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Abstract: If P is an elliptic self-adjoint perturbation of the Laplacian 4 on R3,
and the coefficients of P — 4 decay super-exponentially, then we show that P has
infinitely many resonances. The resonances are defined here as the poles of the
meromorphic continuation of (P — 42)~".

1. Introduction and Statement of Results

The purpose of this note is to show the existence of infinitely many resonances
for super-exponentially decaying elliptic self-adjoint perturbations of the Laplacian
in IR3.

The key component is the extension of Melrose’s Poisson formula to that class
of perturbations:

tr(U(t) — Up(t))= S e, t>0, (1.1)

resonances

where U(¢) denotes the perturbed wave group and Uy(¢) the free one and where
we included square roots of eigenvalues among resonances. The formula (1.1) was
proved for compactly supported potential and obstacle scattering by Melrose [9, 10]
and was then extended to more general compactly supported perturbations in [18].
It was used by Sjostrand and the second author [17,18] and then by Farhy [4]
and Vodev [22] to obtain lower bounds on the number of scattering poles in a
variety of situations, always using the strong singularities of the wave group. It is
obvious however that non-vanishing of the wave trace for ¢ > 0 already guarantees
the existence of resonances or eigenvalues. That non-vanishing can be immediately
inferred from the non-vanishing of the higher heat/wave coefficients, that it is those
which do not correspond to J-functions at # = 0. As was pointed out to us by
Melrose, the vanishing of the zeroth coefficient in odd dimensions implies that the
number of resonances is infinite (see Proposition 4.3 of [12] for consequences of
that for scattering by compactly supported potentials in odd dimensions) but unlike
in [17,18,4,22] this does not seem to lead to quantitative information.
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At

E(tx,y)l < C(x,y,N) exp(-t N), t > Ty
for all N > 0, implies E(t,x,y)=0 for t > Ix-yl.

Fig. 1. Decay of the fundamental solution

Our motivation came also from a question concerning the fundamental solution
of the perturbed wave equation in R”, n odd: does a super-exponential decay of the
fundamental solution inside of light cones imply its vanishing there? For self-adjoint
elliptic perturbations and n = 3 this is answered affirmatively in the Corollary below.
In some sense this is a unique continuation theorem at ¢ = co and it motivates
also the super-exponential decay assumption for the perturbation — at the moment
however we need to assume that the decay is uniform, @(exp(—A|x|'**)) for fixed
e > 0.

From the scattering theory point of view the super-exponential decay assumption
is reasonable as it guarantees a meromorphic continuation of the resolvent to € and
thus a global definition of resonances. It is also natural if infinitely many resonances
are to be expected: in one dimension there exist potentials of exact exponential decay
and with finitely many resonances (see for instance [3] for the computation of the
scattering matrix for that type of potentials).

Let Cp°(R") denote the space of C°° functions with bounded derivatives. We
can state the application of the present method as

Theorem. Let P be an elliptic self-adjoint operator on L*(IR?,\/ddx):

- = 1 = ij -1
P=—— Y 0,\/39"0, +V, G=det(g,), (¢7)=(9:;)",

V=
where V, gi, € CZ°(R3) satisfy for some fixed ¢ > 0 and A, B,

x‘l+z'
b

Wl < Be= ™™ and g, (x) — 6, < Be™! 1<ij<3. (12)

If V=0 or the metric g,; is not flat then the meromorphic continuation of
(P = 227" has infinitely many poles.
Expressing the resolvent in terms of the wave group immediately gives

Corollary. Let P be as in the Theorem above and let E(t,x,y) be the fundamental
solution for the wave equation:

(D? = P)E(t,x,y) =0, E0,x,y)=0, 0E0,x,y)=0x—y).

IfVx,yeR and ¥V N € N3 T,C such that ¥ t > T |E(t,x,y)| < Ce™™, then
P=4
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We remark that the argument used here is similar to that in the proof of Corollary
25 of [1] where the analytic Riemannian three manifolds for which the strong
Huyghens principle holds are characterized to be flat. We note that a slight extension
of computation of [1] in Lemma 6 below shows the same conclusion for Schrodinger
operators on compact three manifolds, except for the locally symmetric case and
Ay + £1, where T is the (constant) scalar curvature.

