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Abstract: The canonical quantization of any hyperbolic symplectomorphism A of
the 2-torus yields a periodic unitary operator on a N-dimensional Hilbert space,
N = 4. We prove that this quantum system becomes ergodic and mixing at the
classical limit (N — oo, N prime) which can be interchanged with the time-average
limit. The recovery of the stochastic behaviour out of a periodic one is based on the
same mechanism under which the uniform distribution of the classical periodic
orbits reproduces the Lebesgue measure: the Wigner functions of the eigenstates,
supported on the classical periodic orbits, are indeed proved to become uniformly
spread in phase space.
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0. Introduction

The quantization of any linear hyperbolic symplectomorphism A4 of the 2-torus T?
yields a unitary operator ¥V, acting on a Hilbert space of finite dimension N = h™?,
in agreement with the well known physical intuition that a compact phase space
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allows only for a finite number of quantum states. Moreover, V, is periodic, i.e.
thereis p = p(N) € N such that V§ = I, (up to a phase). Since the linear hyperbolic
symplectomorphisms of the 2-torus represent the best known examples of “cha-
otic” systems [AA], this periodicity makes the classical limit N — oo, in which the
stochastic properties should be recovered, an apparently non-trivial one (see, e.g.,
[FMR]).

The purpose of this paper is to take on the problem for the two most basic
stochastic properties, namely ergodicity and mixing, and to prove that, at least on
subsequences {N,} of prime numbers, they can be actually recovered in the
strongest possible sense, namely: the “classical limit” N, — oo can be interchanged
with the “time-average” limit m — oo . The mechanism underlying this recovery is
exactly the same one generating the intrinsic, i.e., maximal entropy ergodic invari-
ant measure of the symplectomorphism, out of the uniform spreading over the
torus of periodic orbits of increasing period. This can be directly transported to the
quantum case via support and invariance properties of the Wigner functions
corresponding to the eigenstates of V4. Concerning the above table of contents, we
remark:

Sect. 1: A difficulty in the quantum ergodicity notion of von Neumann [VN]
(which on the other hand trivially holds whenever the propagator spectrum is
pure-point and simple) lies in its non-obvious reducibility to the classical definition
(see e.g. [E2]), which is instead here explicitly verified.

Sect. 2: The weak-x convergence to the Lebesgue measure du on T? of the
averaged atomic measures concentrated on all periodic points of any hyperbolic
AeSL(2,Z) is a classical result of Bowen and Sinai (see e.g. [M,PP]). For the
particular case under examination, by reducing the integrals over the periodic
orbits to Kloosterman sums (see e.g. [Kal]) we prove a stronger result: namely, the
weak-+ convergence du, — du, where du, is the invariant measure supported on any
single periodic orbit sequence {yy} belonging to the invariant lattice of all points of
rational coordinates with common denominator N, and N — oo over splitting
primes relative to A. We also determine the spectral properties of the Koopman
operator restricted to the L? spaces of the invariant atomic measures, concentrated
on the sublattices of T? generated by the points of rational coordinates.

Sect. 3: The first quantization of a subclass of matrices in SL(2,Z) in a N-dimen-
sional Hilbert space, N = h~!, was obtained by Berry and Hannay [BH]; the
canonical quantization of the observables valid for any 4 € SL(2,Z) has been
obtained in [DE]. The spectral, periodicity and arithmetic properties of the
quantum propagator V, are studied in [BV,E1,Kel,Ke2,Ke3,PV] in addition to
[BH,DE]; if representations and classical limits are ignored, and the torus is
instead the configuration space, the corresponding quantum system can be studied
as a pure Weyl algebra automorphism also for h irrational [BNS,N7]. We employ
here the canonical quantization procedure of [DE], based on the representations of
the Heisenberg group H,(Z"), in complete analogy with the well known construc-
tion of the Schrodinger representation out of the Heisenberg group H,(IR") (see
[F]). The discrete Wigner transform has also been first introduced in [BH],
essentially as a discretization of the standard one defined on R?, and its most
relevant properties, including the support on the classical periodic orbits, have
been studied also in [BV,E1,Kel,Ke2,Kn,PV,LV]. Here the discrete Wigner
transform is directly defined out of the representations of IH,(Z?); in particular, this
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makes possible to remove the restriction to N even of [BH] as well as to determine
the normalization factor. The invariance of the Wigner functions of the eigenvec-
tors of the quantum propagator allows us to relate its spectral properties to those
of the Koopman operator generated by the classical dynamical system. Moreover,
a simplified version is presented of the construction (obtained in [E1, DE]) of the
(even) eigenvectors of the quantum propagator in terms of the evolution under A4 of
well determined subsets (“straight lines” or “Lagrangian manifolds” and “ideal
straight lines™) of classical periodic points. This construction yields a representa-
tion of the Wigner functions which illuminates the suppression of its sign alter-
nance at the classical limit.

Sect. 4: The proof of the results rests on the convergence of the diagonal matrix
elements of the quantum observables to the ergodic mean of the corresponding
classical symbols at the classical limit. Results of this type, at least on subsequences,
have been proved in [S,CdV,HMR, Z] in the context of geodesic flows on compact
manifolds with negative curvature and of ergodic flows on constant energy sur-
faces, respectively. Here we give two independent convergence proofs. The first is
based on a direct computation of the matrix elements in terms of exponential sums
fulfilling the Weil-Deligne estimates (see e.g. [Del, De2, Sc]); the second is based
on the representation of the matrix elements as Fourier coefficients of the Wigner
functions, which are shown to tend to a constant limit. The intuition behind this
result is that, since the Wigner functions are supported on classical periodic orbits,
their weak-+ convergence to the Lebesgue measure follows from the uniform
distribution of all classical periodic orbits in phase space.

Appendix A. We collect here, for convenience of exposition, the basic
definition and results on Gaussian sums, quadratic residues, and exponential sums
of rational functions (in particular, Kloosterman sums) needed for the proofs of
Sects. 4, 5.

1. Basic Definitions, Notation and Statement of the Results

In analogy to the standard concept of classical discrete dynamical system, i.e. the
triple (M, T, p), where T is an automorphism of the measure space M leaving the
measure u invariant, the triple (#, <7, V'), where # is a separable Hilbert space, V:
H A a unitary bijection in A with g.(V) =0, and .o/ the algebra of the
observables in # will be referred to as a quantum discrete dynamical system. Then
the definition of quantum ergodicity of von Neumann [VN] in the present case
reads:

Definition 1 (Ergodicity). TheA quantum discrete dynamical system (#,o/, V) is
ergodic iff, for any observable f e o/

1 m—1 R o R
lim n_a Z <lp> kaV_klp> = z [anl2 <enafen> > (11)
k=0 n=0

m— oo

where W =) * oUn€y is any vector in # expanded on the eigenstates {e,}
of V.

Setting f(k) = V¥V ~* the consequent definition of mixing is then given by:
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Definition 2 (Mixing). The quantum dynamical system (#,.<4,V') is mixing iff, for
any pair of observables f, §:

lim lim — Z ALY

l»oom—0o M

( lim z .1 w>> ( tim LY ¢y, g<k>w>) . (12)
m— oo m— oo k=0

Remark. 1t is a well known simple fact that (1.1) holds provided either the eigen-
values of V are simple, or the matrix elements {e,, fe,> among different eigenvec-
tors corresponding to the same eigenvalues vanish identically. Even in this case,
however, the “time average” depends on |ag|:s =1, ..., and hence on the initial
state y. By the normalization condition, the dependence on the initial state
dlsappears if for instance {e;, fe,) is independent of s. This property does not hold
in general, but only at the classical limit, provided one deals with the quantization
of a classically ergodic system as verified in [CdV,HMR, S, Z]. Moreover under the
assumption o, = @ the quantum system is obviously quasi-periodic, which pre-
vents the validity of the mixing property. This definition becomes interesting only
at the classical limit.

To state the results of the present paper, we assume from now on:

(1) Classical dynamical system (M, T, u): let M be the 2-torus T? = R?/Z? (points
on T? are denoted by x = (p,q) € [0,1] x [0, 1]); u the Lebesgue measure on T?;
T the hyperbolic automorphism of T? generated by the matrix

ab
A= (c d> (1.3)

such that 4 e SL(2,Z), i.e., (a,b,c,d)€Z, ad — bc =1 and |a + d| > 2.
Via periodicity and Fourier expansion, A acts on points x =(g¢,p) and on
suitably smooth functions f(x) on M respectively as:

{;tx = ((aq + bp) mod 1, (cq + dp) mod 1; (1.4)

AX) — Z f;'eZni<A'n,x>

neZ?
where A' is the transposed matrix of A. p is invariant because det(4) = 1;
(2) The quantum dynamical system (#, <7, V) is the canonzcal quantization of the

former one. Namely (details in Sect. 3 below), with h = N, H = Hy = L*(S*, u),
where uy is the atomic measure on S* given by (e*™ e S*):

1 N2t !
m(9):= 5 I=ZO 5(4 - ﬁ> : (LS)

The Hilbert space #y = L*(S', uy) is N-dimensional; the vectors |k) = dfy for
ke{0,1,...,N—1} =Zy=7Z/NZ are a basis of #y, and the inner product
between f,g € #y is given by:

1 v l
{fgy:i= N Z;)f(N)g(N) . (1.6)
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The algebra o/ is the x-algebra of the observables on J#y generated by the
canonical quantization: let 4(T?) be the Banach space of all functions f: T2 —» C
such that

Ifllaz= X [fil < + o0 . (1.7)

neZ?

