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Abstract: We study infinite volume limits and Gibbs states of disordered lattice sys-
tems with bounded and continuous potentials. Our main tools are a generalization
of relative entropy for random reference measures and a large deviation theory for
nonstationary independent processes. We find that many familiar results of invariant
potentials, such as large deviation theorems, variational principles, and equivalence
of ensembles, continue to hold for disordered models, with suitably modified state-
ments.
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1. Introduction

This paper studies disordered lattice systems, utilizing some recent large devia-
tion theory for nonstationary processes. Our three interrelated goals are to establish
infinite volume limit theorems, to describe Gibbs states by variational principles,
and to find the natural entropy functions for these models and study the role of
entropy in the limit theorems and variational principles.

Disordered lattice models are interacting spin systems on an integer lattice Z¢
whose interaction potential is not necessarily shift invariant. The loss of invariance
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is compensated by making the interaction @* dependent on an auxiliary parameter x,
called the quenched variable, in a way that respects the Z¢ action: % = p* o 0_;.
(Precise definitions follow in Sect. 2.) Thus the mathematical description of the
model involves two spaces with Z¢ actions, the space © of spin configurations
and the space X of quenched variables. Z¢ acts on by shifts or translations and
on X by some homeomorphisms we need not specify. In Sect. 2 we explain how
three familiar models, namely the random field Ising model, the 4,B;_ ,-model of a
quenched mixed magnetic crystal, and the Edwards—Anderson spin glass model, fit
into our framework. We refer the reader to [Z] for a general overview of disordered
models and for references to past work.

As usual in equilibrium statistical mechanics, our interest focuses on various
aspects of the thermodynamic equilibrium of the spins in the infinite volume limit.
The quenched variables do not participate in the thermodynamic equilibrium, but
they function as constraints of the equilibrium by specifying an “environment” for
the spins: The equilibrium of the spins takes place under a fixed quenched variable
x or under a fixed distribution 7 on X. This situation is called quenched disorder.

We study the setting from two points of view, called the skew model and the
sample model. The skew model lives on the product space £2 := Q x X and prob-
ability measures describing equilibria are joint distributions of spins and quenched
variables. The special role of the quenched variable is reflected in the marginal dis-
tribution on X: Either a point mass dy or a fixed distribution 7, while the spins are
either independent under an a priori measure or governed by a Gibbs distribution.
The sample model lives on the space (2, and is obtained from the skew model by
projecting all the relevant functions and measures to €. Stating results for the skew
and sample models separately may seem like an unnecessary duplication, but we
shall find that the large deviations and variational principles of the two models have
interestingly differing mathematical descriptions.

We restrict to absolutely summable interactions that are continuous functions of
the spin and the quenched variable. These are certainly not optimal assumptions for
many of our results. But with this restriction we can vary the distribution 7 of the
quenched variable freely over the space of a// invariant measures on X and treat the
thermodynamic quantities, pressure, entropy, and energy, as functions of 7. We also
get deterministic results for fixed quenched variables in addition to m-almost sure
results. And local specifications are well-defined for all configurations, so infinite
volume Gibbs states can be defined by DLR-equations. In contrast, other treatments
typically fix an i.i.d. distribution 7 on the quenched variables and prove results for
a.e. x. The advantage of this approach is that the interaction need not be uniformly
bounded, but only sufficiently integrable under 7. No doubt many of our results
continue to hold under such assumptions.

Next a brief overview of the contents. Section 2 describes the setting. Section 3
introduces a generalization of relative entropy suitable for handling situations where
the reference measure is random. This entropy function is useful for the large devia-
tion theory of nonstationary, independent processes, which we summarize in Sect. 3
for later use. In Sect. 4 we characterize Gibbs states of finite volume skew and
sample models in terms of variational principles, paving the way for the infinite
volume variational principles of Sect. 8.

Section 5 moves from finite to infinite volume considerations. We prove the
existence of the thermodynamic limit of the pressure. (The remark on p. 180 of
[Gr] is in order here, namely that pressure may have to be interpreted as free energy,
depending on the model. We follow [Is] and [Z] and call this quantity pressure.)
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The pressure is a function of the interaction and the quenched variable. Via the idea
of variables generic for a measure we can treat the pressure also as a function of the
distribution 7 of the quenched variable. Additionally, we prove the thermodynamic
limit for a function that formally assumes the role of energy in the finite volume
variational principle of the sample model. In Sect. 8 we see that this limit takes on
the role of specific energy in the infinite volume variational principle.

Section 6 defines various classes of measures and measurable families of mea-
sures on £2 and Q that satisfy DLR-equations and hence are Gibbs states of the
infinite volume models. Section 7 studies the large deviations of empirical measures
under conditioned skew Gibbs states and under sample Gibbs states. The rate func-
tions are expressed in terms of entropies relative to Gibbs kernels. In Sect. 8 we
show that infinite volume Gibbs states satisfy variational principles. Sections 9 and
10 apply the large deviation theory to derive equivalence of ensembles results. In
Sect. 9 we repeat the results of [La] for observables. In Sect. 10 we look at equiv-
alence of ensembles at the level of measures, seeking results that parallel those of
[DSZ] and [Ge2] for invariant potentials.

Throughout the paper we find that results familiar from the invariant theory
continue to hold for the skew model, often with only small changes. The sample
model picture is not as complete: Under large deviations and variational principles
our results cover the sample model as well as the skew model. However, since the
Hamiltonian is a function of both the spin and the quenched variable, it is not clear
what “conditioning on an energy surface” might mean in the sample model, hence
our equivalence of ensembles results are worked out in the skew model setting.

The obvious shortcoming of our results is that they are very general and soft-
analytic in nature. Explicit computations for interesting statistical mechanical models
are often much harder than general theorems, and it remains to be seen whether our
approach can say anything interesting about particular models. For some disorderd
mean-field models large deviation techniques can yield exact numerical results: In
[Se4] this approach is used to rigorously calculate critical exponents of a Curie-
Weiss version of the 4,B;_,-model. A mean-field model is more amenable to
large deviation techniques because its Hamiltonian is a function of the empirical
distribution (a “level 2” object in the Donsker—Varadhan large deviation theory)
whereas the Hamiltonian of a Gibbsian model with an interaction potential is a
function of the empirical field (a level 3 object), and level 2 rate functions are
much easier to calculate explicitly than level 3 rate functions.

The use of large deviation theory in the statistical mechanics of invariant poten-
tials has been well-established since the pioneering work of Lanford [La). Further
examples of this work and references can be found in [Coml, DSZ, E, FO,Ge2, Ol,
Str, and SZ]. An early use of large deviation theory to study spin glasses was made
in [HEC]. Their mean-field-type Hamiltonian can be formulated as a function of
order parameters to take advantage of the i.i.d. large deviation theory of the spins
under the a priori measure. But to develop large deviation techniques for spin glasses
that yield the same results as the tools for invariant statistical mechanics requires a
large deviation theory for nonstationary processes. Such results were first presented
in [Com2] for ii.d. quenched variables. The reader will find numerous physical
examples described in [Com2], whose assumptions of continuity and boundedness
of the interaction are the same as ours. The idea of generic variables appears in
[Le] in a proof of the thermodynamic limit of a random Ising model. A recent
related paper is [Z], which also lays down elements of a theoretical framework for
disordered lattice systems. With techniques completely different from ours it proves
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thermodynamic limits and variational principles for interactions that are unbounded
but integrable under the distribution of the quenched variable. In Sect. 8 we connect
our variational principle with that of [Z].

The emerging theory of Markov chains with random transitions (MCRT), also
called Markov chains in random environments, deserves to be pointed out to the
reader here, though we will not pursue this direction in the present paper. But there
is an obvious connection between MCRT’s and noninvariant interactions, just as
between time-homogeneous Markov chains and invariant potentials (for the latter,
see [Gel]). [Cogl-Cog3 and Or2] have studied MCRT’s and contain numerous
references to earlier work. A large deviation theory for MCRT’s is developed in
[Se3].

2. The Setting

Let Z¢ be the d-dimensional integer lattice, and Q := g1 a configuration space
with spins in a Polish space . Z? carries the ¢'-topology normed by [i| := |i;| +
+++ + |iy|. The shift maps 6; on Q are defined by (6i0); = 0iyj for i,j € Z? and
6 € Q. For finite A C Z4, write A CC Z%, and define finite volume configuration
spaces Q4 = %, A stands for the class of finite rectangles in Z¢.

The space X of quenched variables is another Polish space, equipped with a
continuous Z¢ action: there is a group of homeomorphisms {6; :i € Z} on X
satisfying 0; 0 0 = 0i44. Set & = x X, Q4= Q4 x X, and 2 = Q x X. The 77
action on 2 is given by 6;(g, x) = (6i0, 0;X). As a rule, boldface notation will
distinguish the skew model from the sample model.

The Borel fields of % and X are denoted by #» and %x, respectively. F , is
the g-field generated by the spins (o; : i € A), and F 4 := F 4 V Bx. Cp(2) denotes
the Banach space of bounded continuous functions on Q under the supremum norm
Il -+ |l. €4 is the subspace of & s-measurable functions in Cp(2). The class € of
local functions is the union of the ¥4 over A CC Z¢. Similarly on £ we have the
classes €, of & j-measurable Cp(£2)-functions and their union %. The uniform
closure 6 of € is a Banach subspace of Cp(£2). Note that while X may also be an
infinite product space, a é-function need not be local in the x-variable.

M (F) denotes the space of Borel probability measures on . Spaces of prob-
ability measures are always endowed with their weak topologies, generated by
bounded continuous functions. It is important to note that the weak topologies of
M 1(Q) and A ((82) are also generated by the classes € and €, respectively.

For each x € X, assume given a probability measure A* on % so that the

integral
()= [rdx

is a continuous function of x, for each f € Cp(¥). AX is interpreted as the a priori
measure of the spin at site 0, in the sample specified by the quenched variable x.
In view of the Z“ action, a natural way to extend AX to Q is

X(do) = ® Iday),
iczd

so the spins are independent under A* and the distribution of g; is o' . The a priori
measure on 2 is 4¥ := AX ® dx. Restrictions to finite volume configuration spaces
are denoted by
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0;x
P(doy) = ® 20" (doy)
ied

and A := A% ® dy. The continuity of the integrals ensures that these measures are
continuous functions of x in the weak topologies. We shall leave out the superscript
“x” to indicate that the quenched variable has been integrated out, as for example
in 4:= [ A*n(dx).

2.1. Definition. An absolutely summable, continuous, invariant interaction poten-
tial on R is a collection ® = {®,4: A CC Z} C € of bounded local functions

satisfying
(a) Each ®4 is &F 4-measurable.
(b) @ 00; = diyy for ACC Z? and i € Z°.
() [Pl == 3 [ Pall< oo
A4:A30

Let B denote the space of such objects ®@. B is a Banach space under the norm

[T 11

Let A CC Z¢. The Hamiltonian

HA = Z ¢A
A:ANAFD

is a function in €. G4 is the probability kernel from (£, F4c) into (2, F) that
acts on bounded Borel functions f on €2 by

1 _
fox(f) = 'Zﬁffe HAdl)/;@éﬂAc,
A 2

with the partition function

5% = !{e_HA dA ® g ,c -

It is clear from the formula that Gf{x is a continuous measure-valued function of
(0 4¢c, X). It acts as a continuous map on probability measures Q € .#(£2) by the

rule
(GAO)f) = [GS*(f)O(da, dx) .
Q
A Hamiltonian without an external condition o, is defined by
HAO = Z Dy,
A:ACA

with the corresponding probability kernels

dG%%= Loz
zZx

GY : x — GY%* is a continuous map from X into .#,(£2).
The sample model is obtained by considering x-sections of functions f on £,
defined by f*(o) := f(o, X). Thus each @ € B and x € X give a potential

* = {d%:4CCZ)
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on Q, no longer necessarily invariant. The Hamiltonians are A% and HY*. The
partition functions are the same as for the skew model, and the probability kernels
G%¥, 6 € QU {0}, are the Q-marginals of the corresponding skew kernels G%*.
Note that x remains constant when the kernels of the sample model act on measures:

(Gam(f) = g G7H(Hu(do)

for u € #,(2) and bounded Borel functions f on Q.
The contribution of the spin at site 0 is measured by

P
9= 3

: (2.2)
4:A30 lA'

The assumption |||@||| < oo guarantees that ¢ € %. Throughout the paper, we take
infinite volume limits along the fixed sequence of cubes

Vy:=[-nnfnz.

To simplify the notation, the subscript ¥, is replaced by n, as in H, = Hy,.

Invariance and ergodicity under the Z¢ action on X play a major role in our
development. Write .#(X) for the space of invariant Borel probabilities on X.
Call a quenched variable x generic for =, if = € .#;(X) and

lim dpx =
n—0o0 ]V | lEEVn i
in the weak topology of .#(X). It follows that n € .#o(X). Say x is generic if
the above holds for some (unspecified) n. By the ergodic theorem,
n{x : X is generic} = 1

for all m € M o(X). In particular, = € #o(X) is ergodic if and only if

n{x : x is generic for n} =1.

