;(0)|
Vi =0}. We will only consider polarizations of the torus for which wy/w; € Q.
This is equivalent to requiring that the flow lines of X, are circles. In this case,
up to rescaling w by a constant multiple, we can assume w = (wj,w;) € 72 with
gc.d.(wy,w) = 1.

Theorem 3.1. Let w = (wy,w,) € Z* as above, where g.c.d.(wi,wy) = 1. Then
2,(0,N) is a complex vector space of dimension N. Choosing v € Z* with
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w(w,v) =1, any y € 2,,(0,N) can be written uniquely as

Y(x) = kZZ ck exp[—imtN hyy(x)hy(x)]0(h(x) — qr(w,0)) (3.3)
€
where
qe(w, 0) = k/N — (1/2)wiwz + (1/N)awx(w, 0) , (3.4)
and Yk € Z, the ¢ € C satisfy
cr+n = expl2riag(N, w)lcy , 3.95)
with
ap(N,w) = (N/2)v1v2 + (v, 0) . (3.6)

Conversely, any y € F'(R?) of the form (3.3) with the c’s satisfying (3.5-6)
belongs to 2,,(0,N).

Proof. Let ¢ € 2,,(6,N), then Lemma 2.1. implies that it is of the form
Y(x) = f(y(x)) exp[—inN hy,(x)hy(x)] (3.7)

where v € IR? is chosen such that w(w,v) = 1. It will be convenient to take v € Z>.
Note that, since g.c.d.(w;,w;) =1, such v always exists. Using (3.2) and making
the simple observation that

h(a)hy(b) — hy(a)hy(b) = w(a,b) Va,b € R?, (3.8)
one obtains, for any n € Z? and ¢ € R, that f must satisfy
f(t + hy(n)) = explinN (2thy(n) + hy(n)hy(n))]
X exp[—inNnny] exp[—2nih,(0)]f(¢) . 3.9)

Choosing n = m, where m = (—wy,w;), and noting that h,(m) =0, h,(m)=
w(w,v) =1, h,(0) = w(w,0), one concludes that f is of the form (¢; € C)

f(0) = > cd(t — qr(w, 0)) , (3.10)
kez

where the g;(w, ) are given in (3.4). Therefore (3.9) yields

Yo cid(t — g + hy(n)) = > cp exp[2mi fo(k,n, N)o(t — gk ) ,
ez ez

where N N
Bo(k,n,N) = Ngihy(n) + E'hw(n)hv(n) —ymm - ha(6) . (3.11)

Note that By(k,n,N) depends on k only through a term kh,(n) = Omod 1. Clearly
we can drop this term and replace fg(k,n,N) by Bo(n,N) defined by

Po(n,N) = —]—Z—Mthu(n) + o(w, )hy(n) + %(hw(n)hu(n) —mm) — hy(0) .

(3.12)
Observing that gx — A, (7) = gk—nn, ) (see (3.4)), we find the following condition
on the ¢, Vn € Z? and Vk € Z:

Ck4+Nhy(n) = exp[2m‘ﬁ9(n,N)]ck . (313)

We will show that the solution space of (3.13) is exactly N-dimensional.
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First note that, for (3.13) to have any non-trivial solution at all, it is necessary

that _
Bo(n,N) = Bo(n,N) mod 1, (3.14)

whenever A,,(n) = h,(n), i.e. whenever Ir € Z so that n = n + rm, (m = (—wy, wy)).
To prove (3.14), remark first that Vn,n' € Z2,

Bo(n +n',N) = Bo(n,N) + Bo(n’,N) mod 1 . (3.15)

This follows immediately from (3.11) upon using (3.8). Moreover, one has

Po(m,N)=N —%wlwz + %w(w, 0| + %’wlwz —ow,0)=0mod1.
This, together with (3.15) implies (3.14). We can then choose ¢, c1,...,cy—1 freely
and define ¢, for all other £ using (3.13). To assure that the resulting solutions
satisfy (3.13) Vk € Z, and not only for £ =0,1,...,N — 1, condition (3.15) is nec-
essary and sufficient.

Finally, to compute ag(N ), note that ag(N) = Bg(n,N) for any n € Z?* such that
hy(n) = 1. If we take n = (v, —v;), then h,(n) = 0, and (3.12) yields (3.6). O

Remark. In particular, if w = (1,0), it is easy to see that the corresponding space of
polarized sections contains all distributions of the form f(g) =", cxd(g — k/N —
0,/N), where ¢y = exp[—2mi0;]cy.

Given now w,v € Z* and 0 € T? as before, the previous proposition allows us
to identify the space of sections 2,,(0,N) with CV, as follows:

(CO>-~-,CN—1)€CN'_”/’(%P)GQW(QN), (316&)
where
W(g, p)= kZZCk exXp[—iTN Ay (X )ho(x)]10(A(x) — qi(w, 0)) . (3.16b)
€

Here, for k ¢{0,...,N — 1}, the ¢;’s are defined by (3.5).

