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Abstract: We prove existence and regularity properties of solutions of the variational
problems introduced in the previous paper [1] for classical lattice N-vector models.
These results form a basis of our renormalization group approach to low temperature
expansions for the considered models.

1. Introduction

In this paper we study the basic variational problems for the classical spin models
introduced in [1], like the problems (2.1), (2.2), (2.6), (2.7) there. We do not
want to study these entirely small field cases because it is almost equally simple
to consider a general case. Thus we study here the variational problems in a form
appearing in a general case involving large field domains also. To formulate them we
need some additional definitions. At first we have to determine a geometric setting
of the problems. We consider a sequence of domains {Q;}, Q; C T, connected
components of £; belong to &;, j=1,2,..., k such that

QDD DQ, Wy dist (Q, Q1) > RM, (1.1)

where R is a positive integer which will be fixed later. Let us recall that the lattice
T, and the classes &, of localization domains have been introduced in Sect. 1 and
2 of [1]. The size of big blocks M here may not be equal to the one there. In this
paper we obtain conditions on M connected with the variational problems, but there
will be other conditions in the following papers, so we treat it as one of adjustable
parameters. We define

A, =QN\QY, j=12 k-1, 4 =0F A =QnQ,

where Q;-') =0;,NT, éi; is the set of centers of i-blocks

. k
in @, hence @ =B(Q), and Q = JB'(A,). (1.2)

n=j
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Let us recall that the “tilde” operation “~” means here that we add to Q; one
layer of large cubes in the L~!-scale “touching” the domain i, i.e. having one of
the lower dimensional edges common with some cubes of the domain. We would
like to admit a case when some domains €2; are equal to 7;, for example ; = T,
for j=1,...,1, I £k, and then we assume that the second condition in (1.1) is
satisfied for j = /. A sequence of domains {Q;} is uniquely determined by the
sequence {A;}, or by its union, and we define

Bi=U4;. (13)

This set is called a generating set for the sequence {Q;}, and in the future we
will identify it with this sequence, or the sequence {A;}. The idea behind these
definitions is that Q; is a small field domain for the j™ step, so we consider
a composition of j renormalization transformations on it. We perform a further
transformation on ;,;, so we compose exactly j transformations on Q;\Q;,,
and the composition has the same general form as in (1.11) in [1], but the
averages are taken as the averages (Q; over j-blocks with centers at points of
A;, and the constant a is replaced by aj(Ljn)_z, a; given by (2.11) in [1].
We do not discuss changes of the constant f in this paper because it does not
appear in the problems here. These ideas should justify the following defini-
tions:

ABi Y, s h, ak, Ak, vi) =%(l/f = O(Br)¢, a(Br)(Y — O(Bi)¢))

3 Vi
S OP =117+ llg ~ Al

where ¢ is defined on 7, and has values in RY, i is defined on By and ¢ = y; on
Aj, Y is defined on A; and has values in RY, O(IBy)¢ is defined on By and

(QB)P)y) = (QP)¥) = X L ¢(x) for y € 4;,

x€B,(»)

+ o0 +

a(By) is defined on By and a(By) = a;(I/n)~2 on A;

1— L—2k

=15 % finally h € RY, |h| =1. (1.4)

a;
The norms in (1.4) are taken for appropriate scale, which means the #-scale
for the last three terms on the right-hand side and the L/n-scale for the part
of the first term restricted to A;. For clarity let us write explicitly the first
term

(¥ — O(Br)¢, a(B; )Y — Q(By)e))
k .
= ,Zlf’j(ﬁﬂ)‘2 > W) () — (Qip))P (1.5)
p=

yeA;

The coefficients ay, A, v in this paper are arbitrary constants satisfying the

assumptions of Theorem 2.2 in [1], and we denote them simply by a, 4, v, i.e.

% <a< %, WA =1,0 <v < 1. In the future we will frequently simplify the
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notations dropping the set By if this set is fixed. Our basic variational problem is
to find
inf A(By; ¥, ¢5h, a, 4, v), (1.6)
dlo,

or rather more generally to find critical points of the function (1.4) in a properly
defined (“small field”) space of configurations ¢. In this problem we vary ¢ over
the domain ;, and we keep it fixed on €Qf. It is convenient to reformulate the
problem introducing an auxiliary variable o, which is defined on 7}, and has values
in IR, and the function

\ 1
JBe;, ¢, ash, a, 4, v) = 5@/’ — OBy )@, a(By )ty — O(By)¢))
1 1 1 v
A2 1 i 12 N a2 D 2
SIS + 5 B = 1) = 5=l + i~ AP (17)
We have
ABy; i, s hy a, 4, v) = supJ (B ¥, ¢, o h, a, 4, v) (1.8)
so we replace the problem (1.6) by the problem
iI[lf supJ (By; ¥, b, o; by a, 4, V), (1.9)
Pray o

and we look for critical points of the function (1.7). The corresponding variational
equations for the critical points are

(= 40" + O(B)*a(B)O(By) + o + v)$ = OBy )" a(Bi)W + vh + 700, 4 105 ) ,

1 1
Sl = 1) = za=0. (1.10)

We have used the following notations here: for 2 C 7, we define 0Q = {x € Q:
there exists a bond (x, x") of T, such that x’ € Q°}, yo is a characteristic function
of the set @, Ag’” is the lattice Laplace operator on 2 with Dirichlet boundary
conditions, i.e. the operator defined by Ag’ T = yod"y0d.

Let us make a few comments on the above equations. They have a very sim-
ple structure, which will be used to construct their solutions. The first is a linear
equation on ¢, with an operator on the left-hand side which has been thoroughly
investigated in the papers [2]. Under a proper smallness assumption on o it is a
positive operator, and the equation has a unique solution equal to the corresponding
inverse operator acting on the function on the right-hand side, which is expressed in
terms of given elements, like ¥, #, deQ?. This solution may be substituted into the
second equation, which is a simple local algebraic equation on ¢, o, and we obtain
an equation on «. It has a slightly more complicated form, but eventually it may
be reduced to an equation which may be solved by a contractive mapping theorem.
Basically we follow this strategy, with an important exception. We construct at first
a sufficiently good, almost ultra-local approximation of the solution, and then we
construct the solution using the equations and following the above strategy. The
objective of this is to obtain good locality properties of the solutions.

The equations (1.10) involve multiscale operators and configurations and to
formulate a main theorem on their solutions we have to modify properly some of
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the definitions in [1]. These are minor modifications connected with the fact that a
natural scale for the domain ;\Q,, is the ¢-scale, & = L™/, not the n-scale. There

are almost no modifications for the spaces ‘f’j(é), !I~’j(5, ¢) given by (3.18), (3.19)
in [1], but these spaces are important here, so we write the complete definitions
below

Y(By; ) = {(, h) : ¥ is defined on B, U Ay and has values
in RY, n e RY, [(by) — y(b-)| < 6 for b= (b_, by) C A;,
[W(by) —Y—1(x)| < for bC TV, by € Aj, b € Ajy, x € B(b-),

Il = 1] < 8, (1 — (Y(x))o - k)| < (L/n)~26? for x € A;,

WP = 1) < 8%, j=0,1,..., k}, (l//)0=|7¢[, (1.11)

V(B 6, ) = (Y + ¥ h+ ) - (Y, h) € P(Bis o), /', b are
defined on By U Ao and have values in €", |y)/(by) —'(b-)| < & for b C 4;,

W/ (b ) = (x)] < 6 for bC TV, by €Ay b €A, 1, xE€B(b),

W/ ()] < &+ 6, [(Y(x) + ¥/ (x))* — Y(x)| <6,

2
v ()] < (Ljn)‘Q%, V(D)o + K ()| < (L) 720" for x € A,
J=0,1,2,.. k}. (1.12)

These definitions means simply that the configurations ( + Y/, &+ A') restricted
to A; belong to the spaces (3.18), (3.19) in [1], the only new element is that
they are well matched for neighboring 4;_;, A,. We have added the set A, to the
generating set B, because of the configuration qf)l',;g? on the right-hand side of the
first equation. Notice in (1.2) that A, is one layer of big blocks in &, surrounding
the domain ), and we assume that ¢ restricted to A, satisfies the conditions in
(1.11). It is convenient to define.

Yo =4, - (1.13)

We want to consider Eq.(1.10) extended analytically to complex configurations
¥, h. The extension in V¥ is uniquely determined, in 2 we take a non-unique but
natural extension replacing & by & + &’ satisfying the conditions in (1.11), (1.12).
Thus, using the simplified notation by dropping By, we consider the system of
equations

(—4g"+ Qa0 + o+ v)p = Q%a( +Y') + v(h + h') + yo0, 4"(Wo + Y5)
1, 1
- — 1= Za= 1.14
@ =D = 5a=0, (1.14)
where we extend Y + Y onto Q; putting it equal to 0. We can formulate now

one of the main results of this paper, the following existence and uniqueness
theorem:
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Proposition 1.1. Let us assume that the coefficients a, A, v satisfy the inequalities
1 <a<3,1 <9 £+400,0 <v < 1. There exist positive constants co, cy, K1,
Kicy £ co, independent of the coefficients in the above intervals, such that if
(J+ Y h+ 1) e P(By; 8, &) with 8, ¢ satisfying 0 < 8 < & < co, 0 < ¢1, ve? <
&%, then there exists a solution of the system of equations (1.14). This solution is
unique in the space of all configurations ¢, o satisfying only the restriction |o| <
(L'n)2coon Q,, j=1,2,..., k It is an analytic function of (Y + ', h + k") and
it satisfies the following conditions on the domain Q;:

¢ — 0" (W + )| < Ki6, [0"¢] < Ki(L/m)~'3,

[(019)(x) — (DY) < KiColLIn)™178,0 < w < 1,

T
|A"¢| < Ki(L/n)~%6, [u| < Ky(L'n)~20,
[0’ W) < &+ K5, where d¢p(Y', ') = Oy + ', h+h')— ¢, k). (1.15)

The solution corresponding to a real (Y, h) € Y(By; d) is real and is a minimum
of the function (1.4), hence it is a solution of the variational problem (1.6), or
(1.9). It satisfies the additional conditions

(6= hl < KW = v - O] < KW (1.16)

on Q,, for all h' satisfying the last two conditions in (1.12).

Let us make some remarks on the above proposition. The conditions (1.15),
(1.16) have been formulated on €,, but the bounds improve with increasing
J, so equivalently we may formulate them on B/(A4;) = Q;\Q;;;. The constant
C, is an absolute constant depending on « only, it follows from the analysis
of [2(a)] that it can be taken as O(l);glﬂ. The distance |x —x'| is taken in

['-norm, ie. |x —x'| = ZZZI ¥, —x,|. The last condition in (1.15) means that

dp(y’, h') is almost a contraction in /. We denote the unique solution of (1.14)
by

¢Bisy +ysh+h a2 v), By Y h+ R a ). (1.17)

In the future we will frequently simplify this notation dropping some of its elements,
in simplest form we will write ¢y, ay. It is an analytic function of (Y + ¢/, h+ 1)
defined certainly on the space @C(IBk;cl, co). It can be extended analytically also
with respect to a, 4, v, but this we will study later.

Consider now the special case discussed in the first paper [1], the case where all
Q; = T,. Then the space of configurations ( + v/, h+ h') is the space &7’;(6, g),
and we can take L’y =1 in the bounds (1.15), (1.16). The results of Proposition
1.1, important for paper [1], can be formulated as follows:

Corollary 1.1. If (y, h) € Yi(9), & < ¢\, then the variational problem (2.2) in
[1] has exactly one solution in the space of all configurations ¢ such that
la| < co, o0 = 4(|¢p|*> = 1). This solution can be analytically extended onto the
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space f’i(é, e), if 0 £ & < cg, vé? < 8%, and the extension has the properties

(G + Y h+ B ) R+ 1) (S, &) — B(1, &4, v),
Pe(5, &) C E(1, §), (1.18)

if e+ K10 <& 2Ki0 <& orsimply if e+2K6 £ &

The above corollary together with the third inequality in (1.15) has been used
extensively in [1].

