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Abstract: We compute, by free field techniques, the scalar product of the SU(2)
Chern-Simons states on genus > 1 surfaces. The result is a finite-dimensional inte-
gral over positions of "screening charges" and one complex modular parameter. It
uses an effective description of the CS states closely related to the one worked out
by Bertram [1]. The scalar product formula allows to express the higher genus par-
tition functions of the WZW conformal field theory by finite-dimensional integrals.
It should provide the hermitian metric preserved by the Knizhnik-Zamolodchikov-
Bernard connection describing the variations of the CS states under the change of
the complex structure of the surface.

1. Introduction

As noted in [2], there exists a close relation between the Chern-Simons (CS) topo-
logical gauge theory in 3D and the Wess-Zumino-Witten (WZW) model of con-
formal field theory in 2D. The (fixed time) quantum states of the CS theory on a
Riemann surface Σ without boundary are solutions of the current algebra Ward iden-
tities of the WZW theory. The states of the CS theory are holomorphic functionals
Ψ on the space J / 0 1 of (smooth) 0,1-forms A01 with values in the complexified
Lie algebra g c of a compact Lie group G. The functionals Ψ are required to be
invariant under the complex (chiral) gauge transformations Ψ »-» hΨ, where

h k^°^h~A01) (1.1)

for h : Σ -> G c . In the above formula, S(h,A01) denotes the action of the WZW
model [3] in the external gauge field A01. For a general gauge field, it takes the
form

S(h,A10 +Aoι) = — - Γtr (h-χdh) Λ (JΓιdh) - — ίd'hr (h~ldh)A3

4π 12π£

JLTC %

hAloh-1ΛAOi-AloΛA01]. (1.2)
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The non-negative integer k is called the level of the model. The invariance Ψ — h Ψ
is exactly the chiral gauge symmetry Ward identity for the WZW partition function.
Moreover, adding static Wilson lines in the CS theory, one obtains the chiral Ward
identities for the Green functions of the primary fields of the WZW theory. For
the sake of simplicity, we shall concentrate here on the case of the WZW partition
function and we shall take G — SU(2).

The space of CS states has finite dimension. The CS states Ψ may be viewed as
sections of a complex line bundle over the orbit space ^/01/^€ of the group ^ c of
complex gauge transformations. The orbits ^A01 are in one to one correspondence
with the isomorphism classes of holomorphic vector bundles (h.v.b.) E of rank 2,
with trivial determinant, given by the 5X(2, (C)-valued holomorphic 1-cocycles (#ajg),

Q<xβGβy= Gay, (13)

where A01 = g~ιdga locally and gaβ = gagjι. If, for the genus g of Σ > 1, one
limits oneself to the open dense (in the C°° topology) subset s/®1 C J / 0 1 corre-
sponding to the stable bundles, then the orbit space J / ^ 1 / ^ C becomes a complex
variety Jίs of dimension 3g — 3 = N. Besides, Jίs possesses a natural compactifi-
cation Jfss, the Seshadri moduli space of semi-stable bundles [4, 5]. The CS states
coincide with the holomoφhic sections of the &thpower of the natural determinant
bundle 2 over Jίss. The spaces H°(Sιk) of such sections have dimensions given
by the Verlinde formula [6]. They form a holomoφhic vector bundle # £ over the
moduli space Jί of complex curves. This bundle may be equipped with a projec-
tively flat "heat kernel" connection first described by Bernard [7], see also [2, 8, 9,
10], which generalizes the Knizhnik-Zamolodchikov connection [11] to the higher
genus situation.

The partition function of the WZW model is formally given by the functional
integral

Z(A10 +A01) = Jeks^Al°+A°^Dg, (1.4)

where Dg stands for the formal product ΠxeΣdg(x) of the Haar measures on G. It
has been argued in [13] that the solution of (1.4) is given by

Z(Al0+A01) = ΣVr(-(A<*y)Ψr(A01) e έ W ° ^ 0 1 , (1.5)
r

for an arbitrary basis (Ψr) of the CS states orthonormal with respect to the scalar
product corresponding to the norm

\\ψf = /|<F(Λ01)|2 e ^ t r ^ ° ^ 0 1 i X 4 . (1.6)

The functional integral in (1.6) is over the unitary gauge fields A = A10 + A01 with
A10 = — (v401)t. This way the calculation of the partition functions in the WZW
theory is reduced to that of the scalar product of the CS states.

Formal arguments show that the scalar product (1.6) should supply the bun-
dle # 1 of CS states with a hermitian structure preserved by the Knizhnik-
Zamolodchikov-Bernard (KZB) connection, see [9]. Proving rigorously the metric-
ity of the KZB connection is an important mathematical problem in conformal field
theory still left open. The puφose of this work is to provide a candidate for its
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(constructive) solution by computing exactly the functional integral at Eq. (1.6).
The result will have a form of an explicit finite-dimensional integral of a positive
measure. Similar work has been done in the case of genus zero with insertions in
[12, 13] for G = SU(2) and in [14] for a general simple G. The integral formulae
for the scalar product are the dual versions of the expressions for conformal blocks
of the WZW theory in terms of the generalized hypergeometric integrals [15, 16,
17], at the core of the relations between the WZW models and the quantum groups
and of the recently discovered relation between the WZW model and the Bethe
ansatz [18, 19, 20, 21]. The extension to higher genera has required a nontrivial
generalization of the low genus arguments and has taken some time.

The paper is organized as follows. In Sect. 2 we describe a slice in the space of
gauge fields, transversal to generic ^-orbits . It corresponds to realizing generic rank
2 determinant 1 holomorphic vector bundles as extensions of a one-parameter family
of degree g — 1 line bundles. In Sect. 3, we examine the restrictions of CS states to
the slice. They become sections of the k^ power of the determinant bundle of the
family of extensions. This picture of the higher genus CS states is closely related
to the one worked out in [1], see also [22], based on considering the extensions
of fixed degree g line bundle1. The relation between the two presentations is the
subject of Sect. 4. Section 5 describes a projective version of the scalar product
formula, from which surface dependent constants were omitted. It has been extracted
from the full-fledged formula discussed later for the sake of a moderately interested
reader who would not like to dwell into the details of the functional integration
which occupies most of the rest of the paper. And so, in Sect. 6, using the slice of
the space J / 0 1 , we decompose the functional integral (1.6) to the one over ^ c and
over the orbit space. The Jacobian of the relevant change of variables is computed
in Sect. 6 by free field functional integration. The crucial Sect. 7 performs the
integration over ^ c by reducing it to an iterative Gaussian integral. Finally, Sect.
8 assembles the complete formula for the scalar product. In Appendices, besides
treating a number of technical points, we work out the details of the relation of our
description of CS states to that of [1] (Appendix C) and submit the scalar product
formula to simple consistency checks (Appendix F). What remains to be proven,
however, is that the finite-dimensional integrals appearing in the formula actually
always converge resulting in a hermitian metric on the bundle #& of state spaces
which is preserved by the KZB connection. What is also missing is an interpretation
of the formula in terms of modular geometry, providing a counterpart of the analysis
of the KZB connection carried out in [8]. As the first step in this direction one could
try to simplify the formal arguments given below. Numerous cancellations occurring
in intermediate steps of the calculation suggest that such simplification should be
possible.

This is a non-rigorous work in its manipulation of formal functional integrals
which lead, in the end, to a chain of Gaussian integrations. Handling these integrals
required, nevertheless, careful treatment. As a result, the paper employs relatively
sophisticated mathematical tools. It may be viewed as a piece of "theoretical math-
ematics" in the sense of [23]: it uses formal functional integral to extract an inter-
esting mathematical structure which should be submitted now to rigorous analysis.
Care was taken to clearly mark the non-rigorous steps in the discussion. The main
result of the calculation performed here was announced in the note [24]. The case
with insertion points will be treated in a separate publication.

We thank B. Feigin and S. Ramanan for attracting our attention to [1] and [22].
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2. Space of Orbits

We shall need below an effective description of generic orbits ^€v401. It will be
based on the fact that every h.v.b. E has a line subbundle L~ι c E or, equivalently,
that the cocycle (gaβ) of E may be always chosen in the triangular form

where (a^β) is a 1-cocycle of a holomorphic line bundle (h.l.b.) L s.t. the dual
bundle L~ι C.E. (bΛβ) satisfy the twisted cocycle condition

aaβbβy + KβClβy = Z>αy (2.2)

which means that they define a holomorphic 1-cocycle with values in the h.l.b.
L~2 (this may be better seen by rewriting Eq. (2.2) as a~jb'^y + b'aβ = b'ay, where

b'uβ = cL~βbaβ). The corresponding cohomology class [(baβ)] in Hι(L~2) describes
E as an extension

0-^ZΓ1 -+E-+L-+0 (2.3)

of the line bundle L by L~ι. Proportional [(6α/?)] g i y e r i s e to isomorphic bundles
(but the converse may be not true). By the Riemann-Roch Theorem,

άim(Hι(L-2)) = g - 1 + 2deg(L) for deg(L) > 0. (2.4)

Let L(=bc) denote the h.l.b. LΘ(±x) (omitting the sign of the tensor product
between the bundles), where Θ(±x) is the degree ±1 h.l.b. with divisor ±x. We
shall fix for the rest of the paper a h.l.b. L of degree g. For later convenience, we
shall assume that this is done so that L(—x)2 never coincides2 with the canonical
line bundle K of Σ. For any rank 2 h.v.b. bundle E with trivial determinant, there
exists x £ Σ and a non-trivial homomorphism

φ : l^-x)-1-* E, (2.5)

see [5], Lemma 5.4. If φ has zeros (counted with multiplicities) at xi,...,x r, then φ
induces an embedding of L(—x — x\ — xr)~ι into E or, in other words, E is an
extension of L{— x — x\ — xr). Notice that deg(L(— x — x\ — xr)) = g — 1 — r.
If E is stable then it can have only negative degree subbundles so that, necessarily,
r < g — 1 and, moreover, the extension has to be nontrivial.

The above discussion gives rise to the following description of the orbits ^A01,
related to the picture of the moduli space Jί discussed in the papers [1, 22]. For
0 ^ r < g — 1, consider a holomorphic family (L(— x — x\ — x r)) of line bun-
dles. By definition, it is a holomorphic line bundle 5£r over3 Σr+ι x Σ whose
restriction to the fiber pr^ι({x,x\,... ,xr}) of the projection on the first factor gives
L(— x — x\ — xr) =L(—Xr). 5£r is not unique: for each h.l.b. M over 27+ 1,
we may take pr\*(M)^r instead of 5£r. Let Wr denote the first direct image
Rιpru(&72) of i?,Γ2 by prx (Wr is a h.v.b. of dimension N - 2r (N = 3g - 3)
over Σr+ι with fibers Hι(L(— Xr)~2)). Let ΨWr denote the corresponding holo-
morphic bundle of projective spaces ΨHι(L(— Xr)~2). The total dimension of the

2 as opposed to the choice of L employed in [24]
3 We denote by Σn the symmetrized 72-fold Cartesian product of Σ.
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compact complex manifold ΨWr is N — r. Now, each element w 6 ΊPWr, with the
base point {x,xi,...,xr} =Xr, defines (uniquely up to isomorphisms) a holomor-
phic bundle E of rank 2 and trivial determinant which is an extension of L{— Xr).
(Many w's may define the same E.) The dimensions imply that, generically, r — 0
(recall that &\m(Jf) = N). From this and the analysis of [1] and [22], the following
picture of the orbit space emerges:

an open dense subset of ΨWo corresponding to stable bundles is a ramified
(2#-fold) cover of a dense subset of the stable moduli space Jίs. The rest of
Jίs is in the image of subsets of ΨWr. In particular, the union of the ^€-orbits
corresponding to h.v.b.'s E obtained from WQ is dense in J / 0 1 .