Then, if T'(n):n € Z? is the canonical quantization of the basic observables

T (n) = exp(2ni{n, x)) = exp[2ni(niq + n,p)] , (1.8)
the quantization of any fe A(T?) is
f= % HT0, (1.9)

and (construction recalled in Sect. 3.3)

W (¢, y)(m) = Ze T B(my + k)W (my — k):me Z3 (1.10)

is the (discrete) Wigner transform of the vectors (¢, ) € #y.

(3) The unitary bijection V, is the “quantum propagator,” i.e. the quantization
(construction recalled in Sect. 3.1) of the action of the symplectomorphism 4 on the

“classical observables™ this means that, if f f under canonical quantization, then
f(Ax) — V, V1! Therefore the quantum discrete dynamics of any observable f 18
defined as

fro VEfV Vke . (1.11)
We denote by expi(A{M):n=0,...,N — 1 the (repeated) eigenvalues of V,, by
eM:n=0,...,N—1 the corresponding (orthonormal) eigenvectors and by

p p(N) the period, namely the minimum p > 1 such that Vi = I,.

(4) The prime number N is decomposed or splitting (for this notion see e.g. [H],
Sect. 26) with respect to the characteristic polynomial of A4, i.e. there exists x € Zy
such that Tr4? — 4 = x> mod N.

Then we have:
Main Theorem. Let f,g € A(T?) and let N € I', I being any increasing sequence of
primes such that % < C for some C independent of NeI. Let furthermore
eM:n=0,...,N —1 be a normalized eigenvectors basis of V,. Then, whenever

A‘N’ s
(1) The following integral representations hold:
(e, felMy = If(x)dQ Ve (X) , (1.12)
(e Vi [Vige™y = ffA"X)g(x)dQ 0e,(x) + R(f,g;m, Ny, (1.13)

where the sequences {R(f,g;n,N)}ner = 0 as N — oo uniformly with respect to
n and dQ N, (x) is the complex-valued measure on T? defined as follows:

dQ Y. (x):= W (e, e") (p, q)dun(q) x dpw(p) - (1.14)
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(2) dQ ng )e_s(x) converges vaguely to the Lebesque measure on T? as N — oo ifr =s,
and to the null measure if r =+ s.
(3) There is D > 0 independent of N such that

D
(M, fe -5,’s]rf2fdu <—\7_]§Hfll,mrz). (1.15)

Remarks.

(1) Since duy(q) x duy(p)is obviously vaguely convergent to the Lebesgue measure
as k — oo, it is enough to prove, confirming earlier numerical evidence (see e.g.
[LV] the “equidistribution” of the Wigner functions, namely that they converge
vaguely either to 1 (r = s) or to O (r = s).

(2) By (1.12), Assertion (2) implies

lim (e, fel) =0, | fdu.
N—w,Nel' T2
and, conversely, (1.15) implies Assertion (2). However, the two statements will
be proved independently.

(3) The existence of at least a sequence I' fulfilling the condition of the Main
Theorem (actually, the fact that almost any sequence of primes has the above
property) is a consequence of the Artin conjecture, whose falsity would imply
the falsity of the Generalized Riemann hypothesis (see e.g. [RM]). Detailed
heuristic and numerical investigations on the behaviour of p(N)/N supporting
the above genericity are performed in [K2, BV].

Any easy consequence of the Main Theorem will be the following
Main Corollary. Under the same assumptions of the Main Theorem we have:

lim lim — Z Q™ VsV sy™y

N—-ow m—w

— lim L lim Z QM VS Vs = jfdu, (1.16)

m—>ow M N->w (=

and moreover

lim lim lim ;1 Z QM VLSV ™y

-0 N2>w m—w

m—1

=lim lim — lim Y ™, Vi fs)Vi g™

-0 mow M N->w (T

= jfdlu. f gdu , (1.17)

T2 T2
Remarks.

(1) The Main Theorem is the result analogous to those of [S,CdV,HMR,Z]
recalled before, in a stronger form because it holds for all eigenfunctions. The
methods of proof are however entirely different from those of [CdV,HMR, Z],
because in this case the canonical quantization procedure (Sect. 3) does not
preserve positivity and this prevents the direct utilization of the classical
ergodicity property.
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(2) Formulae (1.1), (1.2) and the Main Corollary show that, although the quantum
system is neither mixing nor ergodic, both these properties are recovered at the
classical limit.

2. Hyperbolic Automorphisms of T?2. Classical Properties

In this section we first recall the basic properties of the hyperbolic automorphisms
of T? implemented by the group of 2 x 2 matrices of the form (1.3) and then prove
some results concerning the equidistribution of the periodic orbits which might be
of some interest in their own, beyond their essential importance in the discussion of
the classical limit.

2.1 Koopman Operator on Invariant Lattices and Periodic Orbits. Consider the
dynamical system (M, T, u) defined in (1), Sect. 1. The condition |Tr4| > 2 makes
this dynamical system an Anosov one and hence, in particular, ergodic and mixing
with respect to u. First recall that an orthonormal basis in L?(T?,dpu) is given by
the set

D = {T(n)=e*™"*|neZ?} . (2.1
Consider then in L*(T?2,dy) the unitary Koopman operator %, defined by
(Uaf)(x):= f(Ax)= Y fuiT(A'n), (2.2)
neZ?

and recall (see e.g. [AA]) that T is ergodic iff 1 is a simple eigenvalue of %, i.e., if
there is h e L*(T?,du) such that % 4h = h, then h is constant (almost everywhere
w.r.t. u). Moreover, it is mixing iff, for any pair f,g € L*(T? dp),

Iim Uit =L 1> <L,9) . (2.3)

This property makes o(%,) continuous on the unit circle, but for eigenvalue 1.

There is another important property of A which will be largely used in the
sequel. We say that x € X is a periodic point of A, of period n, if it is a fixed point of
A" ie. A"x = x. We denote by Fix, the set of such points. It is then easy to see that
the set of periodic points of 4 is dense in T2, because it coincides with the subset of
T2 formed by all points having rational coordinates.

In particular, consider any point on T? having coordinates (+/N,r’/N), with
r,¥',Ne N and 0 <r,r < N. There are exactly N? points of this type and they
belong to the N x N subgroup of T? given by:

ILy:= {(q,p)e T*|Nq,Npe Z} . (2.4)

It is immediate to realize that ILy is invariant under the action of A, so that any
point in Ly is periodic with period < N2. The origin is the only fixed point of 4. Of
course, any point x € Fix, belongs to a periodic orbit whose period divides n. This
means that ILy splits into periodic orbits (which in general may have different
periods) of A4.

We now consider once again the atomic measure uy(q) on the circle defined by
(1.5) and characterize the spectrum of %, when acting on L%(T2, duy x duy) instead
of L*(T?,du). Let My be the number of distinct periodic orbits of A' which live on
ILy\{0,0}. This number is the same as that corresponding to A (see [I]). Lety = Ly



478 M. Degli Esposti, S. Graffi, S. Isola

be any one of such orbits with period p(y) and x = (r;/N,r,/N) € y. Then, asso-
ciated to each orbit y there are p(y) linearly independent vectors in € given by:

r()—1

fky= Y i exp—((A)r,k> r=(ri,r), ke Z, (2.5)

s=0

where 4, = ¢ 2" and [ = 0,. . ., p(y) — 1, and they satisfy

U fi(k) = 2 fi(k) . (2.6)

Thus, there are N2 — 1 eigenvectors of %, of the form (2.5) which, together with the
constant function 1, provide a canonical basis of L*(T?, uy x uy). Among them,
there are exactly My non-constant functions which are invariant. This is in account
of the fact the dynamical system (T2, 4, uy x py) is not ergodic: the invariant
measure Uy x uy obviously admits a decomposition into invariant ergodic
measures of the type

1 r-1
ol L dunmixey. 2.7)

In the rest of the paper we shall mainly consider the case of N prime. In such case,
as shown by [PV], all the periodic orbits have the same period, i.e. p(y) = p(N) for
any y < ILy\{0,0}. The relation among p(N), My and N clearly is:

p(N)-My=N?—1. (2.8)

We can now sum up the above arguments in the following way:

pyi=

Proposition 2.1. Let N be a prime number and let p(N) be the period of the cycles
living on ILy\{0,0}. Then a(%,) is given by the eigenvalues

Jp= e [ =01, .. p(N)—1. (2.9)

To each 4, is associated an eigenspace E; of non-constant functions to which all the
periodic orbits of ILy\{0,0} contribute. Accordingly, the following decomposition
holds:

p(N)—-1
LA, juy X piy) = 1@( P E) (2.10)
1=0
where:

1 is the one-dimensional subspace spanned by the function 1 and dim(E)=
MyVI=0,...,p(N)— L.

2.2. The Case of N Prime: Structure and Uniform Distribution of Periodic Orbits. We
specialize now to the sublattices Ly with N prime defined by (2.6). Since Zy
becomes a finite field, this amounts to operate on a mod N arithmetics. Now,
following [DE], for (p,q) € Qyx Qy =Ly, Qy = {x:x = 5,7 =0,.. — 1} and
leZy,keZyo{ o} =Zy, let us define the family of subsets A4, , = ]LN (“straight
lines of slope 2k”):

A= {(p.q)lp — 2kq + x(mod N), e Qy}, k+

A= {(p.9)lq =%, p€ Qy} (2.11)
Ak,():z Ak .
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Remark that k = oo corresponds to the vertical “line” (g = const.”). Notice also that
Ay, = A pifand only if k = k', | = I'. Recalling that the prime number N is splitting if
there is n € Zy such that (Tr4)*> — 4 = n?> mod N, and is otherwise inert, we have

Lemma 2.1.
(a) Straight lines are mapped into each other under A, i.e. V(k,l) there are (k',I') such
that AAy,; = Ay .. Moreover AA, = Ay .