Proposition 1.1 is the fundamental result of the paper, but we prove several other
theorems; some of them play an even more important technical role in the presented
renormalization group method. The rest of the paper is organized in the following
way. We prove Proposition 1.1 in the next two sections, separating the case of
constant configurations at first. In the fourth section we discuss generalizations of

the second variational problem (2.6) in [1] and of the functions lﬁk(/) .

2. Constant Solutions and Effective Potentials

In the next section we will construct an approximate solution of the system (1.14) by
patching up some local solutions. In this section we construct and study these local,
constant solutions. They are obtained by localizing the system to some sufficiently
small subdomains of T, approximating the localized configuration (y + ', h + h')
by constant configurations, and extending the obtained systems back to the whole

lattice. If we localize to a subdomain of Q,\Q;,;, then we obtain a system (1.14)
with Q; = T,, Q;;1 = 0. It has the form

(~ 1+ (L) Q] 0; + V)b = a(Un) QG+ Y vk 4K
1, L

It is natural to multiply it by (I/n)* and to consider it on the ¢-lattice rather than
on the x-lattice, & =L7/. We get

(—4°+ 4,07 0; + Wn)u+ WnYv)¢ = a;Qf (b + ') + WnYv(h+H')

L'n)a=0. (22)

1, 1
2(¢ b (Ln)*A
We have discussed scaling properties of ¢, 4, v in [1], in particular see (1.10). The
configurations ¢,  + ', h + /' are unchanged by the rescaling, and «, A, v are
rescaled to (L/n)*a, (L/n)*A, (I/n)?v. For simplicity, we denote a; and the rescaled
quantities again by a, a, 4, v in this section, but let us write the relations for future
reference,

a=a, o= (L/n) u, A=), v=(L/n)v, (2.3)

where we have denoted by oy, 4, vi the quantities in (1.14), as they have been
originally denoted in (1.4). Notice that the system (2.2) is the variational system
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for the problem (2.2) in [1] for £ = j. We consider the system (2.2) for constant
configurations  + ¢/, A+ #’, and we look for a constant solution ¢, . Later we
will prove a uniqueness theorem which will imply that it is the only solution. We
get the equations

(a+o+v)p=aly+y)+v(h+1),
%(¢2 -1) - %oc =0. (2.4)

Now it is a simple system of algebraic equations for the vector ¢ and the scalar
o, and we can solve it calculating ¢ from the first linear equation, and substitut-
ing the solution into the second equation. We write this solution in the following
form:

¢>—a+v+aw+w>+ e URD)
12 _ _ AV N
=<w+w)o+"(v(*”+‘” D= Wt Gt =
at+v+ta
e = Do (¥l + ) 25)

The reason is that we would like to use smallness of the basic invariants of the
orthogonal group O(N), introduced in [1] by (3.37). Let us recall these definitions:

=VWHYR  V=W+y ) (h+h),  WP=Gh+HY -V (26)

The functions U, V, W? are complex valued functions of y + /', h + k', invari-
ant with respect to simultaneous orthogonal transformations of both vectors. We
consider these functions on a domain ¥¢, (9, ¢) which is naturally defined by
one-point conditions in (1.11), (1.12), as domains ‘i’gonst(o", ¢) in [1]. Inspecting
the proofs of the inequalities (3.39), (3.41), (3.43) in [1] we see easily that the
functions satisfy the inequalities with ge replaced by 0, assuming that v < (%)2.
This can be formulated as the statement

, 8 5
(U, V, W*): ¥¢,..(8, ¢) — K (1, 28) x K (1,227) (o 56— ) 2.7)

holding for ¢ sufficiently small. We can simplify it using the inequality 6 < ¢, and
we get

2 2
(U, V, Wy : W<, (8, &) — K(1, 89) x K (1, (8? ) x K (0, (8v52) ) . (2.8)

The mapping is of course analytic. Now we substitute the solution (2.5) into the
second equation in (2.4). We obtain

Z—u 1(Z—a)+vw* 1

— :0
a+v+oa 2 (a+v+a) P ’

where Z =a(U — 1) +v(V —1).



614 T. Balaban

Let us replace the functions U, V, W 2 by complex variables u, v, w?, and take
z=a(u—1)+v(v—1). After simple algebraic transformations we obtain the fol-
lowing equation:

A+4(a+v) e 1 2
20a+v)Y(A+a+v) (a+v)(A+a+v)
_ A A
N /l+a+vz+ 2a+v)(A+a+v)

(2% + v*w?) . (2.9)

It is a very simple equation for «, its coefficients are bounded on the whole do-
main 1 <a<32,0<v<1,1>0, sofor small z v’w? it has a unique small
solution. We formulate this obvious conclusion more precisely in the following
lemma.

Lemma 2.1. There exist two absolute positive constants c,, c; such that if

2 2
(u, v, w?) € K(1, c3) x K(1, CT?) x K (0, f—% , then Eq.(2.9) has a unique solution

in the disc |a| < c;. This solution is an analytic function of z, v*w* and it satis-

fies the bound
oz, Vwh)| S 22|+ P (2.10)

It is easy to find explicitly some specific constants ¢;, c3 analyzing carefully
Eq.(2.9), but it is not important. The factor 2 in (2.10) can be replaced by any
number > 1 if ¢3 is sufficiently small. Now substituting the functions Z, W? in
place of the variables z, w> we obtain the function a(Z, v*W?) which is defined
and analytic on any domain ¥¢,, (3, &) such that 86 < ¢3, by (2.8). This function
satisfies Eq. (2.9), and substituting it into the formula (2.5) we obtain a solution of
the system (2.4). The solution is an analytic function on the domains sf'gm(é, €),
and it satisfies the bounds

4
o <2 (35+2252 + 56%) < 85 by (2.7), assuming 785 < 1,

2

A

166 .
< T by the second equation in (2.4). (2.11)

v

911 =

Using again the proof of the inequalities (3.39), (3.41) in [1], in particular the
identities (3.40), and the formula (2.5), we obtain

o — W+l <O()s,  [¢—W+¥) <O(1)s (2.12)

with some absolute constant O(1), e.g. we can take O(1) = 80. For real solutions,
i.e. the solutions for real (Y, 4) € ‘f’zonst(é), we get

0
6= H1 = 10— ol + Wo— 1] < 013+ 22 < o) 2.

Vv Vv
/ |a|l//| + v‘//() * hl / v /
lp - K| < mhﬁo . h|+m|(1-¢o®%)h”h|

52

2 2
< 6% +3(@5+52)(z—8 < 2. (2.13)



Variational Problems for Classical N-Vector Models 615
Finally, for 6¢(y/, ') = ¢(y + ', h+ k') — (s, k) we have
[0pW', ') —y'| < (¢ + /s h+ k') — (b + ¥+ |G, h) — ¢| < O(1)d,
8¢, )| < W] +O0(1)8 < &+ O(1)5 . (2.14)

These inequalities give a rather crude quantitative meaning to the statement that d¢
is almost a contraction in /.
We gather the obtained results in the following proposition.

Proposition 2.1. There exist positive constants c,, cs, Cy, independent of a, A, v
in the intervals 1 < a < 3,1 >0,0 <v <1, such that if 0 < 6 < ¢, ve* < &,

8 < cqand (W+ Y, h+1)e W, (5, ¢), then Eq (2.4) have a unique solution
in the space of all ¢, a satisfying only the restriction |a| < c;. The solution is an
analytic function on V,,4(9, ¢), and it satisfies the bounds

'(}5 — (lﬁ‘i‘ lﬂ/)ol < C15, |¢ — (l//+ lp/)‘ < C15, [O(I < Cy10
[0y, K| < e+ Cid. (2.15)

The real solution corresponding to (i, h) € Peons(8) satisfies additionally the

bounds
o , &?
N o - K| < C17 (2.16)

Jfor K satisfying the conditions in the definition (1.12).

[¢p —h| < C

These results serve as a basis of constructions in the next section, leading to a
proof of Proposition 1.1.

In the future we will need some simple bounds for effective potentials determined
by the function (1.6), i.e. the action (1.4) calculated at the solution of Eq. (1.10). In
[1] we have defined the effective potentials for the localized actions &Y)(y;y, h) by
the formula (2.25), taking constant configurations y,s. We can localize easily the
function (1.6) and define the effective potentials in the same way. The localization
will be discussed in the next paper; now we simply write the resulting formula for
the effective potential corresponding to a point in A,. We have.

L)' 2V,(p, ), V(¥ h)——ll// o) + a+ |¢> h?*, (2.17)

where ¢, o is the solution of Eq. (2.4), and the coefficients a, 4, v are given by
(2.3). We consider here real (Y, &) € Peonst(0), & < ¢4, and |h| = 1. Substituting
the solution ¢ given by (2.5) in this case we obtain

1
Vi(y, h) = 2m[("+“)(|‘ﬁ| — D +v(1 =y - h)+af
av 1 1
e A R e e L R 7l
(a+a) a+oa
(a-f—v—i—oc)zv(l—%.h) (_f.—+—)—2[ a(jy| = 1) —ov(1 = oo - 1)

1

v 2
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The function o is the solution of Eq. (2.9) with the right-hand side equal to

Aa
/+a+v(w (a4 v)(A+a+v)

2
(¥l -

v(l—lpo'h

Aa

Ja 2
(a+v)(A+a+v)

2(a+v)(/1+a+v)

1yl = v(l — o - h)

hence it is an analytic function of the invariants || — 1, v(1 — ) + k), and its
expansion starts with a linear part equal to the linear part of the above expression.
Thus the function V;(y, k) is also an analytic function of those invariants. Such a
general statement follows from symmetry considerations as in (3.25) in [1], but the
above formulas allow us to calculate explicitly lowest order terms of the expansion
of the function V;. These are a quadratic term in || — 1 and a linear term in
v(1 —yp + /), and this lowest order part is equal to

1 a(A+v) a

s e W=D v~ - ). (2.19)
Let us recall that the invariants are small for (¥, &) € Weonst(d), more precisely
| — 1] < &, |v(1 = o - k)| < &2, so the lowest order part describes well the func-
tion . Both terms in this part are nonnegative, so we can bound V; from above
and from below by multiples of the above expression. To have uniform bounds
we must assume additionally that A is not too small, e.g. 4 = 1. Notice that here
4= (I'n)*’, but by the inductive assumption (H.8) in [1] we have Ay = AoL%*,
and we have assumed g = 1, hence 1 = AoL¥ = Jy = 1. With this assumption
we have the following proposition.

Proposition 2.2. There exist absolute positive constants cs,y2, Ca,cs < ca, sSuch that
the effective potential V;(\r,h) defined by (2.17), or (2.18), satisfies the inequalities

2Ll =12 +v(1 = o - )] < Vi, h)
Gl = 1 +v(1 —yo - W] (2.20)

AN

on the domain Sf’c(,nst(cs ).

The above inequalities can be proved by using the representation (2.18) in quite
an elementary way, although it is a bit lengthy and awkward. It can also be proved
by using the lowest order part and estimating a remainder in Taylor formula for
V;. We omit the details. Let us notice that the invariant || — 1 can be replaced by
|| — 1, both are equivalent on a neighborhood of the unit sphere. We will use
the above proposition, or rather the first inequality in (2.20), in the last paper only,
doing estimates in large field domains.