In analogy with the results of Sect. 2, we give 2,,(6,N) a Hilbert space structure.
Here also, the choice of the inner product will be dictated by the requirement that
the Heisenberg group acts unitarily. We shall denote by #,(6,N) the quantum
Hilbert space thus obtained.

Setting m = (—wy, wy) and m = (v, —v;) it is easy to see that m and m form
a basis of R? and, in addition, that Vn € Z2, there exist unique «, f € Z such that
n = am + ffm. Moreover, by using (2.2), one computes, for all ¥ € 2,(6,N) and
for any o, € R as in (3.5),

(U (am)y)(x) = kEZ[U (am)clk exp[—inN by (x)ho(x)]0(hy(x) — Gk ) »
S

(U(Bm)(x) = k;ZCk exp[—iTN hyy(x)hy(x)]0(hw(x) — (gx + B))
where
(U(am)c)y = exp[2niN grolcy -

From these results and Theorem 3.1, we see that U(a,b)2,,(0,N) C 2,,(0,N) if
and only if N(a,b) € Z? and then

(U (}%m) c)k = exp[27igy ey, (U (]ivﬁz) c)k EX T (3.17)
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The natural Hilbert structure making U(m) and U(m) unitary is given by

(Y2, ¥ )w = ]:Z::(: dick (3.18)

where Y1 = (co,...,cn-1), Y2 = (do,...,dN-1).

As in Sect.2, we can construct a natural identification (or pairing) between
#,(0,N) and #,(0,N) when w and z are linearly independent. We first introduce
the equivalent of the right-hand side of (2.6). If Y4 € #,(0,N) and ¥, € #,(6,N),
then Y,y can be interpreted as a distribution on the plane. Indeed, although the
product of distributions is not defined in general, it makes sense in this case because
of the particular form of Yy and Y : d(h,(x) — qi(w,0)) and 3(h.(x) — gi(z, 0)) are
supported on transversal lines, so that we have no trouble defining their product.
Clearly, Y,y is Z*-periodic and, as such, passes to a distribution on T2. Hence
Jy2 a/?zx/qd—z‘%e makes sense as the value of the distribution ¥,y on the function
(2nh)~! on 2. We then have, in analogy with Proposition 2.2:

Proposition 3.1. Given w,z € Z*> as above with A= w(w,z) > 0 and 0 € T?,
there exist a wunique vector space homomorphism P,,(0,N): #,(0,N)—
H,(0,N), such that W € #,(0,N), Yo € #,(6,N),

dqdp
2nh

(@, Po(0, NYW) 0, 8) = fqnp (3.19)

Moreover, using the identifications defined in (3.16), the matrix representation of
P,,(0,N) is

Pr(O,N)r = — Z exp[2miag(N, w) p] exp[—27iN S,(q-(w, 0) + p,qi(z,0))] .
p_.
(3.20)

Proof. That P,, is defined as a vector space homomorphism by (3.19) is clear. To
prove the rest of the proposition, we compute the right-hand side of (3.19). Recall
that this can be done by “integrating” @y over any fundamental domain of the

torus. We start by describing a suitable choice. Let J = 0 1) and define g; =

0
(1/4)Jz, g» = —(1/4)Jw. Then g,, g, is a basis of R? dual to w,z since 4,(g1) =
h(g2) = 1, hw(92) = h.(g1) = 0. The unit cell of the dual lattice has volume 4~!.
Taking L = (L), L,) € R?, define

TL)={x e R?|x=agi +Bgo, LiSa<Li+4, LLEB<Ly+1}, (321)

which is the union of 4 dual unit cells. It is easy to see that 7(L) is a fundamental
domain for the torus. Indeed, suppose that x = ag; + fg, and x' = o'g; + g2
belong to T(L) and that 3n € Z? so that x’ = x + n. Then, (3.21) implies that 7(¢/ —
o, B — B) = A@)(h(n),h,(n)). But —1 < p’ — B <1 and h,(n) € Z, so h,(n) =0,
which implies that Iy € R so that n = y(z;,~z;). Since g.c.d.(z;,z) =1, it
follows that y € Z. Finally, this implies that o« — o« = h,(n) =y4 and, since
—A<d —a<d4, y=0, so n=0. We will use T(L) with a suitable choice of
L to compute [}, (/3!//‘1—2‘%3.