2. Upper Bounds on the Number of Resonances for Non-Compactly
Supported Perturbations

To generalize the Poisson summation formula to our case we need a uniform poly-
nomial bound on the number of resonances for non-compactly supported perturba-
tions. Here we will only consider elliptic self-adjoint operators in R",n odd. Thus
we define

P = =3 0ya;,0,+V, a, € L(R") N Lip(R"),
Ve L(R"), (a,)> col, co >0, @.1)

M gy = 0,001 < B, M|y = B (22)

where ¢,4,B are fixed.

The regularity assumptions in this section are considerably weaker than in the
Theorem above since all that is needed here is (2.2) and the boundedness (P + i)~" :
LZ(IR") — HZ(IRH)'

The meromorphic continuation of the resolvent is essentially well-known but
before presenting its proof we need two lemmas. We denote by R and Ry the
resolvent of P and 4 = —>02, respectively,

R(A)= (P =) L2(R") — H*(R"), ImAi >0 i°¢a(P),

Ro(A) = (4 — 23" LA(R") — H*(R"), ImA > 0.

recalling that for n odd Ro(4) extends to an entire family of operators
e~ W LR = e U HA(RY), § > 0, where (x) = (1 + [x[2)?.
For N € R we define

() = 2(X|/(CIN|T)) and  (x)y € o)1 + xP)?,

where C is large, y € C*°(R), 0 = y =<1, x(#) =0 for t < 1 and y(¢t) =1 for
t > 2. We use this to define weighted L? spaces

L?V(]R") d_éf eN(.\')NLZ(IRn) )
We now have:

Lemma 1. For ImA = 0, n odd, N > 0 and || £ CN,

Ro(2) = O,(NT/(1 + |2])) : L2 y(R") — L3,(R"), (23)
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and for ImA > —N + 1y, y > 0 we have
Ro(A) = Oy n5(1) : L2 y(R") — L3 (R"), (24)

e VONRY(Z) = Oy a(1) L2 y(R") = HA(R"). (25)

Proof. We define x.,(x) = x(|x|/(C|N|*)) so that yy =1 on supp y.. We then
rewrite the reduced kernel as

e NOWRy(A)e VIV = X]lve—N(X>N Ro(A)e Vv i
+ (1= xn)e VN Ro(A)e NN (1 — gp)
+ (1= xn)e VW Ro(A)e NN
+ e VW R(A)e NN (1 — 1)) (2.6)

To estimate the norms we write for Im 4 = 0,
[ ;
Ro(4) =~ [ cos(vV/A)eMdt . (2.7)
0

Since y\e NN =y} e N the norm of the first term is bounded by the norm of

e VO Ry(A)e V). Let Y € C3O(R) satisfy 0 S ¢y < 1,y =1lin x| < 1 and y =
0 in |x] > 2. Then (2.7) and the sharp Huyghens principle show that the operator
with the kernel Y(|x — y[*)Ro(A)(x, y) is O((1 + |A])~") : L>(R") — L?*(IR"). Since
that eliminates the singularities at x = y, Schur’s lemma gives the same bound for
the operator with the kernel

e — y)(Ix — yPHRe(A)(x, y)e N

since in fact it gives the norm ((N~'). For the second term in (2.6) we note that
by the finite speed of propagation the integration can be restricted to [0, C'N %] and

thus the norm is bounded by C'N% /(1 + |A|).
To estimate the norm of the remaining two terms we consider the Schwartz
kernels:

(1= zn (e W eos(rv/A)x, y)e ™ i ()
which vanishes unless ¢ = |x — y|, that is t = |y| + O(N'+). Hence
1
11 = xa)e ™ cos(tv/A)e ™ O gy [lja o < e NN,
where z, =z for z =2 0 and z, = 0 for z < 0. Thus

_ _ 1 ;
(1 = xp)e VN Ry()e ™MW gl |2 o = ON = /(1 + |4

))’

with the same estimate for the fourth term.