3. Proof of Proposition 1.1

We prove this theorem in several steps, some of them in a slightly more general
form than needed here, because we will use them in other proofs also. We start
with a local approximation, and then we expand around it.

At first we construct this sufficiently good approximate local solution of Eq.
(1.14). For this purpose we use constant solutions constructed and analyzed in the
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previous section. Take a configuration ( + W/, h + &) € ¥e(IBy; d,¢) with ¢ sat-
isfying 0 < & < &,ve* < 0%,6 < ca. Then (Y(») +¥/'(¥),h + K (1)) € Peeonst(5,£)
for y € By, and a configuration equal to ¢(Y(y) + ¥'(¥),h+ 4 (y)) on the cube
A(y) for y € A; should be such an approximation, if it is smoothed out prop-
erly. It is convenient to use here the continuous space torus instead of the lat-
tice torus 7. We denote it by T and we identify 7, with the set of points

Tﬂ(nZd-Fr](%,%,..‘,%))‘ The lattice TL(/’; is the set of points T N (L/'yZ¢ +
Un(3,3,....9)) 4, C Tg; and A(y) for y € A; is the cube of the size L/ with a

center at y. Denote by A~( y) the cube of the size L/*'y with a center at y. The fam-
ily of cubes {A(y) : y € B;} is a cover of the domain ©,. We take a decomposition
of unity {%,} corresponding to this cover and having the following properties:

hy € Co(A(»)), hy 2 0, [0hy| < 2(Lin)~",
|00h,| < 4(L/n)™2, hy, =1 on a neighborhood of y,

>~ h, =1 on a neighborhood of Q; . 3.1)
yeBy

We consider the above conditions on the continuous space, and 0 denotes one
of the derivatives 0,. It is easy to construct such a decomposition starting with a

proper function 2 € CZ(] — %, %[) and taking its products, translations and rescalings.
Define a configuration ¢ by the formulas

P(x)
\ P2(x)

$(x) = L hy()P(y), $(») = dW() + ¥ (»), h+H(y)) for y € By,
y

$o(x) = po(x)

for x in a neighborhood of Q2 ,

1
2

po(x) = (Zhy(X)¢2(y)> : (32)
y

We consider these functions on the continuous space, and we claim that ¢ restricted
to points of the lattice 2; is a good approximation of a solution of Eq. (1.14).
This means that it satisfies the equations with a sufficiently small error, see
Lemma 3.1 below for a precise formulation. Let us define aq, f; on the lattice
2, by the equalities

A
% =595~ 1), (33)
Jo= (—AZ;” +0"aQ + oo +v)po — Q% a(W + ') — v(h + k') — ya0, A" (Yo + ¥p) -
From the definition (3.2) we obtain ¢2 = p3, hence
A
o =Ehy§(¢2()’)- D=3 "hyo(y). (34)
¥ ¥

We would like to prove that ¢o, oo satisfy the conditions (1.15), (1.16) with K;
replaced by some constant, and to estimate fy. A bound for o is simplest to get



618 T. Balaban

using the above equality and the third inequality in (2.15). For x € A(y),y € 4;
we have

oo ()] £ Ay @)y < LA ) 7?5, (3-5)
yl

where we have used the fact that a(y) in (3.4) is connected with o in Proposition
2.1 by the scaling (2.3). The sum in the above inequality is restricted to )’ such
that A()") touches A(y), which may include some points )’ € 4,_;, and then we
get the additional factor L?. To obtain remaining bounds we have to start with
some preliminary ones. We would like to estimate ¢o(x) — ¢(») on A(y). At first
we consider

$(x) = d(y) = L hy()D(Y) = $(»)), x € A(p) . (3.6)
yl

From the second inequality in (2.15) and the conditions on  + y in the definitions
(1.11), (1.12) we obtain |¢(y') — ¢(»)| < 2(Cy + d)d. Notice also that derivatives
of ¢(x) can be represented by the above formula with corresponding derivatives of
hy/. Thus

$(x) = $(¥)| < 2(Ci + )3, |04] < 4 - 2°(Cy +d)L/n)”'5,
|60@] < 8 - 29(Cy +d)I/n)™25 on A(y), y€ 4, . (3.7)

Consider next the denominator in (3.2). We have

G(x) = X hy (XA, (X)) - (32)

Y102
1 1 1
= 2 hy (¥)hy,(x) [jd(yl) + 7“()’2) - §(¢()’x) — ¢(»2))*| + 1, hence
yl’yz v v

|p2(x) — 1] < 2C, 5+ 8(Cy +d)*0* <3Cid,

1
L=1n)2A
for o sufficiently small, where we have used the assumption on 4 in Proposition 1.1.
The number $2(x) is close to 1. So \/ $2(x) is close to 1, and in particular

\ h2(x) — 1l < |P2(x) = 1] < 3Cy8. (3.8)
Similarly for p§ we have [pj — 1| = |0 < 2C1(7‘1‘—n)2—/15 < 2C}4, hence p3 and

po are close to 1, and
lpo(x) = 1] < |p3(x) = 1] < 21 (3.9)

It is also easy to see that the norms |d~>(x)| are close to 1. Indeed we can write J)(lp +
W h+h) = ¢, h)+ 5GW, 1), as in (1.15), where the two configurations on the
right-hand side are given by the same formula in (3.2) as q{;, only ¢(y) is replaced
by ¢(Y(y),h) and dPp(Y'(y),h'(y)) correspondingly. From the last inequality in
(2.15) we have |6¢| < &+ C16, and from (3.8) we have [|¢(V,h)| — 1| < 3Cy9,
hence

¢ — 1] < |gG)] = W, W) + |d(, )| — 1] < &+4Cy5. (3.10)
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In particular the norms |q~5(x)| are arbitrarily close to 1 for ¢ 6 sufficiently small.
From (3.7)—(3.10) and the identity

$ox) — B(») = (o) — 1)—2Z) —(\/qﬁ(x)—l) P04 (G0) - b))

) \ ()

P*(x)
[po(x) — p(»)] < 10C16 +2(Cy +d)d = O(1)6 on A(y), hence also
[(Qj¢o)(¥) — ()| < O(1)d for y € 4;, (3.11)

assuming that ¢, are small enough. To estimate derivatives of ¢o we use (3.7),
and we have to estimate 0py additionally. We have

we obtain the bound

1 1 1
Opo = — Y 0h,¢? = —> 0h,~a(y), hence
Po ZPO; y(»b () pozyj 7 (»)

[0po] < 4 - 24L~'p)~'Cy 8 < 429LC,(Un) "o on A(y).  (3.12)

L
(L=1n)*2
Differentiating ¢, we get
Opo = Bpo($2) 2 — po(62) (@ - 9h)d + po(¢?) 720, hence
|0cbo] < O(1)(I/n)~"'8 on A(y) by (3.7)~(3.12), (3.13)

assuming that ¢, 6 are sufficiently small. We have established the bounds for the con-
tinuous space derivatives but obviously the same bounds hold for lattice derivatives.
We can estimate in the same way second order derivatives, and we obtain

|00pol, 00| < OC)L/M)™25 on A(y). (3.14)

The constants O(1) in all the above bounds are determined in a simple way by
Cy,L,d and some absolute constants, like in (3.11) or (3.12).
To estimate the function fy we consider at first the expression

Jo(x) + (40" $o)(x) + 1o0, (X)(A" (o + ¥§))(x)
= a,(/n)*[(Qjbo)(») — (W(») + ¥ (Y] + (o(x) + V)o(x) — v(h + K (y))
= (W) Hai[d(y) — W) + W D]+ (W n)Pa(y) + L) )(y)
— @Wnv(h+ K ()} + ¢, (L) 1(Q1$0)(y) = ()]

+ (2o(x) — (¥))Po(x) + (a(y) + v)(@o(x) — ¢(y)) on A(y), y € 4; .
(3.15)

The expression in the curly brackets is equal to 0 by the first equation in (2.4),
taking into account the rescalings (2.3). The remaining expressions on the right-
hand side can be estimated by O(1)(L/n)~25 using (3.11), (3.5), (2.15). Consider
the second and third terms on the left-hand side of (3.15). For x not in 09, their
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sum is equal to (4"¢o)(x) and it follows from (3.14) that it can be estimated by
O(1)(L/n)~2%5. If x € 89y, then the sum is equal to

124 Gty bo + xes (W + YN =172 Y [z, ()@ o) (x.x'))

x'nn.x

+ 20 (X )(Wo(x") + Yo(x) — Po(x))] (“n.n.” means nearest neighbor.)

The derivatives (0'¢o)((x,x’)) are bounded by O(1)L~'S, from (3.13). For the
second differences above we have

do(x) = (Yo(x") + Yo (x")) =(do(x) — () + (d(») — (1(») + Y ()
+ ((y) = Yo(x)) + Wi (») = o)),

and using (3.11), the second inequality (2.15), and the conditions in the definitions
(1.11), (1.12) we can bound them by O(1)5. Thus the sum for x € 02, can be
bounded by O(1)(Ln)~25, where O(1) is again a simple function of C;,L,d and
absolute numbers. Quite generally then the sum of the second and third terms on
the left hand side of (3.15) can be bounded by O(1)(L/n)™25 on A(y), y € A;.
Combining all the above bounds we obtain finally

/ol < O)XLn)725 on A(y), y € 4;.

This bound gives a precise meaning to the statement that ¢ is a good approximation
of a solution of Eq. (1.14). The function f; can be considered as an error of the
approximation, and this error is small for § small enough. We have obtained most
of the inequalities in (1.15) for ¢, more precisely the second, the fourth and the
fifth. The fourth holds in a stronger form, for arbitrary second order derivatives by
(3.14). This implies that the first order derivatives satisfy the Lipschitz condition,
i.e. the third inequality with « =0 and C, = 1. From this we can easily get the
third inequality for an arbitrary o, 0 < o« < 1, and C, = 1. The first and the last
inequalities follow from (3.11) and (2.15). Consider now a real ¢y, i.e. we take
do(¥, k). From (3.8), (3.9), (3.11) and (2.16) we have

[bo =l < lpr = 1]+ 18] = 1]+ 1§ — Al < 5C16+ Shy[$(") — Al
Y

< 5C16+ CIL(Lfn)“‘% < 2Lcl(Lfn)-1-% on A(y), and
[do(x) K (D) £ [(¢o(x) = ¢(»)) - (W + [d(y) - K'(¥)|

Y. Y. 02
<03 - W=+ WS £ oW
Thus we have proved the following lemma.

Lemma 3.1. The functions ¢o, o, fo defined by (3.2), (3.3) are analytic functions
of W+, h+H) on any space We¢(By;d,¢) and d,¢ satisfying the assumptions
of Propositon 2.1, ¢ sufficiently small. There exists a constant C; depending on
C1, L and d only, and such that ¢g, 00 satisfy the conditions (1.15), (1.16) of
Proposition 1.1 with K; replaced by C;. The function fy satisfies the condition

[fo] < C3(L/n)™25 on A(y), y € 4;. (3.16)
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We have finished the first step of the proof of Proposition 1.1, the construc-
tion of the approximate solution ¢g,ao. Let us notice that these functions have
one additional very important property, they are almost local functions of (Y + /,
h+ k). More precisely values ¢o(x),a0(x) for x € 4(y) depend on the configura-
tions (Y + y',h + h') restricted to the union of all 4(y") touching 4(y), which we
denote by A(y). This property is crucial for constructions of various localization
expansions in the future.