For that purpose, recall that y € 5#,(0,N) is supported on the lines A,(x) =
q(w,0), 1€Z and ¢ € #,(0,N) on the lines h,(x) = qi(z,0), k € Z, which



Quantization of Toral Maps 83

intersect in the points {xx|k, | € Z} defined uniquely by h,(xz) = qi(w,0),
ho(xx1) = qi(z,0). It is then clear that x;; = q;(w,0)g1 + qi(z, 0)ga, so that, Vr,s €
Z, XpirN, = Xk1 + g2 and xg 14 ov = X7 + 5g1. As a result, for a suitable choice of L
the points x;; belonging to T(L) are {xz; |0 <k <N —1,0=</< AN — 1}. Taking
l//%J(c()s-“,cN—l)eq:N’-""\—/'%W(G’]v) and (Pg(d% dN l)eq:N %(0 N)a
(see (3.16)) we then readily obtain that

dgdp _ N N=laN!

o=~ S>> dicr exp[—2inN Say(qi(w, 0), gi(z, 6))]
T2 n k=0 =0
N—l _ N—

Z cr Z exp[2inog(N, w) p]
k=0 r=0  p=0

X exp[—2inN S;(g-(w, 0) + p,qi(z,0))]
N—1N—1 _
= k}:O z% di Py (0,N)irc,

where we wrote [ = pN +r and used cpy1, = ¢, exp[2inag(N, w)p], (see (3.5)). In
conclusion, the matrix representation of P,,(6) is given in (3.20). O

The above definition of the pairing P,,(6,N) is a special case of a very general
definition in the context of geometric quantization [Sn]. It should be remarked
however that the general theory does not guarantee that the pairing is unitary: this
has to be checked in each case separately. We now turn to this task. Note that
the explicit expression of the matrix of P,,(0,N) is sufficiently complicated to
make a direct computatlon of P, (6,N)P,,(0,N) difficult (except in the case when
A =1, in which case it is trivial). We therefore develop a different argument which
uses the universal cover IR? of T? and the known unitarity of the pairing there
(Proposition 2.2). This yields a proof for all P,,(6,N) at once. It would be nice to
have a direct geometric proof for each fixed 0.

Proposition 3.2.

(1) For any w € Z? with g.c.d.(wy,w) = 1, #,, = N*[d*0 #,,(6,N).

(2) U(a,b)P,,, = P,,,U(a,b) for any w,z € R? and Y(a,b) € R?,

(3) Py = N [d*0P,,(0,N). Given Dy € €, |Dy| = (4/N*)'2, DyPoy(0,N) is
unitary.

Remark. Note that if w = (1,0), z =(0,1) and 9 = (0,0), then N~32P,,(,N) =
Fn. Here Fy denotes that usual finite Fourier transform namely,

1N
fi= Z exp [———lk] ck -
N i=o

Before proving this proposition, note that the quantum map associated to any

A € SL(2,7Z) is now constructed exactly as in Sect.2. Let 4 = (Z Z) and take

Y € F}(0). 1t is easy to see that U(A)Y =y oA™" defines a map from #}(6)
to S4(0'), where 6 = B(0) = 460 + N(ac, db) mod 1. Moreover, for any z € Z>
we have a natural map U(4): sz(O,N) — Hr-1,(6/,N), as we can check by an
easy calculation. Its unitarity can be checked either by a direct computation or by

remarking that U(4) is unitary on #, = N? - fol f;d%%(f),N ), and hence is also
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unitary on #,(0,N). If 0 has the property that f(6) = 6, we can again define the
quantum propagator (up to a normalization factor) V(4): #,(6,N) — #,(6,N)
by the formula V(4,0,N) = DyP, 14-1,(6,N) o U(4), which is the restriction of
V(4) in (2.8) to #,(0,N). This yields exactly the same propagators as in [DE]. A
particularly simple expression for ¥(4,60,N) is obtained when 4 is of the special
form considered in the following corollary (see also [HB]).

Corollary 3.1. If z = (1,0), 6 = (0,0) and A = (492"_1 2‘9) € SL(2,Z), (g > 1,

d (S Z) then:
L] l,k /—N P( .

Proof of Proposition 3.2.

1) Let v € Z? with w(w,v) =1 and set m = —Jw, m =Jv. We define, for
0 € [0, 1[ %[0, 1],

Sy = S (=1 exp[—2ni(af; + p02)]U(om + pr) .
o, fEZ

It is then easy to see that S(0) is a continuous operator from #(IR?) to &'(IR?)
which extends uniquely to a map from &/(IR?) to &/(IR?). Moreover, a calculation
shows

S(0) = (z exp[—2ni51a]U(am)> ( » exp[—2ni§2B]U(ﬁﬁt))

aEZ peZ

= (Z exp[—Zniéﬁ]U(Br?z)) ( > exp[—2m’§1a]U(cxm))

BEZ aEZ

and
U(e'm + Bi)S(0) = (=1 exp[2mi(Brof + 6,8)1S(0) .

