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Abstract. Given a gauge theory with gauge group G acting on a path space X,
G and X being both infinite dimensional manifolds modelled on spaces of sections
of vector bundles on a compact riemannian manifold without boundary, it is shown
that when the action of G on X is smooth, free and proper, the same ellipticity
condition on an operator naturally given by the geometry of the problem yields both
the existence of a principal fibre bundle structure induced by the canonical projection
7:X — X/G and the existence of the Faddeev-Popov determinant arising in the
functional quantisation of the gauge theory. This holds for certain gauge theories
with anomalies like bosonic closed string theory in non-critical dimension and also
holds for a class of gauge theories which includes Yang-Mills theory.

0. Introduction

Many authors have studied various aspects of the functional quantisation of gauge
theories in terms of the geometric features that characterise the theory, investigating
problems such as the Faddeev-Popov procedure, see e.g. [BV, FP, J, Pa], the reduction
of the path space measure to a measure on the quotient space see e.g. [AGN, AHKPS,
AJPS, dHP, MN, P], the problem of Gribov ambiguities see e.g. [K, S], the structure
of moduli space see e.g. [FU, FT, IM, MV, NR]. The literature around these topics
reveals (although not explicitly) the importance of the role of differential operators
with injective symbol and of elliptic operators which naturally arise from the geometric
data decribing the gauge theory. Their role is most essential for two fundamental
aspects of the functional quantisation for gauge theories, namely first for the structure
of the fibre bundle given by the canonical projection of the path space onto its
quotient by the gauge group and the structure of the quotient space, namely the
moduli space, and secondly for the Faddeev-Popov procedure. This second aspect
was studied in the special case of string theory in a former paper [Pa]. In this present
article, we want to generalise these results to a larger class of gauge theories including
Yang-Mills theory and bosonic string theory and show how for these gauge theories,
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the same assumption concerning the ellipticity of a differential operator given by
the geometric data describing the theory, yields both the principal fibre structure
for the canonical projection (and the manifold structure on the quotient) and the
existence of the Faddeev-Popov determinant. In order to include the case of Yang-
Mills theory, we shall have to consider elliptic operators and differential operators
with injective symbol that have coefficients in some Sobolev space, to which one
can extend some essential properties — such as a Hodge-Kodaira like decomposition,
Garding’s inequality, spectral properties when the operator is self adjoint, that hold
for elliptic operators and differential operators with injective symbol and smooth
coefficients.

Let us briefly describe the contents of the present article.

Given a gauge theory with gauge group G and path space X which are both infinite
dimensional manifolds modelled on spaces of sections of vector bundles with finite
dimensional fibres on a compact Riemannian manifold without boundary, the group
G acting on X on the right by a smooth, free and proper action

O:GxX—-X
(a,z) — O(a, ),
one can consider for any z € X the differential operator-which will play a
fundamental role in the following:
7, T.G =T, X 0.2)

tangent at e € GG to the map 6, that sends an element of the group into the orbit of
x through the action ©:

(0.1)

0,.G—X

a — 6(a, ) ©.3)

We shall consider right actions and set O(a, ) = r - a = R,x; however the results
also hold for left actions, replacing in the text right by left.
Let us remark here that if we denote by DR _:T,G — T,G the tangent map to

R,:G— G
b— R,b=ba,
then from 0, (R, b) = (z - b) - a follows that
D,0, = R!7,DR;", 0.4)

where R} is the pull-back of R, on T'X.

Let us assume X is equipped with a riemannian structure (possible weak). Under
the assumption that G acts on X by isometries, we show (see Theorem 3.1) that if
T, 18 an injective differential operator with smooth coefficients or with coefficients in
H™, for m large enough and if the principal symbol of 7, is injective (or equivalently
if 77, is elliptic, 7, denoting the adjoint of 7,), then
1) The quotient space has a smooth manifold structure (possibly infinite dimensional)
and the canonical projection 7: X — X/G yields a principal fibre bundle structure.
2) If for x € X, X is a local slice of this bundle at point x, and if we define for
a € G the Faddeev-Popov operator ng by:

Fy2:T,GxT, 5, —Tp X

(0.5)
(u,h) — D0, 0 DRu+ R} h
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(where R*h is the pull-back of h by R,), then the Faddeev-Popov operator has a
well defined determinant, for an arbitrary choice of the local slice X', whenever the
quotient X /G is finite dimensional and for a local slice X, orthogonal to the orbit at
point z whenever the quotient is infinite dimensional. This determinant is independent
of the point R,z chosen in the orbit of z and only depends on z and X.