When working with a fixed n € .#,(X), we write .#7(82) for the set of probability
measures on £ with X-marginal n. .#%(2) := .47(2) N .Me(82) is the subclass
of invariant probability measures.

Empirical measures are defined as follows: The empirical distributions are

L,(o)= > 05 and L,(o,x)= Z J(ay, 03%)
IV | i€Vy IV | i€
for the sample and skew models, respectively. The empirical fields are

59 and R,(0,x)= 9i(o, x) .
71 5, e 7 5 oo

The results of this paper rest on a Donsker—Varadhan type large deviation the-
ory for independent but nonstationary random fields. To remind the reader, here is
the conventional form of the large deviation principle (see [DS] or [V]): Suppose

Ry(0) =
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¢, are random variables with values in a Polish space %. We say that the distri-
butions P{¢, € -} on % satisfy a large deviation principle with rate I if these two
requirements are met:

(a) I is a lower semicontinuous function from % into [0, co] with compact
sublevel sets {I < ¢} for all real c.

(b) For Borel subsets 4 of %,

. o 1
— 1/510f[ < hﬂlogf |—VT|log P{¢&, € 4}
. 1 .
< lim sup —log P{¢{, € A} < —inf[,
n—oo |Vl i

where A° and 4 are the interior and the closure of A, respectively.

In our applications ¢, will be an empirical measure and % the appropriate space of
probability measures.

We conclude this section by describing how three familiar disordered models fit
the setting described here. We give only the simplest versions of the models with
spins that take values in the space & = {—1, +1}, as generalizations are easy to
write down.

2.3. Example. The random field Ising model (RFIM) with nearest-neighbor inter-
actions can be given in terms of the Hamiltonian

HYYo)=—-J 3 aigj— Y hio; (24)
{i,jyc4 ieA
lijl=1

together with the a priori measure

1 1o\®
€: <§5_1 + 55.“) . (25)
The disordered magnetic field variables make up the quenched variable x= (4; :
i € Z%). However, requirement (c) of Definition 2.1 of an interaction would force
us to bound the 4; uniformly. The way around this requirement is to subsume the
disorder into the a priori measure. Thus we shall describe the RFIM by taking

1
X_ (e ho
2 p T (e7"6_1 +e"0d,,) (2.6)
and superimposing on A* an ordinary Ising Hamiltonian, namely the first term of
(2.4). See [AW] and [BK] for recent rigorous work on this model.

2.7. Example. The A4,B|_,-model describes the situation where 2 different types
of atoms, A and B, interact on the lattice. The quenched variable x = (x; : i € Z¢)
comes from setting x; = 1 or 0 according to whether site i is occupied by an A- or

a B-atom. The measure 7 on X = {0, I}Zd describes the random mechanism that
determines the occupations x;. This situation is often called site disorder. The point
is that the model can simultaneously contain opposing types of magnetic ordering,
ferromagnetic and antiferromagnetic, depending on the choices of the coupling con-
stants J,4, Jgp, and Jp for the three different possible pairs (we are again restricting
to nearest-neighbor interactions). The Hamiltonian is given by
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HyXo)= 3 oioilJaaxiX; + Jps(1 — x;)(1 — x) + Lap(xi(1 — %)) + xi(1 — x;))]
{i.i}ca
[i=ji=1

and the a priori measure is that of (2.5). See [Ah] for physical background.

2.8. Example. The Edwards—Anderson spin glass model (EA) is an Ising model
with random coupling constants. Its Hamiltonian is

HyX(o)= 3 J§ 00 (29)
{iL.j}c4
li-jl <R
For the sake of illustration, we allow a general finite range of interaction R = 1.
Let
D:={icZ:i>0li| <R},

where > on Z“ denotes strict lexicographic ordering. To adhere to our bounded-
ness requirement 2.1(c), we need to pick a number K > 0 that gives the maxi-

mum coupling strength, J{"iyj} < K.Let E:=[-K K]? and X := E% A quenched

variable x € X is a doubly indexed configuration x = (X k+i : k € Z%, i € D) with
-K < Xk, k+i < K. Z? acts on X by (Hjx)k, k-+i = Xk+j, k+i+j- Set

xpj ifjei+ D
J?i,j} =9 Xji ifiej+ D
0

otherwise .
Exactly one of the cases happens for each 2-point set {i, j}; this was the point of
requiring that D be lexicographically strictly above 0. On the other hand, whenever
0 < |Ji—j] £ R, then either je i+ D or i € j+ D. The desired Hamiltonian (2.9)
is got by defining the interaction potential as

Jﬁ,j}aiaj if 4= {i, ]}

Pa(o, X) = {0 if 4]+ 2.

This arrangement allows nonstationary correlations among some coupling constants:
The law of the variable xx = (Xx k+i)iep can be any probability measure on E, while
the E-valued process (Xk )iz« has to be stationary with law 7. This formulation is
general enough to contain Example 2.7 as a special case.

For general background on the physics of spin-glasses and this model in partic-
ular, we refer the reader to [FH].

2.10. Non-Example. The Sherrington—Kirkpatrick spin glass model, with the
Hamiltonian

1
H,(0)=— J; i0i0;
(@) \/Zlgzgjgn S

and i.i.d. coupling constants (J; ;)i <i<j<co, does not fit our setting:
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3. Entropy

Recall the entropy of a probability measure « relative to another probability measure
p defined by
do dao :
H(alp) = {p (7;3 log d—p) ife << p, (3.1)
00 otherwise .

The relative entropy functional is at the heart of the link between large deviation
theory and equilibrium statistical mechanics: In large deviations, H(:|p) is the rate
function in Sanov’s theorem for i.i.d. random variables with common law p [DS,
Theorem 3.2.17], and in statistical mechanics —H (a|p) is the entropy of « as a state
of a system with a priori measure p [Is, p. 38]. An alternative variational formula
for the entropy is

H(alp) = sup {o(f)—logp(e/)}. (32)
fECKY)

Now suppose that the probability p relative to which entropy is measured
in (3.1) is replaced by a random probability measure. To be precise, let 4, de-
note the .# (¥ )-valued random variable x — A%, defined on the probability space
(X, #x, n). Then (3.2) generalizes naturally in the following fashion:

H(a|h, n) = sup {a(f) — [log 2X(e yn(dx)} . (3.3)
SECKT)

Facts about this entropy (proofs can be found in [Sel] and [Se2]):

(3.a) Ifl(oc|/1;, 7) = 0, with equality if and only if & = 4, := [ A¥n(dx), the ex-
pectation of the random measure A} under n. The inequality H (a]d,, ) = H(xlAo)
holds for all & € #,(%), with equality for all « € .#,(%) if and only if 1} = 4, -
a.s.

(3.b) If x is generic for 7, the distributions A*{L, € -} on .# (%) satisfy a large
deviation principle with the convex rate S™(«o) := H («|4,, m). The new notation S™
is introduced to reserve the notation H for the general object defined in (3.3), for
we will encounter Fl—entropies relative to four different random measures: the a
priori measures and the Gibbs measures of both the sample and the skew model.

(3.c) In the skew model, the distributions A*{L, € -} on .#(¥) satisfy a
large deviation principle with the rate function S™(v):= I?(vll;, n) defined for
veE Mi(F). In the skew model we have the representation

SORS

AX)n(dx) = H(v|4,) if the marginalvx = = (3.4)
otherwise . '

Here v* is a conditional distribution of v on %, given x € X, 4, := f Ayn(dx), and
we used the conditional entropy formula [DS, Lemma 4.4.7]. A contraction principle
connects the skew and sample model:

S™(a) = inf S"(v) = i;}f Hl|4,) . (3.5)
vg=a vy =

V=1
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Next we look at these entropies on configuration spaces. Suppose p and y are
invariant probability measures on 2. Write pu, for the restriction to %, with the
convention u,= uy,. Specific relative entropy is defined by

1
h(uly) = lim WH(unlvn) (3.6)

whenever the limit exists. As is well-known, if y is hypermixing or a Gibbs measure
for an absolutely summable invariant potential, then A(u|y) exists for all p € 4 o(Q2)
and governs the large deviations of R, under y, see for example [DSZ] and [Ge2].
Suppose now that 7 is invariant and, as above, u € .# (). By Theorem 3.19
in [Se2] the limit
1

/l;(,u]/l', n) = lim t—V—|fAI(u,,|/1,'l, ) (3.7)

exists and satisfies .
h(ulA", 7) = sup —H(ual i, 7). (38)

sez ]

It is perhaps worthwhile to point out that (3.7)—(3.8) follow from the independence
built into A%, so no restrictions on © are needed, except for invariance. Furthermore
(proofs again in [Sel] and [Se2]):

(3.d) Suppose x is generic for . Then the distributions A*{R, € -} on .#(Q)
satisfy a large deviation principle with the convex rate function

() = {Z(uli', n) if u€ Mo(Q),
o] otherwise .

s™(u) =0 if and only if u =1 := [ A*n(dx). In case 7 is ergodic, s is affine on
Mo(Q).
(3.e) Analogous results hold for the skew model: The convex rate function

§(0) = {Z(Qu', 7)) if Q€. Mo(2),
o0

otherwise

governs the large deviations of A*{R, € -} on .#(82). For Q € # (), let O, be
its restriction to &,. The entropy

1
h(O14) = lim = H(Qulhn) (3.9)
exists for Q € .4 g(£2), and we have
§(Q) = {h(QM) if Qe My(R2), (3.10)
00 otherwise .

s™ is affine on .#5(£2), and on all of .#e(£2) in case 7 is ergodic [Sel, Theorem
3.4 and Remark 3.8]. Contraction is again in force:

s"(u) = inf s™(Q). (3.11)
Qo=u

In the typical case X is a product space with Z¢ action by translations and
J¥ = ¥ depends only on the x¢-coordinate. Then h(Q|4) in (3.10) can be replaced
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by the ordinary specific entropy A(Q|4) (To justify this take U = {0} in Theorem
3.4 of [Sel]). The difference between h(Q|4) and A(Q|4) is that in (3.9) each finite
volume entropy involves all x-coordinates, because &, contains %y, whereas in
(3.6) only those in the box V.

The difference between the skew and sample models alluded to in the introduc-
tion is evident here: As (3.4) and (3.10) show, the familiar relative entropy rates
govern large deviations under the skew a priori measure, but for the sample model
the new entropy H does not reduce to the old one.

Neither (3.3) nor (3.5) is very useful for computing the entropy ﬁ(a]ig,n)
unless an obvious maximizing f or minimizing v suggests itself. A special case
where this happens is when a “generalized derivative” exists: Say a nonnegative
Borel function { on % is a generalized derivative of o if

lx
o) = | 2L

n(dx) (3.12)

for all bounded Borel functions g.

3.13. Lemma. If ) is a generalized derivative for o in the above sense, then

PPN G 4 )
H(o|A,, m) = [ X (/1’0‘(‘#) log =) n(dx) . (3.14)
Note that y is not necessarily unique, but the function ¥(s,x) := Y(s)/AX(Y) is
A,-a.s. unique. In case the measures A% are sufficiently close to each other over n-
a.e. X, we can strengthen this lemma to give the entropy H (a|4,, ) an expression
analogous to (3.1), with the Radon—-Nikodym derivative duo/dp replaced by the
generalized derivative. As for the degree of closeness among the A¥ required, the
following result is sufficient for the three models presented as examples. This can
be regarded as a correction to [Se2], where the conclusion of Lemma 3.15 was
erroneously believed to always hold.

3.15. Lemma. Assume that A* < )3 for n ® mn-a.e. pair (x,y) and that

i
I logﬁ llz00 23y m(@X)m(dy) < o0 . (3.16)

Then for all o € #(9), either o has a generalized derivative  and H (x|, ™)
is given by (3.14) or H(a|4,, 1) = oo.

Before proving Lemmas 3.13 and 3.15, let us look at the entropies of the three
examples 2.3,2.7, and 2.8:

3.17. Example. In the 4,B8,_, and EA models the disorder is confined to the
Hamiltonian, and consequently both the sample and skew model entropies are equal
to familiar specific relative entropies: Let { be the fair coin-tossing measure of (2.5).

Then s™(u) = h(p|{) and s"(Q) = W(Q|{ ® ).