In the inequalities above we have been using systematically the scaling factors
given by powers of L/n. It is convenient at this point to introduce appropriate
definitions and notations. We define

|fle =max sup (L'n)°|f(x)|,
J XGQj\Qj_H

(L) ,
|/ l@)o = maxsup sup sup ———7—|f(x) - f(x)|. (3.17)
Y yEijeA(y)x/eg(y)lx—x'll *

We assume here that the generating set By is given and fixed. If there are more
generating sets, then we have to introduce an additional subscript indicating which
set we use in the above definitions. The above norms depend on powers of the
scaling factor L/7, and in all statements below we keep track of scaling properties
by formulating them in terms of these norms.

A next step is to write functions ¢, as perturbations of ¢g,ap, and to write
equations for the perturbations. We write

¢ =¢o+06¢p,  a=o0g+ 0, (3.18)

and we take ¥ + ' + 0y in Eq. (1.14), to cover some other applications discussed
later. The configurations oy are defined on By, have values in €V, and we assume
that they are small. Substituting the above functions into Eq. (1.14), and using Eq.
(3.3) we obtain the following system:

(—4g" + Q"aQ + v+ og + 62)3¢ + ducpo + fo = Q" adyp
%(2(}50 c 8¢ +(8¢)*) — %50( =0, (3.19)

where we have included the configuration 0y into the definition (3.3) of the func-
tion fp, together with Y + 5. We slightly generalize again the above system writing
f1 instead of — fy and considering f; as another independent functional variable.
We replace also 0 by %oq on the right-hand side of the second equation. Thus we
consider the system

(— 40" + Q"aQ + v+ og + 62)3¢ = Q" adyy — Sacho + fi .

1 1 1

520 + 06+ (8¢)*) — 00 = S0 . (3.20)

2 A A
We look for a solution d¢, oo of this system. Such a solution depends on configu-
rations oY, ¢, o, f1,%1, and we now assume that they are all independent complex
functional variables. Let us define a space of these configurations determined by
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positive constants dp,d; by the following conditions:

1
[oy| < 61, 7 < ol < 7’ |5 — 1] < do, [0"ol1 < o,
[A"¢pol2 < o, |aolz < S0, |fil2 < 01, o]z < ;. (3.21)
The configurations ¢g, o, fi = —fy constructed above belong to the space with

dp = 01 = C30 for ¢ sufficiently small. In the rest of this section we study mainly
the system of equations (3.20). Our basic goal is to prove an existence and unique-
ness theorem for solutions of the system. We obtain such results, under appropriate
assumptions, and they are formulated in Proposition 3.1 below. Let us start with
an analysis of the first equation in the system (3.20). It is linear in 6¢, and the
corresponding linear operator with og + oo = 0 has been thoroughly investigated in
the paper [2(b)], Sect. B, in particular see Proposition 2.1. It is a positive opera-
tor and its inverse is bounded in proper scaled norms (3.17), see (2.57) in [2(b)].
Therefore the inverse to the linear operator in (3.20) exists also for o = oy + da
sufficiently small, and it can be constructed by the usual Neumann series expan-
sion

G(a) = (—4g" + 0*aQ + v+ a) ™' = G — GaG(x)

— 3" G(~aGY', where G = G(0) . (322)

n=0

Using the bounds (2.57) in [2(b)] we can prove easily that there exists a constant
y1 such that the series is convergent in all the norms occurring in the bounds, if
lal2 < 1. Then the operator G(«) is an analytic function of « on this domain, and
it satisfies the bounds (2.57) in [2(b)] with the constant multiplied by 2. We denote
this constant by By here. Later on we will need even more detailed and precise
bounds, so we postpone explanations of what is written above to a proper place.
Assuming smallness of og and da, for example assuming o9 < %yl,léalz < %yl,
we obtain that the first equation in (3.20) has a unique solution in d¢), and this
solution can be written in the form

o0 = G(og + d0)0*ady — G(og + dot)podo + G(ag + o) £ - (3.23)

We substitute this solution into the second equation in (3.20), and we get
1
$o + G(ag + da)podo — 1506 + o - G(og + 60)Q"ady + o - G(ag + 6) fi
1
+ 5(Glao + 50)Q"ady + Gloo + 00 fi Y — (G(ag + 50)Q* adys

+ G(ap + S} f1) + Glto + Sat)podot + %(G(ao + 5a)poda)? = %ocl . (324)

It is a non-linear equation for da, with oy, ¢o, %o, /1,1 in the space (3.21), where
0p, 0y are sufficiently small. To understand a structure of this equation we expand
the operator G(op + J,) up to the second order in du using the identity (3.22). We
have

G(ap + 0a) = G(ag) — G(0tg)daG(otp) + G(0tp 0G0 )oaG(og + o),  (3.25)
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and we substitute this expansion into Eq. (3.24). We write the obtained equation
in the following form:
Godo + Fr(da) = Fy . (3.26)

The first term on the left-hand side is the linear part of Eq. (3.24), and it is given
by

%M ¥ (o + G(00)0*ady + G(20) i)

+ (G(a0)00G(a0) Q" adyy + G()daG(%) /1)
+ (G(%)Q"ady + G(x0) 1) + G(a0)¢hodor . (3.27)

The second term F,(dx) is a sum of terms which are at least of second order in
do. We can write it explicitly, but a resulting expression is too long, we need only
its general properties. It is a sum of terms which have one of the following two
forms:

Goda =g + G(ag)podo +

o - G(ap) f, G(ao)f + G(o)g (3.28)

multiplied by =£I, or :I:%, where f,g are equal to one of the functions ob-
tained by applying the operators I, 6,G(op), 0aG(a9)oaG(ag + dat) to the functions
Q*adyr, f1, poda. The terms must satisfy the additional restriction that there are
at least two factors do.. Let us assume that 01,y; are sufficiently small, so that
3Byo; = 1, Byy; = 1. Inspecting the function F,(da) and using the bounds (2.57)
in [2(b)] we get easily the following bound:

|F2(8)| < 20B5|5a3 .

The function F>(da) is an analytic function of oy, do, and also a second order poly-
nomial in ¢g, 0y, fi. Finally, the right-hand side Fy in (3.26) is obtained by taking
the terms with da = 0 in (3.24), and it is given by

Fo = do - (Gla0)Q"adl + Ga) ) + 5(Gl3)Q"ad + Ga) i — 71 . (329)

We obtain easily the bound |Fo| < 3Bo301 + 3(Bo361)* + 01 < 2By - 261+ ) <
6By0;. The function F is an analytic function of oy, and a second order polynomial
in ¢075|//7f1a0(1~

Consider Eq. (3.26). It follows from the properties of F», Fy that its solvability
depends entirely on properties of the operator Gy. We write this operator as

Goda = g - G(og) oo + %506 + R0 , (3.30)

and the operator R; is small. Indeed, from (3.27) we have

IR]éO(I é (E +Bo-5—51> B(2]—5-51|5Otlz +BO§5130§‘5042 § 103351[50('2 .
2 2 2 2 2
The operator ¢o + G(ao)Po + % is not small, but } may be arbitrarily small, or even
0 in the limiting case 4 = +o00, and ¢g + G(a9)¢po is not well separated from 0. In
fact this operator is close to G(og), the difference being small for dy small, and the
inverse to the operator G(op) contains the Laplace operator on the #-lattice, which
is large for k large. Thus we expect that the inverse G ! is not bounded uniformly
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in k. This is a problem, but a closer inspection of terms in Eq. (3.26) shows that
they are quite regular, as is clear from (3.28). In particular we may apply the
Laplace operator to them, and small terms remain still small. The Laplace operator
is a leading term in G !, so applying G, ! to Eq. (3.26), we should obtain an
equation to which a simple form of an inverse mapping theorem could be applied.
We shall now explain in detail the above statements, and discuss corresponding
bounds. We study first the application of the operator G~!(og) to expressions of
the form (3.28). Let us write a general formula for the Laplace operator of a product
of two functions. Dropping the superscript # we have

(A7g)(x) = (Af)x)gx) + > 07 (b)og(b) + f(x)(4g)(x) (3.31)

beEst(x)

where st(x) = {b = (b_,b;) C T: b_ = x}. The same formula holds for the oper-
ator with Dirichlet boundary conditions on a set €; we have to put at least one of
the functions f,g equal to 0 on Q¢ and take x € Q. It is convenient to write the
above formula in an operator form. Introduce a symmetrized product of gradients
of two functions as

1
(Vf - Vg)x)= 7 Y. 0f(b)ag(b), (332)
best(x)
then we have
Afg=(4f)g+2Vf -Vg+ f(49). (3.33)

Let us apply the operator G~ '(ap) to the expression ¢ - G(ap)f. The function
G(op)f is extended naturally by 0 on Qf, so we have

G~ (o) (o + G(ao)f) = (—Ago) » G(otg)f —2V g + VG(at) f
+0%aQ(po + G(o)f) — po - Q*aQG(op)f + o - f .

Using the assumptions (3.21) and the bounds for G(ay) we have

|G~ (%0)(o = G(00)f1a = 8oBolf 2 +2d80Bol f 1> + %dfsoBolflz + %Iflz
< 2|f], for 8 sufficiently small .
Similarly for the expression G(ao)/ - G(ao)g We have
G (% )(G(20) [ + G(20)g) = (—A4G(0)f) = G(ao)g — 2V G(a0)f = VG(%o)g
+0%aQ(G(20) f - G(ao)g) — G(ao) f - Q*aQG(a0)g + G(%)f + g,
hence G (20)(G(20)  G(oo)gla < (B} + 2483 + SdB} + Bo)l /Lol
< 5dBj| f2lgls -

Now let us recall the structure of the function F,(do) described after (3.28). From
the description and the above bounds it follows easily that there exists an absolute
constant O(1) such that

|G~ (a0)F2(20)]2 < O(1)dB3|5a]3 (3.34)
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if 09,01,y are sufficiently small. For the function Fj given by (3.29) we obtain
-1 1 2 (3 2 5 252
|G (O(o)Folz < 501 + ESdBO -2-51 + | 4dL + 5 +0¢ ) 01 < 5dLé; + 16dBO(Sl

< 6dLo;, if 0; is sufficiently small, e.g. 16dB(2)51 <1. (3.35)

For the operator R; we obtain

5 5 5
IG"I(aO)Rléah §2|50€l230—2—51 + SdB(z) (-2—51|506l230§51>

+ %51%|5a]2 < 20dB35,|6u; . (3.36)

Finally, for the most important first two terms on the right-hand side of (3.30) we
have

G ()0 - Glao)od + 30)
= (=4¢o) + G(op)poda — 2V g - VG(ag)Podn 4 [Q"aQ, dpo] + G(o) oot
+ (¢ — 1)da + a—;&x + da + %(—Agl + Q%aQ + v)ou

= Ryd0 + du + %(—Ag1 + Q0*aQ +v)du, (3.37)

where the last equality defines the operator R,, and the symbol [A,B] denotes the
commutator of two operators, i.e. [4, B] = AB — BA. The operator R, is small, it
satisfies the bound

3 3
EdéoB()E |Oola + 200 |02

3 3
|R250€]2 < 503()5]5042 + 2d5030§|50€|2 +

We have used here, as in (3.35), the assumption 44> = 1. We have also assumed
that By is not small, e.g. By = 4.