Other details of that geometry may be found in [1, 22].
We shall construct gauge fields corresponding to points in ΨW0 (a slice

s/> : ΨWo —> J / 0 1 ) . Let us start by an explicit construction of a family (L(~x)) of
line bundles on Σ and of the corresponding bundle Wo. A more natural but less
explicit construction will be discussed in the next section and, a somewhat pedantic,
distinction between different realizations of the family (L(—x)) will later play an
important role. In order to describe the first construction, fix a point XQ G Σ and de-
note Lo = L(—XQ). The family (L(—x)) will be obtained by twisting the δ-operator
in LQ. Let (ωz)f=1 be the basis of holomorphic 0,1-forms on Σ adapted to a mark-
ing of Σ, i.e. to a choice of a standard homology basis (<z,,Z?;). Ja ω

j = διj and
j b cβj — x*J 9 where τ is the period matrix. Define a 0,1-form

ώJ = π( Xfω](lmτ)-ιώ. (2.6)
\χ0 /i,j=l\χ0 J \ i m τ J ij \χ0

Notice, that a = ax depends on the lift x of the point x to the covering space Σ
of Σ (with the base point XQ). Denote by Lx the line bundle LQ with d replaced
by 3LX = d + ax. It is a standard fact that all Lx corresponding to the same x are
isomorphic to L(—x). Consider the holomorphic bundle Σ x LQ over Σ x Σ with the
antiholomorphic derivative δ -\- δ, where δ differentiates in the trivial direction of
Σ. We shall twist Σ x Lo by replacing its antiholomorphic derivative by δ + d + a.
Denote the resulting h.l.b. over Σ x Σ by = ô It gives a specific realization of a
holomorphic family (Lx). The action of the fundamental group Π\(Σ,xo) = Π\ on
Σ lifts to an action on Jδf0 preserving the structure of the h.l.b. The lifted action of
p G Π\ is

(x,ly)^(Px,cp(y)-ιly) (2.7)

for ly in the fiber of Lx over y e Σ, where

Note that cp is a function on Σ (it does not depend on the integration path from
xo to y)- Dividing S£§ by the action of Π\, we obtain a h.l.b. J£fo over Σ x Σ, the
first explicit realization of the holomorphic family (L(—x)).

For a line bundle M9 we shall denote by Γ(M) the space of smooth sections
of L and by Λ01(M) the space of smooth 0,1-forms with values in M. The bundle

Wo = Rιpr\*(J£0 ) (the first direct image of J^o under pr\) may be viewed as the
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quotient of the infinite-dimensional trivial bundle Σ x Λ01(Z^"2) by the subbundle

whose fiber over x is the image by dL-i = d — 2ax of Γ(L^2). Indeed,

A0l(L-2)/dL-2(Γ(L-2)) = Λ01(L-2)/^_2(Γ(Z-2)) * H\L-2), (2.9)

which is the Dolbeault realization of H{(LX

2). Division by the action of Π\ gives
an explicit construction of the fiber bundle WQ.

Let us construct now a gauge field A01 whose ^€-orbit corresponds to a given
point w G Wo. To this end, we shall choose a smooth isomorphism U of rank 2
vector bundles over Σ with trivial determinants,

U :L-ι®L0-*Σx<£2. (2.10)

Let us twist the holomorphic structure of the vector bundle Eo Ξ ! " 1 φ LO by re-

placing its 3-operator by

where b e Λ0 1(Z^2). We shall denote the twisted bundle by E. Note that E is an
extension of the line bundle Lx by Lx

1. We may use the smooth isomorphism U
of (2.10) to transport the holomorphic structure from E to the trivial bundle where
we get the δ-operator

UdU~ι =d+A°x]b. (2.12)

9 « , S ( / 0 7 ) (113)

Let c be a constant φ θ or c = cp, see Eq. (2.8), and let v e Γ(LQ2).

0 '

is a smooth section of the bundle Axxt(L^1 ΘL0) of automorphisms of L^x ΘL0. The

gauge transformation Bx\ \-^ 9c* Bx\ = g~xBx

ι

bgc,v + g~Jdgc>v preserves the form of

the gauge field Bχ]b shifting

ax^ax + c~ιdc and b ι-> c2(b + (5 - 2ax)υ). (2.14)

In particular, for c = cp, ax t—>• αx + c~ιdcp = apx. The corresponding fields ^ ^
are gauge-related by

hc,v = UgCtΌU-1 e 9* , (2.15)

so that they lie in the same ^c-orbit. Taking constant c=f=O, we see that b leading
to the same class in the projective space

Ψ(Λoι(L-2)/δL-2(Γ(L-2))) - VHι(L-2) (2.16)

give gauge fields Aχ\ in the same ^-orbit. The class of b in ΨHι(Lx

2) is exactly
the one describing the rank 2 h.v.b. E, an extension of Lx, associated to the orbit
^ \ . Choosing x in a fundamental domain in Σ and one b in each class of
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Έ*Hι(L~2), we obtain a slice £f : ΨWQ —» s/01 which cuts a generic orbit a finite
number (= 2g) of times. One may take ^ to be piecewise holomorphic.

3. Determinant Bundle

Let us fix a hermitian structure on the h.l.b. LQ. It induces a metric connection

on LQ whose covariant derivative in the antiholomorphic direction coincides with

the δ operator. Let Fo denote the curvature form of this connection (normalized so

that JΣ ^FQ = deg(Zo) — 9 ~ 1) The hermitian metric on LQ induces a hermitian

structure and a connection on LQ1 and, putting both together, a hermitian structure

and a connection on LQ1 (&LQ. Let us denote by V the holomorphic covariant

derivative in LQ1®LQ. The complete covariant derivative is V + d. Clearly, its

curv(V + d) = (~Q° p ) . (3.1)

curvature form

Let us assume that the smooth isomorphism U : Lo

 ι Θ A) —> Σ x (C2 maps the her-

mitian metric of L^x Θ LQ into the one coming from the standard scalar product of

<C2. Using U, we may transport the connection on I ^ Θ L Q to the trivial bundle

ί/(V + d)U~ι =d+ UVU~ι -h UdU'1 = d +Aι

0° +A°o

ι = d +A0. (3.2)

The right-hand side gives a unitary connection, so that Aι

Q° — —(^Q 1 )^ . The curvature
forms are related by

~ι) = F(A0) = dA0 + Ao ΛA0 = U ( ~ζ° ^ J U~ι
curv(£/(V + d)U~ι) = F(A0) = dA0 + Ao ΛA0 = U ( ~ζ° ^ J U~ι. (3.3)

We shall represent the CS states by holomorphic sections of a line bundle over
. TO this end, let us define, for a CS state Ψ, a holomorphic function

^(x,b) Ξ exp [ £ / t r 4 ° Λ A0^ Ψ{A%,) (3.4)

of xG Σ and b G Λ01(L^"2). As is shown in Appendix F, only the normalization of
φ depends on the choice of the hermitian structure on LQ and of the isomorphism
U. Since the ^c-orbits of the chiral gauge fields A^ι

b form a dense subset of J / 0 1 ,
Ψ is uniquely determined by the function ψ. The gauge relations between the forms
A^b induce constraints for functions φ, due to the gauge invariance of CS states Ψ.
In particular,

φ(x,b + (3 - 2ax)v) = exp[kS(hv,A
ι

0°+A°x]b)] φ(x,b), (3.5)

φ(x,c2b) = Qxp[kS{hC9Al° +A°x]b)] φ(x,b), (3.6)

φ(px,c2

pb) = exp[kS(hCp,A
ι

Q°+A°x]b)] φ(x,b), (3.7)

where hv is given by Eq. (2.15) with c = 1, hc by the same formula with v = 0
and c e C x = C\{0} and hCp by setting υ = 0 and c = c^, see (2.8).
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Let us study these transformation properties in greater detail. The first two equa-
tions become much more transparent if we rewrite them in the infinitesimal form.
Since -^\h^S(h,A) = ^F(A), we obtain

δ

δv
v=0

S(hυ,A
ι

0°+Ax]b) = — tτσ+U-ιF(Aι

0° + A°x]b)U

= f trσ+(curv(V + d) + V(B°X\))
In

~2π V° °

< 3 8 >

where we have used the identity: curv(V + d + B^b) = curv(V + d) + J

Above, V(Z?) stands for the holomoφhic covariant derivative of the LQ -valued
0,1-form b. Similarly,

δ_

δc 0

= - / F 0 = 2 ( 0 - 1 ) . (3.9)

As for the relation (3.7), first notice that we may reduce the calculation to the case
b = 0 since for h = AC/7,

3σ+c-ιdcpAb]

=S(h,Aι

Q°+Axl0).

We shall show in Appendix A that for c a non-vanishing function on Σ, for gc —

Γ C

0 ' °\ and for hc = UgcU~\

^ ^ ) . (3.10)

Note that, except for the last factor, the expression on the right-hand side is

Qs(gc,-σ ax)^ w h e r e QC j s viewed as a standard £L(2,C)-valued field. The correc-

tion term is

v(c) = e i J ^ o ' n c Π \Wa, ' W;a> , (3.11)

where Waj{Wbj) stand for the holonomy of the metric connection on Lo along the

dj(bj) cycle, lnc(x) = IΏC(XQ) + \x

χ c~ιdc, where the integration path is taken inside



SU{2) WZW Theory at Higher Genus 337

a fundamental domain of Σ obtained by cutting the surface along the cycles aj,bj
starting at XQ. Altogether,

= μ(p,x)v(cp). (3.12)

Gathering Eqs. (3.5) and (3.8), (3.6) and (3.9), (3.7) and (3.12), we obtain

Proposition. Holomorphic functions φ possess the following transformation prop-
erties:

φ(x,λb + (δ - 2ax)v) = λk(g~ι)φ(x,b), (3.13)

φ(px,c2

pb) = μ(p,xk)v(cp)
kφ(x,b). (3.14)

In particular, for fixed x, φ(x, ) is a homogeneous polynomial of degree k{g —
1) on Hι(L~2). Note that the factor μ(p,x) appears in the transformation property
for the square of Riemann's theta function:

2

(3.15)

The map x *-• $(/*oω|τ) 2 defines a holomorphic section of the bundle K(2x0). The
map Π\ 3 p \—> v(cp) is a character of the fundamental group Π\. We show in
Appendix A that it defines the flat bundle L(—gxo)2. Hence a holomorphic function
φ(x) s.t.

φ(px) = μ(p,x)v(cp)φ(x) (3.16)

defines (upon multiplication by e~ π ( ^o ω ) ( t o τ ) ~ 1 ( ^o ω ) ) a section of the line bundle
L2K((2 — 2g)xo). The transformation properties (3.13) and (3.14) may be rephrased
by saying that φ is a holomorphic section of the kth power of a h.l.b., which we
shall denote DET, over the total space of the fiber bundle ΨWo Explicitly,

DET = w\L2K{{2 - 2g)x0)) m(Wof~
g), (3.17)

where w is the bundle projection of ΨW0 and Hf(Wo) is the tautological bundle over
ΊPW0. In particular, the restriction of the h.l.b. DET to the fiber ΨHι(L(-x)~2) of
IP Wo over xeΣ is the (1 — g)th power of the tautological bundle over
WHι(L(-x)~2). As we shall see in the next section, the h.l.b. L2K((2 - 2g)x0) is
isomorphic to (the IΊ\ quotient of) the determinant bundle of the family (d — σ3ax)
of <9-operators in LQ1®LQ. In turn, the line bundle DET is isomorphic to (the
Π\ quotient of) the determinant bundle for the family (d + Bχ

ι

b) of 3-operators
in ZQ"1 Θ^O Note the simple way by which the addition of the upper-diagonal
gauge field b in the <3-operator manifests itself in the determinant bundle. The map
Ψ ι-> φ embeds the space of CS states onto a subspace J^ c if0(DET*). The space
H°(ΌEΎk) of the holomorphic sections of a line bundle over the compact space Wo

is finite dimensional so that the finite-dimensionality of the space of CS states fol-
lows. Given φ £ H°(ΌETk), the question whether it comes from a CS state should
be determined by its behavior at the codimension one sub variety defined by
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in the moduli space Jίs of stable bundles. We shall return below to this question
which requires some refinement of the analysis of [1, 22].