()= (0 %) (2)

for a'm + f'm = n, we have

Since

S(8) = (=1 expl2mi(w1 by + w102)15(0) .
wS(0) = (=1)M2%2 exp[27i(v,0; + w26,)15(0) . (3.22)
As a result S(0)'(R?) € #4(0), with
01 = (N/2)vywy + [v101 +wi02], 02 = (N/2)vaw + [020) + w251, (3.23)
For y € 9,, as in (2.4), a simple computation using the Poisson formula yields
[S(OWI(x) = exp[—inN by (x)h,(x)] kiejz di(0)dh(x) — (k+0,)/N],  (3.24)

where

di(0) = }Vﬁ% exp[—2miB0,1f ((k + 01)/N — B) . (3.252)
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Note that
diin(0) = exp[—27ib,1dy . (3.25b)

Using (3.23), one establishes
(k + 6))/N = gi(w,0) — (1/2)wiwa[vs — vy — 1], (3.26)

with gx(w, 0) as in (3.4), and
0, = —ag(N, w) — (N/2)or0a[ws — wy — 1], (3.27)

with ap(N,w) defined in (3.6). Note that the relation wiv, — wpv; = 1 implies that
the last term in (3.26) and in (3.27) is an integer. Hence (3.24) becomes

[S(OW1(x) = exp[—inN hy(x)hu(x)] 3 cx(O)3[hu(x) — ga(w, 0)] , (3.28)

kez

With €4(0) = di ¥y 03— —1y(0) satisfying (3.5), thanks to (3.25) and (3.27).

Hence (3.28) is written in the form (3.3) which shows S(é)lp € 9,(0,N). Recall
now from (3.16) and (3.18) that #,(0,N) = CV". As a result

11 11
N[ [d*04,(0,N) = N[ [ €Vd*0 = L*([0,1[x[0, 1[; C",N*d*0).
00 00

On the other hand, if f € #(R) C L*(R,dy), then, using (3.25), and performing
a change of variables in the integral, using (3.23), yields

1 1 N—I 1 _ 1 _ N-l
N2[d6, [ doy 3 e (0)* = N[ d0: [ d0, 3 |e(0)f = [ | f(»)dy.
0 0 r=0 0 0 r=0 R
Hence the map
[ (eo(0),...,en—1(0)) € LA([0, 1[x[0, 1[; €, N*d*0)
extends to a natural isometry on all of L?(R,dy). It is easily seen to be onto and
hence unitary. Since L?(RR,dy) = i, this proves (1).
2) Yy € H#, Y € H#,, we have

dgdp—
h Y2U(a, by

dgdp —
=] fnff""(”’b)*%‘% = (U(a,b)" Y2, Patt): -

(¥, Py U(a, b)) = [

3) We know from the remark after Proposition 2.2 that P,, extends from %,
to a map from %, to Z,. Moreover, in view of (2), P,,%2,(0,N) C 2.(0,N).
Hence, defining P,,(0,N) to be the restriction of Py, to 2,,(0,N), it follows that
P.(0,N): #,(0,N) — #,(6,N) and consequently that P,, = N> [d?0P,,(0,N).
By computing the explicit formula for ISZW(G,N ), we will show NIBZW(G,N )=
P,,(0,N), establishing the proposition. Taking ¥ € 2,,(0,N) in the form (3.3), and
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using the definition of P,, in Proposition 2.2, we have
[P (0, N)W)(x2) = (1/27hA) exp[—intN h,(x2 hy(x2)]
X Y cx exp[—2miN S (qi(w, 0), h-(x2))] , (329)
kez
where S,, is given in (2.7). Letting k = IAN +r, ] € Z and r € {0,..., 4N — 1},
the r.h.s. of (3.29) reads
N _ Na-1
exp[—inN h,(x2)h,(x2)] =5 SN ¢ exp[2mil Aag(N, w)]
i€Z r=0
x exp[—2miN S, (g, + 14, h,(x2))] .
Since (1/2)w(v,z)I?4 = (1/2)w(v,z)l4 mod 1, we have
Son(@r + 14, h2(x2)) = Su(qr, h=(x2)) + 1[g,0(v,2) + h(x2)] + (1/2)0(v,2) P 4,
so that
exp[—2miN S;,(qr + 14, h2(x2))]
= exp[—27iN Sp(qr, h2(x2))] exp[—27iN (g, (v, 2) + hz(x2) + (v, 2)4/2)1] .
This yields:

~ NA-—-1
[P2w(0, N W1(x2) = exp[—inN h:(x2)hu(x2)] (JZV ZO ¢r exp[—27iN Sz(qr, hz(xz))]>