The above analysis shows that applying the operator G~'(ap) to Eq. (3.26), we
obtain the equivalent equation

1
S+ z(—Ag1 + 0%aQ + v)da + Ryda + G~ H(ag)R St + G~ g )Fo(dat)
= G~ !(20)Fo, (339)
with terms satisfying the bounds (3.38), (3.36), (3.34), (3.35) correspondingly. We
have yet to study the first two linear operators above, i.e. the operator

1+ %(—Ag1 +Q%aQ +v) = %(431 +Q% a0 +v+A) = %G—l(z) . (3.40)

It is obviously an invertible operator and its inverse is equal to AG(4). The inverse
has the same properties as the operators G(«), in particular it is bounded in the
same scaled supremum norms (3.17), the only problem is uniform boundedness in
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/. This is actually very simple if Ay4? is large enough, e.g. iff An> = 84L? + 2. Then
we can write the operator (3.40) in the rescaled form

1 *
L+ 7a(-4g] + Qa0 + ),

and we can consider it as a small perturbation of the identity. Indeed, the norm
of the second operator above in the space with the norm | - |, can be bounded by
#(44&2 +3L724+L7%) < #(4¢1’L2 +1) < 1, hence the inverse operator is given
by the convergent Neumann series, and its norm in the same space can be bounded
by 2. The norm of the operator AG(1) is bounded uniformly for all positive 4, i.e.
we have

IAG(A) [z = O(DIf2 (3.41)

with a constant O(1) depending on d only, and independent of 2 > 0. We need
this bound for 1 = 472, and we will prove it later in the next paper, together
with its localization expansion. A simple proof can be given using the localization.
Now we apply the inverse operator to Eq. (3.39) and we obtain the following
equation:

do + AG(A)R20a + AG(A)G ™ (09)R1 00 + AG(A)G ™ (09 )F2 ()
= AG(A)G Y ao)Fy . (3.42)
It can be written in the simpler form,
oo + Hyda + Hr(oo) = Hy (3.43)

with an obvious identification of the terms. Let us summarize basic properties
of these terms. We have shown that H;do, Hy(da),Hy are analytic functions of
oY, o, oo, f1,01 on domains (3.21) with dg,d; sufficiently small, and of da on the
domain {|6x|, < 171}. There exists a positive constant By, depending on Bo,d, L
only (hence on d,L only), such that these functions satisfy the bounds

]Hléotlz = Bl(éo + 51)|50(|2, IHZ(&“)b _S_ Bl|5oc|%, |H0|2 < 3151 . (344)

It is easy now to analyze Eq. (3.43) for small da. The function of d« on the left-hand
side defines an invertible mapping on a neighborhood of 0, because the sum of the
second and third terms defines a contractive mapping on such a neighborhood. More
precisely it is a contraction on the domain {|é«|, < c} with a contraction factor 3 if
Bi(6g+01+¢) = % Then there exists the inverse mapping defined on the domain
|Ho|, < 1c, or equivalently Eq. (3.43) has a unique solution da in {|dx|, < c} if
[Hol, < %c. This solution can be constructed as a limit of a sequence of successive
approximations, so it is an analytic function of 6y, ¢o, o, 1,1, and it satisfies the

bound ||, < 2|Hylz. Proofs of the above statements are quite simple and standard,;
they can be found in many places. We formulate the conclusions in the lemma.

Lemma 3.2. Consider Eq. (3.43) and assume that its terms are analytic functions
of W, do, 00, f1,01 and defined on the domains (3.21) for S¢,0: sufficiently small,
and of bu defined on the domain {|6a| < y1}. Assume further that they satisfy
the bounds (3.44). Then there exists a positive small constant ce¢ such, that if
Oo = cs, 2B16) £ co, then Eq. (3.43) has a unigque solution o in the domain
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{02 < c6}, and the solution is an analytic function of o, ¢o, %o, f1,0 satisfying
the bound
|50c|2 < 2|H0l2 < 23151 . (345)

The above lemma completes the analysis of Eq. (3.20). Under the assumptions
of the lemma on 0g, d; this system of equations has a unique solution d¢, da in the
space of all configurations satisfying only the condition |da|, < cg. The solution da
satisfies (3.45), and the solution d¢ is given by the formula (3.23), therefore it has
regularity properties determined by the properties of G(a) discussed after (3.22). In
particular we have

3 3 3
l0g| = Boz|5l//| +30§|5°‘|2 +Bolf1l < 30'2-51 +3BpB161 + Bydy < 4BoBi6y,
|(3"5¢[1 < 4B0B151,|6’75¢|(a),2_a < Cx4303151 s

|4Q"5¢l, < 4BoB1dy (3.46)

where 0 < o < 1, and C, is a universal constant depending on « and d only, for
example it may be chosen in the form O(1)x~¢~!. We formulate the results of this
discussion in the following proposition.

Proposition 3.1. There exist positive constants ce,K, depending on d,L only, such
that for oY, o, 00, f1,01 in a domain (3.21) with 6y < c6, K201 =< c¢ the system
of equations (3.20) has a unique solution in the space of all configurations d¢, oo
satisfying the restriction 6|, < cg only. The solution is an analytic function of
oY, o, %, f1,00 satisfying the bounds

!54)[ < K251,|6"5¢|1 < K251,|6r’5(f)|(“),2_a < CaKzél for 0 < « <1,
|49"5¢l < Kady,|daly < Kady . (3.47)

This proposition is one of the main technical results of the paper. It will be
used several times in the future, now we apply it to conclude the proof of Propo-
sition 1.1. We have constructed the approximate solution ¢g, o by the formulas
(3.2), (3.3), with properties and bounds described in Lemma 3.1. The corrections
0¢, oo satisfy Eq. (3.19) with &y = 0 and f given by the second formula in (3.3),
hence Eq. (3.20) with 6y =0, /| = — f and oy = 0. By Lemma 3.1 the configura-
tions 0y = 0, ¢g, tto, f1 = — fo,1 = 0 belong to the domain (3.21) with §y = C39,
8, = C30 if 6, ¢ satisfy the assumptions of Proposition 2.1, i.e. 0 < § < ¢, ve? < &2,
0 = ca, and ¢ is sufficiently small. By Proposition 3.1 Eq. (3.20) in this case have
a unique solution if C30 =< ¢6,K;C30 = c6. The uniqueness holds on the space of
all configurations d¢, do satisfying the only restriction |da|, < cg. This solution de-
termines a solution of the basic equations (1.14) by the formulas (3.18). It is easy
to see that the constructed solution of Eq. (1.14) is unique in the space of config-
urations ¢, a satisfying the only restriction |o|, < %c6, assuming that C;6 < %CG.
Indeed, if ¢, satisfies (1.14) and |a|, < %06, then d¢p = ¢ — ¢ho, 0ot = o0 — 0y sat-
isfies the system (3.20), and |dofy < |ofs + |otgl2 < ¢ + C36 < c6. Such a so-
lution is unique. Let us assume that %06 is smaller than the restriction on &,
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and let us take ¢y = %C6,Cl = min{cs, 2K, + 1)“C3_lc6}. If ,¢ satisfy the con-

ditions 0 < § < ¢ < ¢o,ve? < 6%,6 < ¢, then the assumptions of both Proposi-
tions 2.1 and 3.1 are satisfied, and we have constructed the solution of the system
(1.14), which is unique in the space of configurations ¢, « satisfying the restriction
|¢l2 < co. By Lemma 3.1 and (3.47) this solution satisfies the bounds (1.15), (1.16)
of Proposition 1.1 with the constant K replaced by (2K, + 1)Cs. In fact it satisfies
all of them, except the last one in (1.15), with the constant (K, + 1)Cs. The so-
lution is also an analytic function of ( + ¥/, A+ 4'). We take K; = (2K, + 1)C;.
It follows from the above that we have proved all the statements of Proposition
1.1, except the one on the relation of real solutions to solutions of the variational
problem (1.6) or (1.9). A real solution, i.e. the solution corresponding to a real
configuration (y,h) € ‘f’(é), is a critical point of the function (1.4) or (1.7), and
the only one in the domain {(¢,a) : |o]» < co}. The solution « is obviously a max-
imum of the function (1.7) in «, so we have to show that ¢ is a minimum of (1.4).
Let us expand the function (1.4) around the solution ¢, i.e. substitute ¢ + o0¢ in
the place of ¢ in (1.4), taking ¢ = 0 on Q5. We get

A +00) = A, §) + | 3 (00, (~ A2 + 0% + v+ + i @ )06)

A A
+5(06.( - 6)00) + Slllogl*l?| (348)

where we have used the variational equations (1.10). The quadratic form in d¢
above is positive definite, so ¢ is a minimum of the function (1.4). Notice that it
is the only critical point of (1.4) in the domain {¢ : |%(|d)|2 —1)|» < ¢o}. Thus we
have completed the proof of Proposition 1.1.

Let us denote the solution of Eq. (1.14) by ¢, o for simplicity. It is an ana-
lytic function of (Y +y/,A+ H4') on ‘f’“(cl,co), and in the future we will need its
expansions around some fixed configurations. We write

e+ + Y b+ 1) = e + Y b+ 1) + ddi(0Y), 09 = 0 on Qf,
(W + W+ O h+ ) = oY+ Y b+ )+ S (OY) (3:49)

and we obtain that d¢y, doy satisfy Eq. (3.20) with ¢o = dp(Y + /', A+ h'),00 =
(Y + ' h+ 1), f1 =0,a; = 0. The configurations oy, ¢, o, 0,0 belong to the
domain (3.21) if |0y < 01,K1c; £ dp, in particular if §y = cg, because Kjc; < c.
If K;0; < cs, then the assumptions of Proposition 3.1 are satisfied and we obtain
all the conclusions of this theorem. For future reference we formulate the above in
the following corollary.

Corollary 3.1. Under the assumptions of Proposition 1.1 the functions ¢r(Y +
W+ 0y, b+ ), o + ' 4 0y, h + ') are analytic functions of (Y + ', h + #')
on the domains ¥°(d,¢), and of &Y on neighborhoods of 0. They have ana-
Iytic extensions in & onto the domains {|0y| < 61} with K61 < ce. The func-
tions 8¢y, 0oy defined by (3.49) satisfy Eq. (3.20) with ¢o = op(Y + /', A+ 1),
oo = (Y + ' h+ 1), f1=0,00 =0, they are analytic functions of o, ¢, o,
and they satisfy the bounds (3.47).

In the above constructions and proofs we have used extensively the special form
of the action (1.4), most importantly the fact that the third term is the L?-norm
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of |¢[> — 1. This leads to the function (1.7) and to especially simple variational
equations (1.10). This is not really important and we can develop the whole theory
and obtain the same results for more general actions. We can also apply other
methods of analyzing the problem. Now we would like to sketch very briefly an
idea of another method applied to some class of actions generalizing (1.4). We
consider a simple generalization obtained by replacing the third term on the right-
hand side of (1.4) by a term with a more general potential function. We want to
preserve the invariance with respect to the orthogonal group, and to have the set
of minima equal to the unit sphere, hence we assume that the potential has the
form V(|¢|*> — 1), where V(z) is an analytic function on a neighborhood of the real
axis, whose expansion at z = 0 starts with a second order term. We have to assume
also that this term dominates the rest of the expansion on some bounded set. We
consider the following action:

ALY, 6) =300 — 08.ath — 09) + 5 16
S = 1,1) + 3l = P (350)

We would like to cover again the case when the derivative 7”/(0) may be large. We
follow at first the steps of the previous proof: we consider the constant configurations
case, and then we construct the approximate solution ¢o. The variational equations
in this case have again the form (1.10), but the second equation is replaced by the
equation « = V'(|¢|*> — 1), and we define correspondingly the configurations f, o,
i.e. g = V'(|¢o|* — 1) and f by the second equation in (3.3). We expand 4;(V/, ¢)
around ¢y, and we get

A, §) =Ak 90) + (56, fo) + 3 (59, (~ 4% +0%aQ + v + 2)59)
£ 390l — 1, 290 - 39+ (361, (2o - 59+ [56?),

where

Va(u,v) = fldt(l -tV (u+w).
0

We introduce variables y, ¢’ such that 6¢p = ¢ox + ¢’, x is real valued, ¢’ has values
in RY and ¢ + ¢’ = 0. Then 2¢ + 0¢ + [0¢|* = 2|o|*(x + 3x*) + |¢'[*, and we
make a non-linear change of variables y = y(x’,¢’) such that 2|¢o|*(x + % )+
|¢'|? = 2|¢po|*x’. From this we get

¢
ol

where hy(y/,|¢’|?) is an analytic function of at least second order on a neighbor-
hood of ' = 0,¢’ = 0. This change of variables yields the following form of the
expansion:

1
2
1= (1 +2 - ) —1=7+h(/1'".