For the later use, it will be convenient to write the homogeneous polynomial
φ(x, ) on Hι(L~2) in an integral form following from the Serre duality:

ψ(x9b)= J χ(x;χu ..,xk{g-i)) b(x{)...b(xk{g-{)) (3.18)

for b G Λol(Xo) and χ(x; ) G H°(Sk(9-ι\L2

xK)\ where, for a h.l.b. M over Σ,
SnM stands for the /r-fold (symmetrized) tensor product with the base space Σn,
the ft-fold symmetric Cartesian product of Σ. The x-dependence of χ again gives rise
to a section of L2K((2 — 2g)xo) so that we may view χ( ) as a holomorphic,
pr2-horizontal k{g — l),0-form on Σ x Σk<^9~X) with values in the h.l.b.

L2K{(2 - 2g)xo)Ϋ Sk^l\^2) = Bk . (3.19)

4. Relation to Bertram's Picture

Paper [1], see also [22], describes a somewhat different, simpler, construction of the
space of CS states. It is based on the realization of a generic rank 2 determinant 0
bundle as an extension of a fixed degree g line bundle L. Taking

0 V

where b' G A0l(L~2), we shall put

A$ι = U'A'^U'-1 + U'dU'-χ , (4.2)

where U' : L~ι (&L —> Γ x C 2 is a fixed smooth isometric isomorphism. Defining

we infer in the same way as above that

ψ'(λ(b' + dv1)) = A^f ( i ; ) , (4.4)

compare (3.13). Hence each ψ' is a degree &# homogeneous polynomial on
Hι(L~2). The latter space has dimension 3g — 1 and the number of independent

homogeneous polynomials of degree kg on it is ( g+ 9~ ). By the Serre duality, we
3#-2

may write
Ϋ{b')= ϊχ\xu ..,xkg)bι(xι)...b'{xkg) , (4.5)

where χ ; G H°(Skg(L2K)).

Theorem 2a of [I] 4. The CS states correspond exactly to the polynomials ψ'
s. t. χ G H°(Skg(L2K)) vanish whenever k + 1 of their arguments xn coincide.

4 We have learned this reformulation of the result of [1] from B. Feigin who discussed in [25]
its generalization to the case with insertions and with arbitrary simple groups.
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The dimension of the space of such polynomials was shown in [22] to be

* + 2 y- Σ Λ *_ψ±μ\'-> , (4.6)

in agreement with the Verlinde formula [6] for the dimensions of the spaces of CS
states. Let us set

χ(χ;x\,... ,Xk{g-\)) = x\x , ,x,xu- Λ(#-i)) (4.7)
k times

Note that

and -—
OX i

(4.8)
xλ=x

where the second equality is obtained by differentiating the first one over x. In
particular, for fixed x,χ(x; ) e (L2K)k\x ® H0(Sk{g-ι)(L2K(-2x))). We may also
interpret χ(x; ) as a holomorphic k(g — l),0-form on Σk^g~1^ with values in the
line bundle (L2K)% ®Sk^-χ\L2{-2x)).

We shall show that giving χ is equivalent to giving ψ in the description of the CS
states of the previous section. For this purpose, let us consider a line bundle Θ(—Δ)
over Σ x Σ, where A denotes the diagonal. S£'^ = pr\{L)Θ{—A) = pr2*(L)(—A) is
another realization of a family (L(—x)) of the h.l.b.'s, a different one from JS?O
described before. It is not difficult to see that

^ K ( 0 ( - * o ) ) ^ o (4.9)

An explicit isomoφhism is given in Appendix B. If WQ = Rιpru{^'^~2), then

^ ^ Θ(2xoWo, lP»o - F ^ o and Hf(PF0') ̂  ΠJ*(^(2X 0 )) Hf(JF0) (4.10)

Now χ, with its x-dependence taken into account, may be viewed as a holomorphic
2-horizontal) k(g — 1), 0-form on Σ x Z ^ " 1 ) with the values in the h.l.b.

B'k = prx*(L2Kf Skiβ-ιX&$) . (4.11)

Since the h.l.b.'s B'k of Eq. (4.11) and Bk of (3.19) are isomorphic due to (4.9), χ
introduced by formula (4.7) is the same type of object as χ considered in Sect. 3,
see Eq. (3.18). Indeed, in Appendix C we show that the two χ's coincide completely
under an explicit isomorphism. This will establish the precise relation between the
two descriptions of the CS states: by functions φ which we shall employ in this
work and by polynomials φ'. Let us briefly sketch here the geometric picture due
to [1, 22] which is at the core of the detailed analysis of Appendix C. One may
embed the curve Σ into ΨH\L~2) by

I 3 X H [b'x] e ΨH\L~2) , (4.12)

where, for ηf G H°(L2K), SirfK — v'(x) m some trivialization of L2K around x. We
shall see in Appendix C that [bf

x] corresponds to an extension of L which, as a rank
two bundle, is isomorphic to the split bundle L(—x)~ι ® L(—x). The condition of
Theorem 2a of [1] means5 that φ' vanishes to order k(g — 1) — 1 on (the image of)

this was the original formulation of Theorem 2a of [1]
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Σ. In this description, the CS states are thus realized as homogeneous polynomials
φ' on (3g — 1 )-dimensional vector space which vanish to some order on the explicit
embedding of Σ into the space, φ's are given by the k{g - l) t h Taylor coefficients
(the first non-trivial order) of φ' on Σ.

Similarly, one may embed Σ into ΦHι(L(—x)~2) by mapping y to [by] s.t.
fitfby — *l(y) f° r e a c n Ά £ H°(L(—x)2K). [by] defines an extension of L{— x) which,
as a h.v.b., is isomorphic to L{— x — y)~{ φ L ( - x — y). Changing also x, we get
an embedding of Σ2 into the bundle ΨWQ considered in Sect. 2. Replacement of
the image of Σ2 in ΨWQ by ΨWX is the second blow-up step of [1, 22]. Their
analysis shows that, again, χ(x;y\,...,yk(g-\)) vanishes whenever k+\ of yn's
coincide. We may then equate k of yn's and continue the process including higher
and higher ΨW/s into the game. It is interesting to know whether the vanishing of
χ(x;x\,...,Xk(g-i)) at & + 1 coincident points characterizes completely the sections
φ e H°(DΈΊk) coming from the CS states.

Let us remark, in the end, that the h.l.b.'s isomorphisms aetRpr\*(J£'Q) = L~ι

and detRpruζJ?^1) = (LK)~ι following from the exact sequence

0-,pr2*(L)(-Δ)-*pr2*(L)

and the relation (4.9) imply that the determinant bundle det xRprχ*(£?{)

 ι φ JS?O)
of the family (d — σ3ax) of ^-operators in L^1 (B Lo is isomorphic to the h.l.b.
L2K((2 — 2g)x0). This provides an interpretation of the first factor on the right-
hand side of Eq. (3.17).

5. Projective Formula

The outcome of the calculation performed in this paper is much simpler than the
calculation itself. We shall start by describing a softened version of its result. It
will give the scalar product of CS states up to a Σ-dependent constant. Such data
are enough to generate a projective connection on the bundle # i of state spaces.
This should coincide with the projective class of the KZB connection and hence
be flat. Section 9 contains a more detailed scalar product formula with the normal-
ization fixed, up to an overall constant depending only on the level k and genus
g (which could be traced through the calculation). The detailed formula gives also
the dependence of the scalar product on the metric of the surface (i.e., in particular,
on its complex structure).

In the simplified formula, we shall use, as the geometric input, the represen-
tation of the CS states by the holomorphic k(g — 1), 0-forms χ with values in the
line bundle B[, see (4.11), as well as hermitian structures on these bundles. It will
be convenient to choose the latter in a specific way. Following [31], we shall call
a hermitian metric on a h.l.b. M on Σ admissible, if the curvature form of the
induced connection is proportional to the 2-form a= j - ω ( I m τ ) " 1 Λ ώ. Admissi-
ble hermitian structures exist and are unique up to normalization. We shall call
a Riemannian metric on Σ admissible if it induces an admissible hermitian struc-
ture on the holomorphic tangent bundle of Σ. Let G(x,y) denote the Green function
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of the scalar Laplacian Δ on Σ chosen so that JΣG( ,y)oc(y) = 0. G(x, y) has a
logarithmic singularity at coinciding points. Define

: G(x,x) := lim ( G(x,x') - ^- In ε J , (5.1)
ε->o \ 2π )

with the distance d(x,x') = ε. Choose an admissible Riemannian metric on Σ nor-
malized so that : G(x,x) := 0, called the Arakelov metric [32]. It will also be conve-
nient to fix the dependence of the hermitian structures on the parameter for families
of h.l.b. 5s on Σ. In particular, the line bundle Θ(A) over Σ x Σ may be provided
with a hermitian metric by setting

| l (x , y ) f = e 4 π G ^ (5.2)

for its canonical section 1. Fixing also an admissible hermitian structure on the
h.l.b. L, we obtain this way a hermitian metric on J5?' — prι*(L){—A) which may
be viewed as a family of admissible hermitian structures on the family (Z,(— x))
of h.l.b.'s realized as JSPQ. The above choices determine a hermitian metric on the
h.l.b. B'k of (4.11) in which forms χ of Eq. (4.7) take values.

Another geometric input in the scalar product formula comes from the linear
map

H\K) 3 v K^O v[b/f] e H\L(-x)-2K) ^ H°(L(-x)2γ (5.3)

defined for each b" G Λ01(L(—x)2) and depending only on the class of b" in
Hι(L(—x)~2). As we shall see in Sect. 6.3, the rank of this map controls the (local)
regularity of the projection from stf01 into the orbit space j / 0 1 / ^ c l(x,b") may be
viewed as an element of the vector space H°(K)* ®H°(L(-x)2)*. Since

Ag~ιH°(KT ^ H\K) (8) deχ-ιH°(K) , (5.4)

Λ9~ιl( ,Z>") induces a holomorphic 1,0-form on Σ with values in the bun-
dle άQt~ιHo(K)0άcΓιRopru^

f

o

2. Since it depends homogeneously on [b/f] e
Hι(L(—x)~2), we may write

Λ<>-ιI(x9b")= J φ(x;x,,...?x,_1)Z>//(x1)...Z>//(x,_1), (5.5)
^-»

where φ is a holomorphic g,0~form on Σ x Σ9~ι with values in

Note that the choices of the metric on Σ and of the hermitian structure on J^Q
described above induce a hermitian metric on the h.l.b. (5.6).

The functional integral calculation which we describe in this paper implies the
following scalar product formula for the CS states:

\\Ψ\\2 = const. rl~Mf detf(di{_x)2dL(_x)2)

. |^ M (0(x;x 1 , . . . ,x,_ 1 )χ(x;x, , . . . ,x M )) | Λ 2 Π e ~ & G ( * ' " i ' ^ (5.7)

Above, M == (k + l)(g - 1), SfM stands for the symmetrizer of (xw)Jf=1, | | Λ 2 de-
notes the (1 H-M), (1 4~M)-form obtained by pairing a (1 + M ) , 0-form with values
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in a h.l.b. with itself using the hermitian structures described above. The prefactor
j — \~M a s s u r e s m e positivity of the integrated form. The determinant of the operator

^L(-x)2^L(-x)2 restricted to the subspace orthogonal to the zero modes should be zeta-
function regularized. Notice that the product on the right-hand side of Eq. (5.7) has
a form of the Boltzmann factor for a gas of two-dimensional particles interacting
with attractive Coulomb forces. Appearance of such "Coulomb (or, more properly,
Newton) gas representation" was a characteristic feature of the genus zero scalar
product formulae, see [13, 14]. As mentioned above, we have not proven that the
above equation defines the scalar product of CS states which induces (projectivized)
KZB connection. The first thing which remains to be shown is that the integral on
the right-hand side of (5.7) (over the modular parameter x and over M positions of
"screening charges" at points xm) converges for χ corresponding to the CS states.
Although not proven in general, the convergence seems very plausible in view of
the analysis of Sect. 9 below. In particular, it is evident for genus 2. Appendix F
discusses other consistency checks of the complete scalar product formula worked
out in Sect. 9.