Let us point out here that the equivalence between the assumption on the ellipticity
of the operator 7.°7, and that of the injectivity of the principal symbol of 7, is not
true in general, but follows here from the fact that the fibres of the vector bundle on
which 7, and 7° are defined, are finite dimensional.

These statements are a step towards a more systematic understanding of aspects
of the functional quantisation procedure of gauge theories from the features of the
geometric data describing the corresponding classical theory. The proof of the first of
these statements is based on classical slice theorems, which we recall in the course
of the paper. The second statement is a generalisation of results of [P].

The framework described above applies directly to Yang-Mills theory for which,
as we shall see, the path space X can indeed be equipped with a gauge (or G)
invariant riemannian structure. However, in order to include a class of gauge theories
with anomalies, like that of bosonic string theory in non-critical dimension, we study
the general case when X is equipped with a riemannian structure which is not G-
invariant, but only H-invariant, H being a subgroup of G. In our framework, G is
the whole symmetry group for the classical action and H the symmetry group left
after quantisation, i.e. the invariance group of the Riemannian structure on X. When
H # G, a certain type of anomaly can arise as in the example of the string model
in non-critical dimensions where conformal anomaly arises from the non-invariance
of the riemannian structure under the action of the Weyl group. The obstruction
to choosing a riemannian structure invariant under the whole symmetry group of
the classical action of the theory is of course only one aspect of the problem of
anomalies. In order to give a full treatment of anomalies in string theory, one also has
to consider the global anomaly which arises as a topological obstruction characterised
by a non-vanishing first Chern class of a line bundle built up from determinant
bundles and the local or geometric anomaly which arises as an obstruction to flatness
of this line bundle [F]. However, in the framework of functional quantisation of string
theory, these obstructions arise after the (Faddeev-Popov) reduction procedure from
the original path integral on the infinite dimensional path space down to a finite
dimensional integral over Teichmiiller parameters. Here we are interested in the first
manifestation of anomalies mentioned above, namely that of the non-invariance of the
riemannian structure on the infinite dimensional path space under the whole symmetry
group of the classical theory before the reduction procedure takes place.

We therefore extend the framework described above to the case when G is a
semi-direct product of two groups G = H © K, each of them being an infinite
dimensional manifold modelled on a space of sections of some vector bundle
with finite dimensional fibres on a boundaryless smooth finite dimensional compact
manifold. We shall assume that GG acts on X by:

(@, "), @) = Ry(Ryra) = @-a") - .

We shall identify the tangent space to G to the product of the tangent spaces to H
and K, setting for a = (a’,a"),

jj(alya//)G = Ta’H X Ta”K7

(0.6)
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so that the tangent map D, , .60 . splits into a sum of maps:
g p (a’,a")x p p
Dt wfs = Ra_,o DR + Rym/ DR,y | (0.7)

where 7/ = D_0! (resp. 7)) = D_0), 6, (resp. 0/) being the restriction of 6, to H
(resp. K).

Notice that with these conventions, 7,, = 7., +7./, but relation (0.4) does not always
hold any more. However if

Th o = Ranty | (0.8)
then we have
Dy ol = Ry, DR;! 0.9)

and conversely. Here DR, has been identified to DR, x DR, ..
Of course, if H = G, relation (0.8) is trivially satisfied since K = {e}. Since

" _ ok
TRa”z = Ra”Tz ada” ;

where ad,, is the tangent map acting on the tangent space 7, K to the map which
sends b” € K to a”b"a"~! in K, condition (0.8) is also trivially satisfied when K
is commutative. Conversely, if the action of K on X is free and if K is a (possibly
infinite dimensional) connected Lie group equipped with a surjective exponential map,
then from (0.8) follows the commutativity of K.

In the following, we shall assume that condition (0.8) is satisfied, thus making an
assumption on the group K which is in particular fulfilled when K is abelian as in
the case of bosonic string theory.

In this more general framework, we also show statements 1) and 2) from the
assumption that the principal symbol of 7, be injective, up to the fact that the
assumption on the G-invariance of the riemannian structure is replaced by the H-
invariance of this same riemannian structure on X.