A, do) + (Pox’ + @” + doha (1, 19, fo) + %(d’o%l + ¢+ doha(xs |9 [*),

G () (Pox’ + ¢ + poha(x, 1" P)) + 2(Va(Idol* — 1,21dbolx"), |ol*x%)-
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The function V2(|¢o|* — 1,2|¢ho|x’) has values close to 37"(0) for [¢o|* — 1 and
2|¢oly’ small enough, a bit more precisely we assume

1
[Vallbol* = 1,210l = 5770 £ O (Ol = 11+ 12])

< O()(laol + V(O)X'D, V7(0) > 0.

We make a last change of variables, the simple rescaling y' = i1 ¥, where
A=2V"(0). It is easy to see that we obtain an action in y,¢’, whose second
order terms determine a quadratic form with a positive operator. An inverse to
this operator has properties similar to properties of G(ap). The remaining terms are
small in comparison with the quadratic form, so that their contributions to vari-
ational equations can be treated as small perturbations. These equations can be
solved then again by an application of the inverse mapping theorem. A proof based
on the above ideas is as straightforward as the proof given before, but there are
more technical details to work out. Nevertheless it was important to present these
ideas to give a right perspective on our assumptions on the class of models consid-
ered here. We will also use them in the future discussing the first renormalization
transformation.

4. Functions Connecting Minimal Solutions for Two Generating Sets

In this section we study generalizations of the second variational problem (2.6) in
[1]. We consider now two generating sets, one after j steps denoted by B;, and
one after k steps denoted by B;. We may identify them with the corresponding
sequences of domains {€,...,Q;} and {Q],...,Q,}, j < k, considered in #-scale.
We assume that

Q1 CQ,....Q C Q) and we write B; < B . (4.1)

Let us stress that in the future we will need this geometric setting in full generality
described above. We will comment on some applications later, after formulating
Proposition 4.1 on the variational problems. To each generating set there corre-
sponds a renormalization transformation which is a composition of the one-step
renormalization transformations (1.11) in [1] such that blocks of the transforma-
tions of the n'™ step are contained in the corresponding n™ domain. We assume
here, as we have stated in Sect. 1 that the only changes of constants determin-
ing the transformations are given by scaling transformations, more precisely in
the n'™ step transformations we put the constant BL™?~2) instead of BLY~? in
(1.11) [1]. This composition is an integral transformation with a Gaussian ker-
nel, and the quadratic form defining this kernel is equal to (1.5) multiplied by
BLF=2) if k is a number of steps. Consider the transformation determined by
B,. It is clear by (4.1) that we have to perform some additional transformations
to get the one determined by IBj. We take the composition of those additional
transformations, and we would like to understand its structure and properties. We
need them to formulate and investigate the generalization of the problem (2.6)
in [1].
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To study the compositions we start with the following basic formula:

a¥Taresp |~ 5416 - QIR exp [—% 5 B(x)IW(x)-f(x)lz}

x€B(y)

x€B(y)

= const. exp [— inf {%AIO — (V) (»)I? +§ > BE)|Y(x) — f(x)le

A
1= (055) () + 1

= const. exp [—%cw - (Qf)(y)lz] ,C = . (42)

where the constant is equal to the integral above calculated for 6 =0, f = 0.
It can be calculated explicitly in terms of the constants A,B(x), but it is not
important; it will be a part of an overall normalization constant for the composition
we want to study. The first equality above is quite general, it holds for any Gaus-
sian integral with a linear form added to the quadratic form. The second equality is
obtained by calculating and substituting the minimum of the expression in the curly
brackets. Let us now discuss applications of this formula. A composition of renor-
malization transformations from the n + 1% and n + 2" steps is obtained by tak-
ing A = LUN2q, B(x) = LUV Da, § = Yy 2(y) ¥ = Yr1s f = Oy, and
a result is a transformation given by the kernel (4.2) with C = BL"*2Nd=2)g,,
ap = Lz"? It is clear that composing transformations from » steps we obtain a
kernel

const. exp _%ﬂL(n+r)(d-2)arIWn+r(y) — (Ot )(y)lz . (4.3)

Applying (42) with A = BLOHTFIEDg B(x) = BLOFEDg, 0 = .11 (y),
VY = Yy, [ = O\, we obtain the above kernel with r replaced by » + 1, and a,4,
given by the equation

a _ aa, h . 1— L2
L2841 L2a+a, 0T

“44)

Ary1 =

The sequence a, is decreasing and a, \, aoe = a(1 — L™2). The formula (4.3) has
been used before to formulate the variational problem (2.6) in [1], and also the
definitions (1.4), (1.5) if » = j,n=0. It applies also to the problem we con-
sider here if the cube 4,,(y) intersects the set A, only. Let us recall that if a

point y € T, p ), then 4;(y) denotes a continuous space cube with a center at y and
sides of the length &. Consider now the case when 4,.,,1(y) intersects two sets
Ap, Apy1, but each 4,,,(x) for x € B(y) intersects only one of those domains. For
x € B(y)N A, the composition of transformations we study, with blocks contained
in 4,4,(x), is given by (4.3) with x instead of y. The corresponding composition
for x € B(y) N A, is given by (4.3) with n,r, y replaced by n+ 1, — 1,x. Now
we take these transformations and compose them with the next transformation for
the block B(y),y € T+ +D_ This composition has a kernel which can be calcu-
lated applying (4.2) with 4 = LU TDE=2)q B(x) = BLU+)N=2)q, for x € B(y) N
An, B(x) = ﬁL(n+r)(d_2)ar—l for x € B(y) N Apt15 0 = Yhr1 (D), ¥ = Yiuir, f(x) =
(Q)(x) for x € B(y)N Ay, f(x) = (Qr—1¥pn11)(x) for x € B(y) N Apr. The
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kernel is given by the last expression in (4.2), where the constant C is equal to
a

aL=? (LB N Aal 2+ L74BO) N Atz ) +1

C = pLir+hd=2)

ar—1

1
L~B(y) N An| 7= + L~|B(y) N Apy1| £

ar41

— BLirrE=2)

The quotient above replaces the constant a,; in the previous case. It is determined
by the intersection B(y) N IB;, or by the intersection 4,,4+1(y) N B;, and we denote
it by a(4m1r+1(y),1B;). From the monotonicity of the sequence a, we obtain the
inequalities

A1 < a(An+r+1(y)’lBj) <a.

The average (Qf)(y) in (4.2) is now equal to the following average of a configu-
ration  defined on B,

Olnirn1(M)BW = 5 LU0+ X L0 1Yhr)(x).

x€B(y)NAn XEB(Y)N Ayt

Let us consider a general situation. Take a point y € TP such that 4,(y) does not
intersect the sets A, with n = p, and take the composition of all the renormalization
transformations applied after the transformations determined by B;, and correspond-
ing to blocks contained in the cube 4,(y). We assume that the composition is a
transformation with a Gaussian kernel of the form

1
const. exp | == BLPDa(d,(y), B)Ip(y) = Q(4p(y)L BYYF| . (45)

where the averaging operation applied to  is given by the formula

A ]B — r lAn(x)I
O(4,(»). By =3 X Yn(x), (4.6)
n=0 x€4 p(y)NAn lAp(J’)|
and the constant a(4,(y),1B,) is given by the formula
1 pl A4 1

a(Ap(y)5 ]Bj) n=0 x€4p(y)NA4n lAP(y)I Ap—n ‘

The constant in front of the exponential in (4.5) is a normalization constant which
can be calculated explicitly from the requirement that the integral of (4.5) with
respect to the variable y,(y) is equal to 1. The formulas (4.5)—(4.7) coincide with
all the formulas obtained in the special cases discussed before, and are easy to
prove by induction. Take )’ € T(P*1) and such that 4,,,()’) does not intersect the
sets A, with n = p+ 1. If 4,,,()’) intersects A,, then the block B(y’) must be
contained in A,, because A, is a union of large blocks, i.e. blocks of the order
m, where L™ = M. In this case the composition determined by 4,4,(y") is just the
basic renormalization transformation (4.3) for n = p,r» = 1. Thus we may assume
that 4,,,()'), and therefore also 4,(y) for y € B(y'), do not intersect 4, with
n = p. Then we use the inductive assumptions (4.5)—(4.7) for the cubes 4,(y),
and we compose the transformations for those cubes with the next renormalization
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transformation for the block B(y’). We calculate the kernal of this composition
using the formula (4.2) with 4 = BLPHDUE=2)g B(y) = BLP=Da(4 ,(y),B;), 0 =
Y1 (V' ¥ =V, f(») = O(4,(»),B; )W, y € B(y'). We obtain the last exponential
in (4.2), and the formula for C implies that this constant is equal to BL(P+1d=2)
a(4,41(y"),B;), where a(4,41(y'),B;) is given again by the formula (4.7). In this
calculation we have to use also Eq. (4.4). It is also easy to see that the average
(Of)Y') is equal to Q(4,41(y'),B,)y given by (4.6). Thus we have proved the
formulas (4.5)—(4.7). From (4.7) we obtain the inequality

a, < a(4,(y).B)) £ a1 =a. (438)

It means that all these constants belong to the interval [a(1 — L?),a], a fact which
is important for bounds.

Now we take the generating set IB; and a product of the transformations defined
by (4.5) for points of the set. To write this product in a simple and convenient way
we introduce some new definitions and notations. We define the averaging operator

(O(BLBY)(Y') = 04,y ). By if y' € A, nQP*,
(Q(BLB)Y)(Y) = Yp(y') if ¥ e A,n QP = A0 4,, (4.9)

for p=0,1,...,k, where we take now Aj = Q'°, Ay = Qf. This operator transforms
functions ¥ defined on IB; U A, into functions defined on B U Aj. Next, we define a
multiplication operator a(BB},IB;) on a space of functions defined on the set B, U Aj
by the function

a(y'; By, B)) = a(4,(y' ), B)(LPn)~* if y' € A, n QY
a(y'; By, B;) = arbitrary number if y' € A, N A, . (4.10)

Notice that the above definition depends on the scale of the original lattice, and
is rescaled properly together with the lattice. Further, let us denote by 7(B,) the
composition of the renormalization transformations determined by a generating set
B,. It has a Gaussian kernel with a quadratic form equal to a corresponding form
(1.5) multiplied by BL"@~?). Finally, we denote by T(IB},1B;) the composition of
the renormalization transformations applied after 7(IB;) and leading to T'(IB}), i.e.
defined by the equality

T(B;,BB;)T(B;) = T(IBy). (4.11)

We have obtained a representation of the transformation 7'(IB;,1B;), and we formu-
late the above results in the lemma

Lemma 4.1. The transformation T(B,,B;) has the following Gaussian kernel:
1
const. exp |~ BL Y — O(B, B))y/, (B}, B;)(Y' — OB, B))Y)) |, (4.12)

where \ is defined on IB; U Ay, Y is defined on B} U Ag, and y =/ on U;zO(A’}, N
Ap). The scalar product above is defined for the y-scale, i.e. the sum over points

of A, ﬂQ(pp  is multiplied by the volume (LPn)*. The constant in front of the
exponential is the normalization constant.
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The generalization of the variational problem (2.6) in [1] can be obtained by
applying the saddle point method to the integral in

T(1B}, B)) exp[—BL = A(By; yr, 9(Bj; ); h,a(1B;), 4, ;)] - (4.13)