Let N be splitting, i.e. (TrA)*> — 4 = n®> mod N for some ne Zy. Then there exists
m e N such that:

(b) p(N) =

(c) The lines A,y ={(p.q)lp= +2kq} < Ly are invariant, ie. AA.z= Ay,
where 4k = n mod N.

(d) Both Aj and A_i are unions of periodic orbits. The total number of such periodic
orbits is 2m.

If N is inert, then

, and there are exactly m(N + 1) orbits of period p(N).

N+1
(&) p(N) =

, and there are m(N — 1) orbits of period p(N).

Remark. Let N be splitting. Then the 2m orbits of Assertion (d) coincide with the
ideal orbits of [BV, PV]. Consequently, the remaining m(N — 1) are the free ones. If
N is inert, all orbits are free (see [BV,PV]).

Proof. First remark that the subsets A, can be described as orbits of the natural Z
multiplicative action on LLy. In fact, for each x € ILy\{0,0} let us define

A(x) = {ux|lue Zy} .

Clearly AA(x) = A(Ax). Moreover A(x)nA(y) * {0,0} is equivalent to y = vx for

some v € Zy which is in turn equivalent to A(x) = A(y). This means that we have
2

N+1—N
N

distinct subsets of the form A(x). Moreover it is trivial to see that,

for any x € ILy\{0,0}, there exists a unique k € Z such that A(x) = A,. The subsets

Ay, are now obtained by composing the Zy action on Ly with constant transla-
tions. This proves (a).

For the remaining assertions see [ PV] ((b)) and (e)) and [BV,DE] ((c) and (d)).

O

Lemma 2.2. Let My be the complement of ILy\{0,0} with respect to the 2m possible
ideal orbits. Then
(a) If p(N) is odd, there are kg £ ky ... =+ k,,—1 € Zy such that

m—1p—1

U U ASAk/ = MN .

j=0 s=0

(b) If p(N) is even, p = 2q, there are ko + ky ... Fky_1€ZLy,iogF i1 ... Fin_1€
Zy such that

<"U q[f AsAk,-)U(le UASAi) =My . (2.12)

j=0 s=0 j=0 s=0
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Remark. Consider on IMy the straight line p = 2kq. For any fixed g, € Qy, the map
0u(q0,2kqo) = u(qo,2kqo), u € Zy yields all points of the line. Since any two points
on the line belong to distinct periodic orbits, given a periodic orbit we can generate
all others (distinct from the 2m possible ideal ones, assuming without loss p(N) odd)
just by con51dermg all iterates of all pomts having the form ¢,(qo, 2k;qo): u € Zy,
j=0,...,m—1, where (g9, 2kqo = po) is the intersection of the given orbit with
Ay. Name]y we have

m—1p—1

My = U U U UAS(‘Io,zkijo)v
ueZk j=0 s=0
Proof. Suppose A°A(x) = A(x) for some s,s =1,...,p. Then either 4+ + I,
mod N or A* = + I, mod N. In the first case A(x) is the union of ideal orbits of A°
which are also ideal orbits of A4; that is, A(x) = A ,;,k as in Lemma 2.1(c). In the
other case, s =p if p is odd, or s =¢g =% if p is even, and 49 = — I, mod N.
Therefore, if p is odd, the disjoint union
p—1
S= ) A4,

s=0

N +1

is invariant and contains 1 + p(N — 1) points. If N is inert, p =

(N* — 1)

contains exactly 1 + ———— points independently of k € Z. On the other hand,
m

, and %,

each set ¥ is the union of N — 1 disjoint periodic orbits generated by the orbits
\J2Z4 A*x, of any one of the N — 1 points x € Ay, x = (0,0). Since the total number
of orbits is m(N — 1), we can immediately conclude that there is at least one choice
of indices ko + ky + --- #+ k,,_ such that:

p—1 m—1 p—1
MN = U yk,- U U ASAk
j=0 j=0 s=
The extension to N splitting is immediate, and this proves (a).
(b) If p=2q, remark once more that 494, = A, because A% = — x mod N
Vx elLy, ie. A%y, = — I. Then the assertion can proved by repeating the above

argument. []

Let us now turn to the study of the equidistribution properties of periodic orbits
living on prime lattices. Under slightly more restrictive assumptions on the se-
quence of primes and using the number theoretic techniques collected in Appen-
dix A, we are able to prove the equidistribution of all periodic orbit sequences
(living on prime lattices), with explicit estimates of the speed of convergence. This
result looks somewhat stronger than the equidistribution property on the average
(with respect to the measure of maximal entropy) valid for all Anosov systems (see
e.g. [PP]). More precisely,

Theorem 2.2. Let Ne I, I' being any increasing sequence of primes such that

N
—— < C for some C independent of N. Set:
p(N) / /

Py:= {y = ILy\{0,0} |y periodic orbit of A}; My:= #Py .
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Then, given any fe A(T?), any sequence {y;w)}ner such that yjn) € Py, j(N)€
{1,..., My} we have

lim

N—-x©

[ jfdulzo. (2.13a)

7, (N) T2

Moreover, if fe€ C*(T?) there are C >0 and N > 0 such that, for N > N:

| /- ffdul <\_;_N IS W are) - (2.13b)

7, (N) T

Remark. The condition N € I' is equivalent to require m bounded with respect to
. N .

N.Sincemp=N+1,m~ —I; which is in turn a constant multiple of the quantum

degeneracy, this condition (see the remark after Proposition 3.8 below) means
restriction to those values of N for which the quantum degeneracy does not grow at
the classical limit N — oo

Proof. We shall give the argument for the case of N splitting. This is equivalent to
the splitting of the characteristic polynomial over Zy. In particular (see Appendix),

(Tr A)?
4

if welet D = —1€Zy, then v = (1,D), w = (1, — D) € Z} are the eigen-

vectors of A acting on Z}, corresponding to the eigenvalues iy = Tr4/2 + D
and Ay'=TrA4/2 — D, respectively. Now the key point is that the integral
of an arbitrary character ¢2*™* over a periodic orbit y = ILy can be written as
a Kloosterman sum restricted to a cyclic subgroup of ZF of order (N — 1)/m.
Indeed, for any y = ILy and x €y set Nx = av + fiw, where a(x), f(x) € Zy. Then,

1! 1t
J" ei27z<n.x>=__ Z ei2n<n,Asx>=— Z e%«”’”’f’;\"*/fw;ﬁ“'))
yelly 14 s=0 p s=0
1t :
. e'fT"W"' CYIN Tt B, WY T Y)
>
D s=0
that 1s
j‘ ei2n<n,x> =_1_ Z e‘ZT”(agm-\\-bg—m)
e lly mp EEZ?Q
1 m—1
o 27 (g5 4 pE— 1
=— ) Y y(feFetrTh, (2.14)

mp j=o ez,

has been used. The

where a = aln,v), b = f{n,w) € Zy and the relation p =

functions y;:j =0,...,m — 1 are the m distinct multiplicative characters of order
m over Zy (see Appendix A, Proposition A.2). Now by the estimate (A.3) we have,
for any n =+ (0,0) (mod N):

< (2.15)

j‘ ei2n<n, x>

velly

5l
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where C > 0 is independent of n and of the particular orbit y = ILy and is uniformly
bounded in N because of the boundedness of m. On the other hand, a trivial
computation shows that, if n = (0,0) (mod N) then

[ erno — (2.16)
yely
Therefore if fe A(T?), f=3 .fe? ™, we can write
[ f= [ fdu= Y ff €+ Y fin (2.17)
7,(N) T2 n#(0,0) (modN) 7(N) k=+(0,0)

Now, if f € A(T?) the second term of the r.h.s. vanishes as N — oo and the first term
also vanishes by the uniform estimate (2.15) on the Kloosterman sums. Moreover if
fe €©*(T?), the second term vanishes at least as N~ ! as N — oo, and therefore we
can conclude that there exists C > 0 such that if N > N:

C
_ﬁ IS e - (2.18)

Finally, the case N inert can be treated in a similar way by using the techniques of
[PV] and the generalized Kloosterman sums over arbitrary finite fields [Kal]. [

[ f=[fdu

BN T

=

3. Quantization, Discrete Wigner Function and Eigenvector Construction

3.1 Quantization of the Observables and of the Automorphism. The canonical quant-
ization procedure when the phase space is the torus T2 has been developed in [DE]
in complete analogy to the standard quantization in IR*" via representations of the
Heisenberg group IH,(RR) (see e.g. [Fo]). According to this procedure the natural
objects to look at are:

Definition 3.1.

(1) Yhe R\0, #,:= H,(Z) is the group topologically equivalent to Z* x R with
group law

(n,t)(m,s) = <n +mt+s+ %w(n, m)) . (3.1a)

(2) ., is the unitary x-algebra over € generated by the group

,9_,, = {T(n)}nelz ’

where

{T(”)* =T(-n (3.1b)

Tm)T(m) = ™™™ T(n + m) .

H,(Z) is the discrete Heisenberg group and .7, the associated discrete Heisen-
berg algebra. The canonical quantization is obtained upon classification of all
finite-dimensional irreducible representations of .o,, defined abstractly by the
properties (3.1), into the unitary operators acting in the Hilbert spaces L*(S?; A), for
some measure 4 on S' to be determined. It is proved in [DE] that finite-dimen-
sional representations exist if and only if & = p/N (for the sake of simplicity we will
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henceforth assume p = 1). To recall the basic facts about these representations, first
consider the generators of the algebra, defined as:

ty:= T(L,0), tr:= T(0,1). (3.2)

In fact, if n = (ny,n,) we have:

. AN |
T(n):exp[m }\Jz]tftll
(3.3)

tztl = e_ZiNhtltz .