X ( > exp[—27iN (h.(x2) — A)l]) ,
where ez

A = —qr(w,0)0(v,2) — (1/2)(v,2)4 + (4/N)og(N,w) ,

and where g¢,(w,0) and agp(N,w) are given by (3.4) and (3.6) respectively. Note
that we can replace 4 by anything else mod 1, a freedom we will use in order to
get a convenient form for P,,(6,N). In particular one has

A= —(r/N)wo(v,z) + (1/2)z125 — (1/N)w(6,z) mod 1
= Q[—rw(v,z)](z, 0) mod1,
so that
(Pow(6, N 1(x2)

N VA=
= exp[—inN h,(x2 )h(x2)] (Z 20 cr exp[—2miN Sz(gr, hz(xZ))])

X ((I/N) > Oy — qk—‘rw(u,z)]>
iez

= exp[—inN hy(x2 )hu(x2)]

1 NA—-1
y Z ZO CrkE:z exp[—zniNSzw(q;'(W, 0), Qk+rw(z,v)(z’ 6))]5[)’2 - qk+rw(z,v)(Z, 0)]
r= €
= exp[—inN h;(x2 Yhu(x2)]

1 Va1

3 > ¢y, exp[—2miN S;(q-(w, 0), qi(2, 0))16[h.(x2) — qu(2,0)] .
r=0 ez
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Using (3.5) and comparing to (3.20), one sees that P,,(6,N) = (1/N)P,,(0,N).
Hence P,, =N [d*0P,(0,N). O

To summarize, by applying the ideas of geometric quantization in their simplest
form, one can easily quantize linear transformations on R? as well as on T2, We
stress again that the construction is simple and calculationally very convenient.
Indeed, although the proofs of Propositions 3.1 and 3.2 are somewhat involved in
the general case, they reduce to trivialities when 4 = 1, as in Corollary 3.1 and in
the following sections. In that case (3.20) does not involve a sum and the unitarity
of P, is then immediate. We shall now show that the reformulation of geometric
quantization we have just presented allows for an immediate generalization to a
class of piecewise linear or affine linear transformations of the torus.

4. Quantization of Piecewise Linear and Affine Transformations

(A). Translations and Skew Translations. The simplest transformations on the torus
are undoubtedly the translations x = (g, p) — (¢ +a, p+ b)mod 1. If a = r|/s; and
b = ry/sy (with g.c.d.(r,s;) = 1, i = 1,2), then we can write (a,b) = (#/s)(—wp, w1)
for integer r,s with g.c.d.(r,s) = 1, w & Z?, and g.c.d.(w;,wy) = 1. Here s is the
least common multiple of s and s, which is also the common period of all orbits
under this translation.

Taking k£ € N*, N = sk, we saw in Sect. 3 (see (3.17)) how to quantize this
translation. The expression of the quantum translation U(a,b) (i.e. (3.17) with
| = rk) shows that its eigenfunctions are concentrated on the circles

ox,(@,b))=(r/s)g; i=0,.. ks —1

and that they are k-fold degenerate. The quantum propagator is easily seen to have
the same period as the classical translation since

wiwz
2

U*(a,b) = exp [m (— Is + ro(w, 9))] idoge, 0.1 -

It follows that, as in the multidimensional harmonic oscillator with commensurate
frequencies [DBIH], these degeneracies can be used to construct eigenfunctions of
U(a, b) that, in the classical limit (kK — 00), concentrate on any given classical orbit.

The approach of Sect. 3 does not a priori permit the quantization of translations
of the form (a,b) = a(r/s1,r2/s2), &« € Q, much less of ergodic translations, for
which a/b ¢ Q. The reason is that the corresponding prequantized translations do
not preserve the spaces #,(0,N).

Since the ergodic translations are undoubtedly the simplest ergodic dynamical
systems, it would be interesting to circumvent this difficulty and to nevertheless
construct a quantum analog for them. We will see that this can be done very
naturally within the framework of Sect.3. The situation is actually very similar
to the one encountered when quantizing linear flows. Indeed, there we saw that
U(A)#(0,N) = H'r,-1,,(0,N) for a suitable choice of 0 and then we used the
natural pairing between #'r,-1,,(0,N) and #,(0,N) to construct V(4). Here we
will see that U(a,b)#,,(0,N) = #,(0',N) with 0’ given in Lemma 4.1 below.
Although in this case we can never choose 6 so that (/ = 6, we will construct an
identification Dy P, (0, 6") between #,,(6',N) and #,(0,N) in analogy with (3.19).
Since there is also a natural identification Dy P,,,(0) between #,(0,N) and #,,(0,N)
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(Proposition 3.1), we define the unitary quantum translation Q,(a,b) by
0ul(a,b) = DiPy(0,0) 0 Pyy(8,8') 0 U(a,b) : #,(0,N) — #,(6,N).  (4.1)

Note that this reduces to (3.17) when the translation has the required form, and that
the Qy(a,b) depend continuously on (a,b). On the other hand, the construction is
w-dependent and it is clear that the O,,(a, b) cannot generate a unitary representation
of the full Weyl-Heisenberg group.