Since L%, ~ eTNW[2(R"), (2.4) is immediate but now the norm estimates
depend on N (as they do in the identification above). For (2.5) we use 4ARy(4) =
(I + A*)Ro(A) and (2.4). O
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Lemma 2. For Ay € iRy, |Ao] = C|N > ¢ with C, sufficiently large,
EDR(A)e N = 0, (N72) : L2 y(R") — L% (R"), (2.8)

eV OINR(Jg) = 0,(1) : L2 \(R") — H(R"). (29)

The norm estimate on (2.9) depends in ¢,4,B in (2.2), Lipschitz constants of a;;’s
and ¢y in (2.1).

Proof. We briefly recall the argument from [15] and noting that |V (x)y| < C we
start by writing

eVt (p _ )2yeNEIN=c() = p L N4y + N2y — 23 — N2, (2.10)
where Ay is a first order operator with uniformly bounded coefficients and cy is

a smooth bounded function. Since R(p) = O(|u|~'*): L*(R") — H'*(R"), k =
0,1, for u € iR, we have for —13 — N2 >> N2,

P+ NAy + N2y — (A2 + N*) = (I + (NAy + N2ey)R(i|22+N2|2))(P— (12 +N?)),

where the first factor on the right-hand side is invertible on L?(R"). Hence the
conjugated operator (2.10) is invertible on L?>(IR") with norm ((N~?%) and we
obtain (2.8).

For (2.9) we integrate by parts and use (2.1) to get

(PR()»O)u,R(Ao)u)Lz‘N = C3|]VR(io)u|[§2_N - CZN(VR(AO)u,R(}UO)u)Lz_N .
From (2.8) we obtain that
eNOINTR(A0) = ONT"Y L2\ (R") — LA(R").
Next we observe that for some By € Diff I(IR”) with uniformly bounded coefficients,
PNV R(g) = "N (O(N*)R(Ao) + ON)BNR(o) + (I + 23)R(J0)) .

Thus if u € L2 ,,(IR") one obtains that e ¥ R(Jg)u € L>(R”) and Pe" ¥ R(4g)u €
L*(IR™). Hence (2.9) follows, as P is uniformly elliptic. [

Proposition 1. For P satisfying (2.1) and (2.2) the resolvent (P — *)~': L>(R") —
H*(R™), Im 4 > 0, A2 ¢ o(P), has a meromorphic continuation

R(): e @™ LR = o' g2(RYY,
for any 6 > 0. The poles are of finite rank and their multiplicity

multiplicity of g =rank [ R(1)AdA
OD(4g,¢)

is independent of 0.
Proof. We write Q = P — A. Thus for ImA > 0, A? & o(P),

R(4) = Ro(4) — R(A)QRo(4),
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which using the resolvent identity R(A) = R(do) + (42 — A2)R(L)R(Ao) gives

RO + (22 = 15)R(20)QRo(2)) = Ro(2) — R(A0)QRo(2) . (2.11)

To obtain meromorphic continuation we follow the standard application of Fredholm
theory once we show that R(49)QRo(4) is compact from L2 ,(IR") to itself. Since

0NN = Oy(1) : HA(R") — L2 ,,(R") (2.12)

for any M (with norm independent of M), if |1| < CN,Im A > —N + y then (2.5)
shows that

ORo(2) : L2y (R") — L2, (R")
for any M. If we choose 4y as in Lemma 2 with |4g| > 2M > 2N then by (2.9),

R(Ao) : L2 ,,(R") — e~ M@ g2(R™y |
so that
(2% — 2)R(J0)ORy(A) : L2y (R") — e MM H2(R") — L2, (R"),

with the last inclusion compact since M > N. Putting A = Ao (which is possible
as long as |Ag| < CN) we obtain the invertibility of 7 + (42 — A2)R(1o)QRo(4) at
one point and by the compactness of the second term we obtain a meromorphic
inverse from L%, (R") to L2 ,(R") if ImA > —N + y. Hence for ImA > —N + 7y
we established the meromorphy of

R(Z): L% \(R") — Ly(R").