3.18. Example. The RFIM offers a chance to illustrate the computation of the gen-

. o . . d .
eralized derivative and entropy. Suppose 7 is an i.i.d. measure on R? and its
marginal 7, on R is symmetric and nondegenerate. Then A is the coin-tossing
measure {. For —1 < m < 1, let o, := I_T”'é_l + HT”’ciH be the unique probabil-

ity measure on ¥ = {—1,+1} with expected spin m, and let p, := ocf,?ld be the
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corresponding i.i.d. measure on €. Then s"(u,) = S™(a,), and to compute this we
look for the generalized derivative ¥, of a, in the form y,(s) = e® for some
number c¢. Define a function m(c) by

/13 ses ec+h _ e—c—h
m(c) = f lif(ecs))no(dh) = fmno(dh) .
The measure A was defined in (2.6). m(c0) = —m(—c0) = 1 and m’(c) > 0 for all

¢, hence a well-defined inverse ¢ = ¢(m) exists for —1 < m < 1. As probability
measures on . are uniquely determined by expectations, Y, (s) = e, A final
thing to notice is that

m(c) = % [log(e™ + e~ "My, (dh) .
Now we can compute, from (3.14), that
S™(0) = mc(m) — [log(e™ + e, (dh) + [log(e" + e "mo(dh)

=mc(m) — jm(b)db
0

:de)dp

We used the identity m(0) = 0 = ¢(0) (from the symmetry of n,) and did an inte-
gration by parts for the last equality.

In this example s™(yn) > A(un|d) for all m=% — 1,0,1, so the new entropy dif-
fers from specific relative entropy. (This is easiest to check by first computing
h(um|A) = %[(1 —m)log(1 —m)+ (1 +m)log(l + m)] and then Taylor expanding
to see that s™(uy,) > A(un|4) holds for small m; it follows for all m from convexity
and the inequality s™(p,) = h(pn|4) that is always valid.)

Proof of Lemma 3.13. Set v(ds,dx) := Y(s)/Ax(¥)A.(ds,dx). The goal is to com-
pare the right-hand side of (3.3) with H(v|4,) which equals the right-hand side of
(3.14). We shall begin by proving ﬁ(all{,,n) > H(v|4,). Let yyp, = Y A b for b large
but finite. The hypothesis of the lemma implies that 0 < AX(yp) = AX(Y) < oo for
m-a.a. X. Let log™ x = log(x V 1) and log~x = —log(x A 1).

. Yis) . Yu(s)+e 1
Claim 1. For all b,S > O, we have 0 é i’;([ﬁ) lOg m é E
Make these observations: .
() If0§x§yandy>0,then£ gx °.
y y+e
(i) If Y(s)+yu(s), then Y(s) > Yp(s) = b = AX(Yp) and hence log_)f((;j))
‘ XY
— Ui(s)
=0=log ——= .
® 25

W(s) W)
W) =% By

(iii) The function log™ is decreasing, hence log™

Now the following steps prove Claim 1:
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wis) o Y(s) ¢ Yis) . (s) _ W(s) . Y(s)

1 = 1 = 1
2 T te = B E ) AW E B
W) | s ]

) mW) T e

0=

lIA

. T - v + Ypte v + ¥
clain 2. v it i (5 s 2005 ) 2 0 (55508 765) -
Us(s) +& Wp(s) + ¢
BT = B e

. Y + Yrte ) ( Y + W )
lim 4, lo - = o | 7= log" =
= (z;(w) ® T te 2% T
holds by monotone convegence. Claim 2 follows as 5 /" oo by Fatou’s lemma.

The definition (3.3) remains unchanged if the supremum is taken over bounded
Borel functions. Thus for all positive b and ¢,

Fix b. Whenever Y,(s) = A3(Yp) and & < ¢, then

Thus

H(al2,, 1) = a(log(ys + &) — [ log 2X(Yy + &)n(dx)

4 v U te ) ( 1 ~ W te >
=l | - log" — -4 —lo - .
(/to(lﬂ) & Tl te L) % LW +e
Claim 1 implies that the second term above is finite and justifies splitting the inte-
gral in the above fashion. Secondly, again by Claim 1, the dominated convergence

theorem applies to the second term as we let first ¢ \, 0 and then b " co. Applying
Claim 2 to the first term we get

o Voo ) ( o >

H(alA, 2| —— — A 1

(@l m) 2 (A;(w“’g =0 ) 8 T
— H(|A,) .

To prove the opposite inequality H («]A,,m) < H(v|A,), we may assume that

(Y y
oo > H(v|dy) = [4} <}tj§(l[/) log )»Z,‘(t//)) n(dx) ,
from which it follows that 2X(Ylogy) < oo m-as. Let f € Cp(&) be arbitrary, and
write
AX
A f) — [log iX(e n(dx) = [ {"T(({//—!l,)) — log 2X(e’ )} n(dx) .

For almost every x, the integrand equals

L) AGlogy)  A5(Ylogy) X f

— —log 4
PO ) BT B
_ AL — oY) 0 xery 4 Lol log¥)

AsW) W)
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(el) A5 (Y log )
) ()

% 4 )
=1 lo .
<Az;<w> 7w
This completes the proof of Lemma 3.13. [

< log — log 2X(e’) +

Before we turn to the proof of Lemma 3.15, an auxiliary fact about entropy-
minimizing measures:

3.19. Lemma. Suppose p and v are probability measures on some measurable
space X, C is a convex set of probability measures, v € C, and H(v|u) < H(p|n)
for all pe C. Then p < v for all p € C such that H(p|p) < oc.

Proof. Write ¢(x) = x logx for short. Suppose p € C is such that H(p|u) < oo but
p < v fails. Let 4 be a measurable set such that p(4) > 0 =v(4). For 0 <t < 1
set v, = (1 — t)v + tp. In the next calculation, note that dv/du =0 on 4, use the
convexity of ¢ and rearrange:

HOwlw) = [ ((1 - r)j—; n r—Z—E) du

dp dp dv dp
< {t@logc‘@) d,u+(1—t)Aqu’)<a>d/x+tAfc¢(ﬁ>du
= (1 —H(|p)+t [H(p|w) + p(4)logt] .

For small enough # H(p|p) + p(A)logt < 0 and so H(v/|u) < H(v|u), contradict-
ing the choice of v as v, € C by convexity. [

Proof of Lemma 3.15. In view of Lemma 3.13, we only need to show that « has a
generalized derivative y whenever H (2|4,,m) < oo. Let v be the unique minimizer
in (3.5), which exists by the compactness of the sublevel sets and strict convexity
of H(-|4,). Let ¢ = da/dA, which exists by (3.a). The proof of Lemma 3.15 is
divided into four steps.

Step 1. H(a ® mt|4,) < oo.

This follows from the hypotheses of the lemma. Let v(ds,dx) = v¥(ds)n(dx)
be a decomposition of v into conditional distributions on & given X, so that « =
Jv*n(dx). By the conditional entropy formula and convexity,

H(@®ld,) = [H(|2)n(dy) < [ [HOX|)n(dx)n(dy) .

Note first that H(v|4,) < oo implies that H(v¥|A}¥) < oo for a.e. X, secondly that, by
assumption, 12X < 43 for a.e. x and y. Thus v* < AX < A3 and log dv¥/d ¥ € L'(v¥),
for a.e. X and y. And we can write

dv¥ dv¥ dix
HW|A) =V <log d_%) =" <1ogg% + log dl;>
0 0 0
day
d/{(})’ ||L°°(Z§) :

< H(Y45) + || log

Integrate against n(dx)n(dy) to get
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dix
H(a®74o) = HOo) + [ [ll1og =y llpoo i) n(d%) n(dy)

and apply (3.16). Step 1 is completed.

Step 2. a ® m~v. Lemma 3.19 and Step 1 imply o« ® = < v. On the other hand,
the hypothesis implies A* ~ 1, for a.e. X, so integrating x out gives 4, ~ 4, @ 7. v
is supported by the set {¢p > 0} x X, and on this set v< 4, ~ L, @ T ~a® 7.

Step 3. There are measurable functions 0 < a(s),b(x) < oo and a Borel subset W
d
of & such that ~ A" (5,%) = a(s) (X)L (s, X).
0
Let F(s,x) = logdv/dA.(s,x) , an element of L'(v). We borrow an argument
from Csiszar [Cs]. Let ¥ be the linear subspace of L'(v) of functions of the form
g(s) + h(x). Suppose [ € L°*°(v) is such that v(fG) =0 for all G € V. In other
words,

v(f) = [f(5,x)g(s) v(ds,dx) = [ f(s,x)h(x)v(ds,dx) =0

for all g and A, hence dv, = (1 +¢f)dv defines a probability measure v, with
marginals o and 7, for all ¢ small enough. Since ¢ = 0 minimizes H(v.|4,), cal-
culus forces v(fF) = 0. Since f was arbitrary, F must lie in the closure of ¥ in
L'(v). It follows that there are measurable functions g,(s) and h,(x) such that
gn(s) + h,(x) — F(s,x) v-a.s., hence by Step 2 also o ® m-a.s. By Lemma 2.3
of [DV], there are finite measurable functions u(s) and v(x) such that F(s,x) =
u(s) + v(x) a ® m-a.s., and thus v-a.s. (Lemma 2.3 in [DV] is stated for a measure
of the type 4 ® 4, but the proof is easily seen to work for any product measure
a® m.) Take a(s) = ¢“®) and b(x) = "™ to have dv/dA, =a ® b v-as., and then
let W = {dv/di, > 0}.

Step 4. There is a nonnegative measurable function (s) such that ad%—(s,x) =
(s)
As(h)

Put Y(s) = a(s)1{4~0y(s). Then for bounded Borel functions f on &,

Jr ®blda, = [ fliysoyxxla @ bllwdi, + [ f1ig501xxla ® bllwedA,
= ff1{¢>o}><x dv+ ff[a®b]1WCn{¢>0}><X di, .

Since v({¢ > 0} x X) = 1, the above line equals v(f) if ,(W N {¢p > 0} x X) =
0. But this is equivalent to 4, ® z(W° N {¢ > 0} x X) = 0, which in turn is equiv-
alent to o ® (W) = 0 (see the proof of Step 2), and by Step 2 this follows from
v(W€) = 0. Thus dv/dA, = ® b. For Borel subsets B of X,

(B)=v(¥ X B) = ffl,b@ bdi, = f/lj,‘(lp)b(x)n(dx) s
S X B B

hence b(x) = AX(Y)~!, m-a.s. It is clear that i is a generalized derivative of o, and
so this completes the proof of Lemma 3.15. [
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4. The Finite Volume Model

Fix A CC Z¢ and n € .#,(X). For each x € X, the equilibrium state G(/)l’x on 4
defined by
_Hﬁ‘x
0x e
dG* = -?‘-a?/l’/‘1

is the unique probability measure that satisfies the variational principle [Is, p. 46]:

1 0,x X _ 0x
165,}7}11‘("QA){O((HA )+H(a|/1/1)} = —logZ,

= GO HY) + H(GT L) . (4.1)

In this section we identify the energy and entropy functions that permit this vari-
ational principle to hold for the skew and sample model, while averaging over
quenched variables. For probability measures g on £2,4, the energy in g is defined
by

U(g) = Ua(q) = q(H}) , (42)
and we set R
S(q) = Sj(q) == H(qlAy,m) . (4.3)
The skew equilibrium state is the probability measure v on £2,4 defined by
W(do 4,dx) = G (do ) n(dx) . (4.4)
Let 0
o = % = [log Z;*n(dx) (4.5)

be the averaged finite volume pressure.

4.6. Theorem. For all probability measures q=+v on 2,4, we have
U(g) +S(gq) > —p =U() +S(v) .
Proof. By convex duality and (3.3) applied to S7,

—p = in ){U(q)+S(q)}-

f
qE#1(2,

Integrate (4.1) against n(dx) and use (3.4) to get —gp = U(v) + S(v). Let g be
an arbitrary measure such that —gp = U(q) + S(q). Then S(g) < oo, so by (3.4)
gx = m and

—[log ZP*n(dx) = [[g*(HY*) + H(g"|2X)] n(dx) .

By the first equality of (4.1), the integrands on the left and right must coincide
m-a.s., and so by the uniqueness in (4.1) g* = Gg’xn-a.s. Hence g =v. O

Next we find the form that Theorem 4.6 takes in the sample model. For a
probability measure o on /4, set

S(ot) = §T(ar) := H(a

AT . (4.7)

For o such that S(x) < oo, define the quantity U(x) = UJ(«) by the equation
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U(o) +5(2) = inf {U(9) +S(9)} - (4.8)
A

Let y:=vo, be the Q,-marginal of v. The next statement is immediate from
Theorem 4.6.

4.9. Corollary. For all probability measures a=+y on Qy,
Ua) +8(a) > —p = U() + S(7) .

At this point the quantity U(a) is purely an ad hoc construction designed to
reproduce the finite volume variational principle in the sample model. It gains some
mathematical legitimacy once we see in Sect. 5 and 8 that it has a well-defined
infinite volume limit that occupies the natural role in the infinite volume variational
principle. From (3.5) it is immediate that U(a) = oc(Hﬁ) whenever the Hamiltonian

Hg’x is independent of the quenched variable x. Thus U is a generalization of the
energy function of statistical mechanics without disorder.