If h = 1/N then t) and ) are the generators of the center and each one is mapped
into a unitary scalar multiple of the identity by any irreducible representation. The
two corresponding phases define the representations which are always N-dimen-
sional. In other words, the unique infinite dimensional unitary representation of the
standard Heisenberg group splits into a direct integral (over the two torus) of finite
dimensional, non-equivalent, unitary representations.

Consider now, once again, the N dimensional Hilbert space L*(S?, uy), where
Vh = N ™', uy(x) is the atomic measure on the circle defined by (1.5). Let us remark
that the vectors |k) = ¥y (x) = dgnfork =0,1,. .., N — 1 are a basis of the Hilbert
space L?(S*, uy), and recall that inner product between , ¢ € L*(S?, uy) is given by:

1 N-1

wavim g % (5 Jol) = [P0

On the other hand, the action of the Fourier transformation on L*(S%, uy) is:
1 Nt 2immn
(FN)mi=—= ), €xp (————)% : (3.4)
N \/—ﬁ nzo N

Writing
Qy = {0,1/N,2/N,...,(N —1)/N}; Zy:=Z/NZ={0,1,2,...,N — 1} (3.5)

we can identify L2(S*, uy) with L*(Zy, uy), where € L*(Zy, uy) is a vector in
CVf = (o, - > n-1)

Now, for any fixed 0 € T?, the representations of our algebra on L?(S?, uy) are
defined by specifying their action on the generators (identified with the correspond-
ing matrices):

2in(0, + I _
t1|l> = exp(ﬂiﬁ)”% tll\’ — ean(?l.Id ,

2ind ,
t2|l> — exp< l]TCV 2>” + 1>’ tg] — eZm(?z.Id ) (36)

It is proved in [ DE] that these representations are irreducible, non-equivalent for
different values of 0 and moreover that they are the only possible ones.

For any fixed h = 1/N and 0 € T? we denote by T, , the representation of T'(n)
just recalled:

mnin2

Th.o(n) = e e} (3.7)
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We quantize any observable fe A(T?),

f= % £iTm), T(n) =™ (3.8)
neZ?
by the correspondence
frf=Y% HTw, (39)
neZ?

1.e., we associate to f the element of the algebra, denoted by f: obtained replacing
T(n) by T'(n) into the Fourier expansion.

Let A € SL(2,Z) = Sp(1,Z). To implement the quantum dynamics, consider the
new representation defined by p,(n) = T}, g0 A'(n) = T, o(A'n): Vn e Z>. Let us see
that p, is again an irreducible representation, and thus unitarily equivalent to one
of the previous. The unitary intertwining operator realizes the “commutativity
between classical evolution and quantization” and thus represents the quantum
propagator. More precisely, we have the following

b
Theorem 3.1. Let A = (“ d) € SL(2,Z). Then:
C

1) pa(n) = Th,(,(A‘n) is again an irreducible representation of </},
(2) VO T2, there exists a unitary operator V,(0) such that, Vn € Z*:

Th,(/(At") = V4(0)” Lo Th.m(m(") o Va(0), (3.10)

where

1 fabN
@4(0) = A0) + 3 (ch) mod1 .

Proof. To see assertion (1), it is enough to remark that A is a symplectic matrix, i.e.
w(A'm, A'n) = w(m, n), which implies

pAlm)p.aln) = exp . o, mp(m + 1)

To prove (2), note that the central character of the new representation is completely

defined by
(1
~ N . . ~ N
Th’o<At<0 )) =TT = T ) ((0 )) ,
N 0 . : " 0
Th’0<At<N )) = NPT = Ty ((N >> ’

and therefore the result follows immediately. [

2

Remarks.

(1) In the case of R*" we have only one irreducible representation of the Heisen-
berg group for any given value of the central character (Stone—Von Neumann
Theorem) and for any given automorphism 4 € Sp(n,IR) we obtain a unitary
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operator V, (defined up to a phase) such that V,z = + V, V5. The (double

valued) map A— =+ V, is the so-called metaplectic representation for Sp(n, IR)
(which is a well defined representatin in the double cover of Sp(n, R) [F]).

(2) The unitary operator ¥,(6) in (3.10) is by definition the quantization of the map
A, i.e. the unit-time propagator describing the quantum discrete evolution.

(3) If ¢ 4(0) = 0 for some 0, then T}, 4o A" = V,(0) "> T} 40 V4(0). In particular if

even odd odd even

~ \odd even ora= even odd

are exactly those called “quantizable” by Berry and Hannay [BH]. An example

>, we can choose 0 = (0,0). These maps

. e 21 .
of a map with a non-trivial 8 is given by the usual cat map 4 = ( for which

11
we have ¢, (0) = 0if 0 = (3,3).
. . 0 1 .. .
(4) If, in particular, A = J = L o) then it is easily seen that

VA(O) = gZN .

While the solution of (3.10) can be obtained VA € SL(2,Z) to yield the explicit
formula for the propagator V,(0) (see [DE]), for the sake of simplicity we limit
ourselves here to the matrices of the form

29 1
A—<4g2—1 2g> (3.11)

with g € N. These matrices are a subset of the Berry-Hannay ones. In this
particular case the explicit form of the propagator is:

1

N-
Vilgz> = Z Vi(g2, 919>

‘“:°C o (3.12)
Tl
Va(q1,42) = —\—/-% exp (941 — 0102 + 943) ,

where Cy is an arbitrary phase factor. Now consider 4 € SL(2,Z) fixed as above.
For any fixed h = 1/N, let us abbreviate V,(6) by V, and T}, 4(n) by T (n). Therefore
if A? =1, mod N, that is if A” is the identity when restricted to the points on the
torus with rational coordinates of denominator N, then:

Vf — e2niald

for some constant phase ¢ (depending on N).
This restricts the N eigenvalues of V, to lie on the p possible sites:

{ [2ni(m + a)}
exp| ————
p

In general p(N) # N, that is, there is no one-to-one correspondence between
eigenvalues and sites. Typically, for a hyperbolic map, there are both unoccupied
and multiply occupied sites and this distribution follows the highly irregular
behavior of p = p(N) as a function of N [K2,K3].

O§m§p-1}.



486 M. Degli Esposti, S. Graffi, S. Isola

Note that if y € L*(Zy, uy) with = Y ¥~ '|1), then, supposing N prime and
=(0,0) fixed, Vn = (n;,n,) € Z* we have the expression

(T(m) (k) = e~ €™ —n), (3.13)
where of course, k —n, =k —n, mod N and where we interpret, as already

mentioned, Y as a function on Qy ~ Zy, i.€. l//( > = Y(s) = a;.

3.2 The Discrete Wigner Function and its Properties. Let us now proceed to the
construction of the discrete Wigner distribution. In complete analogy with [Fo],
Sect. 1.8, let us first define the discrete Fourier—Wigner transform V (¢, ) (n) of any
pair of vectors (¢, y) € L*(Zy, uy):

. wmns 1 7
V(g h) () =<, Ty =e™ v - Y e v yk—m)pk). (314

keZy
Since N € N is prime we can also write
V)= kEZZ e“"~"’“¢<k — %)&(k + %) , (3.15)

where g is the unique integer in the field Zy such that 2% = x mod N.

Remark also that the periodicity of T'(n), namely T'(n) = T'(n + N - k), implies
Vk,n € Z* the same property on V (¢, ) (n):

V(g.y)(n+ N-k)=V(p,¥)(n) .
The main relevant properties of the Fourier—Wigner transform are:

Proposition 3.1. Let n,l,me Zy. Then

(1) V(T ()¢, T(m)y) (1) = e~ w0 en=mm .y (b, ) (I + m — n).
In particular:

Q) V(T ) () = e 5DV (p, ) (I = n),
(3) V(¢, Tmy)() = et V() (L + m),
@) V(T Ty (1) = e~ F"D- V() (0).
Proof.
(T, Tmpy) () = <Tm)$, T T (m)yr)
=<, T(—mTOTmpy>
= e HnD(g T (= m T(m>
= e R FA TG P =y D

Given A eSL(2,Z), with ¢4(0) = 0, denote once more by eg,...,exy—1 an
orthonormal set of eigenfunctions of V, i.e.

2in,
Vier = ey
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and Vk,l € Zy, let us introduce the following family of N? functions:

Vi) := Ve, e)(n) .
Set moreover V;:= V, ;. Then we have:

Lemma 3.1.
N—-1 ~
Z Vi(n) = Tr(T(n) = N_éL0.0) )
1=0

Proof. Note that Tr(t,) = Tr(t,) = 0. Moreover, since

2

t’ézt"lx =e N "z"(t”ll tgz s
the assertion follows by the commutativity of the trace. []
We are now in position to define the discrete Wigner transform which also in

this case is a map from pairs of functions in the Hilbert space into the phase-space
functions, namely:

Definition 3.2. Let ¢, € L*(Zy, uy), (g, p) € T2. Then their discrete Wigner trans-
form is the function defined as

W) ap) = 3 b Tmype 2rmatnn, (3.16)

ny,nyely

Since the Wigner functions have to be integrated against the measures uy on S*
or uy x py on T2, we are interested only in the values they assume on the lattice ILy,
and therefore we use the notation:

W () (5,7): = W(qb,lp)(%,%), (3.17)

Vs,r € Zy. Now, using the inverse of the discrete Fourier transform we get
(x =(¢,p) = (r/N,s/N) e LLy)

2umkr k\ - k
W= Y e ¢(5_§>¢<S+§>

keZy

=N [e ™20 (g — g)V(q + q)dun(q) - (3.18)

In particular for y = ¢ we obtain the formula for the Wigner distribution

Wymy,ma):= W($,¢)(mi,my) = Y, e

keZy

_ 2m2km T
N

¢(my — k)p(my + k) . (3.19)
As a direct consequence of the Cauchy—Schwartz inequality applied to the previous
equation, we have

Lemma 3.2. For any pair of normalized vectors ¢,y € L*(Zy, iy),

sup [W(p, ) (x)| = N . (3.20)

xelly

We can summarize the basic properties of W (¢, ) in the following proposition,
whose verification is omitted because it is an easy exercise based on [F, Sect. 1.8].