6. Change of Variables

As we have mentioned, the main idea of this work is a brute-force calculation of
the functional integral (1.6) giving the formal scalar product of the CS states. This
will be a long process in which the first step is the change of variables

AOλ = h~lA°\n), (6.1)

where n ι—• AOλ(n) parametrizes holomorphically a (3g — 3) = τV-dimensional slice
of J / 0 1 (generically) transversal to the chiral gauge orbits. The reparametrization
(6.1) permits to transform the formal scalar product formula into

d(h,n)

(6.2)

where Dh = ]Jχ dh(x) is a formal local product of the Haar measures on £L(2,(C).

We have to compute the Jacobian 1 ^ n\ \2 of the change of variables. Notice

that under an infinitesimal variation of h and n,

^ δ n a h , (63)

where Dn = d + [A^(n\ ] and h~lDn = Aάh-ιDnAάh. Assume that Aoι(no) de-
fines a stable vector bundle. Then, for n close to «o o n e m a Y choose a basis
(ωα(n))^= 1 of 1,0-forms with values in s/(2,(C) such that Dnω

a(n) = 0 and ωa(n)
depends holomorphically on n. Notice that the relation Dnω

a(n) = 0 holds if and
only if

Jtτωa(n)ADnΛ = O (6.4)
Σ
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for all (smooth) s/(2,C)-valued function A so that ωα(«) may be viewed as co-
vectors tangent to the orbit space J / 0 1 / ^ C since they vanish on the variations DnA
tangent to the orbit of ^ € through Aoι(n). The space J / 0 1 has a natural scalar
product corresponding to the norm

ΛA
01 (6.5)

Using this scalar product, we may decompose

(6.6)

Notice that the subspace (im^ Dn))x orthogonal to the image of h Dn is spanned
by the forms (h~ιωa(n)hγ. The (holomorphic) derivative of the change of variables
(6.1) is

δ(h Aoι(n))

δ(h,n) 0 / r ' % ^ 0
(6.7)

where

( 6 . 8 )

with Ω(hh\n)βy = ijΣtr h~ιωβ(n)h Λ (h~ιωy(n)hγ. It follows that the Jacobian of
the change of variables (6.1) is

d(h

δ(h,n)
•Λ)det(Ω(ΛA t,w)Γ 1

2

det ftr ωβ(n) Λ Λ

 v ; (6.9)

Of course, det ((h Dnγ
 h Dn) has to be regularized, e.g. by the zeta-function pre-

scription. The chiral anomaly permits to compute the Λ-dependence of the regular-
ized Jacobian:

det((A
,) det(Ω(hh*,n))-1

(6.10)

where A(n) = — (Aoι(n))^ +Aoι(n). Also a short calculation using the transforma-
tion properties (1.1) shows that
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Inserting Eqs. (6.9),(6.10) and (6.11) into the functional integral (6.2), we obtain

na ,(6.12)

\\ψf=$\Ψ{A*\nfQ-!tJΣ«(A<1\n))l^(n)e(k+A)S(hh\A(n))
2

det(Q(l,w)) - 1 det ftrωβ(n)A Λ

where we have used the fact that the integrand depends on h only through hh\
related to the gauge invariance of the original integral (1.6), to reduce the h-
integration to that over the hti* fields effectively taking values in the hyperbolic
space SL(2,(E)/SU(2). D(hh^) should then be interpreted as the local formal pro-
duct Y[χd(htf)(x) of SL(29 (C)-invariant measures on SL(2,<C)/SU(2).

Formula (6.12) decomposes the original functional integral (1.6) over J / 0 1 into
the one along the orbits of the chiral gauge transformations, which has the form of
the partition function of an SZ(2,C)/SC/(2)-valued WZW model [26, 27]

and the integral along a slice n »-» Aoι(n) of s/01 which we shall parametrize by
the complex bundle ΊPWo. More exactly, as discussed in Sect. 2, we shall consider
the map

( x , * ) - ^ ^ ( 6 1 4>

with x running through a fundamental domain of Π\ in Σ and one b in each class
of ΨHι(L~2). Such a map gives a multiply parametrized slice of ^ 0 1 (as we have
seen in Sect. 2, the induced map from ΨW0 is essentially a multiple covering of
j / 0 1 / ^ ; one may show that multiplicity is equal of 2g). Let (η^)^=ι be a basis
of H°(LχK). ηζ may be chosen locally as depending holomorphically on x. The
integrals

z« = /<ΛZ> (6.15)
Σ

provide coordinates on Hι(L~2) (homogeneous coordinates on JPHι(L~2)) and a
local (holomorphic) trivialization of WQ. We shall have to find explicit expressions
for various terms under the integral (6.12).

6.1. Term \Ψ(A0l(n)\2

 Q-^h^\n))^A»\n)^

Using Eq. (3.4), we obtain

Recall that A°χ]b = UBo

x]bU~l + UdU~\ A\° = UVU~ι = -(UdU~ιγ = -(A°o

ιγ

with Bx]b=(-«\b

χ). Hence - < + < , = UB^U^ and < + « , ) t =

U(Bx

ι

bγU~\ where (B°χ

ι

bγ = (j _°-\ with the L~2-valued 1,0-form όf being

the conjugate of b with respect to the hermitian metric ( , } of L^2. It follows
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that IΣtr(Al° + {A^)A(-Alx + A°x]b) = 2JΣaζAax + ϊΣ{b,Ab). Consequently,

\Ψ(Al\)\2

 e-
(6.17)

6.2. Term
Consider t
taking values in the positive endomorphisms. It is easy to see that, necessarily,
Consider the field U~ιhhW. It is a smooth section of the bundle End(X^'

(6.18)

2 \ YXfα. r.V»«11 «-«.*.Λτr<=v + U « ±for unique real function φ on Σ and v € Γ(L0

 2 ) . We shall prove that

- 2F0)
ί y

T-Je~2φ(b + (d- 2ax)υ), A(b + (3 - 2ax)v))
2,71 y

b)- ( 6 J 9 )

Using the formula (A.2) of Appendix A, we see that

curv(V - ]

i). (6.20)

By a straightforward computation, under holomorphic variations of v

δS(hh\Al\) = -^-Jδv(d + 2ax)(e-2«>(b + (d-2ax)v)γ , (6.21)
zπΣ

and under antiholomorphic ones

l)b) = ^-fdJ (V + 2άί) (e-2< (̂Z7 + (5 - 2αx)i;)) (6.22)

which coincides with the ί -variations of the right-hand side of (6.19). Thus we may
assume that v — 0. Then the variation of S with respect to φ becomes

δS(hhKA°x\) = -Jδφ (ddφ -Fo + e " 2 ^ Λ b) (6.23)

(recall that dax = 0) which is also the variation of the right-hand side of Eq. (6.19)
for v = 0. This ends the proof of (6.19) since S(htf,A^b) = 0 for ΛΛ+ = 1.
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6.3. Term det (lΣ\xωP(n) A ^ g & ) "\ W

We have to look for 5-/(2, C)-valued 1,0-forms ω(x,Z?) = ω such that dω-\-Ax

ι

bω +

ωAχ

ι

b = 0. Such forms represent vectors cotangent to the orbit space s/01/^. Writ-
ing '

-μ λ\ ττ_\ _ TTnTT-\
μ ) U - U p U > ( 6 2 4 )

where η G Λ 1 0 ( L Q ) , μ G Λ10 and A G Λ10(Z^~2), the condition for ω becomes dp +

^x^P + pBχlb ~ 0 or> m components,

(5-f2βx>/ = 0, dμ = ~ηAb, (d - 2ax)λ = 2μ A b . (6.25)

The first of these equations requires that η G H°(LXK) which has dimension N. The
second one has a solution if and only if fΣη A b ~ 0 which, for £ corresponding to
a non-zero element in Hι(L~2), defines a N — I dimensional subspace in H°{L\K).
For η in this subspace,

μ = 2/ δ/G( , y)(η Λ 6)(.y) + v = μ\η) + v , (6.26)

where G(x, y) is a Green function of the Laplacian on Σ and v is an arbitrary
holomorphic 1,0-form on Σ. Finally, let (/cr)J!~1 be a basis of H°(L^). κr may be
chosen locally depending holomorphically on x. The third of the equations (6.25)
has a solution for λ if and only if

Jκrμ Λb = Jκrμ°(η) Λb + Jκrv Ab = 0 (6.27)
Σ Σ Σ

for each r. Then the solution for λ is unique since H°(L~2K) — {0}, since we have
chosen L so that L\ is never isomorphic to K. Let us consider more carefully the
condition (6.27). Notice that the exterior multiplication by b induces a linear map

I(x,b): H°(K) —> H\L~2K). (6.28)

l(x,b) depends only on the class [b] of b in Hι(L~2). The dimensions of the spaces
are άim(H°(K)) = g and &m(Hι(L^2K)) = dim(H°(L2

x)) = 0 - 1 . If /(x,δ) maps
onto then, for fixed μ°(η), there exists v solving (6.27) and it is unique up to the
addition of v from the one-dimensional kernel of l(x,b). Altogether, the space of
solutions of Eqs. (6.25) is then Af-dimensional: N — I dimensions of the freedom
to choose η and 1 dimension in the choice of v. Let us examine the condition
of surjectivity of l(x,b) which guarantees that the space tangent to the ^c-orbit
through AX}b is of maximal codimension (= N). Taking the standard basis (ω')f=1

of H°(K), this condition means that the matrix

) (6.29)

has rank = 0 — 1 . The [&]'s in Hι(L~2) for which this fails are common zeros of g
homogeneous polynomials giving the (g — 1) x (g — 1) minors of the matrix (6.29).
If these equations are non-trivial, it follows that l(x,b) is surjective except for a
subvariety of positive codimension. To see their non-triviality notice6 that /(x, b)

We thank J.-B. Bost for this argument.
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fails to be surjective if and only if for some Oφτc G H°(LX),

[b] eBκ~{ [b] I JKV A b = 0 for all v € H°(K) } .

But UKBK is at most 3g ~ 5 dimensional (άim(Bκ) — 2g~3 and Bκ depends only
on the class of K in the (g — 2)-dimensional projective space JPH°(LX)).

For given b G Λ01(L~2) corresponding to a non-trivial element in Hι(L~2), we
may choose the basis (η«)%=ι of H°(L2

XK) so that z\= JΣη
ι Λ6)φO and zα = 0

for α > 1. Suppose also that the non-zero (g — 1) x (g — 1) minor of the matrix
(6.29) corresponds to / < g. Then, we may take

η = 0, μ1 ΞΞ ωg ~ aj Mιr (fκrωg Ab\ λx = 2δ" 1 (μ 1 Λ fc) , (6.30)

where (M/r) is the matrix inverse to (JΣκ
rωι A b)i<g, and, for oc > 1,

Ά\ μ* = μ\η*) - of Id* (fκr(μ°(η«))Ab\ λ* = 2δ~~V Λ Z?) (6.31)

as giving a basis of solutions of Eqs. (6.25) and, consequently, a basis (ωα(x,Z?))
of the sl{2, (C)-valued 1,0-forms representing covectors tangent to the orbit space

^ 0 1 / ^ c at the orbit passing through Ax

ι

b. Above d~l =(dL-2K)~l. With this

choice,

det(Ω(l,«)) = det(Ώ(l,x,fr)) = detf f-(2μ* A // + (n*,Aηβ) + (Aα,

(6.32)

(f/1 should be replaced by zero). Moreover, since JΣtτ ω^(x, b)δAχ\ = JΣ(2μβδax +

= —\ωg(x)-ωι(x)Mir ( fκrωg Ab]\A2f[d2z\ (6.33)

where, for a form ω, | ω | Λ 2 denotes the form ώ A ω. A simple algebra shows that

/ \ / V 1 g

ωg(x) - ωι(x) Mir ί Jκrωg A b j =det ί /κ:rωz Λ b J £ ( - 1 f~y

x det f / ^ ί u 1 Λ 6 J ω^(jc). (6.34)

It will be convenient to represent det(Ω(l,x,£)) as a finite dimensional integral.
To this end, consider a linear map B : H°(LlK) Θ H°(K) -> C^ given by

', v) = (fη A b, jκ\μ\n) + v) Λ b) (6.35)
\Σ Σ J
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and another linear map C : ker(£) -» Λl0(End(LQl @L0)) s.t.