Since the ranks of the poles are finite and since the polar parts at dg are in L% (IR") ®
L3 (R"), N > —Im /¢ the independence of the multiplicity of N and 6 follows. [

Proposition 2. Let N(r) be the number of poles of R(A) in {{: |{| £ r} counted
with their multiplicities. Then there exists a constant Cs depending only on o >
0,6,4,B in (2.2), ¢ in (2.1) and the Lipschitz constant of the coefficients of P
such that for any 6 > 0,

: 3y

N(r) < Cor"mti 3,400 (2.13)

Proof. We apply a modified version of the Fredholm determinant argument of
[10,11,24,19,20] — see also [25 and 6]. Thus we start by estimating the character-
istic values in the good and bad half planes, Im4i = 0 and Im 4 < 0 respectively.
More precisely for any large N we choose 4g € iR, 2C\N = |4g] = C|N, where
C) is the same as in Lemma 2, and consider two regions

1
m2z0, |i—l S3GN and Imi<0, |2 <3N (2.14)

We introduce the reduced kernel

Kn (4, 4o) = eIV (32 = J5)R(J0)ORo(A)e N 4N (2.15)
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and denote by pu;(4) the characteristic values of the operator A4 : L? — 2, that is,
the eigenvalues of (AA*)%. When Im4 = 0 and |A| £ CN then

(K o)) = CN?py (NN R(2g)e™ (D =<1))
. ||ec<x)+N<X>N QeN<X>N(] + A)_I ”
|7 + A)e™ OV Ry(2)e NN ]| (2.16)

where the norms are defined by || - || = || - ||;2(rn)—z2(rry- By Lemma 1 and inter-
polation we get

A

I + )™ N Ry(A)e™ N0 || < CN'+ max(1,N/(1 +

),
and by assumption (2.2)
[N QN QN @Iv ([ + A) || = (1)
independently of N. To estimate the characteristic values in (2.16) we introduce

Yy € C°(B(0,2)),0 =y = L,y =1 in B(0,1) and yr(x) = (%) and let A be
the Dirichlet Laplacian on B(0.3R). Then

(NI R(Jg)e VIV Ty <y [(1 +4R) 7+ AR)deeN<">~R(zO)e—N<x>N-f<~“>]
+ ”(1 _ lpR)e—c(x)-H'(x)—}—N(X)NR(/;LO)e——N()ON—t(J() ”
< (I + 4p)7! )lleN(x>NR()‘0)e_N<x>NI|H2(R")~>L2(R”)
+Cle® < GR 4+ e Ky,

where we used Lemma 2 and the Weyl estimate on the number of eigenvalues of
Ag. Optimization in R gives for Im4 = 0, |A] £ CN,

1 (Kn (3 70)) < CN** Emax(1,N/(1+ [2]))j "7 2.17)

for any 6 > 0.
N

In the second region in (2.14), Im4 < 0, [4| < 35 we write

W (Kn (4, 40)) = W (Kn(4, Ao) — Kn(—4, 40) + Kn(—4, 4p))
< 1 (Kn(4, 40) — Kn(—=4,40)) + 1,(Kn(—4, 49)) ,

and we only need to estimate the first term on the right-hand side. We rewrite
operator as

NIV (22 — JIDYR(20)O(Ro(1) — Ro(—7))e ~N v

so that

Wi(Kn (2 20) — Kn(—24,40)) = CN? (e N O(Ro(2) — Ro(—24))e NNy .
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Using the spectral resolution of the Laplacian as in [19,24,25] we now write
Ro(A) = Ro(—2) = E;E%, where E;:L*(S"') — WX (R") has the kernal

T ) e s IE Agn—1 is the Laplacian on S"~', it follows that
1Ky (s do) = Kn(=A 20)) < [l et 00" (14 4y

< (I + D)e™ 2O By (I + Agiy Y"(I + Agi1 )™™)
x ||Eze= V||

< G+ e T BT + Ag )|
X< i + Agi-) " Efe O]
The two norms are estimated by Schur’s Lemma:

sup M) (1 4 [T = 40 AW emamyt < ECH T Cmam
X
where €™ terms guarantees integrability in x, and

Supeo(x AR il Nt < éec‘N',-"

’

since 4] < N.