488 M. Degli Esposti, S. Graffi, S. Isola

Proposition 3.2.
(1

W (T (n) g, Tmpp) () = et w (g, w(ll My ’") :

where

eia(n,l,m) — QW' e—%w(u*m,l)

(2) W(Fn¢, «g]NL//) (11, 1) = W(g, ) (Lo, — 1),
() WY, ¢) = W(p,¥),
@) [ Wyla,pdun(a) =~ )., Wo(s/N.p) = | Fyo(p)?

(5) | Wy(g.p)dun(p) = NZ,EZ +(@,7/N) = |¢(q)I%,
6) Wyy=W, VieS

(7)

W(lpl > ¢1)7 W(lﬂz, ¢2)>iL2(11'2,;1N Xpn) NZ <l//l s ‘//2>]L2(Sl,;¢,\,} <¢1 s ¢2>|L2(S‘.;1N)
3.21)

(Moyal’s identity).

In particular from the first equation we have

W(T (e, Ty) () = W (d,¥) Iy — na,lo + ny) .

Now it is easy to relate the “quantum” evolution given by the unitary operator V4
to the symplectic action of A4 on the Wigner functions.

Theorem 3.2. Under the previous notation, we have

(1) V(Vap, Vah) = V(. h) 4,
Q) Wi, Vah) = W(,y)o A"

Proof. Assume to simplify the exposition ¢ 4((0,0)) = (0, 0). Then:
V(Vath, Vath) = Vah, TV = <, Vi ' T(m) Vi)
=<, T(A') = V($,¥)-4
On the other hand
W Vi, V) (4. p) = Zzz V(Vap, Vaip)e?iniam tom)

= Z V(¢,!/,)(Atn)62in(qn,+p,,2)

nEZIZ\,
= W(p,¥)(A" (q:p))
and this proves the assertion. []

The Wigner function allows us to define a family of quasi-invariant functions
on the lattice, that is a set of eigenvectors for the Koopman operator acting on
L*(T?, py % pty), namely:
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Proposition 3.3. Let {W, ;} be the family of N* functions on the torus given by
Wii(x) = W (e, er) (x)

(with W= W, ;). Then

(1) Vxelly:
Wii(Ax) = 2T DW, y(x) (3.22)

(2) If ¢ is an eigenvector for V4 then W is an eigenvector with eigenvalue 1 of (the
adjoint of ) the Koopman operator defined by A, i.e.

Proof. Formula (3.22) is an immediate consequence of Definition (3.16) and of
Theorem 3.2. Moreover, if 4, = 4, i.e. if [ =k or if ¢; and ¢, belong to the same
eigenspace, we obtain the eigenspace of the Koopman operator of eigenvalue one.
Using this and Assertion (6) of Proposition 3.2 we immediately get (3.23) as
well. [

Remarks.

(1) According to the discussion given at the end of Sect. 2, we recover the relation
between the degeneracy of the eigenvalues of the quantum propagator V, and
the dimension of the invariant eigenspace of the Koopman operator acting on
L*(T? uy % pty) [BE, E1]:

p(N) p(N)
d; =N, d> =My, (3.24)
=1 1

13

=
where:

— d; is the degeneracy order of the i eigenvalue of V,;

— My is the number of distinct periodic orbits in ILy\{0,0}, which coincides
with dimE;

— E, 1s the invariant eigenspace of % 4 of Proposition 2.1;

~ p(N) is the common period of the classical closed orbits in ILy\{0,0}, which
coincides with the quantum period, because N is prime [BH, E1, K2].

(2) Wy, as an operator on L*(T?, uy x uy), has a point spectrum and each eigen-
function can be written as a sum of functions which are constant on the periodic
orbits of rational points with denominator N (cfr. Proposition 2.1). In the
classical limit the non-ergodic, zero-entropy, invariant measures py x puy will
eventually weakly converge to the Lebesgue measure (with entropy equal to
log /4, where /4 is the greatest eigenvalue of 4). This limit measure is ergodic and
the Koopman operator has continuous spectrum but for the eigenvalue 1, that
is the Wigner functions weakly converge to constant distributions on the torus.

3.3 Eigenvectors and Eigenvalues of the Quantum Propagator. Let us now turn to
the construction of a family of eigenstates for V, using the standard facts of analytic
number theory recalled in the first part of the Appendix. (To simplify the exposi-
tion, we restrict to the case in which we can choose 0 = (0, 0): see Remark (3) after
Theorem 3.1.).
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Consider the family of subsets of ILy introduced in Sect. 2.2 (formula (2.11)): to
each set A, , we associate a “generating function” given by

Sk,l(q) = qu + lq ke ZN q,le QN . (3253)

The wave function corresponding to each set A, ; is naturally obtained by the
exponential (in units #) of its generating function, i.e.:

V(q) = c-expih™ ' Sy(q) = c-exp 2miNS, 1(q) , (3.25b)

where c is a normalization constant.
V(k,l)e Zy x Zy and Vq € Zy, consider now on L*(S*, uy) = L*(Zy, uy) the set
of vectors Y, ;(q) defined as follows:

2in
exp[—(qu + lq)], keZ
lpk,l(q) = N ) (326)

(NY-6f, k= oo .

Using the results concerning Gauss sums listed in Appendix (Formulas (A.6a, b))
we easily obtain the following result (recall once more that, given x € Zy, it inverse
x "1 is the unique number in Zy such that xx~! = 1 mod N).

Proposition 3.4.

(1) For any ke Zy

s Wiy = 1-61 . (3.27)
(2) Vky # ky, ki, ke Zy,
1
<l//k2,l’ll’kl,j> =ﬁB(Naklak27l7j)s (328)
where || = 1,
k, —k 2in(l — j)*(4(k, — ky)) !
ﬁ — (( 1 5 2)>8N'exp{ _ lTC( ]) (1\(T 1 2)) } (3293)
and
1, N=1mod4
= {i, N =3 mod4. (3:29b)
3) 1 N
W > = ﬁexp{ - %[ka + lj]} . (3.30)

Moreover, the behaviour of these functions under the action of the (representa-
tions of the discrete) Heisenberg group is described by the following result:
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Proposition 3.5. Vne Zy x Zy,

1)
(T (@) =ev Wi.1+n,— 2kns 5 (3.31a)
where y = kn% — Iny — 2" 'nyn,.
(2) -3 mn i
(T w,) (@) = eN™™ ¥ M"Y i, - (3.31b)

Proof. From the construction of the representation we have that for any -
(TP (@) = e 5 ¥y (g —ny),
and the results follow immediately from the definition of the ¥, ;. [
Remarks.
(1) Note that ¥y ; 4, - 2kn, is the function associated to the set Ay ;4 ,, - 2xn, Which is
ny g

obtained from A, ; by a| — N,N—>-translation in phase space.

(2) We also have that:

Wit TOWy = e %1165, (3.32a)
that is,
2 W Ty =N-87. (3.32b)
neZy

This is also the value at the origin of the corresponding Wigner function.

This family of functions turns out to be invariant under the action of the
quantum propagator. This fact, along with the lattice periodicity, implies that a set
of eigenvectors can be constructed by performing linear combinations of such
functions. We first have the result:

Lemma 3.3. Let

BTy —> Ty x Ty (3.33a)
be the function uniquely defined by the relation:
A A y) = Aen - (3.33b)
Then
Vi = e Mgy, (3.34)

where a(k,1) is a real number for any k, .
Proof. See [DE]. OO

We now recall some basic results concerning the phase space evolution of the
subsets A, ; described in Sect. 2.2. Given (k, 1), let g be the period of its orbit under (.
That is, {*(k,I) & (k,]) for 1 £ s < g — 1 and {4k, ) = (k,1). If we denote by p the
classical period on the lattice (i.e. the smallest positive integer such that A7 = I,

mod N), we have seen in Sect. 2.2 that ¢ = p is odd and ¢ =l—27 if p is even (ie.
AP? = — I, mod N).
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Now, given any fixed (k,[), set (Vm =0,...,q — 1)

cy il
Om = ol e Yy s (3.35a)
q s=0

where (79,71, - .,74-1) 18 recursively defined as:
Yo=1, Pj01=79+0lkD) = An, j=0,1,...,q—2, (3.35b)

and

zm::?qu Z ik, 1)) (3.350)

It is an immediate consequence of the construction that ¢,, is an eigenvector with
eigenvalue A,,.

We are now in position to investigate the detailed behaviour of the Wigner
functions associated with the above eigenvectors. In particular, we shall give some
insight on the actual mechanism which makes the Wigner function a true phase
space distribution (namely, positive definite) in the classical limit. To simplify the
exposition we will restrict our argument to the case g = p and [ = 0 (even eigenvec-
tors).