This leads to the variational problem
1
inf { 30"~ OB B, (I, B, )~ OB B, )
+A"(B ¥, (B3 ¥ ); h, a(B; )L )2, 7~j(Lj'7)—2,Vj(Lj11)_2)}, (4.14)

where /' is a fixed configuration on B; U Aj, ¥ is a variable configuration defined
on B; U Ay and satisfying the restriction { =/ on U:;:O(A/p N A,). The action is
rescaled to the »-lattice, and we denote the rescaled coefficients by a"(IB;), A, vi.
For simplicity we drop the superscript “x#” and the subscript “4” in formulas below.
The value of the action in (4.14) is equal to the infimum (1.6), or to (1.9), and
the above variational problem can be reformulated as the problem

. . 1 12 ’ !’ ! /
infinf sup { 30"~ OB 1B, a0, B, )~ OB B,)0)

1

+ 5 (¥ — O(B;),a(B, )( — O(1B;)¢))

ol )|

2, 1 2 1 2,V 2
4510017 + 3l = 1) = gl + 3o - HP . 415

where ' is a fixed configuration on BB} U Aj, and ¥, ¢ satisfy the restrictions

J
= on U 4,046 =0 on0f =,
p:

hence ¢ = =y’ on QF = Aj. (4.16)

There are some simple relations between the two problems (4.14)—(4.15). A domain
of the function of ¥ in (4.14) is the set of all Y such that (y,h) € 'i’(]Bj;cl). It
follows from Proposition 1.1 and the equality (1.8) that if l/; is a critical point of
this function, then l/;, d)(IBj;tﬁ), (L/n)~2a(IB;; ) is a critical point of the function
in the curly brackets in (4.15). Let us study these critical points. The corresponding
variational equations are

m, Q" (By, B;)a(By, B, )(Q(By, B,y — ¥") + a(B, )y — O(B,)¢) =0,
or more explicitly, for )’ € A’p\/lp,y ed,(y)NA, n=1,
a(4,(¥"),B))LPn) " (Q(4,(¥' ). B)W — ¥y (')
+an(L"n) (W (») — (On)(¥)) =0,



Variational Problems for Classical N-Vector Models 635
Yagro; Q" (L, B, )a(By, B, )(O(BL, By — ') — Ag7 0o
—xaes 412, ¢ — Kooy A" + oo + V(Yo — h) =0 on QT N Q,
%2, Q" (B, )a(B; X Q(B)$ — ) — 40" — o0, 4o + ap +v(p — ) =0,

1 1
5(1¢|2— 1)—Eoc:O on Q;,

1
%(|l/fo|2— D)=7a=0 on QrNg;. (4.17)

Writing these equations we have used the restrictions (4.16), or even more precisely
® = on QFf NQY, ¢ =y =y on Q. Notice that the third and fourth equations
are exactly Eq. (1.10) for IB;, rescaled to the #-scale. The first equation, or the more
explicitly written system of equations, is a very simple system of linear equations
for variables ¢ on IB,\B;, and it is easy to see that it has a unique solution for
all Y/, ¢ in corresponding vector spaces. We take the explicitly written equations,
divide by a,(L")~2, multiply by (L" L~P)¢, sum over y € 4,(y")N 4,, and sum
over n. We obtain an equation from which we calculate Q(4,(y’), B;)y, substitute
it into the original equation and calculate finally the solution . It is given by the
formula

a(y'; By, B;)
a(y;B,)
x (Y, (¥") = (Qpd)¥")),

where y € 4,(y') N Ay, y' € A\ A,. It is clear that this solution is also a solution
of the following variational problem: find the infimum with respect to yy of the sum
of the first two quadratic forms in (4.15). By the first equality in (4.2), which is
valid quite generally, this infimum determines a composition of the two transfor-
mations determined by the two quadratic forms. This composition is given by the
formula (4.11), so the resulting quadratic form is equal to (1.5), in particular at the
point )’ € A/, we get the form 3BLP“"Da, |y (y') — (Q,¢)(¥)I. It can be calcu-
lated also by substituting the above solution into the sum of the quadratic forms.
After simple calculations we obtain a quadratic form, which is a sum over )’ € BB}
of the forms

a(y'; B;,B;) -

() = Q) + oy ]

0(4,(y"),1B,)

a(y'; B}, B)) -
a( - ;1B;) 1
<Y (y) = (Qp )Y .

Of course the two expressions must be equal, so the constant in front of the quadratic
expression above is equal to 3BLP“"?q,. From this we obtain the identity

a(y'; By, B;) . a(4,(y),B))
+1= .
a( - ;1)) ap,

1
SBLPa(4,(5'),B)) | Q(4,(5). B))

0(4,(').B))

(4.18)

In the above expressions involving the constants i we have to include also the case
n =0, and for consistency we have to put 515 =0, or ap = +o0. Using the above
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identity we can write the following simple formula for the solution y:
a
Yn(y) = (Ond)(¥) + a—p L' LY Wp(y) = (Qp$)(¥)) » (4.19)

fory € 4,(y' )N Ay n 2 1,)" € A/\A),. We can drop the restriction ' ¢4, N 4,
because for y’ € A’p N A, we have y = 3/, n = p, and the above formula is reduced
to the identity ¥u(») = Yp(»") = ¥;,(»"). We can extend it also on the domain Qf N
Q}, because then we have n = 0, % = 0, hence the second expression on the right-
hand side vanishes, and the formula is reduced to the identity Yp(y) = ¢(y) =
(Qo9)(y). Thus (4.19) holds on the whole set B; U (Q{ N Q). It can be written
also in the following form:

1

b= 0B+ s

Q" (B, B, )a(B;)(y" — O(B)$) on B; U (R N QY). (4.20)

Now we write the second equation in (4.17) with ¢ instead of 1), using the identity
Yo =¢ on Qf N}, and we substitute the solution Y into the second and third
equations. After some simple transformations with a use of the identity (4.18), and
combining the two equations we obtain the first equation in (1.10) for the generating
set IB;. Combining the fourth and fifth equations in (4.17) we obtain the second
equation in (1.10). These statements are very easy to understand if we substitute
the solution Y into the function in (4.15). The sum of the first two quadratic forms
is then equal to the form (1.6) for B}, by the composition formula (4.11), and the
function in (4.15) is equal to the function (1.7) for B,. The variational equations are
then Eq. (1.10) for B;. The above analysis and Proposition 1.1 lead to conclusions
formulated in the lemma below.

Lemma 4.2. If (y',h) € ‘f’(]B;C;S), 0 = ¢y, then the system of equations (4.17)
has a unique solution in the space of all configurations \, ¢, o satisfying the re-
strictions (4.16) and |aly < co, where |a|} is the norm (3.17) determined by the
generating set B;. The configurations ¢,o of this solution satisfy the system of
equations (1.10) for the set By, hence they are equal to ¢(Bj;y’), u(IB;y'). The
configuration s of the solution is given then by the formula (4.20), so it is equal
to the function

Y(B;,Bi; ') =0(B;)$(B}; ')
1

* )

0" (By, B))a(B)(Y' — O(B,)d(Bi;¥')), (421)

defined on B, U (Qf N Q). The functions determining the solution have the ana-
Iytic extensions onto the spaces P¢(B}; 8, ) with ,¢ satisfying the assumptions of
Proposition 1.1, and they satisfy also the naturally extended equations (4.17), ie.
like Eq. (1.14), with /', h replaced by the corresponding complex configurations.

This lemma answers completely the questions about critical points of the func-
tion in (4.15). There exists exactly one critical point in the domain {|«|5 < co},
the solution of the system (4.17), and it is also easy to see that it is a solution of
the variational problem (4.15) by expanding the function around the critical point
and considering second order terms of the expansion, as in (3.48). This is of no
particular importance for us, so we omit this simple calculation.
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Our fundamental goal is to understand the variational problem (4.14), or more
generally critical points of the function in (4.14). We have noticed already that if l/;
is such a critical point, then lﬂ, ¢(IB,; 1}), (L/n)~2o(By; xﬂ) is a solution of the system
(4.17). We have constructed the solution ¥/(1B;,1B}), (1B} ), a(IB;) of this system,
so the question is if y(IB;,1B;) is a critical point of the function in (4.14). Quite
generally, let us take a solution «/;,q;,o? of the system (4.17), always assuming the
restrictions (4.16). Consider the third and fourth equations in this system. Rescaling
them to the L7/-lattice we obtain that l/;,qg, (L'n)*a satisfy the system (1.10) for B,
instead of By. If (,#) € ¥(Bj;c;) and |(L/n)?d* < co, the norm is determined by
B, then the configurations rﬁ,d;, (L'n)*4 restricted to €; yield the unique solution
of the system in the domain {|a|, < ¢}, therefore we obtain, after rescaling them
back to the g-lattice, the identities

¢ = ¢(B;),3 = (L) *u(B;3) on Q. (4.22)
From this we conclude further, taking into account the remaining equations in (4.17),

that l/; is a critical point of the function in (4.14). Thus we have to check when
Y(B;,B,), (L'n)*«(1B}) satisfy the above conditions, i.e. for what &

(Y(B;; B}, h) € P(By;c1), [(L/n)a(B})]2 < co. (423)
For simplicity let us denote the solution of the system (4.17) described in Lemma 4.2
by l//(j), ¢k, 0. The configurations ¢y, oy satisfy the conditions (1.15),(1.16) of
Proposition 1.1, and v’ is given by the formula (4.21). Take a bond (yi,y,)

C A, and denote by yi,y; the points of B} such that yj € A} ,); € 4),,

y1 € 4, (¥1), 2 € 4p,(¥). Of course py = n, py = n,|py — p2| < 1, and we have
G0 = 35| = (Qupi) () = (Qai)(32)]

LWL () ~ (2 900
+ S (LI LTP R (55) = (@ d)(3)] < L1LT I Ko

+(LPL™PVYK S 4 ("L P2 K16 < 3K6. (4.24)

If the bond (i, y,) C T™ is such that y, € A,_y, y2 € A,, and x € B(y;), then
the only important difference in the above bound is that we have the term
[(Qn—101)(x) — (On i )(32)| on the right-hand side, and it can be bounded by K,
so the overall bound is (d + 2)K;6. Take now a point y € A, and denote again by
y' the point of B; such that )’ € A7,y € 4,()'). Then p = n and we have

D] = 11 < (@) = U+ ("L PV Ky
SHQEOIF - 1+Ks <5 S Lgitx) — i)l

X1,X2 €Bu(y)

1 2
HQIkP = D) +Kid < 3 PLLTPKIS + Sl + Kid

1

<32

2
d*K6° + z(LI’;7)—2K15 + K1 < 2K,6, (4.25)
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where we have used the assumptions An> = 1, L = 3, and § sufficiently small, e.g.
d*K,6 < 1. Further, we have

WA () = Al < (Quldbx — () + K16 < <L”'7)_1K1% e

< 2(LP;1)“K1% = 2LJL_pK1—i < 2Lk, 0 (4.26)

VT VoA

where ¢ =L/ and v; = (I/n)?vx = (L/n)*v is the rescaled constant v. From the
above inequality we obtain

("] = 17 + (AP = 1D+ 200D = 4 ) - b

262

=) =P < ALK
j

hence using the previous bound on ]l/llgj )( ¥)| — 1 and the condition on 4 in the

definition of ¥(IB; &) we obtain

. . 2 182 2
WO =9 ) -k < 2(L”é)-21<ff— + 2608 + 5 < S(L"@-ZKff—,
J k J

and

(1= Mo -+ h) < —— (PO KRR < 1078 K2R (427)
|‘//k 62]