U(a) has an alternative expression as the difference of two convex duals of
pressure-type functionals. For bounded continuous functions f on 2,4, set

P(f) = [log Zi(e! 1" ) n(dx),
its convex dual on measures defined by

P@)i= sup {a(f)~P()} .

FeCp(R4)
4.10. Lemma. U(a) = P*(a) — S(a) whenever S(a) < oo.

Proof. Extend P to functions g € Cp(£2,) by defining

I(g) == [ log A%(e* 1) m(dx) .

The arguments used in the proof of Lemma 5.25 below can be used to see
that IT is weakly lower semicontinuous and convex, IT = IT**, and that, for
n € Cp(2,)*,IT"(n) < oo only if # is given by a probability measure on 2, with
X-marginal 7. Let
F(a):= inf IT*(q)
90, =2

for measures o on ,; it is finite only for probability measures. From

q(g9) < logia(e?) + |HYl| + IT*(q)

valid for all g, we see that the sets {II* < ¢} are compact. Thus F is convex and
lower semicontinuous and consequently F' = F**. For f € Cp(Q2,),

P(f)=1()=0"(f)= sup {qo,(/)—1T"(9)}

q€.41(R4)
= sup {a(f)—F(a)}
aC. M1 (4)
=F*(f).

Then, for o € M (24),
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P*(a) = F**(¢) = F(a) = inf sup  {q(9) — I1(9)}
924=%  geCy(y)

= inf sup  {q(g) — [log A4(e?) m(dx) + q(H})}
9Q4=%  geCy(y)

= inf_{S(q)+Ug)}
=U(x)+ S(o). O

The measures v and y also minimize entropy under an energy constraint. For
the skew model it is clear from Theorem 4.6 that if U(v) = ¢, then ¢ = v is the
unique minimizer of S(g) subject to U(g) = ¢. The same holds also for the sample
model:

4.11. Proposition. Let ¢ be real and suppose that U(y) =c. Then a =17y is the
unique minimizer of S(a) subject to U(a) = c.

Proof. Suppose that U(a) =c and S(x) < S(y) for some o € #(224). By the
lower semicontinuity and compact level sets of the function U+S on .#,(£2,),

there is a ¢ with g, = o that realizes the infimum on the right-hand side of (4.8).
Then

U(@)+S(g)=c+S(a) £ c+S()=U()+SH) .
By Theorem 4.6 ¢ = v, and consequently . =y. O

Let us compare v and y with the equilibrium state u under annealed disorder
where the quenched variable x participates in the thermal equilibrium. The a priori
measure is now 4, := f A% m(dx), the partition function is

78 = [ e7Hi diy = [ Z%n(dx),
Q, X

and the equilibrium measure on £2,4, as given by the usual Gibbs prescription, is

1 0
du:= “Hidi, .
2 ZAe A

To read off the effect of annealed disorder, let us rewrite this as

—H% (s 0 0

e Hy(04) Vi ox Zx

w(do 4,dx) = —O,—xlﬁ(da,l)—z—o—n(dx) =G, (doy) 70 n(dx) .
Zy A A

Thus when we restrict to that part of the space £2, where x is fixed, the equi-
librium of the spins g, under u is still given by G?{x. Mathematically speaking,
GOA’x is the conditional distribution of p on Q,4, given x. But the probabilities of
quenched variables change from the a priori distribution n(dx) to the equilibrium
distribution Zﬂ’x/Zgn(dx). In the annealed equilibrium the spins do not obey the
sample equilibrium state y = [G%*n(dx) but another mixture of the kernels Gﬂ”‘,
namely
ZO,x
o, = [GY ~o(dx)
A
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5. Thermodynamic Limits

Let n € #o(X). From the development in Sect. 3 we have the infinite volume

entropies s™(§) = h(,uM n) for the sample model and s™(Q) = h(QM n) for the
skew model that satisfy

7 o L n _
and
$(0) = lim -S(0,) = sup 4 SH(O) (52)

for all invariant measures u € # o(2) and Q € .#(£2). This section presents the
infinite volume limits of the other two central quantities, namely energy and pres-
sure. For the energy of the skew model this involves nothing but invariance:

5.3. Lemma. Let Q € M o(82). Then
w(Q) = lim - |U A(0n)

exists and satisfies u(Q) = Q(@). In particular, w(Q) is a continuous function of Q.

The “energy” U} of the sample model was defined somewhat indirectly in terms
of convex duals, hence it is not as evident that it should behave well under the
thermodynamic limit. We have the following result:

5.4. Proposition. Let n € M o(X). For pu e M o(2) such that s*(u) < oo, the
thermodynamic limit

W) = lim '—V1n-|U:<un)
exists and satisfies
u'(p) + ") = Qiélju {u(Q)+s"(0)} . (5.3)

This defines a Borel function u™ on the nonempty convex subset {s" < oo} of
M o(2), with [u™(1)| £ el If © is ergodic, then u™ is affine.

The thermodynamic limit of the pressure, as a nonrandom a.s. limit typically
under i.i.d. quenched variables, has been proved many times over for disordered
models. Our point of view is a little different: We do not work with a fixed dis-
tribution on the quenched variables, but we show that the infinite volume pressure
#* is a well-defined function on the set of all generic quenched variables, and that
X is naturally related to an infinite volume pressure @” defined as a function on
invariant distributions 7.

5.6. Theorem.
(1) For each generic variable X there is an infinite volume pressure * such that
X — @* is a bounded Borel function and

lim sup |p* — logZ7*| =0. (5.7)

n—00 ;g [V |
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(ii) For each invariant probability distribution © on X there is an infinite volume
pressure 9 such that n— " is an upper semicontinuous bounded affine function
on Mo(X), and

lim sup |[p" — 12 !flogZ”n(dx)| =0. (5.8)

=0 geQ
(ii1) The functions p* and @™ are connected by

p" = [p*n(dx), (5.9)

valid for all 1 € M o(X), and p* = p™ whenever X is generic for . In variational
terms,

—p" = {u(Q) +s7(Q)} = {u" () +s" (W)} - (5.10)

QE// (2) /i (Q)

Quenched randomness refers to the situation where thermal averages are taken
under a fixed quenched variable x. From this perspective, the interesting measures
on X are those that can be realized as a limit of averages |V,|™'Y,c, dox for
some X, in other words those that have generic quenched variables. As remarked
earlier, all ergodic measures belong to this class, but there can be other measures

too, depending on X and the Z¢ action on it. If X is a configuration space X = EZ
and Z? acts by shifts, then every invariant measure on X has a generic quenched
variable by Lemma 3.1 in [Sel].

Suppose 7 € # (X) has a generic quenched variable x but is not ergodic, and
n = [v w(dv) is its ergodic decomposition. Theorem 5.6 tells us that

1
log Z%* . (5.11)
[Vl
The interesting point is that the quenched variables generic for nonergodic measures
are atypical in the sense that

Jp'w(dv) = p" = p* = lim

v{x : X is generic for a nonergodic measure} =0

for any v € 4 (X), but nevertheless such a quenched variable yields the correct
limit in (5.11).

Write @”™(®) to indicate the dependence of the pressure on the interaction
@. The familiar result about pressure-bounded linear functionals on interactions
[Is, Theorem II.1.2] now takes the following form:

5.12. Proposition. Let n € M# o(X) and & € B*. Suppose there exists a constant
C such that

“P) < p™(P)+C (5.13)

for all ® € B. Then there is a unique Q € Mg(2) such that (D) = —Q(¢) for
all @ € B, where ¢ is associated to @ as in (2 2).

The rest of this section is devoted to the proofs. For readers familiar with the use
of large deviation theory it perhaps suffices to say that Theorem 5.6 follows from the
large deviation principle stated in (3.¢) and some convex analysis. Proposition 5.12
is proved as in [Is] with a few additional technicalities.
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Proof of Lemma 5.3. Note first that for any 4 C A CC Z¢,

| HS — Hy || < can (5.14)
and
| HY =3 @obi||< 2can, (5.15)
iea
with
can = Al g) @all + [[|@]||-{i € A:i+ 4 ¢ A}]. (5.16)
AZ A

By Q’s invariance, (4.2), and (5.15),

0(0) = ORyp) = U@ + 0 7) (517)
IV | [Vl
for any » < n. Now let first » — oo and then » — oo and note that

lim lim 2% =0. O
r"?OOn'_"OO‘ "]

Proof of Proposition 5.4. For Q € /M e(82), set

f(Q) := w(Q) +57(Q) = lim —=[Un(Q,) +S;(Qn)] -

1V I
For o € M 1(£2,) and p € M (L) such that Sj(x) < oo and s™(u) < oo, set
Fo(a) := Ug(a) + Sy (o) = q{ilﬂga{Un(CI) +S5(a)}

Su) = inj f(Q), (5.18)

(i), and  f(p):= llm 1nf

f(u) == lim sup — Fo(ftn) -

n—o0 IV I lV |
Note that s™(¢) < oo and (3.11) together imply that | f(u)| < oo.
Let us first show that

1) = fim (). (5.19)

by deducing f(u) £ f(u) < Jf(w). By the compact sublevel sets and lower semi-
continuity of u + s”, there exists a Q € .#o(2) with Qo = ¢ and f(u) = £f(Q).
Then

() = lim == [Un(Qn) + S3(0n)] 2 lim sup == F(u,) =f(w.

lV | n—o0 |V |
Next, fix n and let ¢ € .#,(82,) be such that go, = u, and
Fu(tn) = Un(q) +S;(q) - (5.20)

Let g* be a version of the conditional distribution of g on ,, given x. H := (2n +
1)Z¢ is the subgroup of Z? that makes {j+ ¥, :j € H} into a disjoint covering
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of Z¢. The following construction extends g to a probability measure ¢® on
such that the variables {(oj,r,,X):j € H}, have identical distribution g and are
independent, given x:

q®(do,dx) = {@ ¢'™(doy,y, )} n(dx) .
icH
- |V,,|"Zie,,”q® o f_; defines an invariant probability measure. By (5.15),

u(Q") =

U(q)+0( ) (5.21)

1Vl |Vl

For k odd, choose my so that Hy := {j € H : —my < jy,...,i; < my} has cardinality
|Hy| = k* and V,,, = Uier(j + V,). For each i € V,,, let W; be the union of those

sets i +j+ V,, j € H, that intersect V,,,. Then W; is a union of at most (k + 1)4
disjoint shifted copies of ¥,. By (3.4) and the independence built into g%,

(g% 0 0_)w) < (k+1)'S7(q) .

Since S%(p) is convex in p and increasing in A,

S5,(Qn,) = > S5, (g% 0 0-i)m,)

lV | iev,
< S 00_;
< Whézyn ((4® 0 0-)w,)

< (k+1)Si(g) .

Divide by |V, | and let k — oo to get

s"(Q" 5.22
S(Q") < ‘V Si@). (5:22)
Equations (5.20)—(5.22) combine to yield
1 rn
7 an(un) =z u(Q") +s"(Q")+0 (|CV |> (523)

Repeat this for all n. The sequence {Q"} is tight, for its Q-marginals converge to
u and its X-marginals are constantly 7. Hence {Q"} has limit points, and any limit
point Q satisfies Q € #(£2) and Qo = . Thus we may let first n — oo in (5.23)
along a suitable subsequence, use the continuity of u and the lower semicontinuity
of s", and then let » — oo to get f(u) = w(Q) +s"(Q) = f(u). This completes
the proof of (5.19). o

Set

1 1
T ) = S5} = lim 17 Urin) -

Equation (5.5) is the same as (5.18). The inequality |u"(u)| < ||o|| follows from
(5.3).

wip) = f(p) = s"(@) = lim
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Assume 7 is ergodic. Then s” is affine by (3.d), so to prove " affine it suffices to
show that f is affine. f is affine, lower semicontinuous, and has compact sublevel
sets by (3.¢) and Lemma 5.3, hence f is convex and lower semicontinuous by
(5.18). To show f is concave, it suffices to show that

f(w) = [f(pw(dp)

whenever 1= [pw(dp) is the ergodic decomposition of p € .#g(R2). Choose
QO € MH(2) such that Qg = 1 and f(un) = 1(Q), with ergodic decomposmon
0= fR w(dR). Since Qx = 7 is ergodic, Rx = nm w-a.s. Lemma 5.4.24 in [DS]
applied to f, (5.18), and the uniqueness of w in the ergodic decomposition give

f(p) =£(Q) = [fR)W(R) Z [f(Ro)W(dR) = [ f(p)w(dp). [
For x € X and [ € @, set
1
pa(X, f) = Al log 2*(exp{|Va[RA(/)}) -

By (3.e) and Varadhan’s Theorem [DS, 2.1.10], p(x, ) := lim p,(x, f) exists and
n—00
is given by

px. )= sup {O(f)—s"(Q)} (5.24)

0€ 4g(R)

whenever X is generic for n. Every n € .# ¢(X) is supported by generic quenched
variables, so it makes sense to define

p(m. )= [ p(x, f)m(dx) .