Let W, be the Wigner function of the vectors y, : k € Z. By Proposition 3.4 and
Proposition 3.5 one has, on account of the Gaussian sum (A.6b), supp W, = A;;
moreover, Wil = N.If kq is such that A, is an ideal orbit (in the sense recalled in
Sect. 2) then 0bv1ously Yy, is an eigenvector by Lemma 3.2 because A(Ako) Ay,
Hence the corresponding ngner function is positive and constant (it is equal to N)
on its support A,,. Note that in this case the weak convergence of the measure
Wi, dun x duy to the Lebesgue measure is a consequence of the classical equidis-
tribution of the ideal orbits [BV, PV]. In the general case, 4, is not mvarlant under
A and different eigenstates are associated to the invariant subsets (J2Z4 Ay accord-
ing to formula (3.33a). This represents any eigenfunction ¢ as a superposition of the
non-orthogonal (by Proposition 3.4) vectors y,: k € Zy. This non-orthogonality
adds interference terms to the constant value N on the Wigner functions. We have
indeed (recall that to make the exposition less cumbersome we assume p = q):

Proposition 3.6. Form =0,...,q — 1, let ¢,, be the eigenvector given by (3.35a), and
let W, be its Wigner function. T hen:

2
Wy, (x) ICN! [Z Wi (x) + Z el ™7y Wk'”k'(x{l’ (3.36)
S+t
where
Wik Z e, Ty, ye ™ 2m> (3.37)
neZN

Proof. By definition:
Wy, (x) = Z (P> T(n) Py e 270

neZN

Then the results follows by linearity on account of the expression (3.35a). [
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Remark. The equidistribution of the Wigner function at the classical limit is thus
equivalent to the vanishing of the interference terms, namely the second sum in the
r.h.s. of (3.36). These terms are the only ones which may force the Wigner functions
to switch sign.

When N is splitting the above construction actually yields a complete orthonor-
mal basis of eigenfunctions as a superposition of orthogonal vectors in such way
that, as we shall see in the next section, the interference terms in the Wigner
functions vanish as N —» oo. If N is splitting, we know that the characteristic
polynomial splits on Zy; this implies that the function {(k) — k has two zeroes on
Zy, 1.e. there exists ko € Zy such that {( + ko) = + k. These values correspond to
the linear subspace on the lattice generated by the eigendirections, i.e., the straight
lines A ., of Lemma 2.1(c). For any one of these particular values of k, the set
{Vr.1}1=o" gives an orthonormal basis, on which ¥, acts as a permutation. More
precisely:

Proposition 3.7. Let A be of the form (3.11) and let N be splitting with respect to A,
ie. let 4q — 1 be a quadratic residue of N, so that + /49> — 1€ Zy. Then, if

k= +—«/4g — 1 one has

Vi, = (%)e'%mmﬁk)‘ﬁk,;l ) (3.38)

where i = (2g + 2k)~ ! € Zy is the corresponding eigenvalue of A considered as an
endomorphism of Zy.

Proof. By (3.12), if A is as above the matrix elements V,(q,,q,) of the propagator
have the form

C 27
Vi(q1.d2) = —2=exp —— (gq? — 414> + 943) .
N

Therefore, by (3.26) and a straightforward application of the Gaussian sums
(A.6a, b) we get:

C 2mi
Vaia(q:) = Ti Z exPW [(g + ka5 — q:19> + 997 + Iq,]
q2€ZN
2(g + k 2ni 12
=CN'3N<—L—N—“))CXP[ N 4(g+k]¢k s
where
,4gk + 49 — 1
4(g + k)

L l
T 2g+ k)’

whence the result because the above choice of k yields k' = k and the phase factor

2 . ..
Cy- 8N<N> can be absorbed in the normalization constant. []
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By using this particular basis, we can construct a complete set of eigenfunctions.
Denote in what follows by {41} the coset of the eigenvalue A of 4 in Zy x Zy, i.e. the
subgroup of Zy cyclically generated by A.

N-1
Proposition 3.8. Let Vi = I,;, where p = P #{A). Then

(1) Yy, o is an eigenvector of V, corresponding to the eigenvalue one.
(2) Write Zy = @70 1;<AY, (lo = 1); then VI;, j = 0,...,m — 1, the family of vec-
tors {¢; ,}P=¢ defined as:
1 r2!

d)j,r = Cs‘l’k,)ﬁ,- > (339&)
Tp bt

s=0

where co = 1 and

_(AY . 2insr ox 2inl*(g + A2 (A* = 1) s=1 -1
Cs = N eXp ) p N2 —1) = 5P

(3.39b)
is such that
Vadjr = eﬂz%rqu,r (3.39¢)
Vj=0,....m—1and Vr=0,...,p— 1.
(3) )
Pirrys Pirrsy = 05.072 . (3.39d)

Proof. Assertion (1) is (3.38) for [ = 0. To see (2), remark that, once more by (3.38):

A j.,=7 Sy /e " k,ax 11
14

p—1
= : Z Cs—1 i e—%w)z(“k)l//k e
\/E s=0 N ”

_2imr

(C—l = Cp—l)' HenCC IA¢j’,. =e r ¢j‘, lﬂ
2unr A 2m g,
— 2 — 2 Os)2(g+ k
e PCs:Cs—1<N>€ v (g Tk

lZ(/{Zs _ 1)
A2 —1
assertion (3) follows by the unitarity of V, as far as the factor 9;2 is concerned, and

by (3.27) for the second one. [J

whence (3.39b) because co = 1 and A2(1 + A% + - + A*7?) = . Finally

Remark. This construction yields a complete orthonormal basis of eigenvectors for
%N:

m—1 p—1

Hyn=Yro @ @ Gjr s (3.3%)

j=0 r=0

where ¢;,:j=0,...,m— 1 are the m distinct eigenvectors corresponding to the
p distinct eigenvalues of V, of constant multiplicity m.
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Now, given k as before, let us denote by W,, ;, the Wigner function associated to
the pair of functions: {¥ ;,, .} (see Definition 3.2). Then we have:

Proposition 3.9.

Xy 2inx (I, — 1y)

Proof. By definition

Xy X PN 2in
Wi, (1\; Z\i) = neZm Wy T(”)Wk,tl>€"7’—<"’x> .

On the other hand, by (3.31a):

W X1 Xz Z e 2'"(knz 2- 1n1n2—lln2) 2"’<n x>5l 1tny—2kny
NN

neZ%\,
— e~ Fxl) ¥ o= W malx2 2kxy + 2 Wiy +1y))

neZy

N5x2+2kx +lgh, O

mellh )

Il

Remarks.

X1 X,

N'N
the ideal line translated by L

(2) If ¢ is an eigenfunction of the form constructed in Proposition 3.8,

M =L=LW|— ) = N and its support is the line x, + 2kx; + 1 =0, i.e.

1 1
=7 Z CWi
s=0

(for a given [ and r = 0,1,. . .,p — 1) formula (3.36) becomes

= .
W, [ Y Wi+ Y @c:Wan, ,g,} = W) + Wi (3.41)

p s§= s+t
because |¢;| = 1 for all s. Remark that W(,? duy x duy is a (normalized, positive)
. N _ D
measure taking the constant value ; on the support | J?Z¢ A, ;s which is the

union of the translated by A%, s = 1,...,p — 1 of the ideal line, and therefore,
by Lemma 2.1(e), of periodic orbits. Note also that (3.41) differs from (3.26) by
the elimination of the N dependence of the overall factor. This allows us to
prove the vanishing of W;* and the (vague) convergence of Wd? to the constant
function 1 as we will see in the next section.

4. The Classical Limit. Proof of the Main Results

Having established the quantization prescription f — f we now study the weak limit
points of the matrix elements in the same spirit of the results of [S,CdV,Z]
obtained for the Laplacian on compact manifolds where the geodesic flow is
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ergodic or of [HMR] for ergodic flows on compact constant energy surfaces. We
emphasize however that in our situation the classical limit for the eigenfunctions is
not a priori well defined. The reason is twofold: first, the dimension of the Hilbert
space depends on h = 1/N and, second, there is no ordering for the eigenvalues.
Hence, in order to define unambiguously the classical limit we introduce the
following notations: { N, }, > 1 is the sequence of prime numbers greater than a given
Ny (to be specified later) and set

H =@ LT duy,) . (4.1)

kz1

Given A€ SL(2,Z) set V, = {V{}~ 1, where V{ acts on L*(T* d,uN,) as before.
In the same way, VPe#, &= {¢>("’}k> ., and ¢We LZ(TI Jduy,), et
= {Wyw}i > be the corresponding Wigner function.

Definition 4.1.

(i) ®e A, ®={pW}, - 1, is an eigenvector of V4 if there exists a sequence (A}, + 1,
A® e ST such that

YR Go = 0 p0 7 > 1 (4.2)

(il) Let @, ¥ be two eigenvectors in #. We say that ® and ¥ are distinct, and we
write @ + ¥, if ¢® and Y™ are distinct eigenfunctions of V° for any k = 1.
Moreover, we say that ® and ¥ are conjugated if, for any k = 1, ¢* and y*®
belong to the same eigenspace.