Lemma 4.1.
(1) U(a,b)F5(0) = £4(0'), with (61,605) = (61 — Nb,0, + Na) mod 1.

(2) U(a,b)V ¥ = V,U(a,b)y for any w € R?, (a,b) € R?, y € #'(R?).
(3) U(a,b) : #,,(0,N) — #,,(0',N) is unitary.

Proof. Both (1) and (2) follow from a simple computation. That U(a,b) maps
#,(0,N) isomorphically onto J#,(0’,N) is an immediate consequence of (1)
and (2). To check the unitarity, let Y € #,,(6,N) with

Y(q, p) = kZZ Ci eXp[—inN hyy(x)hy(x)] 0(hy(x) — (6, W) . (4.2)
(S

For convenience, we write T = (11, 72) = (a,b). Now we introduce [ = (/1,1,) € Z?,

Iy =1— %, +[and B=(Bi,f2) € IIZ/N, uniquely determined by

i =Li/N + B 0; =0+ (=) NpPs_; € [0,1],
with i = 1,2. A direct calculation shows that
[U(a,0)¥1(g, p) = kZZ dy exp[—iTN hyy (x)hy(x)] 3(y(x) — qr(0', W) ,
€

where
di = Ck—nyy (1) €XplinN (2qx (0, w)hy(T) ~ hy()ho(T))] - 4.3)

Recalling the identification Y = (cy,...,cn—1) and [U(a,b)¥] = (do,...,dy—-1), the
unitarity of U(a,b) is now immediate from (4.2). O

Given now U(a, b)Y = (dy,...,dy_1) € #,(0',N), we can proceed in the spirit
of Proposition 3.1 to define P,,(0,0") : #,(0',N) — #,(0,N) as follows:

—  dqd
W2, Po(0,0 ) sony = [ e

1 . 4.4)
[0,1)x[0,1) > 2nh

A simple calculation then yields
[Po(6,6)¥1(q, p) =N ; [Pow(0, 0 )11 explinN by (x)ho(x)] 3(ho(x) — q1(v,0))
where

N=1
[P, (0,01 =N 1;) dy exp[—2intN Sy (qx(w, 0"), q1(v, 6))]

N-1
=N Y dpexp[—2inNgi(w,0")qi(v,0)] .
k=0
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It is easy to see that [|DyPu (0, 0)U(a D)% 0N = Iltﬁl[”w(e/ Ny Where
|Da| = N2,

When (a, b) is ergodic, the eigenfunctions of the Q,,(a, b) can on general grounds
be expected to be equidistributed on the torus in the classical limit, in sharp contrast
to what happens in the periodic case.

Note that it is now easy to quantize skew translations of the form (g, p) —
(g + a, p + kq) which are ergodic if a is irrational and k a non-zero integer [CFS].
They are just the composition of a linear transformation and a translation.

(B). Piecewise affine transformations. A first class of piecewise affine maps studied
in [Ch] is the following. Take 4 = (Z Z) € SL(2,Z), apply it to [0,1) x [0,1),

then cut the resulting parallelogram into strips along the direction (a,c) and shift
the strips around with translations parallel to (a,c). Combining Sect. 3 and Sect. 4A,
one can easily obtain a quantization for this class of transformations.

Let us now turn to another class of discontinuous maps described in [Ch, LW, V].
1
0
taken modulo 1 in q. This defines a map 4; on the torus, discontinuous on the
circle {p € Z} if b ¢ Z. Similarly, construct a map 4, on the torus by restricting

1

Ay = , (; , b € R to the strip 0 < ¢ <1 and taking p modulo 1. This map will

be discontinuous on the circle {g € Z} if b ¢ Z. The map 4 = A, A4;, which is a
discontinuous hyperbolic area preserving map on the torus, is ergodic and exponen-
tially mixing, [Ch,Li, LW, V].

We now propose a quantization of 4;, i = 1,2 in the spirit of Sect.3. Call-
ing V; the quantization of A4;, we will define the quantum propagator V' of A
by V = IhV,. We saw in Sect.2 that U(4;)%, = (A—I)T If, however, a ¢Z,

then U(41);(0) ¢ F4(8') for any choice of 6 and 6’ This situation is similar
to, but slightly more complicated than, the one of the previous paragraph, where
U(a,b)Z, = D, but U(a,b)F;(0) = %4(0'). So there is again no geometrically
natural definition of the quantum propagator associated to 4;. This reflects the fact
that 4, is not a continuous automorphism of the torus. The approach of Sect.3
nevertheless suggests an obvious way to quantize 4;. For that purpose, note that
the image of [0,1) x [0,1) under A4; is