For elements 1 of the dual space %" of the Banach space € we define the convex
dual of p(m,-) by
p(mn) = sup{n(f) — p(m )} .
r€%€
5.25. Lemma. Let n € .#o(X).
(a) For n € ?*,p*(n,n) _ {s”(Q) if nis given by Q € M o($2),

- o0 otherwise.
(b) For f €€, p(n, [)= 0 Sl/lp {O(f) —s"(O)}.
)

(c) p(m, ) = p(x, ) for f € € whenever X is generic for .

Proof. (a) Fix n € @ and suppose that ¢ := p*(n,57) < oco. We wish to show that,

for some Q € .#e(2), n(f)=Q(f) forall f €E.
By the argument of Lemma 5.10 in [Sel],

1
p(nf) = 7l [ log 4% ("l )n(dx) (5.26)
k
for f € ¥y, and an application of Jensen’s inequality gives
1
pr.f) £ fplogdetV). (527)
k

Hence we deduce
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n(f) £ p(n,f)+c = ﬁlogl(e'yk'f)ﬂ (5.28)

for all f € €. Applying this to both M-1g and —M-1g and letting M " oo
gives n(1g) = 1. Next, apply (5.28) to —M-f for f = 0 and M > 0, and note
that p(n,—M-f) < 0 to get n(f) = 0. Finally, suppose f, \, 0 pointwise in €.
Apply (5.28) to M- f,, use the bounded convergence theorem to let » — oo on the
right-hand side, and deduce limsup, , . .M n(f,) < c. This implies n(f,) \, 0 as
n — 00.

To summarize, we have shown that # is a pre-integral on %. By the Daniell-
Stone theorem [Du, 4.5.2] and by 5(1g) = 1 there is a probability measure O on
F such that n(f) = Ok(f) for all f € €. The measures Oy are consistent, so
by Kolmogorov’s extension theorem they are the & ;-marginals of a probability
measure O € .#1(L2). Since n(f) = Q(f) for all f € €, we get n(f) = Q(f) for
all f € € by passing to uniform limits. Q has to be invariant by (5.28) because
p(r, f— fo0;) =0 for all f and i.

It remains to show p*(m, 1) = s™(Q). Let f € €x. Then |V,|R.(f) € €1k, sO
by (3.3) and Q’s invariance,

Sk (i) Z Wl {O() = [ palx, Hn(dx)}

Divide by |V,+«| and let n — oo to get

s"(Q) 2 9(f) — p(m, f) =n(f) — p(n. [) .
Since k and f € € were arbitrary, s"(Q) = p*(n,n). By (5.26)

P 2 Wlﬂ [OVelS) — [ log &% ya(dx) )

for f € 6\, whence p*(m,n) = |Vk|'lS}f(Qk), and since k was arbitrary, p*(m, )
Z s"(Q).

(b) The functional f — p(m, /) is continuous in the norm topology of € and
convex. By [DuS, V.3.13] the sets {f € €: p(n, /) < b} are weakly closed for
real b, which says that ' +— p(z, 1) is weakly lower semicontinuous. Thus p(z,-)
is equal to its double dual [ET, Proposition 1.4.1] and this, in light of part (a), is
equivalent to part (b). "

(c) Compare (5.24) and part (b). O

Proof of Theorem 5.6. Define p* .= p(X,—¢) and p" := p(n, —¢). Boundedness
of @* and " is trivial.

(i) By (5.14)(5.15),

1
sup sup | pu(X, —@) — =

log Z0X| < 321 (5.29)
xeXoeQ |Vn|

Val -

Letting first n — oo and then r — oo gives (5.7) and proves part (i).

(ii1) (5.9) holds by definition, and Lemma 5.25(c) gives the statement about p* =
©". (5.5) and Lemma 5.25(b) give (5.10).

(i1) Integrating over (5.29) gives (5.8). Affinity of 1 — @™ is trivial. It remains to
prove its upper semicontinuity.

Claim. If A CC Z%b is a real number and 4 is a compact subset of .#(X), then
the set B := U, {q € #41(R4) : Si(q) < b} is compact.
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To prove the Claim, let {g,} be a sequence in B, with 7, € 4 so that S'(g,) <
b. By passing to a subsequence we may assume 7, — 7. Let p, 1= A%(do4)m,(dX),
so that u, — p = A%(dos)n(dx). Let M > 0 and pick a compact subset K of €24
such that p,(K¢) < e ™ for all n. Since S%(gn) = H(qulpn), taking [ = M-1ge
in (3.2) gives
Mg (K¢) < log t,(eM %)+ b < log2 +b .

Since M was arbitrary, this shows that {g,} is tight. Suppose g, — ¢, by passing
to a subsequence if necessary. The variational formula

Si(@)= sup {q(f)— [logAy(e/)m(dx)}
SECKLR2 )

shows that S%(g) is jointly lower semicontinuous in the variable (7,q), and hence
Sh(g) £ linnL (i)gf S%(gx) < b, implying that ¢ € B. This proves the Claim.

Now we prove that, if m, — 7, then ™ = lim sup,_, ™. Pass to a subse-
quence, again denoted by n, such that ™ converges to the lim sup. Using (5.10),
pick O, so that Q,(¢) +s™(Q,) £ —u™ + 1/n. Then s™(Q,) < C for some con-
stant C, and by (5.2) S7'((0x)4) = |4]|C for all A. Applying the Claim to A4 =V,
for all m and a diagonal argument give a subsequence Q,; that converges to a
measure Q. Equation (5.2) shows that s"(Q) is jointly lower semicontinuous in the
variable (7, Q). Thus we get

"2 —0(p) —s(Q) 2 = lim O, (¢) ~liggfsn”’(an)

— lim sup[=0,,(¢) — 8™ (Q,)] 2 lim sup[p™ — 1/n,] = lim sup o™ .

J— 00 Jj—oo n—o0

This completes the proof of part (ii) and of the theorem. [J

Proof of Proposition 5.12. For each m € N, define 5, € (€,)* by n.(g9) =
—&(¥)"), where the potential ¥,” € B is defined as on p. 7 of [Is]. If ¥ is the
function associated to this potential as in (2.2), then ¢ = R,,(g) and consequently

P"(¥y") = p(m, —Ru(9)) = p(r,—g). By (5.13) and (5.27),

1 — g
~1m(g) < mlogfl(e Wnloy 4 C .

By the proof of Lemma 5.25(a) and the arguments in [Is, pp. 34-35] there is
a Q€ M o(82) satisfying the conclusion of the proposition. O has X-marginal =
because p(m,—g) = —n(g) for g € Cp(X). O

6. Infinite Volume Gibbs States

We look at various definitions of infinite volume Gibbs states for the skew and
sample models. The first approach is to focus on a fixed quenched variable x: We
let the class %* consist of those y € .# () that satisfy GXy =y for all A CC Z¢,
or equivalently, for which G%* is a version of the conditional probability y{-|o ¢ }.
From the observation
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L0:x 0,X
JGLT(f) vo0i(do) = [ GIX(f o 6) y(do)
it follows that %% o f_; = %%*. With the continuity built into our model it is not
hard to prove

6.1. Lemma.
(1) For all x € X,%* is a nonempty, compact, convex subset of M (L).
(ii) The set \Jycp 9% is compact for compact M C X.

(iii) The graph {(x,7): vy € 9%} is closed in X XM (RQ).

However, the individual classes %* will not be very useful for us, as our whole
approach is based on utilizing asymptotic properties that involve ergodic averaging
over X. The next step is to consider families {y*} of Gibbs measures, with mea-
surable dependence on x. We shall write ¢* for a measurable map x — ¢* from X
into .#(£2), and let 4" denote the space of all such maps, or measurable families
of measures.

Shifts and Gibbs kernels act on such families in the obvious way, pointwise:
Fori € Z¢ and A CC Z¢, affine transformations 0; and G4 on .#" are defined by
(6io” )* = Qeix of; and (Gao™ )* = G o*. Let

My ={0": 60" =0 foralie z%)
be the class of invariant families,
9" :={0": Ggo =¢ for all A CC 2}
the class of Gibbs families, and %, := 9" N .4, the class of invariant Gibbs fam-
ilies. Note that ¢* € ./, if and only if ¢%* = ¢* 0 0_; for all i and x, and ¢* € %"
if and only if ¢* € ¥* for all x.

It turns out that the requirement “for all x” is in general too stringent, hence we
need definitions that overlook sets of measure zero: Given n € # o(X), let A#™" be
the class of n-a.s. defined families, and corresponding to the classes defined above
we have the classes 4%, %™, and 95 , where the relevant condition (¢%* =
0¥ 0 6_;,0* € 9%, or both) is required to hold only 7-a.s.

Averaging over X leads us from measurable families to measures on € and £2.
These will be our most important classes of Gibbs measures:

6.2. Definition. Given n € M o(X), let G™ be the class of probability measures P
on Q that satisfy G4P = P for all A CC Z¢ and whose X-marginal is n. §% =
GO\ MGH(R2) is the subclass of invariant measures. Let 4 be the class of Q-
marginals of elements of %g,.

The remainder of this section is for existence results. For the classes determined
by a fixed = this is easy. For O € ./#7(82), let ¢* be a version of the conditional
distribution of Q on @, given Xx. This defines an element ¢°: x — ¢* of /™ .

6.3. Lemma. Let n € M o(X).
(1) %% and 9% are nonempty, compact, convex subsets of Mg(82) and Mo (L),
respectively.

(i) The map Q — q" is an affine bijective map of M%(R) onto M7 . It maps
G%, bijectively onto 9§, so in particular %’ is not empty. Moreover, u € 9% if
and only if there exists a " € 95 such that p = [ o*n(dx).
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Proof. (i) Define a sequence of probability measures on £ by

P(f) = [ 3 GEX(f 0 6,) m(dx).

|Vn‘ iely

The boundedness of the interaction implies that this sequence is tight, and it is
straightforward to check that any limit point is in %7 Relative compactness of %7,
follows from uniform absolute continuity with respect to 4 on all % 4,4 CC Z¢,
closedness follows from the continuity of the condition G,4P = P, and convexity
is immediate. The continuity and affinity of the projection from £ onto Q extend
these results to %%,. The proof of part (ii) is obvious. [J

To prove that 4" and % are nonempty appears to be less straightforward. At
present we have an argument only for the former.

6.4. Lemma. The class ' is nonempty.

Proof. Let C = {(x,7) : y € ¥*}, a closed subset of Xx.#(£2) by Lemma 6.1 (iii).
Let g be the projection g(x,7) = x from C onto X. Suppose there is a Borel subset
B of C such that g(B) = X and ¢ is one-to-one on B. By Kuratowski’s theorem [Pa,
Corollary 1.3.3] the inverse map x— (x,y*) from X onto B is measurable, where y*
is the unique element of the x-section of B. This gives a measurable map x — y*
from X into .#;(£) such that y* € ¢* for all x.

It remains to prove the existence of the Borel cross section B. If X is compact,
then so is C by Lemma 6.1(ii) and (iii), and we can apply Theorem 1.4.2 from
[Pa]. The general case follows by taking X = C and Y = X in the next lemma and
by using Lemma 6.1 to verify its hypothesis. [

6.5. Lemma. Suppose that X and Y are Polish spaces and that g : X — Y is
continuous and onto, with g~'(M) compact for each compact M C Y. Then there
is a Borel subset B of X such that g(B) =Y and g is one-to-one on B.

Proof. The proof is a simple modification of that given in [Pa, pp. 23— —24]. Let X
be a compactification of X under a totally bounded metric, and let h: A — X be
a continuous function from a closed set A C [0, 1] onto X given by [Pa, Theorem

L4.1]. Set A:=h '(X)C A4, h:=h|4, and
Ay ={t €4 : g(h(s))£g(h(t)) for all s € 4 such that s < ¢t —1/n} .

We claim that 4\A4, is closed in 4. Suppose t, — ¢ as m — oo, t € A, and
tw € A\A, for all m. For each m pick s, < 1, —1/n in 4 so that g(h(s,)) =
g(h(t,)). By passing to a subsequence we may assume that s, — s € Aasm— oco.
By continuity, A(s,) — /h(s) € X. The set

M = {g(h(ty)) : m € N} U {g(h(1))}

is compact in Y. So all t~he h(s.) lie in the compact subset g~ (M) of X, hence so
does A(s). In particular, A(s) € X, and hence s € 4. By continuity g(h(s)) = g(h(t))
and s < ¢ —1/n, so t € A\A4,. This proves that 4\d, is closed in 4.

It follows that there is an open set U in A such that A, = UNA. h(U) is a Borel
set since U is an F, and closed subsets of 4 are compact. Hence A(4,) = (U)NX
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is also Borel, for X is a Gs in X. Now B := ), "(A,) defines a Borel subset
of X.