. . 2m .. .
We now use the estimate u;(({ + 4g.—1)™") < Cj =T and optimize in m.
Hence
1+ _l_l/C

i (Kn (2 20) — Kn(=24,4)) < Ce™N " =I"0

so that for ImA < 0, |4 < IN we obtain

1
CeN'' if j < (CN'tiy™!

CsN** F max(L,N/(1 + |A]))j 75 if j > (CN' iy~
(2.18)

1 (Kn(4, 20)) = {

for any 6 > 0.
By the proof of Proposition 1, the definition of Ky(/4,4¢). (2.15), and estimates
(2.18) we see that for A in (2.14), the poles of R(1) are among the zeros of

hy(4) = det (I +(Kn(4,%0))")
L2(R")

with multiplicity of the pole of R(1) less than or equal to the multiplicity of the
corresponding zero of Ay(4) — see Appendices to [21 or 7].

Since |det(/ +A4)| < [T(1 + u;(4)) for A trace class and since p;(B") <
(u[’_,’](B))" we can use (2.18) to estimate hy(A). If |4] = C|N, 4y € iR, we choose

¢o > 0 such that

D(J0,CiN + coN)N {A: Im A < 0} C D(O,N/2),
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C1N+C0N

/-
\ / N/2

Fig.2. Bound on the number of poles

in fact we can take ¢y < \/C,2 -+ % - C,2 — see Fig.2. For A € 0D(49,4C) + coN)
(2.18) shows that

c N(3+-l—)—'"+220 C Nm "y
o . ‘ + v
[hv(2)] < Cpel® e,

since for any ¢ > 0

n+2<>

T G+ NG
H(l + CsN“- ™z ”j n+0) < Cse®d
1

C(N 'n 1 14e 1e )
[T (+Ce™ 7)< cecV ™)
1

Since hy(Ao) = 1, Jensen’s inequality immediately bounds the number of zeroes

of hy(2) in D(4,CiN + ¢oN) by C; SN aX(EE 34 40) for any 6 > 0. Hence, we
obtain a bound in D(0,coN) (see Fig.2) and that proves the proposition. [J

Remark. For our application in the next section we only need a polynomial bound.

The expected “sharp” bound is ¢("F)) and (2.13) gives that if ¢ < 1. By refin-
ing the representation of the resolvent that improvement is very plausible as is a
generalization to arbitrary compactly supported perturbations of operators satisfying
(2.1) and (2.2) as has been initated for the Laplacian in [16]. We should remark
however that the simple method above already gives the expected bound with the
exponent n(1 + 8)/8 in the potent1al case. In fact, the operator KN(/L Jp) can then
be replaced by V™IV VRy(1)e~V ¥ which reduces the power 3+ 1 to 1+ 1 in
(2.17), but the modified proof of Proposition 1 requires now that (2 2) holds for
"V, |a| < 2. This glves the desired improvement. We also note that when n = 1
and ]+‘ §Z Z, the bound is optimal as can be seen by the methods of [23]. In fact,
Froese [5], using a different method, proved recently asymptotic formulae for the
number of poles for a class of non-compactly supported potentials, including some
cases where £ € Z.
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3. Generalized Poisson Formula