—μ°(η) — v 28 ((μ°(η) + v) A b)

η μ°(η) + v
C(η,v) =

K. Gaw§dzki

(6.36)

(with 3 =(dL~2K) *). A straightforward calculation shows that with K = (η,v)

and D F standing for the volume element of HQ(L\K) φH°(K) coming from the
scalar product induced by the hermitian metric of LQ and the metric of Σ,

jδ(BV) , l | - 2 det ί jκrωι Λ b
\Σ / i<g

det(Imτ) det(Ω(l,x,i))

-2

det(//0)

- 1

where
1

(6.37)

(6.38)

Putting together Eqs. (6.33), (6.34) and (6.37), we obtain

dAoι(ny 2

det(Ω(l,/i))- det I ftrωβ(n) A

-const. ΓNdet(HQyι det(Imτ)) - 1

](-1 y'det (fK'ω1 A b] ωJ(x)
Λ2

(6.39)

(with a numerical, easy to trace, ^-dependent positive constant in front; the power
of / makes the right-hand side a positive measure). We have given the term \zιdz2 Λ
... Λ dzN\2 a form independent of the assumed relations z1 4=0, zα = 0 for α > 1.

7. Calculation of det φ\Dn)

Let A be an s7(2,(C) valued function on Σ. Writing

- 1 , (7.1)

(7.2)

Z X

where X is a function, Y G Γ(LQ'Z) and Z G Γ(LQ), we obtain

It follows that

(A9D\DnA) =iftrφnAγ A DnA = //(2(δX - Zb) A (dX - Zb)
Σ Σ

+ (<97 + 2Xb9 A(dY + 2Xb)) + (dZ9 AdZ)), (7.3)
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where in the last line d = dL-i{dL2) when acting on Y(Z). Formally,
x x

= re-'/Γ(2(^-^)Λ(&r-z&)+<dr^^

and we shall compute the latter Gaussian integral iteratively, first integrating over
Y then over X and in the end over Z. As we shall see, this procedure requires a
correction if we want to assure that the final result gives the zeta-function regularized

determinant of DnDn. It would be more natural to consider A as anticommuting

ghost field rather than the commuting one. Indeed, this is det(DnDn) and not its
inverse which appears in the expression for the scalar product of the CS states. The
choice of commuting fields A in this calculation is purely a matter of convenience.

7.1. Integral over Y.

Iγ = [e-ifi(3Y+™>MdY+2Xb))DY = d e t $ Q _2yie

where (Xb)1- is the component of Xb orthogonal to d(Γ(L~2)) C A0l(L~2). Recall
that the scalar product in the spaces of sections is induced by the fixed hermitian
structure of Lo and the metric on Σ. Explicitly,

Σ

where (Hoy
β is given by Eq. (6.38). We have

ifiiXb^Xb)1-) = !ψl\Xb{H-χ)βajηβ ΛXb . (7.7)
Σ Σ Σ

It will be convenient to express e " 4 ^ ^ ^ ^^ ^ as a 6{g — 1 )-dimensional Gaus-
sian integral. Namely

(7.8)

7.2. Integral over X.
We have to calculate

h = /e-'-

We have to fix the constant mode Xo = (JX vol)/(area)1/2 which corresponds to
the flat direction in the above Gaussian integral, vol is the Riemannian volume form
of Σ and area = JΣ vol. Let us multiply Ix by 1 = area Jδ(Xo — α(area)1/2)<i2α.
Changing the order of integration and shifting X to X + a, we obtain

Ix = area Jδ(X0 - a(arez)l/2)d2a Ix

= area re

Q2ι cyjΣη
nΛXb+2ι cvjΣη

nΛXb+2i a cyjΣη
nΛb+2i a cyjΣη*Λb
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Performing the ̂ -integral first, we obtain

Iχ = — area δ(cafη* Ab

. ΓQ-ιJΣ2(dX-Zb)Λ(dX-Zb)+2icyJΣη
rjΛXb+2icyJΣη*ΛXb (

n2 ( \ —
~~ area o ( c^ j t\ A u I e

. f e-Jr^(-^)voi+2/JΓx(c^ DXd2a

= COnst 1 d C t ̂ ~^^ 1 Q-2ιSΣZb/\Zb Q4fΣJΣ(cyψΛb-d(Zb))(x) G(x,y) (cyf Λb+d(Zb))(y)
area

δ(cafη'Λb)

area

Q-2ιSΣZbAZb-4jΣSΣ(d(Zb))(x) G(x,y) (d(Zb))(y)

f^a Λ A ? (7.11)
Σ J '

where det; denotes the determinant of the operator restricted to the subspace or-
thogonal to its kernel, G(x, y) is a Green function of the Laplacian Δ on Σ and
μ°(η) = 2idjG( ,y)(η A b)(y), as in Eq. (6.26). It is easy to see that

Q-2ιJΣZbAZb-4jΣJΣ(d(Zb))(x) G(x,y) (d(Zb))(y) = Q-2iJ^(Zb)1-Λ(Zb)1- ^ (7.12)

where (Zb)1- is the component of Zb orthogonal to the image of d acting on func-
tions on Σ. Explicitly,

fωJΛZb,
μ

A (Zb)1- = (jω A Zb) ( ~ ) (JV Λ Zb] . (7.13)
\Σ ) \ i m τ J ij \Σ J

We shall rewrite the exponential of the latter expression as a 2gr-dimensional Gaus-
sian integral:

= π - * d e t ( I m τ )

(lmτ)'Jej-2ίeιh<»'ΛZb-2ιeJΣω ΛZbγr j2 (7 14)
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Gathering Eqs. (7.11), (7.12) and (7.14), we obtain

IX = const. det(Imτ) (^Sz^ϊ) Q-2ifΣμ\c^)AZb-2iJΣμθ(cxη>)AZb
\ area /

. Q2ifΣμ0(cΛψ)Aμ0(cyηx) Γ Q-Ae, (Im 1 ) ^ - 2 * ej^ AZb-2i et fΣω> AZbjj ^

(7.15)

7.3. Integral over Z.
The integral to calculate is

j = r-ιIΣ(dZ,AdZ)-2iJΣZ(μ0(cyη
y)+eιω

1)Ab-2iJΣZ(μ0(cyηy)+eιω
J)AbDZ Π \β)

Let us decompose Z into the part Zo in the kernel of d (i.e. in //°(Lχ)) and the part
Z' orthogonal to H°(L2

X). Writing Zo = /r/cr, where {κr)9

rZ\ is a basis of H\L\\
we obtain

/ = ΓQ-ιIΣ(

• const, ύet (̂ xvo) j ^ 1 ' 7 1 \f^ Jr
r

= const. detCKn) det'fδ^δo )~1ΓT^( fκr(μ°(caη
!X) + eιω

ι)Λb

where
(^of Ξ J ( κ r / ) v o l , (7.18)

and, in the last line of (7.17), d stands for the inverse of dL-2K. We may finally

collect Eqs. (7.5), (7.8), (7.9), (7.15), (7.16) and (7.17):

j —i I (2(dX—Zb)A(dX—Zb)-\-(dY-\-2Xb, A(dY-\τ2Xb))-\-(dZ,AdZ)) J^TT Π V T\T
*XYZ —— ^ Di LJJv DZJ

- 1

= const. det(//o) det(Imτ)det(^0)det(a'2δ_2)~1 f ^lAzf
Lχ Lχ \ area

x d e t ^ δ ^ <3Z2 ) - 1

• Jδ(fcaη« A b)Π<5(fκr(μ°(caη«) + e,ω') A b)

'0(cW)+e,co )Λb))-^d2c^d2eι

α z

= const. d ( ) d f a J a ^ f ^ ^ ^ Λ
area /

(7.19)



352 K. Gaw^dzki

where the last integral is the same as the one introduced in Sect. 4.3. Notice that,
with the use of Eq. (6.37), one obtains then

Iχγz det(Ώ(l,«)) = const. \z11 —2 detί JVω'Άft
- 2

area

- 1

det(//0) det(Imτ) det(£ 0)

tet^^iΓ1, (7.20)

i.e. the F-integrals cancel. This ends the formal calculation of dQt(DnDn).
Clearly, the determinants appearing on the right-hand side of the expression

(7.19) need regularization. If we use the zeta-function procedure to give sense to

them, it is not guaranteed that the result will coincide with det (DnDn) regularized
by the zeta-function prescription. Indeed, the latter should satisfy the chiral anomaly
relation (6.10) but for h = U(ι

Q \)U-\ we obtain

h~]Dγh~]Ddet((h~]Dnγ
h~]Dn) άQ\{Ω{hh\n)yλ = det φ\Dn) det (£2(1, (7.21)

if we use for άet(DnDn)~x the expression on the right-hand side of Eq. (7.19),
instead of

1.-1 j= . + 1.-1 J=

( Ί 2 2 )

given by (6.10) (and Eqs. (6.18, (6.19)). It is easy to guess that we should correct

the formal result for det(DnDn) by taking

*A,) =const.
area

( 7 2 3 )

Indeed, Eq. (7.20) is replaced then by the relation

' Λ ' Λάe\φlDn)de\(β(\9ri)Tι =
/

detί fκrωι Λb

area
9 (7.24)

and (7.22) follows. We shall show in Appendix D that formula (7.23) is, indeed,
the right expression for the zeta-function regularized determinant. Putting it together
with the Eq. (6.39) from the end of Sect. 4.3, we obtain the following explicit
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expression :

det ( fΣtvωβ(n)Λ
dna

det(//0)"ι det(Imτ)-ι άet(K0)"ι det(^-2 dL-2)

Σ ( - l ) y d e t ( Jκrωι Λ 6 ) ωy(x)

.α^|Λ2

Λ2
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Y[d2na — const, i -W

area

(7.25)

8. Functional Integral over hffl

We shall attempt now a direct calculation of the functional integral (6.12). Only the

Q(k+4)S(hh ,Axb) j e r m u n ( j e r j{ depends on hh^ and, as noticed before, its hh)-integral
should give the partition function of the iSΊ(2,C)/5t/(2)-valued WZW model. Be-
low, we shall find its form somewhat surprising. The action S(hh)\AX^) is explicitly
given by Eq. (6.19) in the parametrization (6.18) of hh^ by real functions φ and
v e Γ(LQ" 2 ). It will be more convenient to use w = e~φv instead of v. The formal
measure D(hh^) becomes then the product of the formal Lebesgue measures Dw
and Dφ determined by the L2 scalar products fΣ(w,w)vo\ and JΣ \φ\2vo\. Thus we
have:

where d = dτ-i when acting on w and FQ is the curvature form of the holomorphic

connection of Lo preserving the fixed hermitian metric. Note that the field w enters
quadratically in the action so that the w-integral is Gaussian and may be easily
performed:

fQ^lΣ

1 , (8.2)

where Pφ denotes the orthogonal projector on the kernel of (d -f (δφ))^. Explicitly,

Pφ(e-φb) = ieφ(ηaγ(H^)βa fηβΛb,
Σ

(8.3)

with the matrix of the modified scalar products of the vectors of the basis (ηa) of
H\L\K)

(8.4)
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compare Eq. (6.38). For convenience, we shall rewrite the exponential on the right-
hand side of Eq. (8.2) as a finite-dimensional Gaussian integral:

.