Fix yp € Y. The compactness of g~!(y,) implies that

=inf{t €4 : g(h(t)) = yo}

lies in A and g(h(ty)) = yo. That g is one-to-one on B follows as on p. 24 of
[Pa]. O

To prove % nonempty, we would like to extend this lemma to the case where
Z¢ acts on X and Y continuously and g commutes with the action, and show the
existence of an invariant Borel cross section. However, an attempt to use the above

argument runs into trouble: Composing g with the canonical projection p : ¥ —
Y/Z¢ does give a continuous map pog : X — Y/Z¢ onto the orbit space, but the

orbit space can have a bad topology: For example, if ¥ = {0, l}zd, we have dense
orbits and the quotient topology of the orbit space is not even Hausdorff.

7. Large Deviations

In this section we study the large deviations of empirical fields under Gibbs mea-
sures. The rate functions are entropies relative to random measures as in Sect. 3,
but now we take the Gibbs kernels as the random measures. We start with the skew
model. For A CC Z9 and v € 4 ,(2,),

R0 == HO|GY 1), (7.1)
and for Q € M o(82)

K'(Q) = lim —— lVl K.(On) (7.2)

whenever the limit exists. (Recall that Q, is the marginal distribution of (oy,,X)
under Q.) Set K*(Q) = co for noninvariant Q.

7.3. Lemma. Let n € M o(X). The limit (7.2) exists for all Q € Mo(S2) and is
given by

k*(Q) =s"(Q) +u(Q) + p" . (7.4)

Suppose P € 4", and let PX be a version of the conditional probability of P, given

x. The entropy Z(QIP’ n) defined as in (3.7) exists for Q € Me(82), and the
entropy h(Q|P) defined as in (3.9) exists for Q € M{H(L2). These entropies are
connected by

K'(Q) = h(QIP",m) = { MOIP) I O € M5(%) (75)

otherwise.

If m is ergodic, MEH(R2) can be replaced by M o(82) in (7.5).

7.6. Remark. By (7.4), K" inherits properties of s™ from (3.e): The sublevel sets
{k™ < ¢} are weakly compact, k" is affine on .#%(£2), and on all of .#(R2) in
case 7 is ergodic.
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Proof. Let Q € M o($2). For any f € 6,,

0u(f) — [log GY*(e/ )n(dx)
= 0u(f — H®) — [ log AX(e/ ~Hn yn(dx) + Un(Qn) + 07 .
Since H? € €, too, we get by (3.3)

K;[(Qn) = Sg(Qn) + Un(Qn) + S/JZ : (7'7)
From this follow both the existence of the limit in (7.2) and (7.4), and then by
(3.10) k™(Q) = oo whenever Ox .
Now suppose P € 4”. By (5.14) it follows from (7.1) that
K(0,) = H(Q,|P;,m) + Olcy) -
On the other hand, if O € .4%(£2), by (3.4)

KZ(Qn) = H(Qn|Pn) + O(Cr,n) .

Dividing by |V,], letting n — oo and then r — oo gives (7.5) and the statements
above it. If m is ergodic the case Qx=*m is trivial, for then QOx < = fails and
consequently H(Q,|P,) = oo for all n. O

Next is the large deviation principle for the skew model. An earlier version
appeared in Theorem 1V.2 of [Com2]. Weak closures and interiors are denoted by
A and A4°, respectively.

7.8. Theorem. Suppose x is generic for m. Then for any Borel subset A of .4 (£2),

1
— i?f k™ < lim inf ﬁlog inf G;*{R, € 4}
A° n— 00 n a
1
< lim sup mlog sup G, *{R, € 4}
n—0o0 n a
< —infk™. (79)
y

If P € 47, the conditional distributions P*{R, € - } satisfy a large deviation prin-
ciple with rate X", for n-a.e. x.

Proof. Equation (7.9) is a consequence of (3.¢) and a version of Varadhan’s theorem
given as Exercise 2.1.24 in [DS]. The only technical twist is that, because G* < 4}
only on & ,, one needs to work with the & ,-measurable stationary modification of
R, defined by

1
AL G
nlieVy

n =

o () =
i =ojforieV,and Tisnsnj ~

ai(") for i,j € Z¢. Now (7.9) follows from these three steps:

(1) By the argument of Proposition 3.1 in [Orl], the large deviation principle
of (3.¢) works for R, too.

(2) By [DS, 2.1.24], (5.10), and (7.4), the distributions

where ¢{" is the usual periodized configuration: ¢
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pn(A4) ==z, flA(ﬁ,,)e_[V"‘R”(‘P)d}Lx
Q

on M \(S2) satisfy a large deviation principle with rate k”. z, is the normalization
factor that makes (1, into a probability measure.

(3) Now (7.9) follows for R, with uniform estimates of the type (5.15), and
then for R, again as in [Orl, Proposition 3.1].

For P € ™, P*{-} = [ G;*{-}P*(do) for m-a.a. X, so

inf Go*{-} < P*{-} < supGy*{-}, (7.10)

which shows that the last statement of the theorem follows from (7.9). O

Analogous results hold for the sample model. Set
1 - .
k() = lim ——H (|G, m) (7.11)
n—00 |Vn|
for u € M o(2), and k™(pt) = oo for noninvariant u € .# ().

7.12. Lemma. Let n € M o(X). Then the limit in (7.11) exists for u € M o(L2)
and satisfies

k() = 5™(w) + u" () + o (7.13)

and
k*(n) = inf K*(Q). (7.14)
Oo=n

k™ is finite on the set {s™ < oo}, convex, and affine in case w is ergodic. For any
) e g,
k(1) = h(uly", m) . (7.15)

7.16. Theorem. Suppose x is generic for m. Then (7.9) continues to hold upon
replacing K*, G2*, R,, and M (82) with k™,GI*,R,, and M1(RQ), respectively.
Moreover, the distributions y{R, € -} on M 1(Q) satisfy a large deviation principle
with rate k™, for any y € G*.

7.17. Remark. k™(p) is not a specific entropy relative to a Gibbs state in ¥*. For
example, if P € %y and y* is a conditional distribution of P on {, given X, then
n-a.s. Y* € ¥* and

1

Jim I_Vn_IH (Unlyn) = h(p ® |P),

which in general is not equal to £™(x). See Lemma 8.11 below.
Proofs of Lemma 7.12 and Theorem 7.16. For p € M o(R2) set
— inf KOy = [ S () + 97 i 57(p) < oo,
I(w): ngzf#k (©) {oo otherwise .

The second equality above comes from (5.5) and (7.4). We shall show that the
limit in (7.11) exists, I(x) = k™(u), and (7.15) holds. Let k£ and k£ be the upper
and lower limit, respectively, of the right-hand side of (7.11).
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By (3.5) applied to the Gibbs kernels, H (1x|G% ,m) < K}(Q,) whenever Q €
Me(82) has Qg = u, so that £k < I(u). Conversely, there is a g € #,(£2,) such
that go, = u, and

H(ua|GY ) = Ki(q)
=S, (q) + Un(g) + ¢
= S:(#n) + U:(,un) + @: s

where we used (4.8) and (7.7). Dividing by |V,| and letting n — oo along a suitable
subsequence gives k = I(u). This shows that the limit in (7.11) exists and equals
I(p). Equation (7.15) comes from observing that

H(paly ,7) = H(pa|GY", ) + O(crn) -

The remaining properties of k™ follow from (7.13) and the corresponding properties
of s* stated in (3.d).

By the contraction principle [DS, Lemma 2.14], the uniform large deviation
principle as in (7.9) holds for the distributions G2*{R, € -} with rate /. For any
y € ¥, the large deviation principle follows from inequalities similar to (7.10). O

8. Variational Principles

In this section we establish results that correspond to the Dobrushin—Lanford—Ruelle
variational principles of shift-invariant interactions. We start with the skew model.
A special case of the implication (i) = (ii) below appeared in Theorem IV.3 of
[Com2].

8.1. Theorem. Let n € M o(X) and P € M o(82). The following are equivalent:
(i) P € %y,

(ii) kK*(P) =0.

(if) u(P) +5°(P) = —p7 = _inf {u(0) +5"(Q)}

Proof. (i) <= (iii) follows from (5.10) and (7.4). (i) = (ii) follows from (7.5).
To prove (ii) == (i), suppose (ii). Px = m by (7.5), so it remains to prove that
G,P =P for all A CcC Z? 1t suffices to consider the sets A = F,, so to get a
contradiction, assume that G,P + P for some /.

Before getting into the derivation of the contradiction, note the following techni-
cal point: Suppose 4 C A C I' CC Z7, and set Q := G%x(a’a)n(a'x), a probability

measure on £2. Let Pﬁ\A, ﬁ\d, and (GAP)ﬁ\A be conditional distributions of P, Q,

and G4P on & 4, given @A\A. Then

| [HPD(G4PY\ )P — [ HPIM|Q)\YAP| < 4bs s,  (82)
where
baa= Y |®a4.
ANA+Q

AZ A
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This follows from
llog (GaPY3\(e") —log 04\ (eN)]| < 4baa .

valid for all & s-measurable bounded functions f.
Returning to the proof, there is a £ > £ and an # > 0 such that

H(P[(GP) 2 1 - (8.3)

By the monotonicity of relative entropy, we may pick & large enough so that b, ; <
n/8. Let m be arbitrary, and pick n = n, so that V, is the disjoint union of the
cubes i + Vi,...,i,q4 + Vi for some set {ij,...,i,«} CC Z For j=1,....,m? set
4;:=1i,+V, and

/lj = (i1+Vk)U"'U(ij+Vk).
Use first [DS, (4.4.8)] and the fact that P A4, = (G4,P) A\, then the monotonicity
of relative entropy, and finally (8.3) shifted by i; to get

JHPY (G, PY}

7)YdP = H(P 1, [(G4;P)4,)
H(Pi v, (G4, P)i+v,)
n.

Set I' = V,, and use (8.2), the choice of k, [DS, (4.4.8)], and the monotonicity of
entropy again to get

Z
2

n/2 < [ HEPY 10y )ap
=H(PAj|QA,) H(PA,\A,IQA,\A,)
é H(PA]lQA]) - H(PA/;[ IQAj;[) >

with the very last term missing for j = 1. Add over j = 1,... ,m? and use (3.a) to
get
nm (2 £ H(Py|0n) < Kj(Pn) -

Divide by |V,| and let m / oo to get n(2k +1)~%/2 < K"(P), contradicting (ii).
O

Next we project this result to the sample model.

8.4. Theorem. Let n € Mo(X) and p € Mo(R2). The following are equivalent:
(1) nevy.

(i) k"(u) =0

(iii) w™(u)+s"(u) = —p" = eg/lf {u™(v) +s™(v)} .

Proof. (1) <= (ii) follows from the definition of 47, (7.14), and (i) < (ii) in
Theorem 8.1. (i) <= (iii) follows from (5.10) and (7.13). O

The sample large deviation principle 7.16 and variational principle 8.4 reveal
the relevance of the class %7, for quenched randomness: If y € ¥* for a variable
x generic for m, the weak limits of R, under y are contained in %7, in the sense
that for any open neighborhood of the convex, compact set 4%, y{R, € V} — 0
exponentially fast as n — oco. In particular, if 47 = {u}, then R, — pu y-as.
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To connect our results with those of [Z], let us look at variational principles
in terms of invariant families as defined in Sect. 6. For the remainder of this sec-
tion, 7 is a fixed ergodic element of .4 o(X), and Q € MEH(R2) and q° € M are
associated as in Lemma 6.3(ii).

8.5. Lemma. For any ¢' € M7, the entropy

“ige . 1

h(e'|2") = lim —H(gy|A}) (8.6)
n—00 |V”|

relative to the a priori family 1° exists as a n-a.s. limit, independent of x. If the
limit is finite, we have convergence in L'(m) too. Moreover,

h(g"|2") = h(Q|4) = s™(Q) . ®8.7)

Proof. Equation (8.6) follows from subadditive ergodic theory, see [Z, Proposition
4.2] or [Sel, Theorem 3.10]. Note in particular that a nonnegative superadditive
process, integrable or not, converges a.s. [Kr, Theorem 5.4]. To get (8.7), integrate
(8.6) against w and use [DS, (4.4.8)] and (3.10). O

8.8. Remark. The quantity h(¢"|4") is the negative of the entropy defined in (4.11)
of [Z].

Next specific energy for invariant families (see Proposition 4.5 in [Z]):

8.9. Lemma. For ¢" € .My,

1
— o (H™ (8.10)

u(p’) = hm A

exists as a n-a.s. and L'(n) limit, and satisfies u(0') = [¢*(¢*)n(dx). In particular,

u(g’) = w(Q).

Proof. Use (5.15) to write

l crn
Loy = L 90"(@“)+0< ’ ) :
A Vi, v,

then apply the multiparameter ergodic theorem and the argument following
(5.17). O

The last ingredient of the variational principle is entropy relative to a Gibbs
family:

8.11. Lemma. For o* € Mg and )" € 95, the entropy

1
H X
0 7 (@ulvn)

h(e"[y™) = lim
exists as a m-a.s. limit, independent of x, and is given by
h(e™y") = h(e"|A") +u(e") + " .