We will now apply the estimate (2.13) of Sect.2 to generalize Melrose’s Poisson
formula [11,18] to a class of non-compactly supported perturbations. Although we
consider only operatoes P satisfying the assumptions of Theorem in Sect. 1 it will
be clear from the simple argument in the proof of proposition 3 that further gen-
eralization would follow from extending Proposition 2 to other perturbation and
relaxing regularity assumptions.
We start by introducing a family of compactly supported perturbations of 4. Let
W € C3°(B(0,2)) satisfy 0 <y < 1, Yy =1 in B(0,1) and let yr(x) = Y(x/R). We
then consider
Pr=yrP + (1 —yr)4. (3.1
If R is large enough then Py is an elliptic compactly supported perturbation of 4 on
IR”. Let us denote by Ug(t) the wave group for D? — Pg and by {/lf } the resonances

of Py (that is, poles of the meromorphic continuation of the resolvent (Pg — A?)~!
included according to their multiplicity). The standard observation based on partial
hypoellipticity (see [11 or 18, Lemma 3.1]) shows that Ug(t) — Uy(¢) is trace class
in2 the sense of distributions. Here Uy(¢) is the trace wave group associated to
D; — A.

We will need two continuity results as R — oo both of which are essentially
well-known but we outline the proofs for the sake of completeness.

Lemma 3. The operator U(t) — Uy(t) is trace class as a distribution in t and
Z'(R)
tr(Ur(?) — Uo(2)) — tr(U(2) — Uo(1)) - (32)

Proof. We recall that
U()(t) — e”AO , U(t) — eltA

0 I 0 I
AO:(A 0)’ A:(P 0)

acting on H'(IR”) @ L>(IR") (see Sect.2 of [18]). Hence

where

U(t) — Ug(t) = [Up(t — s)(A — Ag)U(s)ds .
0

Also, for |r| < T, e O Uy(r)e ™M) = O (1) : HVY(R") ® HS(R") — H*'(R”)
@ H*(R") by the Huyghens principle. This and the partial hypoellipticity of D> — P
and D? — A4 (see e.g. Lemma 3.1 of [18]) show that for p € C°(R) and any M
and s,

JUQ@) ~ Uoe)p(t) : B (R") @ LH(R") — e MO B (R @ e MW B (R") .

and hence the operator is trace class.
To consider the limit (3.2) we note that

L—;%tr(UR(t) —Up(t)) =Rt t <¢RQsm t\/ﬁ;>

VPr
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where Yp(x) = Y¥(x/R). Hence, for p € C§°(R)
' (tr [(Ur(t) — Up(1))p(t)dt)

VhO (f %?—R : tp(r)dz)

< {120t @+ 27|

‘.(//I(LZ([RH)’LZ(]RII))

LULA(R!), L2(R"))
A1+ smt\/P
e STy g Rt p(1)dt
L/"(LZ(IR"),Lz(!R"))

The last trace class norm is uniformly bounded in R (since [ Pp 12 sin tP,% tp(t)dt
is uniformly bounded from L?(IR") to H*(R")). Hence the derivative of the trace
1s rapidly decaying and (3.2) follows by integration. [

Lemma 4. Let T > 0 be such that no scattering pole of P has modulus T. Let
{Mj};n:r‘ be the scattering poles of P in D(0,T) included according to their multi-
plicities. Then there exists a constant R(T) such that for R > R(T) the poles of
Pg in D(0,T) are given by {uf}7) and pf — pu; as R — oo.

Proof. Again for the reader’s convenience we outline the modification required
by non-compact support (see [13] for the compact case and also Theorem 3.1 in
Chapter 1 of [8]). Let Rr(4) denote the meromorphic continuation of the resolvent
(Pgr — 22)™" and let #(T) be such that

D(u,,(T)) € D(0,T),  D(ui, /(T N Dy, n(T)) = ¢, if p, +p1; .

Then for R large enough (so that ||[Pg — P||,r¢) 42_,,~7¢),2 is small enough depend-
ing on T') we have

mr

Rg(4) = R(A)I + (Pr = P)R(A))™', A€ D(O, T)\UD((#,J(T)))

as operators e~ [2 — ¢T™ L2 The continuity of the poles follows. [
We can now prove

Proposition 3. Let P be an operator satisfying the assumptions of Theorem in
Sect. 1. If U(t) is the wave group for D> — P, Uy(t) the free wave group and
{4;} the set of poles of the meromorphic continuation of (P — 2*)~" (included
according to their multiplicities) then

tr(U(t) — Up(1)) = SoeT4', 41> 0 (3.3)
in the sense of distributions.