Consider the map 4, = , b€ R restricted to the strip 0< p=<1 and

Fi={(gp) eR*|0<p<l, bp<g<bp+1},

which is again a fundamental domain of the torus. Let w = (1,0), v = (0, 1). Then,
if Y € #,(0,N) and ¢ € #,(0,N), it is immediately clear, because of the transver-
sality of the lines p = px, g+ bp = q;, that QU(4,)y still defines a distribution
on the plane.
As a result, there exists a unique map PU(4;) : #,(0,N) — #,(0,N) defined
by
(0 PU o = [PV G =L 3 (45)

Here the right-hand side of (4.5) is to be understood as the value of the distribution
PU(4;)y¥ on a smooth characteristic function of F;. Explicitly, a simple calculation
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shows that, for any £,/ =0,...,N — 1,
[PU(A)]u = N exp[—inNbp}]exp[—2inN q; pi] ,

where q; = I/N + 0,/N, pr = k/N — 6,/N.
The resulting quantum propagator on #,(60,N) is then, using the natural iden-
tification between #,(0,N) and #,,(0,N):

Vi =N"F o PU4,) .

Note that N=32PU(4,) itself is the product of the finite Fourier transform with the
diagonal matrix D, with entries exp[—in/N. bpi]. So

Vi=%Fy' oDyoFy . (4.6)

Remark that for b € Z and for the appropriate 6 this reduces to the result obtained
in Sect. 3, as is easily checked. Note furthermore that the map 4; behaves as a
completely integrable transformation with invariant circles p = const. This is per-
fectly reflected in the structure of 7;. From Eq. (4.6) on sees that its eigenfunctions
are indeed concentrated on the invariant circles.

Finally, the construction of ¥, is completely analogous, with the roles of w and v
interchanged. The resulting quantum propagator V = I5 V] on #,,(0,N) is readily
seen to be

V=DyoFy' oDjoFy. 4.7)

Here D, is the diagonal matrix with entries exp[inNV bq%]. The non-trivial structure
of V' comes from the fact that it is the product of two non-commuting matri-
ces Vi, V.

0
1/2
piecewise affine map B defined on the unit square (0 <g<1, 0= p=<1) by

(C). The Baker Transformation. Given the matrix 4 = , we consider the

Ba. ) — {4 0<g<1/2,
DP)Z p(=1,1/2)04, 122q<1,

where T(a,b)x = (¢ + a, p + b). This map is called the Baker transformation, and
its dynamical properties have been studied in detail (see [AA, LW]). Note that it has
the same structure as the piecewise affine maps described above. First one applies
a linear map, then one slices the resulting rectangle and shifts the parts around.
There is one major difference, however, leading to some additional complications
for the quantization. The linear part of the Baker transformation does not send
[0,1) x [0,1) into another fundamental domain of T2.

Even though the Baker transformation is not continuous on the torus, the tools
we developed in the previous section can again be used to associate a corresponding
quantum operator to this map, as we now show. In particular, as in [BV, Sa], we
take the point of view that the correct quantum Hilbert spaces for this problem
are still the ones constructed in Sect. 3 (see below). It then suffices to mimic the
approach of the previous section, with some minor changes to account for the
discontinuities of the map. The resulting quantum operator is identical to the one
obtained in [BV,Sa] by completely different arguments.
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We shall first define a prequantized version B of B on distributions on R? with
support in the left or right half of the unit square. Suppose ¥ is a distribution
supported on 0 < g < %, 0 < p =< 1. Then we define

(BY)(g, p) = UA)Y(q, p) -

Note that the support of Elﬁ is contained in 0 <¢g<1,0=p= % If, on the other
hand, ¥ is supported in § <g <1, 0< p <1, then

(BY)(g, p) = [U(~1,1/2) 0 U(4)]¥(g, p) ,

and its support is now contained in 0<g<1, < p<1.
Given N € N, and w = (1,0), recall that Z,(0, N) is the space of distributions
of the form:

Y(q, p) = > crexp[—inNpql 6(q — qi) ,
keZ

where g = k/N + 6,/N and, in addition, ¢4y = e 2m% ¢, for any k € Z. Therefore,
because of the latter relations, no information is lost if we restrict iy to the unit
square, namely

N-—1
Vg, p)= k;) cx exp[—inNpq] 6(q — k/N — 02/N) xo(p) , (4.8)

where x[o,1] is the characteristic function of the unit interval. We shall write H1(0)
for the space of distributions of the form (4.8), equipped with the inner prod-
uct (3.18). This is the quantum Hilbert space for the Baker map in the position
representation, which is realized as a space of distributions on the phase space
of the problem. Similarly, we introduce H,(0), which is the space of distributions
2,(0,N) with v = (0, 1), restricted to the unit square, i.e., ¥ € Hy(0) iff

N-—1
VS 12‘6 dyexp[inNpql 6(p — p1) x0,11(q) »

where p; = I/N + 61/N. Hy(0) is the quantum Hilbert space of the Baker transfor-
mation in the momentum representation. We have a natural identification between
Hy(0) and H,(0), given by the pairing of Sect. 3, which in this case is just the
finite Fourier transform (see the remark after Proposition 3.1).