The above inequalities hold also for n = 0. Let us make a few comments on these
inequalities. Basically we have repeated the arguments (3.1)—(3.6) [1] of the proof
of Lemma 3.1 in [1], only taking into account various scaling factors L"L~7. Ac-
tually we can improve them keeping track of those scaling factors more carefully,
but we do not need such improved inequalities, except the case when we con-
sider them on a domain X C Q) N Q;. Then we get additional scaling factors which
are the same powers of L/n as the powers of ¢ in the definition (3.13) [1] of
the spaces ¥j(o,¢). We introduce localized spaces ¥;(X;0,¢) by the same defini-
tion (3.13) [1], but with all conditions restricted to a domain X. Then the above
improved inequalities can be summarized as the statement that the configuration
(U, h) restricted to X belongs to the space ¥,(X;3L/n,K;5). In this case we im-
prove also the constant replacing d + 2 by 3, as in Lemma 3.1 [1]. Notice further
that in (4.24)—(4.27) we have used only the fact that ,E’ ) is related to ¢ by the
inequality

(1) = (@up)W] < WLTPYW(Y) = (Qpd) (V)] < ("L VKIS,
(4.28)
where y € A,, y € 4,(y'), y' € A, and that ¢y, satisfy the conditions (1.15),
(1.16), and the second equation in (1.10) or (1.14). From this we obtain a gener-
alization of Lemma 3.1 in [1] which will be formulated later on. Let us formulate
a part of these conclusions in the following lemma.
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Lemma 4.3. If § < ¢,,(',h) € ¥(B};3), X C Q, N Q;, then
(Y(B;,B; Y ), k) € P(Bj; (d + 2)K,9), (4.29)
(Y(B;, B; ¥, h)[x € Wi(X;3Ln,K,5). (4.30)
Finally, for x € B,(y) we have
(L") ()] = (L") o) < (L) Jou(x)] < Kid £ Kiey < ¢ (431)

From (4.29),(4.31) we obtain that the conditions (4.23) are satisfied if (d +2)
K10 = c;. Assuming this we obtain the identities

b = ¢By”), o = (L) 2By (432)
From these identities we conclude also that l//,f/ ) is a critical point of the func-
tion (4.14). Unfortunately we cannot conclude that it is a unique critical point
of this function considered on the domain li’(]Bj;Cl). To obtain uniqueness we
have to restrict this space. Let us recall again that if  is a critical point, then
¢(IBJ;1;), (L"n)_zoc(lBj;!;) is a solution of the system (1.10) for the set B; and
the configuration y/. If (y/,h) € ¥(B,;c;) and |(Lj11)—ZO((IBj;l/;)|/2 < ¢p, then this
solution is unique and equal to ¢y, . Thus we have the uniqueness in the domain
‘f’(IBj;cl) restricted by the condition [(L/n)2u(Bj;¥)|} < co.

We have finished the discussion of the variational problems (4.14),(4.15) and
the related equations (4.17). Let us stress that the most important result is the con-
struction of the function y/(IB;, B ) satisfying the identities (4.32). These identities
play a crucial role in our renormalization group approach, and we need them also
for the analytically extended functions. They are not immediate because the analytic
extensions are not uniquely defined, and we have to refer again to the analytically
extended equations (4.17). To repeat the above arguments leading to the identities
(4.32) we have to prove a statement corresponding to (4.29) for the complex spaces.
Take a space ‘i""(]B}c; d,¢) with 9, ¢ satisfying the assumptions of Proposition 1.1. We
use the same simplified notations for the considered functions as before. The func-
tions ¢, o have the analytic extensions onto this space, therfore the function 1//,5’ )
has also the extension defined by the formula (4.21). Denote elements of the space
by (W' + oy, h+ h'), where (Y, h) are elements of the real subspace lIN’(]B;; ), and
write the complex functions in the form ¢y + Sy, oy + oy, ,5’ ) 4+ 5!#,5’), where
br, g ,f’ ) are the corresponding real functions, as in the last formula in (1.15).

Notice that 5np,f’ ) has the representation (4.21), but with ¢y, Y’ replaced by d¢y, oy'.
The bounds (1.15) hold for the complex functions, hence we can bound the differ-

ences 6¢,£j )( yi) — 5(//,£j )( y,) as before, but we obtain the constant 2(d + 2)K;d on
the right-hand side. Further we have

IA

U] = (@l + 2L LRI () — (0,090

A

e+ K10+ (' (V) + o' (V) = (Qp(dr + 9

+ W' (") = (Qpd)(V)] < &+ 3Kid, (4.33)
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and

I 3) + U () = W] < [(Oul(r + 0610 (0) — (Cadi)* ()]

FUKSH K S 5 5 L+ 50)) — (e + 090

x,x' €Bn(y)

1
ty 3 LTe0) = eI+ (Qul(dr + 01 — BR1)(P) + 6K + 2K7 6
x,x' €Bn(y)

2
< d*(L"L™PYK}6* + z(Q,,](aoc,cp( V) + 6K + 2K26* < 6K 6 + (d* + 2)K}E6*
2
+Z(LP;1)—2K15 < 9K;9, where y € 4,(y' )N 4,y €4, (4.34)

and we have used again the assumptions An> = 1, L = 3, d?K,6 < 1. Take a con-
figuration 7’ satisfying the last two conditions in the definition (1.12) of the space
'f’c(]B;{;é,a). It is defined on B; and |vA'()')| < (Lpn)"2§ for y' € A’), hence
for y € 4,(y')N A, we have

5 52 52

V(O" (B, B )W) = (Ln k' (0] < (LPLT)) 72— < (L"f)'zg, (4.35)

and the configuration Q*(IB},B;)A’ satisfies the first of the two conditions for the
space ¥°(IB i3 0,¢). To check the second condition we estimate the product

ViU (2))0(Q* (B, B )(»)| = lw/é”(y) K|

wﬁ”( )l

2
< 2L (Qulvids - K (YD) +2L"L7P YK S(LP L™ ’)_25

< 2(L'mA(LPn) 2K 8 + 2(L"E) K 6% £ (L7E)THAK S (4.36)
The above inequalities combined with Lemma 4.3 yield the following lemma:

Lemma 4.4. If 6,¢ satisfy the assumptions of Proposition 1.1, (Y' + 0y',h + h') €
Ye(By;d,¢) and X C Q, N Q;, then

(W(B;, By; ' + 8y ), b+ Q* (B, B,)k') € Pe(B;;2(d +2)K,d,6),  (437)
(B, By o + 00/ ), b+ Of W) [x € E(X;3L/n, Ki) (4.38)

Finally, notice that the estimates (4.31) hold also for the complex configuration.
Now the rest of the argument goes on like in the real case, the only change is
that we consider the complex solutions of the extended system (4.17), i.e. the
system in which /', A are replaced by ' + 0y/,h+#', and we have to assume
that 2(d + 2)K, 0, ¢ satisfy the assumptions of Proposition 1.1, which reduces to the
additional conditions 2(d + 2)K16 < ¢,2(d + 2)K;6 < ¢;. We may also replace ¢
by 2(d + 2)K;¢ in (4.37), and then the assumptions take the form 2(d + 2)K e <
c0,2(d +2)K;0 < c¢;. With these assumptions we obtain the identities (4.32) for
the analytically extended functions.
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We summarize the main results in the proposition below.

Proposition 4.1. If (y/,h) € ¥(IB.;5),5 < ci, then the function in (4.15) has a
unique critical point in the domain of all configurations Y, d,o satisfying the
restriction |als, < co, or equivalently the system of equations (4.17) has a unique
solution in this domain. This solution is given by the functions y(IB;,Bj;y"), p(BB;
V'), (B, "), where the first function is given by the formula (4.21) and satisfies
(4.29). If (d +2)K,0 < cy, then Y(B;,B;; y') is a critical point of the function in
(4.14), actually it is a solution of the variational problem (4.14), and it is a unique
critical point in the domain {{ : (Y,h) € ‘f’(IBj;cl),I(Lfn)_zcx(IBj;t//)B < ¢o}. The
function has analytic extensions onto domains Sf""(Ich;(S,s) with ,¢ satisfying
the assumptions of Proposition 1.1, the extensions determined by the formula
(4.21) and by Proposition 1.1, and satisfying (4.37). If 4dK 0 < ¢,4dK16 < ¢y,
or if 4dKie < ¢o,4dK,0 < ¢y, then these analytic extensions satisfy the identi-
ties

¢(By; Y (B, Bisy')) = (B ¥'), (/n) ~*a(Bj; (B, Bys y')) = (B, '), (439)

where we have assumed that the functions ¢(B;; ), a(IB;; ) are extended beyond
Q, by putting

A
(s By = Y(x), a(x; By ) = j(lﬁz(X) — 1) for x € @1, (4.40)

and similarly the functions ¢(Bj;y’), (1B} ;") beyond €.

Let us mention now some applications of the functions y(IB;,IB}) constructed
above. One application was described in the paper [1], where the inductive assump-
tions on the effective actions were formulated in terms of the functions w,ﬁ’ ). In
dealing with the “large field” problem we will use more general y(IB;,B;), for
which Q) = Q, for n < j. The generating sets B} will be used also as determining
a kind of “soft” boundary conditions, and in such role these functions will be used
in full generality in various localization problems, i.e. in constructing expansions of
the type described in the inductive hypothesis (H.5) in [1].

We will need also the functions and the composition formula (4.39) in the case
when the basic system of equations is the system (3.20). It corresponds to the
variational problem

1
infinfsup { 0~ OB} B,)30alB. B, )’ ~ (B4, B,)6)
do
[ (00— 0B )36.a(B, 60 — 0B,)59) + F0501"
5 (00,(v-+ a0+ 50)56) + (5, 5} — 510w

= (60, /1) — %(5% ou)} } (4.41)

Keeping oy fixed and solving the variational problem with respect to d¢, o we
obtain the system of equations (3.20) for the generating set IB;. We keep the
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same notations and assumptions as in Sect. 3, so this system has the unique so-
lution 3¢p(IB;; 6y, o, %, f1, 1), 00(IBj; O, Po, oo, f1,21). Substituting this solution
above we obtain a variational problem in &y, and its solution is, by defini-
tion, a function Sy(IB;,B; Y/, ¢o, %, f1,21). Solving the full variational problem
(4.41) we obtain a system of equations corresponding to (4.17), with some ob-
vious changes connected with the form of the functional in (4.41). The equation
for oy is the same as the equation for Y in (4.17), and it has the unique solu-
tion given by (4.19), or (4.20), with ¢ replaced by d¢. Substituting this solution,
we obtain the system (3.20) for the generating set IB;, which has the unique so-
lution d¢p(IBy; ¥/, o, oo, f1,%1), Sa(BBy; ¥, o, 0, f1,%1). From this we obtain the
representation

(B, By Y', o, a0, f1,%0) = O(1B;)dP(By; ', o, o, f1,01)

L 0B BB — OBL)SSBL: Y oo, frion)) . (442)

which holds under the assumptions of Proposition 3.1. By this proposition the func-
tion oy(IB;,BB;) can be bounded by (2K, + 1)d;, hence if Ky(2K; +1)6; = cq,
then it has values in the domain of the functions d¢(IB;), 6a(IB;), and we have the
identities

S¢(B;; Sy (B;, Bi; ', o, a0, f1, 1), Po, 0o, f1,01) = SP(Bi; ', o, 00,5 f1,01)

(L'n) ™80 B, ; Sy(B;, By W', o, o, f1, 1), Po, o, f1, 1) = Sa(Bys W', o, ato, f1,01) .
443)

They hold for the analytically extended functions on domains (3.21) with §p <
c6, K2(2Ky +1)8; < c¢. We will use these identities in the future to solve various
localization problems also.
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