Proof. Let ¢ € C§°(R,). By Lemma 3 and Melrose’s Poisson formula for com-
pactly supported perturbations (see Theorem 3 of [18]) it suffices to show that

(Te0) — (T o) ,
that is > gb(/lf)kjoo S R(4)).



412 A. Sa Barreto, M. Zworski

Since the upper bound in Proposition 2 is uniform with respect to R,
#{/15: ]/lf| <ryscr,

we use the Paley—Wiener estimate |¢(2)] < Cy(1 +|2))™, Imi < 0, any M, to
decompose the sums as follows:

Yo = Y GH+0| X Cu(+|HHY

) 1R =1

= X ¢+ Ou (T~

RS,

and
SR = 3 @A)+ O (T~
V=T
for any M. We now choose a sequence 7; — oo such that for each T = T} the
assumptions of Lemma 4 are satisfied. Since then Z‘ ST o(4)) = Z| Rt (ﬁ(lf) +
< K<

or(l) as R — oo, we get

S¢(4) = 1¢(AF) + or(1) + Op(T ™M)

as R — oo and consequently

S0y) = lim o080

4. Existence of Resonances

As was noted in [18] lower bounds for resonances can be obtained from the singu-
larities of tr(U(¢) — Up(¢)) which “spread out” from 0, that is are not J-functions.
A weaker immediate statement is

tr(U(¢) — Up(t))£ 0 t > 0 = there exists at least one resonance or eigenvalue
(4.1)
and that conclusion is sufficient for the Corollary in Sect. I.
When P is an elliptic operator with C* coefficients on R"\ ¢, ¢ C R”" bounded,
00 smooth, then tr(U(¢) — Up(t)) has a full asymptotic expansion at t = 0 and when
O+ ¢, Example 5.2 of [18] gave a lower bound »"~'~*, any & > 0, for the number
of poles. In greater generality, assume that tr(U(¢) — Uy(¢)) has a regular asymptotic
expansion at ¢ = O:

tr(U(t) — Up(2)) Nc_,,(P)D;'_léo(t) + c_,,+1(P)|D,|"“250(Z)
+ootcoP)+ P+ . (4.2)

Lemma 5. If co(P) =0 and ¢ (P)+0 for some k > 0 in (4.2) then there exists
infinitely many scattering poles.

Proof. Since the non-vanishing of ¢;(P) clearly gives the existence of resonances
or eigenvalues we only need to check that there are infinitely many — there can
only be finitely many eigenvalues. Otherwise however the value at + = 0 would be
the number of 4,’s, and since ¢o(P) = 0 that is impossible. [
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In dimension three the now standard procedure of computing the wave/heat
coefficients using the Hadamard parametrix constructions gives

Lemma 6. If n is odd and P = A, + V then cy(P) =0 and if n =3 then

1 1 1
ai(P)=af (ﬁ(6|Ric|2 +37%) — ik EV2) dvol,, a#0

where Ric is the Ricci curvature tensor of g and t its scalar curvature.

Proof. We shall briefly outline the argument using heavily the notation from [1]
where the computation is done for 4, on a compact manifold. The computation
reduces to that case by compactification and continuity. In fact, we can approxi-
mate tr(U(¢) — Up(t)) by tr(Ur(t) — Up(¢)) using Lemma 3 and then can observe
that tr(Ur(t) — Uo(?)) is equal, for ¢ small, to the trace of a self adjoint reference
operator on a torus (see Sect. 5 of [18]). The assumption of the decay of coefficients
and the boundedness of their derivative give, by interpolation, exponential decay of
all derivatives. This is much stronger than the standard short range conditions (see
[14]) needed for the convergence of all the heat/wave coefficients. Thus we need
to study the operator P = 4,4+ V, V € C*(M), on a compact three dimensional
manifold, (M, g). From Sect. 28 of [1] we have

cos tvVP(x, y) = Couf (x, p)|t|0'(ZF* — 1)
1
= g1 G IOGT* = 1)