Then, to any pair of conjugated eigenvectors @ and ¥ we associate a sequence
of distributions

(@,F) > {dQW (D, ¥)}, > 1 € 2'(T?) (4.3)
defined for any smooth functions f: T? — C by
[ faQP(@,¥):= (¥, fy®), k=1, (4.4)
T2

The problem is then to find the weak* limit points of the {dQ®}. As already
mentioned, the result is formulated in the Banach space A(T?), formula (1.7). We
have indeed the following

Theorem 4.1. Let fe A(T?), and the sequence {N,} of splitting primes as in The-
orem 2.2. Then for any eigenvector ¢ € #:

lim | fdQW(®,®) = | fdu=fp , (4.5)

k=0 T2
and for any pair of conjugated and distinct eigenvectors &, Ve #:

lim | fdQ®(d,¥)=0. (4.6)

k= T2

We give two alternative proofs of this theorem. The first one follows from a direct
estimate on the matrix elements of the basic observables T'(n). More precisely:
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Proposition 4.1. Let g € N and N be a splitting prime for the map

2g 1
= . 4.
(1 ) @

Denote by {¢;,}:r =0,...,p — 1 the set of eigenvectors of Proposition 3.8. Then

(1) if (1, ¢2) € {Pj ,}E=¢ there is a constant Iy > 0 (independent on N) such that,
VneZ?, n+ (0,0),

N I
1<¢, T()$ 1] g\/lﬁ. (4.8)
(2) Let {N,} be an increasing sequence of splitting primes such that, for some constant
C>0,

Ny —1
Dk

Then there exists I, > 0 such that, no matter how two sequences of eigenfunctions
d; = {¢W}i=1:j = 1,2 are selected, and Vn % (0,0), n € Z§:

N I
[P, Tm)pP>| < \/—N_— . 4.9)
k

Proof. First remark that, by the condition of uniform bounded degeneracy, the
second assertion is an immediate consequence of the first one because the elements
of all eigenvectors sequences turn out to be finite linear combinations of the vectors
{$;,}F=5. Moreover to simplify the exposition we can assume without loss of
generality V) = I,. Consider first the case in which the eigenvectors ¢, ¢, corres-
pond to the eigenvalue one. To build arbitrary eigenvectors ¢;,j = 1,2 correspond-
ing to the eigenvalue 1 we proceed as in Proposition 3.9. Set (j = 1,2)

g

bj=—+ ) cll)Wum) (4.10a)
\/E s=0
where ¢o(l;) = 1 and
A _2m s y2(g k) AN _ 2mligd kA=)
olly) = N e v cs—1(l)) = N e G (4.10b)

fors=1,...,p— 1. Then

Vadj= ¢ j=12.
By (3.31), (3.32), (3.39d) we can write, using the abbreviations:
0 =kn3 —2 'nyn,
B = lz_l(m — 2kn;,)
o =Gg+ R -1 j=1.2
y=1L10"
o;, B,0,y €Ly ;




498 M. Degli Esposti, S. Graffi, S. Isola

N 12t N
{2, TM1> =; Z Gl es(ly) <l//k,;.r12 T(n)lpk,);’l,>
s5,t=0
1 p_1

2m g2 ;s— —1
— Z en (kn3—Iny /5 —2 = lnyny) <¢’k,/1'12‘//k,/‘.‘ll fuy— 2kn2>
p 5,t=0

e kn3 =2 = nny) p—1
_ Z e__llnz) — lz)cs(l )5}\ 1y +ny— 2kn,
p s,t=0

2m
0 p—1 s+t .
_er ('1 >e—%am2w ~ R 2 02— 0] GUEHD
p 5,t=0 N

b

by Lemma A.2 we can write (with o3 = [y ny,04 = 0 + oy — a,):

2m(a4) m.m
<¢2, n)¢ >_ r:l z (X y )e_%[a:‘xm_;.11x2m_12y2m)] 5«;.’)51'"4-/3

X, yeZN* N
ezpw;l(y‘,) m—1 xmy , g
_ T Fa ™ + oy X2M — g5y 2)] SVX
—_ Z z (T Xl(y) e~ F s 1 a2y2)] 6
m p 1=0 x,yeZy*

2,\’,”(14)m 1 m m
D) (W)x:(vx’uﬁ)

m p 1=0 xeZn*

x _LNH[Q(}xm + 2y X201 — o0, (3 x 7+ B)2)]
€ >

where y;: [ =0,...,m — 1 denotes a set of multiplicative characters of order m. The
result now follows by a straightforward manipulation and a direct application of
Theorem A.1.

i
Let now ¢; = ¢, = ¢ be an eigenvector of eigenvalue exp[ — —Z—l r]: I1=sr=s

p — 1; then, by (4.10a, b) with

o [ A o s
o) =co =5 (’N>e Fenee (),

we have to estimate the sum:

s+t
<¢’ T(n)d)> __ 21(19 z Zmr(s 1) (/’{N >e_%(ln2))ﬁ 21!11[)2s ;Zr] 5/s+[;
p 5,t=0

1 . p—1 /1j+21
=_e%9 Z e_%rj e_%(l"z))’i“e_ﬂ“[ﬂ”+') ;2:]5;,+r+/,»
N

p j,t=0

_ 1 eZm 0 Z e 2m rj(x) xmyzm e % [(Iny)xmym + ay2m(x2m — 1)] 5x'"y'" +p
= — -——N ym

m p x, yeZn*

where j(x) is the unique integer in {0,.. ., P 1} defined by the condition
¥ = xm Note that the function y(x) = (y)e~5"™ is indeed a multiplicative
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character on Zy of order depending on m and (r, p). Now an easy calculation and
Lemma A.2 give an expression of the form

. 1 2 m—1 ~
(GTMd) =——e" Y uh) ¥ xDul —x"""
m-p 1=0 XEZN* XM + 1
X @~ B =2 = H(Iny) X = af(x + 1)]

<xﬁ> 7(x) is now a multiplicative character of order depending on m and (r, p). The

result is then an immediate consequence of the extension of Theorem A.1 to the

ax™ +b

—_— xm

¢1 *+ ¢, corresponding to an eigenvalue different from 1 can be easily worked out
by combining these two estimates. We omit the details. []

rational function of the form (see [De2, page 190]). The general case

Remark. By linearity, the first proof of Theorem 4.1 is an obvious consequence of
the estimate (4.9) because fe A(T?).

We turn now to the second proof through determination of the weak* limit of
the sequence of distributions (4.3). Let us first state an auxiliary result.

Lemma 4.1.
dQ® (@, V) = W (¢, y®)duy, x duy, . (4.11)
Proof. Let
flg,p) = fre?mimarrp 4.12)
Then, from Definition (4.4) we have
[ faQ®(@, %) =} f,Lo®, Tmy®) , (4.13)
T n
and, furthermore,
WOTEYy =g T F WG
meZy,
= ]rfz e?rmat iy (¢®, ) (g, p) du, () x duw, (p) - (4.14)

One then obtains the desired result by inserting (4.14) into the r.h.s. of (4.13) and
using (4.12). [

Now we want to describe the asymptotic behaviour of these distributions. The
main fact is that the Wigner functions (associated to a single eigenfunction) not
only are constant on each periodic orbit but they actually become constant at the
classical limit N — oo also along the “transversal” directions represented by
translated ideal lines. Recalling the representation (3.41), we can indeed formalize
the assertion of Remark (2) after Proposition 3.9:
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Proposition 4.2. Let ge N and N be a splitting prime for the map (4.7). If ¢ €
{¢;.}2=0 then

(1) VneZj3,

n =% (0,0) there is 0 < Cy(n) < + oo, independent of N, such that
j e2min x> W(/?d/.lN X d,LlN =0 lf ny — 2kn2 +0 modN
T2

C,
—= otherwise .

~UN

J AT W S duy % dyy

T2

(2) For any ne Zj there is C, = C,(n) > 0 such that

<2

7

I eZm’(n,x) Wdf‘i"d,uN X d,“N

T2

Proof. Concerning the first part we have:

T2

17
j 2 W dpy X dpy = - Z f C Wst mdpn X duy
p

s=0 T2

2ni
Z Z N5x2+2kx,+/*leN<nx>

s=0 XEZN

1 p—1 AZ"’nal/‘"‘ Z 2 o (n, — 2kns)
e N en i

Np s=0 x€Zy
(S ! wnsl 2k
_ Ay s ny
__; Z e~ wh 5"1 2,
s=0

where the second equality follows by (3.40), and this proves the first statement.
The rest of the proof follows by a direct calculation in the same way as in
Proposition 4.1, namely, with « = [>(g + k)A*(4* — 1)~ ! € Zy as above,

j‘ eZni<n,x> W(/r)nixduNxd'uN _ 1 Z ez;,u<,, X>Wm1x< 1 ’C2)
T2

Np N’ N

xel2

LT (5

erN s+t=0

x eZ,;“a(ﬂ'—/2»)+2"‘x,1(/s—/')+2;‘(n1x,+n2x2)

0 s
X 6x2+ 2kx; +3’—+z—'—”

-1 +s
_ —1— PZ <ﬂ} )e_%a(;yz\-_;}l)
Np s+t=0 N

2m 2 )
X Z e T X0 = ﬂ(nlxl—ka )]

erfV
p—1 t+s s
=l Z l e_%{ﬂ;}s-;}t}g_%(z'h)l
p s+t=0 N

x 000
ety

Theorem A.1 and Lemma A.2 provide the result. []
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Remarks.

(1) The extension of this proposition to the Wigner function by an arbitrary pair of
eigenvectors of the form (4.10b) can be obtained exactly by the same argument
of Proposition 4.1.

(2) The second proof of Theorem 4.1 immediately follows from the above proposi-
tion, Formula (3.41) and Formula (4.11).

Let us now interpret these results in the light of the classical equidistribution
property proved in Theorem 2.2. According to (4.13), by the unitarity of T'(n):n e
Z? we have

[ fdQ¥ (@, ¥)

T2

<Y IAL (4.15)

By this relation and Lemma 4.1 W(¢™®,y®):k = 1 may be regarded as a linear
functional on A(T?) with norm bounded by 1.