We now observe that we have a natural decomposition H;(0) = H;(0) ® Hg(0).
Indeed, each Y € Hi(6) can be uniquely written as ¥ =y + Yr, where

Y=Y cexp[—inNpqld(g — a)xon(p)

Oéqk<%

Yyr= > cxexp[—inNpql 6(q — qi)xp1(P)
I<a<1

have their respective supports in 0 < g < 1, and % < g < 1. We can now compute

(BY) (g, p) = (BY1) (g, p) + (BYr) (g, p) -
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This gives
Bu)(q.p)=2 Y crexp[—2miNgipl 8(q — 2¢i)10.1(2P) »
0<gx< %
(BYr)(q, p) = 2exp[2mi(0; — N/4)] Y cx exp[—27iN (gx — 1/2)p]

7Eq<l1

x 0(q+1—2q)x013(2p — 1) .

Note that the support of El//L is contained n0=g<l,0=p=s é, whereas the
support of Byg is contained in 0 < g < 1, 5 = p=1. Itis clear that By obtained
in this way is not an element of H1(9) (for any 0), not of any 2,(0,N). Hence,
we have no hope of applying the general results on pairing of the previous section
dlrectly to define the quantum propagator. It will nevertheless turn out that we can
again define, in the spirit of (3.19), a natural projection PBY of the distribution
By onto Hy(6).

Proposition 4.1. If' N is even and 0 < 0y, 0, <1, then there exists a unitary map
2712N—32PB : Hi(0) — Hy(0), uniquely defined by:

~ — .~ dgd
(Yo, PBY) oy = | ¥,BW 190

“4.9)
[0,1)x[0,1) 2nh

Specifically,
~ N—-1 ~
PBY)(q,p) = l;) (P@BY))explinNgpl6(p — pi1) x1011(4) »

with, for | < NJ2,
Nj2—1
(P(BY)) = 2N Z cx exp[—4mniN gx p1]

and for 1 = N/2,

(P(BY))1 = 2N exp[2mi(0; — N/4)]kZA; cx exp[—4niN ((qx — 1/2)p1)] -

Remark. We omit the proof, obtained by a simple computation. Let us point out
that the conditions on 6 assure that wzﬁ Yy is a distribution on the plane, with
support in the unit square. They guarantee in particular that y» does not have
support on the line p = 1/2, which would lead to technical problems involving the
multiplication with PB Y1. The right-hand side of (4.9) is to be understood as the
value of this distribution on a smooth characteristic function of the unit square,
and is independent of its choice. The unitarity statement does not follow from the
results of Sect. 3, since PB Y1 is not a polarized section, as pointed out above. In
this sense, the unitarity of the construction is somewhat surpl;ising. It breaks down
when N is odd, although the block diagonal structure of PB would permit us to
restore it by hand.

We now define the quantum Baker transformation V3 in the spirit of Sect.3 as
follows:

Vg = 272N %1 o PR : H(0) — Hy(6),
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where we used the natural pairing between H>(0) and Hi(6) described above. A
simple calculation now shows that if 8 = (0,0), V3 is exactly the operator obtained
in [BV]. If 8 =(1/2,1/2), Vz coincides with the quantum Baker map of [Sa].
Although the value 6 = 0 is strictly speaking excluded by the proposition, it can
be obtained in the limit. We mention that this construction can be immediately
extended to a more general class of Baker-like transformations [BV].

In conclusion, these examples show that the framework of Sect.3 permits the
treatment of situations that are not geometrically natural and would therefore not be
tractable within the framework of geometric quantization as such. We remark for
example that, although the right-hand side of Eq. (4.9) makes sense, it is not geo-
metrically intrinsic, unlike the right-hand side of (3.19). Similarly, the identification
of the quantum Hilbert spaces with €V in Sect. 3 was merely a calculational device,
which is again no longer the case here. Nevertheless, it is clear that the phase space
formulation of quantum mechanics given by geometric quantization automatically
reproduces the clever intuitive arguments used to construct the quantized Baker
transformation in [BV]. In particular,the prequantized map is very close to the

classical map: this is clear from the general expression for exp[~;’.;-] ft in Sect. 2.
As a result, it still has the “left to bottom,” “right to top” structure of the classical
map. In [BV] this feature was built into the construction of the quantized Baker
transformation by assumption.
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