1
+ gzt o NIE =)+, (43)

where Xy denotes the distance between x and y, u satisfy a modification of trans-

port equations (9) in [1] giving a modification of (10) there:
_1
uy (%, y) = 072(x, ),
1
w1 (6, 9) = O3 (5,) [ O (1 )Mo + V(e )l (6 x) ds, (44)
0

where x; =exp,sv, x1 =y, O(x,y)= IdetyTexp_l o) exp,| and 4, denotes the
;

Laplacian applied in the second variable. We are interested in computing
flf‘! [ul% (x,x)dvol,. From (4.4) we obtain the expression of u in terms of u; = u)
0 :

| 1
up (6, p) = ui(x, ) + 072 (x, ) [V(x,) ds,
0
1 ! 1
uy (x,¥) = ur(x, ) + @7 2(x, y) [sO2 (x,x,)V (x; Ju1 (x,%; ) ds
0
1 1 1
+O072(x, y) [s072 (x,x, (42 + V(xy))
0

X (@—%(x,xs) fl 0(xy(s)) ds'> ds , (4.5)
0 .
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where xy(s) = exp, s'w, xi(s) = x,. When x = y we have x, =x and we only need to
check the value of Az(@”%(x,xs)foI V(xg(8))ds")|x,=x- Since O(x, y) — 1 vanishes

quadratically at x = y, we get (see (4.4)) u(x,x) + foi A,V (exp,(1 — s IW)|.=ds’,
where exp, w = x. In normal geodesic coordinates centered at z (identifying M
with 7.M) we have exp,(1 —s')w = (1 —s')(x —z) and 4, = — ) 031 mod O(x —
z)Diff2.  Writing  V(exp,(1 — )W) = V(z) + (1 —s")VV(z)(x —z) + (1 — s')?
(HessV (x — z),x — z)/2 + O(x — z)*, we obtain

AV (exp,(1 = 8 YW)|o=x = AV (x) = 2(1 = AV (x) + (1 — 'Y A4V (x) .

Returning to (4.5) we see that
v 1 2 1
uy (x,x) = uy + V(x)ui(x,x) + EV(X) + EAV(X) .

After the integration over M the last term disappears and Sect. 24 of [1] gives the
lemma. O

We can now prove Theorem of Sect. 1. For that we only need ¢;(P)=0 and that
is obvious from Lemma 6 if R = 0 and V' &0. Hence we only need to consider the
non-flat case. Since 7 = tr Ric, the Cauchy—Schwartz inequality shows, in dimension
three, 3|Ric|*> = t? with equality only if

Ric = (1/3)c1d . (4.6)

If this were true at every point of M, then by Theorem 1.97 of [2], the scalar
curvature 7 (and in fact by Proposition 1.20 there also the sectional one) would be
constant which is impossible here as t(x) — 0 as |x| — co and the metric is not
flat. Hence

1 1 1
ca(P)a> [ (7—212 - —6-VT + 5V2> dvol, . 4.7

Since 4(1/72)(1/2) = (1/6)* the expression on the right is positive semi-definite
and consequently we obtain the needed fact that ¢;(P)=0.

Remark. Since our result depends on the exact values of the constants in Lemma 6,
to gain the reader’s confidence, we will verify it for the case of the three sphere
(see also the comment after the Corollary in Sect.1). We put V =1/6 =1 so
that the eigenvalues of P = A+ V are (k + 1) with multiplicities (k + 1)?, k =
0,1,.... Hence trcostvA+V = %Znel n?e™ which near ¢ =0 is a multiple of
34(¢). Hence c¢;(P) =0 as putting ¥ = 1/6 and |Ric|> = 1?/3 (since in that case
(4.6) clearly holds) in Lemma 6 shows.
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