α
(8.5)

The φ-dependence of the product of determinants det(//φ)det((3 4- (dφ)γ(d+

(dφ))) with the second one regularized by the zeta-function prescription (or any
other gauge invariant procedure) is given by the chiral anomaly:

<5In(det(//φ)det((3L_2 +(dφ)γ(dL-2 +(<3φ)))~1) =^J(δφ)(ddφ - Fo)

(8.6)

where R is the metric curvature form of (the holomorphic tangent bundle of) Σ
normalized so that JΣR = 4πi(g — 1). The global form of the formula (8.6) is

/ - , - \ -i

det(/fφ)det I
L

det(//0) detidl-id.-iΓ1 . (8.7)

Gathering Eq. (8.2), (8.5) and (8.7), we obtain

= const. det(/ίo)det(a!-2^-2

a . (8.8)
α

Here appears a new difficulty in the calculation of the scalar product of CS states,
as compared to the genus zero and one cases studied in [13, 14] and [27], respec-
tively. There, the hh) integral for the partition function of the SL(2, £)/££/(2)-valued
WZW theory led, after parametrization of hh^ by φ and w, to an iterative Gaussian
integral: after calculation of the Gaussian w integral, the remaining φ integral was,
miraculously, also becoming Gaussian. This does not seem to be the case here. The
right-hand side of Eq. (8.8) includes the term

with the Liouville type terms containing z2φ in the exponential. So the φ-integral
obtained after integrating out w seems to be of a non-Gaussian type, in contrast to
the low genera situation.

We shall show however, that this difficulty may be solved by a trick used in
the Liouville theory [28, 29]. The functional integral over φ which we are left with
has the form:

Iφ = Je-W/^-^Hi/i^-^W^SDφ t
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We shall integrate first over the zero mode of φo = (fΣ φvol)/(area)1/2. For this
purpose, let us multiply Iφ by l^area) 1 / 2 Jδ(φo — a(aτea)ι/2)da. Changing the
order of integration, shifting φ to φ + a and setting M = (k + 1 ){g — 1), we obtain

-*o>+άJΣφRicΛ(Hφγf'cβY
4δ(φo)Dφ ,

(8.11)

where we have used the relations -^ JΣF0 = deg(Zo) — g—\ and j ^ JΣR = deg(K~ι)
= 2(1 — g). As we see, the integration over the zero mode of φ diverges but may
be easily (multiplicatively) regularized by removing the overall divergent factor
(-1)MΓ(— M). Now, the ointegral is easy to perform:

J (-—cα(//φ)α^Cβ) e χZ ι vZ [\d ca = (2π) ((//φ) dfcdzβ
>) J|<5(zα) . (8.12)

α α

Gathering the above results, we obtain the following "Coulomb gas representation"
for the higher genus partition function of the SZ(2,C)/Sί/(2)-vaΓued WZW model:

. (area)1/2 det(//0)

const. (area)1/2 det(//0) dot (dl-id Γ-2)~ι Q~ ̂  ^ z{bAbH Ud_,d βYlδ(za))
x x \ m Z™ Zm a J

(8.13)

where m runs from 1 to M. Observe, that the integrand in the functional integral
over φ is now invariant under constant shifts of φ, except for the term δ(φo) (the
neutrality of the Coulomb gas). The φ-integral is of the Gaussian form

^ const. a^'{-A)-'l2^^^a(x)G{x'y)oiy), (8.14)

where G( , ) is a Green function of the Laplacian on Σ and σ = ^ ^ o H~ 2π^ +

2iΣmδXm. Since G(x,y) ~ ^ \nd(x,y), where d( , ) is the metric distance, the

terms Q~k+2G(Xm>Xm) on the right-hand side of (8.14) are divergent. They may be eas-

ily multiplicatively renormalized by replacing them by their normal ordered version

Q-τ+2''G(χm,χm) ̂  s e e gq {5Λ) for the definition. This way, choosing for simplicity

the Green function satisfying JΣG( 9y)((k + 2)F0(y) + ^R(y)) = 0, we obtain

= const, det'ί-zi)- 1/ 2/'
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The substitution of this result into Eq. (8.13) results in the relation

-1/2

= const. det(//o)det(δ!-23,-2)~1 ( d e t ( ~ J MLχ Lχ \ area J

/( Π e " ^ ^ ^ 1 I I Π e " ^ : 6 { W w ) : ! ( f ,Λ/M)(JCB) ) , (8.16)

\ ι J
which is the final formula for the higher genus partition function of the SL(2, (C)/
Sί/(2)-valued WZW model.

Equation (8.16) reduces the functional integral over hhft to a finite dimen-
sional integral over M copies of Σ. The integrand is a smooth function except for

G{d(xmvxm2)~M) singularities at coinciding points. Power counting shows that
the integral converges for g — 2 but for higher genera it diverges unless special
combinations

,Λ/' ')(xm) (8.17)

of forms are integrated. We shall return to this issue below. Another feature of
the right-hand side of Eq. (8.16) may look even more surprising in a candidate
for the partition function: its dependence of the external field Ax^ is not func-
tional but distributional! The entire dependence on b £ Λol(Z,o) resides in the term
Tim df*d β Π α ^i2*) (recall that zα = JΣ ηa Λ b). This is not so astonishing in view

of the fact that the partition function of the SL(2,1E)/SU(2) WZW may be expected,
by formal arguments similar to the ones used in [30], to be the hermitian square of
a holomorphic section of a negative power of the determinant bundle. But there are
no such sections. There exist, however distributional solutions of the corresponding
Ward identities and the right-hand side of (8.16) is one of them.

9. Assembling the Final Formula

The main results (7.25) and (8.16) of the calculations of the last two sections
permit to reduce the formal scalar product formula (6.12) to the following finite-
dimensional integral:

\\Ψ\\2 = const.ΓNάet(lmτ)~ι ( —^ ) e '^^tr^J 0 Λ ^
\ area

Γ ( \ ' λ ,/"t - x -Ink
I det \{κ\ κs)vo\ det (dL2 dLi )e

J \Σ J X X

Λ2

9 ' - r , A iΛ

* •""**>••'

(9.1)
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The integral is, for fixed x, over the (N — 1) = (3g — 4)-dimensional projective
space with homogeneous coordinates (zα), over the Cartesian product of M Ξ
(k + l)(g— 1) copies of Σ (variables xm) and, finally, over the projection x of
x e Σ to Σ. Let us discuss first the zα integral. It has the form

Iz= J | P ( z ) | 2 ( W ^ Π Φ α ^ , (9.2)

where

P(z) = Σ ( ~ l V'detί/'c'ω1' Λ b).+Jω
J(x)ψ(x,b) (9.3)

is a homogeneous polynomial in (zα) of degree M (with values in A"^). The inte-
grand is a distributional 2(N — l)-form on Hι(L~2) invariant under complex rescal-
ings of z . Note that formally

W = —±—(f\λ-ιdλ\2)lz,
(N-l)l c

(9.4)

where the divergent integral on the right-hand side is over the fibers of the projection
of Hι(L~2) onto IP//1 ( I " 2 ) . Of course, the left-hand side is perfectly well defined
and we shall take it as a definition of the right-hand side. One may expect to
reabsorb this way the infinite constant (—\)MΓ{— M) produced by the integration of
the zero mode of the field φ9 see Eq. (8.11). This is more than formal gymnastics. In
Appendix E, we show that changing the order of integration in the above arguments
by computing the integral over ΊPHι(L~2) modular degrees of freedom just after
the w functional integration and the one over the scalar field φ only afterwards, one
obtains the same final result but no infinite constants, apart from those of the Wick
ordering, appear in the intermediate steps. This way, it is rather the convergent
integration over the (part of) the modular degrees of freedom than the divergent
Gupta-Trivedi-Wise-Goulian-Li trick which removes the cumbersome Liouville-
type terms from the effective action for φ and renders the φ integral calculable. It
is an interesting question whether similar arguments may be used to substantiate
the Goulian-Li trick in the gravity case.

With the above interpretation of ίz, we obtain the following expression for the
scalar product of genus g CS states:

| | ff ^onstdetdmτΓ1

area
-1

D=υ \ i

\ Λ2

\ (9.5)
m]

with the (M + 1 )-fold integration over Σ (over the projection x of x to Σ and over
the positions xm of M "screening charges"). We have restored the x subscript to
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stress the x dependence of various entries in the integrated function. In fact, it is
easy to see that the latter depends only on x. In Appendix F, we submit formula
(9.5) to few consistency checks showing that \\Ψ\\2 does not depend on the choices
of the bases « ) of H\L\) and (η*) of H°(LlK\ and of the choice of a hermitian
structure of Lo. We also show that upon multiplication of the Riemannian metric
of Σ by a function eσ, H^ΊI2 picks up the factor

( 9 6 )

which guarantees the right value c = ^ of the Virasoro central charge of the
theory with partition function given by Eq. (1.5).

We shall rewrite the scalar product formula putting it into a form both more
geometric and closer to the spirit of discussion of Sect. 4. To this end consider

Σ Π Wm(xm)dz*m)u(x,b). (9.7)
( α m ) m = l V X y

Clearly, the relation (3.18) holds so that χ is the holomorphic k(g — 1), 0-form on
I x Σk{9~{) with values in the h.l.b. Bk of Eq. (3.19) discussed at the end of Sect.
3. It is essentially the same object as χ introduced by Eq. (4.7) in Sect. 4, directly
related to Bertram's picture [1] of CS states. The precise relation between the two
χ's is given by Eq. (C.18) of Appendix C. With its use, one obtains from Eq. (9.5)
a fully normalized formula for the scalar product which uses the description of CS
states by polynomials φ' discussed in Sect. 4.

The expression

with Φ as in Eq. (3.16) defines an admissible hermitian structure on L2K((2—
2g)xo), see the beginning of Sect. 5: it induces a connection with the curvature
2πω(Imτ)~ 1 Λώ = —4πίgoc. In order to find the geometric interpretation, of the
other terms in the scalar product formula (9.5), let us return to the linear map
(6.28),

H°(K) 3 v K^] v[b] £ H\L~2K) ^ H°(L2

xy . (9.9)

Recall from Sect. 6.3 that surjectivity of l(x,b) assured the local regularity of the
projection from J / 0 1 into the orbit space J / 0 1 / ^ C We may view Ag~ιl( ,b) as a
holomorphic 1,0-form on Σ with values in the bundle άet~xH°(K) <
with the representation

f—IV" det [ ftdω* A b ) (^(x) 0 I Λ ωι \ [A

(9.10)
compare the discussion after (5.3) in Sect. 5. Setting

Ψ ( X : X 1 V . . , V I ) Ξ Σ Π ^ ) ^ A*"1 /(x,ft)
(«r)r=l

(
7=1

CO*) U lA , (9.11)
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with £fg-ι symmetrizing the variables xr, we obtain a holomoφhic g,0-form on

Σ x Σ9~ι with values in

C = deΓιH°(K) ® prUdeΓιR°pru&l)Sg-ι(&2

0)

^ deΓιH°(K) <g> pru(deΓιR0 pru^o)S9-ι(^Ό2) = C , (9.12)

where the isomoφhism of the h.l.b.'s on Σ x Σg~ι C and C is induced by the
isomoφhism (4.9). In the right-hand realization, φ coincides with the one introduced
by Eq. (5.5) in Sect. 5. Now, notice that

M

Σ Π (f? (*» %>) Λ»" ' /(x, ί#(χ, *)
(α»,)m=l

= (ίίίi)^jif(ψ(χ;*i,...,χff-i)χ(χ;χί,...,χjiί)). (9.13)

Clearly, the right-hand side is a holomorphic (1 +M),0-form on Σ x ΣM with val-
ues in the h.l.b.