Moreover, by Proposition 3.3(2), if ¢® and y® belong to the same eigenspace,
then W (¢™®,y®) is an eigenfunction with eigenvalue 1 of %%, the adjoint of the
Koopman operator acting on L?(T?, dpy, x duy,). In particular, this is true for the
Wigner function of any eigenstate ¢®. Assume obviously W (¢®, y*) not constant.
In this case, according to Lemma 4.1 and Proposition 2.1, we have the following

representation:
My,
dQW(@, V) = ) o(¢® ¢y W)dp, (4.16)

j=0

where, we recall, My, denotes the number of closed orbits in Ly \{0,0} (which have
one and the same period since N, is prime), and

1 (-1
o= 00,0 M= Oarey, J=1,..., My, . (4.17)
(0,0) f p(,yj) kZ,O AX(x) N
The coeflicients «;:j =0,. .., My, may be positive as well as negative; the only
condition they have to satisfy is:
My, 1 if ¢(k) = ll,(k) .
(oW, y®)y =<7 . ’ 4.18
j;) 29V ) {O , otherwise , (4.182)

which follows from the normalisation condition:

1, if ¢ =y,

k) 1, (k) d =
szW((i) W) dpn, x ddpy, {0, otherwise .

Therefore (4.4), (4.11) and (4.16) yield the representation

My

GO = Y 2™ ) I (4.192)

Jj=0

Moreover, since W (¢®, ™) is constant on any single periodic orbit, we have the
expression

o;(p®, Y ") = % W (", y ), . (4.19b)
k



502 M. Degli Esposti, S. Graffi, S. Isola

Now (3.41) and (4.19b) yield
p mix
(Xj = NZ [W(/,O + W(/, :“‘/,-

On the other hand, W, is a positive constant on its support ( J?Z§ Ay, ;- Which is
a union of periodic orbits. Since W™, ,, tends “weakly” to zero, all weights
o;:j=1,...,Myin(4.19a) tend in the same sense to be positive and independent of
Jj. Hence, by the normalization condition (4.18a), Theorem 4.1 can also be inter-
preted as a consequence of Theorem 2.2.

Remark. This interpretation clearly shows the intimate connection between the
distribution of closed orbits in phase space and the localization properties of the
quantum matrix elements. In the analogous case of hyperbolic surfaces, the relation
of individual Wigner functions of eigenfunctions to periodic orbits is at best very
unclear (see e.g. [Sa]).

We give now some easy consequences of Theorem 4.1.

Corollary 4.1. Let @ be an eigenvector in # and W = {W g}y » 1 the corresponding
Wigner function. Then

W(;W\') e ] fO}“ k— o« (420)
in the weak x-topology of A(T?).
Proof. Obvious. [

Proof of the Main Theorem. Formulas (1.12) and (1.14) are proved by combining
Definition (4.4) and Lemma 4.1. Formula (1.13) follows by the same argument of
the proof of Lemma 4.1 on account of the commutation relation.

N ik A
j]= —— O(h
[£91= —5 (£g}" + O
which is an immediate consequence of the commutator of the Heisenberg algebra
(3.2).
[T (n), T(m)] = 2isin(nhw(n,m)T(n + m) .

The uniformity over n s trivial. This proves Assertion (1). Assertion (2) is equivalent
to Proposition 4.2, and Assertion (3) is an immediate consequence of Proposition
41. O

Proof of the Main Corollary. An elementary computation yields
lim ;1— Y VAV - 2 |an* e fe> + Y Galen fe
m—co k=0 S*r.ig=2,

and

-1
im i Y VAV v kw>=llgm< S laul? Cen VAS Vi Ger)

-0 m—oo M

+ Z dras<era V/:fVA—lées>> .

SEriig=),

We obtain the result by combining these relations with the Main Theorem. [
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Appendix: Some Basic Results out of Number Theory

In this section p will denote a prime number and IF; a finite field of characteristic
p with g = p” elements (we will be interested mainly in the case g = p, IF, = Z,).

Moreover, let p e N and a € Z be such that a = 0 mod p. Then a is a quadratic
residue of p if there is m € Z such that a = m? mod p.

Remarks.

(1) Let p = N be prime, as we shall assume from now on, so that any x € Zy has
a unique inverse, and consider the second degree equation in the field
Zy:ax?® + bx 4+ ¢ =0 modN, (a,b,c) e Zy. Then, if b?> — 4ac is a quadratic
residue, b2 — 4ac = m? mod N, the quadratic equation is solvable in Zy and its

1
roots are x , = i;( — b+ m).
(2) Likewise, given A€ GL(2,Z), if 4 = 4(TrA? — det A) is a quadratic residue,
1
A =4D* mod N, A is diagonable in Zy, with eigenvalues 1, = E(TrA + D)

and eigenvectors v, = (1, £+ 2D).
Now, if {, denotes a p'® root of unity, let

lp . (Ian + ) — C
be a non-trivial additive (¥ (x + y) = y(x)¥(y)) character of IF;, and
1 FF— C

any (possibly trivial) multiplicative (x(x- y) = x(x)x(y)) character. A multiplicative
character is of order m if y™ is equal to the trivial character y, = 1.

Let us give some examples.

Given N prime, let once more IF, = Zy. Then, the only non-trivial multiplica-

tive character of order two is the Legendre symbol y,(x) = (%) defined as follows
(see e.g. [Ap]):

<x> _ { +1 if x is a quadratic residue A1)

N — 1 otherwise .

0
Moreover (N) = 0 for any x = 0 mod N.

The Legendre symbol obviously satisfies the product law

%)-G)&)

On the other side, in the present case the group of additive characters is the set

2
{tpa(x) = exp {—]—? ax}; ae ZN} . (A3)

We shall consider generalized sums over finite fields of the type:
Y 1(fCDY (), (A.4)

xelF,
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where y is a non-trivial multiplicative character of order d|(q — 1) of If,, ¥ a non-
trivial additive character of IF,, whereas f(x),g(x) e IF,[x] are given algebraic
functions, for instance polynomials, over IF,. We have the

Theorem A.1 (Weil). Let y,\y be a multiplicative character = yo of order d with
d|(q — 1), and a non-trivial additive character, respectively, of IF,. Let f(x) e IF,[x]
admit m distinct roots, and let g(x) € ;[ x] have degree n. Suppose that either

(1) (d,degf) = (n,q) = 1, or, more generally, that
(2) the polynomials y* — f(x) and z9 — z — g(x) are absolutely irreducible (i.e irredu-
cible over any finite algebraic extension of IF,).

Then
S (SN (gD S (m +n —1)gh.

xelE,

Proof. See, e.g., [Sc], page 45.

Remark that the above result has been obtained by A. Weil as a consequence of
the validity of the Riemann conjecture for curves over finite fields [Sc], and an
extension to the case where f, g are given rational functions has been achieved by P.
Deligne [Del, De2].

Let us briefly discuss some consequences of this result which are used in the
paper.

Example A.1. f(x) = g(x) = x, y = 2 and y = ,. Then we have the generalized
Gauss sum G(y, ). If, moreover, IF, = Zy we obtain the standard quadratic one

)
AE) exp{% xZ} (A5)

X€ZNn

and, by direct application of Theorem A.1, |g(V,, x2)| < \/N ,
More precise information is contained the following

Proposition A.1.

g(‘/jaa XZ) = SN\/N <_]6\f;> 5 (A6)

where
_ 1, N=1 mod4
M=, N=3mod4
and
Nt 2in [ a —2in .,
Y exp W(ak + bk) | = ey N2 NPy b*(4a) (A.6a)
k=0
if a0 modN,
Nt 2in ., o
Y oxp| < (ak? + bk) | = N -5} (A.6b)
k=0

if a=0 modN.
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Example 4.2. Consider once more the particular case IF, =Zy. Setting
f(x) = x? — 4ab, g(x) = x, y = x, and Y = Y, we then find the Kloosterman sum

KIN,a,b)= Y <>—‘—2—;—V@> exp {%ﬁ x} = Y exp {%’—t (ax + bx‘l)} (A7)

xeZn xeZn

Again, from Theorem A.1, one has the estimate

|KI(N,a,b)| < 2./N .

The next two results are useful in reducing to the previous case some sums over
cyclic subgroups.

Lemma A.1. Suppose d|(q — 1); then
d if xe(F}°
Yo () =10 if x¢(FH' x+0
7 of order d 1 lf x=0
Proof. See [Sc], page 85.
As an immediate consequence, we have:
Lemma A.2. VAieZ}, denote A, = {)) the cyclic subgroup generated by A. Let

N-—-1
#N,=——=p If f1 Ly x Ly —> C is any complex valued function, then
m

Zf(/ls ) = Z Y M) f(vx),

s.t=0 } 1=0 x,yezZ}
where {yo,. . .y Jm-1} IS a set of multlplzcatlve characters of order m.

Proof. Clearly x™e A;, Vx e Z}, because A; is exactly the set of roots of the
polynomial x? — 1 = 0. Moreover, the map x — x™ € A, has multiplicity m. That
is

DN TN SR

s,t=0 x,yeZn
and the result follows immediately from Lemma A1l because
Z f y >‘m) = Z Z X} (x y)
x,yeZy Ji1=0 x,yezZ}y

O

Using the same technique it is also possible to estimate Kloosterman sums over
any cyclic subgroup of Zy, namely

Proposition A.2. Ve Z}, denote A, = {1) the cyclic subgroup generated by A. Let

N —1
#A, =T=p. Then,Va,be ZF,

Y exp {Z%[ax + bx"}} =

xeA;

1 exp {% [a’ + b):S]}I < C(m)/N(A8)

for some constant C(m) bounded in m.
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Proof.

ol (2 1 2i
Si\:o exp {% [a7 + brﬂ} == 3 exp% [ax™ + bx~™]

xeZy
1mzt 2in
=— xi(x)exp — [ax + bx '],
m j;O erz'N ! N
where x;j =0,...,m — 1 are the multiplicative characters of order m. The asser-

tion now follows from the direct extension of Theorem A.1 to the rational functions
of type ax + bx ™! (see [Del], [De2], p. 190 and [Sc] p. 85).
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