Also, h(q"|y") = K" (Q).
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Proof. Since y* = [ G{*y*(do) and GI* = GoX.e%rn) | we have

H(g}17}) = H(0}GY) + O(cy,n)
= H(Q}|A%) + o*(HY™) + log ZX* + O(cy.0)

with ¢, , again defined by (5.16). Divide by |V,| and let n — oo, note that m-a.e.
x is generic for m, and then let » — co. O

And now the variational principle. The equivalence (i) <=> (iii) below was
deduced in Theorem 4.8 of [Z] for a class of unbounded interactions with a different
definition of an equilibrium family.

8.12. Theorem. Let ©w € .M o(X) be ergodic, 9" € My , and y" € 95 . The fol-
lowing are equivalent:

(i) ¢ €%y .
(i) A" [y")=0.

(iii) w(e") +h(e'|2") = —p" = inf {u(v')+h(v'[A")}
v'GJ[g

Proof. Theorem 8.1 and the correspondence .4 «— M 5H(2) of Lemma 6.3(ii). O

9. Equivalence of Ensembles for Observables

Our next goal is the Lanford theory [La] of large deviations and equivalence of
ensembles for observables. Let m € .#o(X) be fixed throughout the section.

9.1. Definition. 4 collection g = {gs : A CC Z?} of continuous functions from
into R¥ is an observable if for some bounded continuous function g from 2 into
R,
llga =2 gobill =o(l4]) as 4] — oo (92)
e/

In particular, g = {g1 = (9%,... ,¢%) : A CC Z} is an observable if there are
interactions ¥/ € B such that

=3 ¥
ACA
for j=1,... k. For we can take g = (... ,y/*), where / is associated to ¥’/

as in (2.2), and then (9.2) follows from (5.15).
To introduce an inverse temperature § we replace the interaction @ by f@. f§
may be any real number. The dependence on f§ is indicated by a superscript: The

skew Gibbs kernels G are defined by

dG)™ = ——e M1 diy @ 5,

Zﬁ,o,x

with the obvious Zﬁ’“’x, the infinite volume pressure is

1
" = lim mflog ZPoxm(dx)
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and {gg’" denotes the class of skew Gibbs measures for the interaction @ as defined
in 6.2.

Let g be any observable and g the function associated to it by (9.2). We begin by
recording the large deviations of the observable under the a priori measure 1%, the

microcanonical measures A5, and the canonical measures Gf’”’x. Microcanonical

measures are defined by conditioning the a priori measure on a thin energy shell:
For e real, 6 > 0, and a Borel subset 4 of €2,

A5(A) = B dlle — V.| "'H,)| £ 8}, 9.3)

whenever
e — V.| "'H)| £ 0} > 0 (9.4)
otherwise set Afl’g := A*. Note that by (5.15) we could just as well have defined the

microcanonical probabilities by conditioning on the events {|R,(¢) — e¢| < 0} as in
[DSZ], without affecting the limiting behavior as first # — oo and then 6 — 0.
Next the rate functions: Define the function 7, : R* — [0,00] by

Iy(v) == Q(igl)f:DS”(Q) : (95)

For ve R¥, B € R, and e € R such that /,(e) < oo, define (imitating [La]’s nota-
tion)

n(vle) := Liyp)(v,e) — Iy(e) (9.6)
and

n(vlB) = Jinf {BO(¢)+5"(Q)} + 0" 7

For other values of e set 1n™(vle) = co. Equation (9.6) makes sense because
Iig.o)(v,€) Z Ip(e) by (9.5). Recall also the shorthand g, = gy,.

9.8. Theorem. Suppose x is generic for n. We have the following large deviation
principles for the observable:

(i) The distributions A*{|V,|"'g, € -} on R¥ satisfy a large deviation principle
with rate 1.

(ii) Suppose e is such that 1,(e) < oo. Then for any fixed 6 > 0, (9.4) holds for
large enough n. For Borel sets A € Ay,

. P | g
_ mc < exX n
DlélAf;ﬂ (vle) = lngl_}(x)afhﬂgf —anllogA,,’a {_|Vn| eA}

i i 1 Gn
< lim sup lim sup —log A7 {—-— e A}
0—0 n— 00 Ian 0 lV,zI
= —inf 4"™(vle) . (9.9)
ved

(iii) The distributions G***{|V,|~'g, € -} on R* satisfy a large deviation principle
with rate n°(-|B), uniformly in ¢ as in (7.9).

Proof of the theorem and other claims follow at the end of the section. It is
clear from the variational principle 8.1 and (9.7) that

{v:n°(]) = 0} = {P(g) : P € 5T} .
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Hence by part (iii) above, the possible limit points of g,/|V,| under G*** are the
expectations of g under Gibbs measures. More precisely, if /' is an open neigh-
borhood of the convex, compact set {P(¢) : P € %47} in R¥, then GF*{|V,| 'y,
€ V°} — 0 exponentially fast as n — oo.

Let us take a closer look at the important special case g = @, our fixed inter-
action. Then the rate function /, is in duality with pressure:

— ' = inf {fe+I,(e)} (9.10)

and
— — i B
o(e) = ﬁnelf{ﬁe + P} (9.11)

A very precise description of the correspondence between the dual variables f
(inverse temperature) and e (energy) can be given. Our model can be in one of
two situations: In the degenerate case 95" = {A} for all f € R (recall that 4 :=
J A*n(dx)), and consequently @P™ = —BA(¢p) for all f and Iy,(e) = 0 for e = A(@)
and oo otherwise.

Henceforth assume we are not in the degenerate case. Then the classes gg),n
of Gibbs measures are disjoint for all distinct f, and in particular 4 is the Gibbs
measure only for f§ = 0. To each f corresponds a unique nonempty closed interval
[eo(B),e1(B)] of compatible energy values that can be characterized in the following
ways:

leo(B), e1(B)] = {e: —pP" = Be + I,(e)}
= {P(¢): P c 95"}
= {e:n(e|f) =0} . (9.12)

In the last formula, the rate function #°(e|f) is the one associated to g = @. Fur-
thermore, the intervals [eo(f), e;(f)] are disjoint for distinct . (But eo(f) = e1(f)
for all but countably many f.)

Turning to (9.11), 1, is obviously convex and the set {/, < oo} is a nondegen-
erate bounded interval that may or may not contain either of its endpoints. If e is
an endpoint of {I, < oo}, then either I,(e) = oo, or I,(e) < oo and I, has infinite
slope (negative for left, positive for right endpoint) at e. To each interior point e
of {I, < oo} corresponds a unique f§ = fi(e) such that ey(f) < e < e;(f). The
infimum in (9.11) is attained at this 5, and —f is the slope of the unique tangent
to I at e. The infimum in (9.5) for v = e and g = ¢ is attained at Q if and only
if Qe gﬁ)(e)’". The association e — f(e) is decreasing because [, is convex, with
B =0 corresponding to e = A(¢). I, is differentiable on the interior {I, < co0}°,
and

{1, < 00}° = |Jleo(B) e1(B)]

BER
C [[(#-ess inf @)n(dx), [(A*-ess sup @)n(dx)] . (9.13)

Also for a general observable g, the f§ < e duality clarifies the relationship of
the canonical and microcanonical limit points (i.e. zeroes of the rate functions): For
all f,
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fo:nep=0=|J fo:n™(le)=0}. (9.14)
ep(f)se<ei(B)

This is the “equivalence of canonical and microcanonical ensembles.” In particular,
if e = eo(f) = e1(P) is the unique minimizer in (9.10), then

{v:n"™(vle) =0} = {v:n'(v]p) = 0},

and |V,|~'g, converges towards this set exponentially fast under both microcanon-
ical and canonical probabilities.

Before concluding this section with the proofs, let us note that all of the above
took place in the context of the skew model. Recall that the quantity z"(u) (see
Proposition 5.4) was defined as a candidate for specific energy in the sample model,
its virtue being that it gave the basic variational principle. But it is not clear whether
this function would be involved in a meaningful conditioning of the sample model
on an energy surface.

Proof of Theorem 9.8. By (9.2) and the argument of [Orl, Proposition 3.1], it suf-
fices to prove the theorem for the distributions of R, (g) instead of ¢,/|V,|. Then the
large deviation principles of (i) and (iii) follow from (3.e) and (7.9), respectively,
by the contraction technique of large deviation theory [DS, Lemma 2.1.4]. Now
consider (ii). Equation (9.4) for large » follows from the assumption /,(e) < oo
and part (i) applied to @. For such n,

1

mlog A5 9n/ |Vl € 4}
= lor (g BV, € A [e = b 0]
_ I; log IX{H{V; € le = e + ) (9.15)

Let ¢ > 0. By (i) and I,’s lower semicontinuity there exist J, and n;, such that,
for 6 < 6, and n > ng,, the last term in (9.15) is within & of —/,(e). Apply part
(1) to the observable (g, @) to let n — oo in (9.15). Then let 6 — 0 and use the
fact that
lim inf [y 4)(v,x) = inflye)(v,e),

v vEd

0—0
e
a consequence of the lower semicontinuity and compact sublevel sets of [, ,). O
Proof of (9.10) and (9.11). By (5.10) and (9.5) for g = @,
_ ﬂ,?l _ f . f s — 1 f ] )
ot = inf inf {FO(0)+s"(Q)} = inf{fe+1,(e)}
This is (9.10). (9.11) follows by convex duality. [
9.16. Lemma. If A ¢ gf_jn for some B+0, then @g" = {A} for all real .

Proof. By assumption,

[ 92X (fHmdx) = [ g(x)GH*(f)(da,dx)
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for all g € Cp(X) and f € €4, so we deduce that
HA(O-A, &AC,X) = _ﬂ—llog Zﬁ,i,x

i-as., for all A CC Z9. 1t follows easily that 4 € g%" for all f.

Suppose P € gﬁ)’” for some B0, and P4 so that s"(P) > 0. (¥%" = {4} is
immediate.) Then by the variational principle

BP(¢) +s™(P) = BA(o) .
Pick ' so that (8 — f')/B < 0. Multiply above by B’/B to get

B'P(¢) +"(P) = B'Ae) +s"(P)(B— B)/B < Bio).

/
This contradicts the variational principle because 4 € gﬁ@ ToQa

9.17. Lemma. Either the classes G%" are disjoint for distinct real B, or Gir — (1}
for all real B (the degenerate case).

Proof. In view of Lemma 9.16, it suffices to show that Q € glz)’n N gg’" for B£p
forces Q = A. As in the proof of Lemma 9.16, we deduce that

HA(O'A, G fc, X) = ._.(ﬁ’ _ ﬂ)—llog Zﬁ,ﬂ’,x/zﬁl,o’,x
for A%-a.a. 04, O-a.a. (6 4¢,x). From this Q = 4 follows readily. O

9.18. Remark. The degenerate case can take place even if ¢ is not a.s. constant, with
or without quenched disorder. Suppose % = {0, 1}, and define a function f on &>
by f(1,0) =1, f(0,1) = —1, f(0,0) = f(1,1) = 0. Then for any ¢ € Q and any n,
Z'{ f(0i,0i41) € {—1,0,1}. For any measure p, the only possible rate function for
the laws ,u{% >} f 06; € -} is the trivial one: 1(0) = 0 and /(¢) = oo for nonzero ¢.
In particular, we have the degenerate case for the Gibbs measures of the interaction

By(0) = {f(o-[’GH-l) if A= {i,i + 1} for some i,
4 0 otherwise.

We return to the proofs of the section: That " = —BA(@) in the degenerate
case is immediate from the variational principle of Theorem 8.1. Equation (9.11)
implies then that /,(e) = 0 for e = A(¢) and oo otherwise.

Proof of (9.12). P +— P(¢p) maps the compact convex set gﬁ,’” into R, contin-
uously and affinely. Its image is some compact interval. Define eo(f) and e;(f)
so that [eo(f),e1(B)] = {P(p): P € {45,’”}. By Theorem 8.1, 1,(P(¢)) = s"(P) for
every Gibbs measure P, hence —pP" = fe + I,(e) for all e € [eg(f),ei1(B)]. Con-
versely, if —p#™ = e +1,(e), find Q (using (9.5) and the lower semicontinuity
and compact sublevel sets of s™) such that /,(e) =s™(Q) and O(¢) = e. Then
—pP™ = BO(@) + s*(Q), and Theorem 8.1 implies that Q € gg,’n. We have proved

the first two equalities of (9.12). The last one is obvious from the definition
9.7). O
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To show that the sets [eq(f),e1(B)] are disjoint for distinct f, suppose we
have B+, P € €*", and P' € gg’" such that P(¢) = P'(¢). By the variational
principle,

BP(@) +5"(P) < BP'(¢) +5"(P),
hence s"(P) < s™(P’), and by symmetry s"(P) =s"(P’). But then Theorem 8.1
again implies P’ € @GP and by Lemma 9.17 we must be in the degenerate case,
which by assumption we are not.