- 2g)xo))

= feClH\K) <g> prι*((deC1R°prug"0

2)(

It is easy to see that

prι*((deC1R°prug"0

2)(L2K))k SM(£"0

2). (9.14)

ff] (η*m(xm)dz*n,)Σ(-l)Jdet (jκr

xω Λb
1 x l

det(Im

, (9.15)

where, if we inteφret ^M(ΦX) as a (1 -f-M),0-form on Σ x ΣM with values in the
bundle on the left-hand side of (9.14), we should use on the latter the hermitian
metric induced by the Riemannian metric of Σ, the hermitian structure of Lo and
an admissible hermitian structure of L2K((2 — 2g)xo). It will then be simpler to
work only with the admissible hermitian metrics on all occurring line bundles,
including the holomoφhic tangent bundle whose hermitian structure is given by the
Riemannian metric. With such choices, we may rewrite

| | f II2 =const. rM-ιJdct'(dl(_x)2dL(_x)2) |^(<Kx;x,,...,*,_,)

χ(x;xg,...,xM))\A2 Π e-ffi^'Ί ^ t Π e - r a * - * ^ , (9.16)
m l + m 2 m

including the prefactors into the normalization of the hermitian metric and replac-
ing x by x in accordance with the inteφretation of the x-dependence as giving
rise to geometric objects on Σ. The Green function G(x, y) in (9.16) should be

orthogonal to the 2-form α = j-ω(Im τ ) " 1 Λ ώ. We have rewritten άsί'{dL2dL2) as

dQ\!{dL^_xγdL^_xγ) using the fact that the latter determinant is independent of the
normalization of the hermitian structure on L(—x) so that it takes the same value
for any admissible metric on L(—x). When specified to the case of Arakelov metric
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on Σ, this is exactly the expression (5.7) of Sect. 5, if we reinterpret ^M(ΦX) ac-
cording to the right-hand side of (9.14) and use the relation between the hermitian
structures induced by isomorphism (4.9), see the discussion in Appendix B.

Similarly as for the lower genus case, see [13], the natural conjecture is that the
integral on the right-hand side of Eq. (9.16) converges if and only if the function
φ defines a globally non-singular CS state Ψ. The singularities under the integral
in Eq. (9.16) come from the product

π Π
m\

The power counting when Q + 1 of xm converge shows that

(9.17)

(9.18)

has to have the vanishing Taylor expansion at zero in y\9...9yQ up to order ^
δ ( f + j ~ O This also gives a set of sufficient conditions for the convergence of
the integral in (9.16). Notice that for g = 2 when M = k + 1 these conditions are
always satisfied. For g > 2, taking Q = k + 1, we infer that if the integral converges
then &Άf(Φχ)(x',x\, - - >XM) has to vanish whenever k + 2 of xm's coincide. Let us
see that this condition is, indeed, satisfied for φ corresponding to CS states. As we
have explained at the end of Sect. 4, such states give sections χ(x;xg,...9XM) which
vanish whenever k + 1 of xw 's coincide. On the other hand,

9

7 = 1

- -det

κl(xχ)ωι(xι)

g

ω\x)

(9.19)

vanishes whenever two x/s coincide. Hence &Άf(Φx)(x',x\, - - ,XM) vanishes when-
ever k + 2 of xw 's are equal. It is clear that a complete analysis of the convergence
of the integral in Eq. (9.16) and of the related "fusion rule conditions" should be
based on the geometry studied in [1, 22] and we shall postpone it to a future work.

4. Appendix A

Let us show that, for c a non-vanishing function on Σ, for gc = (C

Q °) and for

hc = UgcU-\

+2«*>v(c), (A.1)

where v is given by Eq. (3.11). Recall that U is a smooth isomorphism of rank 2
vector bundles with trivial determinant, U : LQX Θ^O —* Σ x C 2 . The gauge field
^4Q0 -f^xo represents the image under U of the diagonal connection V -f- d — σ3ax.
First note that, by the gauge invariance of the WZW action, S(hCiA

ι

0° +Ax

ι

0) is
independent of the choice of U. Moreover, since under an infinitesimal change of
the field h,

"lA0l)9 (A.2)δS(h,A) = ^"/tr h~λδh F(A
2π

10
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which transforms covariantly, one infers that under small changes of the func-
tition

δS(hc,A
ι

0° +4*0 = -Jc-ιδc(d(c-ιdc) + dax + F 0 ) , (A.3)

which is the variation of the right-hand side of Eq. (A.I). We may then assume
that c — \ on a small disc D. Using a trivialization of the bundle LQ over D and
over Σ\D with the transition function / defined around the boundary of D, we may
take the isomoφhism U equal to the identity on Σ\D and inteφolating smoothly

( ^ 0 ° j inside D. In any case, hc = ί c ° J = gc everywhere. Let αo be the

1-form representing on Σ\D the metric connection of Lo. It follows easily, that

S(hC9Al° + 4 o ) = S(gc) - - / c- 1 Jc Λ (α0 + α x ) (A.4)
π

from which Eq. (A.I) follows by integration by parts on the cut surface.
Let us identify the flat bundle corresponding to the character Π\ 3 p *—> v(cp) G

Sι of the fundamental group Π\ of Σ. First note that v(cp) is independent of
the choice of the metric on the h.l.b. LQ. Suppose that Zo = L(— jt0) has divisor
D — Σ ^ ί ? ^ w "" Σ?=o x «' s o t n a t ^o — ^ Φ ) Let us choose a hermitian metric on
O(D) so that | l(x) | 2 = exp[4π(Σw G(x,^m) - ^ r t G(x,xrt))], where 1 is the canoni-
cal section of Θ(D) with zeros at ym and poles at xn and G(x, y) is a Green function
of the Laplacian on Σ. 1 trivializes Θ(D) on Σ\{yw,xw} and the 1,0-form

/Q+g Q \
a = And Σ G( . ,y w ) - ^ G ( ,xw) (A.5)

\w=l /ι=0 /

represents there the metric connection of (9{D) = LQ. In particular, its curvature
FQ is equal to dda. Cutting β-balls around the points ym and xn (region Be) and
integrating by parts, we obtain

-lim / (da)lncp\

= exp - lim / (adlncp— Jalncp)\ . (A.6)
L Σ\Bι, oae J

Since BG(x, y) — 4π^_ . + a smooth function, the boundary term contributes

Π^(Λ)2ΓM*«) ~\ (A.7)
m = l

whereas the volume term limε_^0 j Σ \ Be a d \ncp may be shown to vanish by using
Eq. (A.5) and integrating once more by parts (cp is harmonic). It is easy to see
that the flat bundle corresponding to the character (A.7) of Π\ is equivalent to the
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trivial bundle with the δ-operator

m χ0 n XQ

and is isomorphic to Θ(D — (g — l)xo)2 — L(—gxo)2

Appendix B

Consider a function fXQ on Σ x Σ given by

(B.I)

where a is an odd characteristic. One has

fxo(px,y) = cp(yΓι fXQ(x,y\ (d + π(faλ (lmτyιώ(y)\ fXQ(x,y) = 0 .

Besides, fXQ has first order zeros at x — x$ and y = xo and a first order pole at
x — y. It follows that multiplication by / ^ establishes an isomorphism between the
h.l.b.'s JS?£ and ^ ^ ( ^ ( - X Q ) ) ^ over I x l

Note that the hermitian structure on the h.l.b. JS?o coming from an admissible
hermitian metric on the bundle Lo (see the beginning of Sect. 5 for the definition
of admissibility) induces the connection with curvature

πpr\*(ω)(lmτ)~ιpr2*(ώ) — πpr\*(ώ)(lmτ)~ι/?/*2*(ω) + (g — I)pr2*cc .

Taking also an admissible hermitian structure on the bundle Θ(— JCO) we obtain a
hermitian metric on the h.l.b. prι*(Θ(— xo))J£° corresponding to the curvature form

— pr\*(x -\- πpr\*(ω)(lmτ)~ιpr2*(ώ)
ι (B.2)

the same as the curvature induced by the hermitian structure of J£?Q described around
Eq. (5.2) in Sect. 5. Hence multiplication by fXQ must carry one hermitian structure
into the other one, up to a constant factor.

Appendix C

Let us discuss in more detail the relation between the two descriptions of the CS
states: the one discussed in Sect. 3 using functions φ(x,b) with x G Σ, b G Λ01(Z,^2)
and the one of [1], discussed in Sect. 4, employing polynomials ψf(bf), b' G
Λ01(L~2). Let us fix x with xφxo and b. Viewing b as an element of Λ0 1(Lχ2),
we may define a form b" G Λ01(L(— x)~2) by setting

b" = fxo(x, fb , (C.I)
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since the multiplication by fXQ(x, ) given by Eq. (B.I) establishes an isomorphism

between L{-x) and Lx. We shall choose K e H°(L2(-x))\H°(L(-x)2) s.t.

JκvAb" = 0 for v £ H°(K(-x)). (C.2)
Σ

Except on a subset of b'"s of codimension at least 2 in Hι(L(— x)~2), such K exists
and is unique up to normalization (compare the discussion around (6.28) in Sect.
6.3). Equation (C.2) guarantees that there exists a function f\ £ Γ(Θ(x)) s.t.

df = bK . (C.3)

Let f = 1 + tf\ £ Γ(Θ(x)) for t £ C Since, by our assumptions, φ ) Φ 0 as an
element of L2(— x) and, for small t, f may have zeros only close to x, it follows
that, for such t, the map

i""1 3 / —> (//ί, /*) e L(-xΓι Θ Z(-JC) (C.4)

is an embedding which, moreover, is holomorphic if we modify the d operator of

I ( - x ) ~ ι Θ L(-x) by replacing it by d + (° tb") . Choose now ζ e Γ(Θ(-x)) and

s e Γ(L~2(x)) s.t.

ζ-sκ=l. (C.5)

Note that s(x) has to be a non-vanishing element of L~2(x) because otherwise Eq.
(C.5) could not be satisfied as ζ, viewed as a function on Σ, vanishes at x. Now,
we shall perturb ζ and s by taking ζt £ Γ(0(JC)) and ^ 6 Γ(I~ 2(x)) s.t.

ζtf~stκ=l (C.6)

and Cί — ζ + Ĉi + o(t\ st = s + ts\ + o(t) are analytic in (small) t. This may be
easily achieved by solving Eq. (C.6) for ζt with st = s outside a small ball Bε(x)
around x and for st with ζt = ζ on B2ε(x) and by interpolating between the two
solutions in B2ε(x)\Bε(x). Consider now the smooth isomorphism

if Λ
Vt : L~ι θ L - ^ L ( - x ) - 1 ΘL(-x), Vt= [ Jt J ) (C.7)

depending analytically on (small) t. A straightforward computation shows that

(C.8)

Notice that tζ2b" + G ^ - stdζt = *; = ^ + ί^ + o(ί) £ Λ0 1(£~2). In particular,

bf

0 = ζds-sdζ = (l+ sκ)ds - sδ(sκ) = ds , (C.9)

b\ - ζ2b" + ζdsi + Ci& - ^ ί i - ^i^C = ft/; - d(fιs) + &i , (CIO)
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where we have used the relations ζ — 1 + SK and ζ\ = —ζf\ + s\κ following from
Eqs. (C.5) and (C.6). Let us define two gauge fields

Λx,tb — u I o 0

A ΐ = u ' ( o o ) ^ + u'~dιjr~x > (c 1 1 )

where 17 : ZQ"1 ΦZO —> Σ x <C2 and t/' : L~ι ΘL —• 2" x <C2 are smooth isometric

isomorphisms, see Sects. 3 and 4. , 4 ^ and ^4^ are gauge related:

where

Expressing the same CS state Ψ in two descriptions corresponding to Eq. (4.3)
and Eq. (3.4) and comparing them using the gauge invariance of Ψ, we obtain the
relation

Now, due to the homogeneity of ψ(x, ),

On the other side, it is easy to see with the use of Eq. (C.9) that, for ηf e H°(L2K\

Jηf Λb'0 = Jη' Λ δs = lim / η'Ads = lim J η's = 2πi ^ . ^ ,

(C.16)

where ^ - 1 is differentiated as a section of L2 vanishing at x. Hence the class of b'o
in JPHι(L2) coincides with the image o f x G l under the embedding (4.12) of Σ
into ΨHι(L2). Specifying Eq. (C.8) to t = 0, we infer that the corresponding rank
2 holomorphic bundle is isomorphic by Vo with the split bundle L{— x)~ι 0 l ( - x ) .
Using the integral presentation (4.5) of \j/r and Theorem 2a of [1], see Sect. 4, we
obtain the relation

f ^ ε i m γ k j ϊ{x,...,x,Xk+ι,...,Xkg)
Σk(g-\) k times

Besides, using Eq. (CIO), we may replace b\ by b" — fXo(x, )2b on the right-hand
side. Hence the relations (C.14), (C.15) and (C.17) imply that

χ\x,... 9x;
k times

fXQ(x,xMy2...fXo(x,xkgy
2
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where

' ^ " ^ A 4 ' O ) ] *

(C.19)

%xo(x) takes values in (L2K)k. It must be independent of the choice of K, £ and
s since the other terms in Eq. (C.18) are. It gives an explicit realization of the
isomorphism between functions Φ(x) on Σ transforming by Eq. (3.16) and behaving
like (x — xo)~2k(9~ι) around xo and sections of (L2K)k, see Appendix A. Such
isomorphism is unique up to normalization and Eq. (C.19) fixes this normalization
completely (in a way dependent on the isometric isomorphisms U and U'). Equation
(C.18) establishes the precise relation between functions ψ used to represent the CS
states in this paper and polynomials ψ' introduced in Sect. 4 and corresponding to
the description of [1, 22],

Appendix D

We shall prove here the formula (7.23) for the zeta-function regularized determinant

of the operator DnDn. Let us consider the determinant line bundle $F of the 5-family

(d + [Aχ\, ] = Dn) of operators acting in the trivial bundle Σ x 57(2, C). It is a

holomorphic line bundle over the space of pairs (x,6) with the fibers

) " 1 det(coker(A«)) .

Generically, ker(Z)M) = 0 and the dual space to the coker(Dw) is spanned by

Λthe s/(2,(C)-valued 1,0-forms ωα(x,Z?)ΞΞ Ul μ

y \ 1 U~x constructed in Sect.

5.3, see formulae (6.30) and (6.31). The complex gauge transformations hCyV =
Ugc,vU~l, with gCiV as in Eq. (2.13), c a non-zero constant or c = cp, act on J*.
Division by their action gives the 4 th power (4 = 2x the dual Coxeter number of
SU(2)) of the h.l.b. DET over the compact space ΊPWo discussed in Sect. 3. The
formula

/\ωa(x,b)
2

= detφlDn)det(Ω(l,n)rι (D.I)

defines Quillen's hermitian metric [33] on # \ Its curvature is easily calculable (from
the Riemann-Roch-Grothendick Theorem, see e.g. [34]) to be

-I^(δA°x]bγ A δA°x]b = -J (2δ^Aδax + (^,Λ^)) . (D.2)
πιΣ πi Σ

The change of the Quillen metric on <F under the complex gauge transformations
hc,v may be inferred from the chiral anomaly formula (6.10) with S(hCiVh$jV,A(n))
given by Eqs. (6.18) and (6.19). It is then easy to see that the modified metric

is invariant under the hcv transformations and descends to DET4. Its curvature is

^ fΣ δax A δax. On the other hand, the right-hand side of Eq. (7.24) multiplied



366 K. Gawφdzki

by exp[^ fΣ(b, Λb)] also defines a hermitian structure on the h.l.b. DET4 and the
Riemann-Roch-Grothendick Theorem shows that the curvatures agree. Hence, the
two metrics are proportional with the proportionality constant which might a priory
depend on the metric (i.e. also on the complex structure) of Σ.

In order to see that Eq. (7.23) for det (DnDn) represents properly also the depen-
dence on the metric of Σ, it is enough to show that it produces the right behavior of
the determinant in the limit when b is replaced by tb and t —> 0. This limit may be

studied by the 2n d order perturbation theory. For t — 0, DnDn has the ^-dimensional
kernel U(H\L\)σ~ + €σ3)U~\ For f Φ0, the operator is modified by a relatively
compact perturbation [35]. If the rank of the matrix (fΣ κrωι Λ b) is g — 1, all the

zero eigenvalues of DnDn move up and their product is easily calculated to be

Rt2g =2~g t2g area"1 det (K0)~ι \zx | 2 (H~ι ) n

det f (JVω1' Λ b) (Imτ)l7f JVω7 Λ b)) (D.4)

in the leading nontrivial order (we have assumed that za{b) — 0 for α > 1). It
follows that, when t -» 0 (and with the zeta-functions regularized determinants),

φ%d e t φ % ) = R t2g det'0lDn)\t=Q + o(t2g) .

On the other hand,

«β)lim det(Ω(l,x,rf>)) = - (ffix A μλ det^ + 1 (H«β)
f->0 I \Σ J

in the notation of Eq. (6.30). Using also the relation (6.34), we obtain

(D.5)

(D.6)

limdet(Ω(l,x,ώ)) - 4 det ( fκrωι' ί\b J
<g

Σ ( - x)Uj' d e t ( / ^ ω 1 Λ b] (Im τ)itj, det Λ

= 4det(Imτ)det(/ίo)(//(Γ
1)ii det fH, <9

2

det ( ( JVω1' Λ i ) (Im τ)" 1 ( JVω7 Λ (D.7)

where the last equality is a consequence of the identity det (Σj ArJ Asj) =

Σj |det(^f")ϊΦ/|2 f° r (^ ry) a (^ ~ 1) x ^ matrix which may be easily verified by

taking (Arj) with first (g — 1) columns forming a unit matrix. It follows now from

Eq. (6.37) that

det ί f/Vωf Λ b\ (Im τ)^ Λ

(D.8)
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and, consequently, the right-hand side of Eq. (7.23) behaves when t
dance with (D.5). This ends the proof of formula (7.23).

0 in accor-

Appendix E

Let us denote

ςN-l

A 2

1 N

α=2

α /α=

(E.I)

where P(z) is a homogeneous polynomial in variables (zα) of degree M =

= Σ
M

Π
M M

Π ̂  = Σ PM Π
(α w ) m=l

φ with P(z) given by Eq. (9.3) is the z-integral to be computed after the w-
integration in Sect. 7 if we postpone the φ integral till after the one over za/s, see
Eq. (8.8). The integrals in (E.I) clearly converge. We shall show that the zero-mode
integral

M+N

^ " (E.3)

Consequently, integrating in our calculation of the right-hand side of (6.12) first
over w then over zα,α > 1 and at the end over φ one obtains the expression (9.5)
without encountering other infinities than the standard ones removed by the zeta-
function regularization of the determinants and the Wick ordering of the φ-field
exponentials. In order to prove formula (E.3), let us rewrite

- \n\t\)d2t

( E 4 )

The integral clearly converges. By the change of variables

ζι=tz\ ζ2 = tz\...,ζN = tzN ,

one obtains

a)da=±- det(Hφy
ι J \P(ζ)\\2 e~

α = 1

(E.5)

d2ζ« . (E.6)

Now Eq. (E.3) follows by simple Gaussian integration.
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Appendix F

We shall check the consistency of the formula (9.5) for the scalar product of
the CS states. First of all, the integrand on the right-hand side is independent
of the choice of the bases « ) of H\L\) and (ψx) of H°(L2

XK). Indeed, a
change of (κx) in | Σ J = 1 ( - i y d e t ( / Γ κ£ω' Λ b)iή=J αy'(x)|Λ2 is compensated by that

in det( fΣ(κx, κx) vol)"1 and ηxdzχ is independent of the choice of (ηx). Another con-
sistency check is the independence of the integrand under change of the hermitian
structure of LQ. Recall, that the Green function G(x, y) of the Laplacian was chosen
so that fΣ G( , y)((k + 2)F0(y) + %R(y)) = 0, where FQ is the curvature form of
LQ. The multiplication of the hermitian metric of LQ by a positive function eφ//^+2^
leads to the replacement FQ »-> FQ -f j ^ | and

G(x9 y) ^ G(x, y) + τηrp(φ(x) + φ(y))

R)). (F.I)

Since {ψm, Mβm){xm) picks up the factor e

2 < ^ ^ + 2 \ the last line of Eq. (9.5) is
multiplied by

exp 1 * /(dφ Λ dφ + φ(2(k + 2)F0 + Λ)) 1 .

By the chiral anomaly formula, det(/Σ(κ:r,ϊcί!) vol)" 1 det ' (3.2^2) changes by the
Lx Lx

factor

[ Λ ~dφ + (^
Finally, we shall show that exp[—1| JΣtiΛ

x

0° ΛAQl]\\l/(x,b)\2, which depends on the

metric of Lo through the smooth isometric isomorphism U : L^1 (&LQ —>• Σ x (C2,

yields upon the multiplication of the metric by eφ/^+2^ the factor

cancelling the previous ones. First note that, by Eq. (6.17),

e-τ«h«« μ(χ,Z,)p = c(x)| Ψ(Al]b)\2

 e-H^ f r<*> tΛ4'*+fe ̂ "^ (F.2)

with c(x) independent of the choice of the metric on LQ. AS follows from the
transformation properties of Ψ and of the WZW action S,
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In particular, the expression does not change if h takes values in the compact group.

It follows that, for a fixed metric on Lo, exp[—1| J^tr^J 0 Λ ^ 1 ] |ι/f(x,Z?)|2 is inde-

pendent of the choice of the isometric isomorphism U : LQ1 Θ^O —• Σ x (C2 since

Ax\ for two different choices are related by an S£/(2)-valued gauge transformation.

After the multiplication of the hermitian structure on LQ by eφ, we may take

jjQ-φσ /2 a s m e n e w i s o m e t r ic isomorphism from L ^ φ l o to Γ φ C 2 . A s a result

of the change of [/, Λ ^ changes to h~lA°χ]b with A = C/e^^C/" 1 . By virtue of

Eqs. (F.2) and (F.3), e " ^ ^ 1 3 " ^ ^ © 1 |^(x,Z?)|2 is then multiplied by

QkS(hh^-(A°χ\b)UA^b)-^!Σ(e-2(P-l)(bAb) ^ ^

We are left with the calculation of S(hh\-(A°χ

ι

bγ + A°χ

ι

b). By Eq. (A.2), under the

infinitesimal charge of φ,

+

= — ftr <5φσ3curv V + d
2π V
i r , /

= —-Jtrδφσ3[

= δ (—^Kd<P Λ h + 2φF0 - ( e ^ - 1)<6,Λ6))^ (F.5)

so that the factor (F.4) becomes e " 2 5 F ^ ( ^ A ^ + 2 ^ o ) , as required.
As for the change of \j/(x,b) itself, a straightforward calculation shows that if

h : Σ —> SL(2, (C) then

. eTn h«A]o°AAx,b ψ(A°x)b) . (F.6)

It follows that if U ^ Uf = h~ιU with S£/(2)-valued A then ^(x,fe) changes

only by a constant factor Q~ks^~ΉJ ΣtτAo A(h ) 5/z Q n m e other hand, if the metric

of Lo is multiplied by e^ and U \-+ U' = Ue~φσ3/2 = h~ιU, then ψ(x,b) picks up
the factor

where the last inequality may be checked by differentiating S(hh\Aι

0° + Ax\) with
respect to φ with the use of Eq. (A.2). Again ψ(x,b) is multiplied by a constant
independent of x and b.
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In the next check, let us find the dependence of the right-hand side of Eq. (9.5)
on the conformal factor of the Riemannian metric of Σ. If the metric is multiplied
by a positive function eσ, then

G(x, y) ~ G(x, y) + ̂ ( σ ( x ) + σ(y))

• Λ dσ + 2σ(2(k + 2)F0 + R)),

:G(x,x) :.-> : G(x,x) :

Σ

M - 1

J(dσ Adσ + 2σ{2{k + 2)F0 + /?)), (F.8)

and the last line of Eq. (9.5) is multiplied by

By virtue of the conformal anomaly formula, det (JΣ(κr, κs) vol)" 1 det^δ^ dLi) and

(detll~A)) change, respectively, by the factors

exp — f(-dσΛdσ + σ(6F0+R))\ and expf( f(

Altogether, Eq. (9.5) picks the factor

l(¥)} (R9)

when the Riemannian metric is multiplied by eσ. This guarantees the right value
c = 1+2 °̂  t n e ^ i r a s o r o central charge of the theory with partition function given
by the formula (1.5).

Another easy check of formula (9.5) shows that its right-hand side does not
depend on the choice of xo used to fix the bundle LQ — L(—XQ). We leave it to the
reader. A more involved problem which we have not addressed is the independence
of the scalar product expression of the choice of the h.l.b. L of degree g.
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