The set {I, < oo} is an interval by the convexity of /,, but not a singleton
because we have excluded the degenerate case. For all f,

— [ A*-esssup(Bo)n(dx) < pP™ < — [ A -essinf(Bo)n(dx),
hence by (9.11)
{1, < oo} C [f(A*-essinf)n(dx), [(A*-esssup@)n(dx)].

Suppose e is an interior point of {/, < oco}. By convexity /, has a tangent at e,
with slope —f for some . Then (9.11) forces —/,(e) = fe + P, so in particular
e € [eo(B),e1(P)]. If the infimum in (9.11) were achieved at distinct f and ', then
e would be an energy value compatible with both f and [/, contradicting what was
proved earlier. That the infimum in (9.5) for g = ¢ is attained precisely on the set
{Q € gﬁ@(e)’” : O(@) = e} is another consequence of the variational principle.

Suppose e is an endpoint of {/, < oo} with /,(e) < oco. If I, had finite slope
at e, then it would have infinitely many tangents at e (because / = co on one side
of e), again associating e to multiple f, in contradiction to previous conclusions.
The uniqueness of the tangent also implies that I, is differentiable on {I, < occo}°.
Equation (9.13) is evident by now.

Proof of (9.14). Suppose #°(v|f) = 0. Let Q be a minimizer in (9.7) and e := Q(¢).
Then
0=pfe+ inf s"(Q)+ "™,
Qg)=v
O(p)=e
so an application of (9.5) to the observable (g, @) gives

— P = Be + Iy p)(ve) . (9.19)

Equations (9.10),(9.19), and I,(e) = [44)(v,e) combine to give —pP" = pe +
I,(e) and Iy 4)(v,e) = I,(e), so that e € [ep(f),e1(f)] and #™(v]e) = 0.

Conversely, assume e € [eo(f),e1(f)] and 5™ (v|e) = 0. These imply (9.19).
Using (9.5), pick a O such that O(g, @) = (v,e) and [y ,)(v,e) = s"(Q). Substi-
tute these into (9.19) and then into (9.7) to get n°(v|f) =0. O

10. Equivalence of Ensembles for Measures

In Sect. 9 we deduced equivalence of the microcanonical and canonical ensembles
by looking at the possible limit points of an observable in the infinite volume limit.
In this final section of the paper we do the same for measures. We shall show
that, in an appropriate sense, the limit points of the microcanonical probability
measures are Gibbs measures at the temperature associated with the energy of the
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microcanonical ensemble. Our approach to this question via large deviation theory
is motivated by Sect. 3 of [DSZ], where this program was carried out for invariant
interactions.

For the duration of the section, fix 7 € .#(X) and a real number e such that
I,(e) < oo. To avoid worrying about whether e is an interior point or a boundary
point of {/, < oo}, adopt the following convention: If e is the left endpoint of
{I, < oo} and I,(e) < oo, then set fi(e) = oo and

g ={0 € Me(R): Q) = e, S(Q)=1Iy(e)} .

Similarly for a right endpoint. Then all real numbers e such that /,(e) < oo have a
uniquely defined inverse temperature —co < fi(e) < oo and there is a well-defined
nonempty class of Gibbs measures at inverse temperature S(e). Set

H ={0c 9" 0(p) = e} .

We know from Sect. 9 that £ is the nonempty compact convex set of measures
Q for which O(¢) = e and s"(Q) = I,(e).

Since the microcanonical measures are doubly indexed by 6 > 0 and n € N, we
must be precise about passing to limits. Let us say that a class {u,,} of measures
is relatively compact as first n — oo and then 6 — 0 if

(1) {uns}32, is relatively compact for each fixed d,
and

(ii) whenever 6, — 0 and vs, is a limit point of {,,;},2, for each j, the sequence
{v, 132, is relatlvely compact

Say v is a limit point of {u,s} (as first n — oo and then 6 — 0) if some such
sequence {v; }°; converges to v.
We shall ﬁrst consider averaged microcanonical measures

= 0f_j.
na |V I i€ry l

Define a function k® from .#1(£2) into [0,00] by
K(Q) = {s”(Q) —Iy(e) if Q is invariant and O(¢p) = e,
00

otherwise.

10.1. Theorem. Suppose X is generic for 7.

(i) As first n — oo and then 6 — 0, the distributions Af,’,’g{R,, € -} satisfy a large
deviation principle with rate function K¢, as in (9.9).

(i1) The probability measures I' j’g are relatively compact as first n — oo and then
0 — 0. If I is a limit point, then there is a probability measure o on K  such

that
r=[Q0a«dQ)
H

and « is a limit point of the laws AZS{R, € -}. In particular, I is an element of
A . ’

Our techniques do not permit us to tackle individual microcanonical measures
Afl’g We can replicate Theorem 10.1 for the m-a.s. defined map A%} n L X An 5
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where A75 is the Q-marginal of A% But to do so requires some technical assump-

. d .

tions and changes: Assume now that X = EZ° for some Polish space E, Z¢ acts on
X by translations, and A¥ = 20 depends only on the xg-coordinate. Furthermore,
assume 7 is an i.i.d. measure on X. Define the stationary empirical field R} by

R! = Z 50 (a(") (")) ,
" anlneVn '

where ¢ and x") are the periodized configurations defined as in the proof of
Theorem 7.9. Redefine the microcanonical probability measure by

AZN(A) == K{A4||R} (@) — | < 5} .

The advantage of this definition is that the conditioning event now depends only
on (03,X; 1€ Vy).

Consider A% wo as an element of the space .#/™" of n-a.s. defined measurable
maps from X into .# I(Q) introduced in Sect. 6. Give this space a Polish topology
by identifying a map ¢  with the measure ¢*(do)n(dx) on 2. In other words,
0, — 0 in . #™ asn— oo if

Jim [ }(/*)m(dx) = [ @*(/*)m(dx)
for all bounded continuous functions f on €2, where f*(o) := f(0,X). Set
H={y" € G5 : [y (o")n(dx) = e}
={o €M™ : [ (¢*)n(dx) = e and h(g"|A") = I,(e)} .

h(e"|A") is the entropy defined in (8.6). Recall the bijection O +— ¢° from .#%(£2)

onto /g of Lemma 6.3(ii). It restricts to a homeomorphism from 4" onto %"
With these assumptions we can state our final theorem:

10.2. Theorem. The maps Af,a are relatively compact as first n — oo and then
0— 0. If 9" is a limit point, then there is a probability measure o on A" such

that
0 = f q (dQ)
and o is a limit point of the laws fAe {R, € -}n(dx). In particular, ¢ is an

element of A'.
We now turn to the proofs. For 6 = 0 and Q € .#,(82), set

m(9) := o )~|<5 s"(0),

A5 :={Q € M(R):87(Q) = m(0),|Qp) — €] =},

and

“(0) = {S:O(Q) —m(8) if Q is invariant and |Q(¢) —e| < 6,

otherwise.

In this new notation, m(0) = I,(e), # ¢ = A", and ki = k°.
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10.3. Lemma.

(1) m(d) is a continuous, convex, decreasing function from [0, 00) onto [0,1, (e)].
(i) The sets A5 are nonempty, convex, and compact, and if G is any open
neighborhood of A5, then A'ss C G for & close enough to 6. Moreover, the
union Koo = Usso A s is compact.

(iii) Fix 6 > 0 and suppose x is generic for m. Then the distributions A;3{R,
€ -} satisfy a large deviation principle with rate K5, as n — .

(iv) Suppose x is generic for m. The distributions Ai’,’g{R,, € -} are relatively
compact as first n — oo and then § — 0, and all the limit points are supported
on A .

Proof. (i) m(d) is obviously convex and decreasing, and m(d) = 0 for large é. To
prove continuity from the right: Let 6, \, 0. Pick Q,’s such that |Q,(¢) —e| = J,
and s"(Q,) = m(J,), using the compact sublevel sets and lower semicontinuity of
s”. The Q,’s lie inside the compact set {s" < m(0)}, hence we may pass to a
convergent subsequence and assume Q, — Q. Then |Q(¢) — e| < J, and by lower
semicontinuity

m(d) < s™(Q) £ liminfs™(Q,) = lim infm(J,) .

This suffices for continuity from the right, for m(é) = lim sup m(J,) by the mono-
n—oo
tonicity.
Now suppose 0, /" 6. Pick Q and Q; that realize the infima in the definitions
of m(d) and m(d;), respectively. Let ¢, /' 1 be such that 6, = ¢,6 + (1 — ¢,)d;. By
the convexity of s”,

lim sup m(6,) < lim sup{£,s™(Q) + (1 — ,)8"(01)} = m(J) .

n— o0 n—oo

By monotonicity again we have continuity from the left.

(ii) The first clause is true by the properties of s” from (3.e). Suppose d, —
6 and Q, € A5, \G for some open neighborhood G of A 5. As above, we may
assume Q, — Q. Then Q € G°. But s"(Q,) = m(J,) for all n, so by s*’s lower
semicontinuity and part (i), s"(Q) < m(d). And |Q(¢) — e| = 4 by the continuity of
the integral Q(¢), hence we must have s"(Q) = m(d) and Q € A5, a contradiction
with Q € G°.

A 000 is a subset of the compact set {s" < m(0)}, so we need only prove
closedness. Suppose O, € A5, and Q, — Q. If the J, remain bounded, pass to a
convergent subsequence d,, — 0, and then Q € A5 by the previous paragraph. If
o, /" oo for some subsequence »’, then Q,» = 4 for large enough n’ and Q =4 €
H000-

For (iii), let 0 < n < ¢ and write for large n,

1 1
mlog {R, € 4°, Ry (@) —e| < d—n} — mlog P{IRy(@) —e| = 6+n}
1
< —log A“%{R,
=7l 0g n,a{ € 4}
1 — 1
< I—V—Ilog {R, € 4,|R, (@) —e| £ d+n} — mlog {Ru(p) — €| < 6—n}.
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For the legitimacy of this deduce from (3.¢) that

liminf|VLllog P{Ruy(p)—e| <d—n} = -m(d—n/2) > —0.

Let n — oo and then # \, 0, and use the large deviation principle of (3.e), the
lower semicontinuity and compact sublevel sets of s™, and the continuity of m(d).
The upper bound follows without difficulty, but the lower bound emerges in the
form

llnrglogf] llogA (R, €4} = — %1{11%) . )Qig/*lf"o s"(Q) + m(d) .
)—e|<o—n

Thus we need to show that

lim inf s%Q)< inf sYQ).
n Qe4°

|0(p)—e| <d—n |0(p)—e| £

Let Q' € 4° be such that |Q'(¢) — e|] < § and s"(Q’) < oco. (If no such Q' exists,
we can stop here.) Pick P such that |P(¢) —e| < 6/2 and s"(P) < 0. Such a P
exists because m(5/2) < m(0) < c© by assumption. Pick 0 < ¢t < 1 close enough
to 1 so that Q, := Q' 4+ (1 — ¢)P lies in A°. |Ox(p) —e| < 0(1 +1¢)/2 < 6 —n for
all small enough #, hence

lim inf  §%(Q) £5(Q) ="(Q)+ (1 —1)s"(P).

UMY 0e4°

[Q(p)—e| <d—n

Let ¢t /' 1 and then vary Q’ for the conclusion.

(iv) By the upper bound of the large deviation principle of part (iii), A‘”{;{R
€ G} — 1 as n — oo for any neighborhood G of 4”5, which implies part (i) of the
definition of relative compactness and that the limit points of A;5{R, € -}, for a
fixed 6 > 0, are supported by A5 (see the remark on p. 49 of [Pa]). All the limit
points for all > 0 are supported by the compact set 4., hence also part (ii)

of the definition is satisfied. The last statement of (iv) follows from part (ii) since
the sets s converge to A as 6 \,0. [

Proof of Theorem 10.1. Part (i) follows from Lemma 10.3 by letting 6 \, 0 in part
(iii). Part (ii) follows from Lemma 10.3(iv) because I',S = A;5(R,(+)) is the image

of A5{R, € -} under the continuous map that sends a distribution on probability
measures to its expectation. [

Proof of Theorem 10.2. Suppose f is a bounded measurable function on £ that
depends only on (g, %; : i € V). Then
e. (m) e, s
J A m(dx) = [ A7 (S)m(dx) = [ A7 X R(f))n(dx)
= [ A7SR())n(dx) . (10.4)
Theorem 10.2 now follows as Theorem 10.1 did because the distributions A;5{R;, €

-} and AZ’;{R,, € -} satisfy the same large deviation principle. In particular, the
distributions A;3{R;, € -} concentrate on A" m-a.s. as first # — oo and then § \ 0,
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hence so do the distributions [ A7I{R;, € -}n(dx). And by (10.4), this determines
the asymptotic behavior of A5 in the topology of .4™". [
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