The paper is organised as follows:

In Sect. I, we first give a slice theorem (Lemma 1.1) in the case when the manifolds
involved are Hilbert manifolds, letting G be semi-Hilbert Lie group, a notion which
we introduced below and which generalises that of a Hilbert Lie group, including
groups such as the group of diffeomorphisms on a compact manifold without boundary
which are of Sobolev class. This slice theorem generalises the classical slice theorem
where G is a Hilbert Lie group (see e.g. [FU, FT, H, IM, NR]) and slice theorems
involving the group of diffeomorphisms of Sobolev class which implicitly underlie
works like [E] and [FM]. We then apply this slice theorem to the case when both
manifolds X and G are modelled on spaces of sections of Sobolev class of some vector
bundle with finite dimensional fibres on a compact boundaryless manifold, showing
(in Theorem 1.2) that if G acts on X through a smooth, free and proper action, and if
T, is an injective differential operator with injective symbol (and possibly coefficients
of Sobolev class), then there is a Hilbert manifold structure on the quotient X/G and
a principal fibre bundle structure given by the canonical projection 7: X — X/G.
This holds for a group G of the form G = H ® K, H # G, H acting on X through
isometries, X being equipped with a weak L? riemannian structure.

In Sect. II, we deduce from the above slice theorem a slice theorem (Lemma 2.1)
for the case of manifolds which are inductive limits of Hilbert manifolds, namely
L.L.H. manifolds, letting G be an inverse limit of a family of semi-Hilbert Lie groups.
Applying it to the case when both X and G are modelled on spaces of smooth
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sections of some vector bundle on a compact boundaryless surface, we show (up to
some additional technical assumptions explicitly given in Theorem 2.2 and discussed
in a remark following the theorem) that if G acts on X through a smooth, free and
proper action and if the operator 7, is an injective differential operator with injective
symbol (and smooth coefficients), then the quotient space is an I.L.H. manifold and
the canonical projection yields an I.L.H. principal fibre bundle. Here again, this holds
in the general case when G = H ® K, H acting on X through isometries, X being
equipped with a weak L? riemannian structure.

In Sect.III, we prove (Theorem 3.1) that under the same above assumptions
(namely that the action of G' on X is smooth, free and proper and that 7, is an injective
differential operator with injective symbol, G = H ® K, H acting on X through
isometries), and for a given local cross-section at point x of the principal bundle
X — X/G, one can define the Faddeev-Popov determinant which is independent of
the point in the orbit of z for the action of H. We show that if the quotient X /G is
finite dimensional, then the determinant of this operator is well defined for any choice
of the local section, and if the quotient is infinite dimensional, the determinant is well
defined for any local section orthogonal to the orbit of = for the action of G.

For the sake of clarity, we chose to leave certain technical devices and one proof
out of the main text and to refer the reader to the Appendices. In particular, we
shall need a generalisation to a class of positive self adjoint elliptic operators with
coefficients of Sobolev class of the notion of regularised determinant, which we
give in Appendix A.2 using results of [C, KR] and the presentation of regularised
determinants in [AJPS, Pa] done for elliptic operators with smooth coefficients.

All along the paper, we illustrate the theorems by Yang-Mills theory and the theory
of closed bosonic strings.

I. Differential Operators with Injective Symbol
and Slice Theorems in the Hilbert Case

We shall call a right (resp. left) semi-Hilbert Lie group a Hilbert manifold with a
topological group structure such that the right (resp. left) multiplication is smooth. A
typical example of a right semi-Hilbert Lie group is, for s large enough, the group
of diffeomorphisms Z*(M) of a smooth compact riemannian manifold A/ without
boundary described in [O, E] for example. If n is the dimension of the manifold M
and if H%(M x M) denotes the space of sections of the bundle M x M over M in

the Sobolev class H?, then by classical Sobolev embedding theorems, for s > 1+ g,

we have the inclusion H(M x M) C C'(M x M), where C'(M x M) denotes the
space of sections of M x M which are C! and the inclusion is continuous.
Let us set

Den(M)={f € C'(M x M), such that f has an inverse and f_1 e C'(M % M)}

and

D(M)=H*(M x M)NDu(M). (1.1)
Since Z1(M) is open in CY(M x M), &%(M) is also open in H5(M x M), and it
is a Hilbert manifold modelled on H*(M x M). The r.h.s. multiplication in &7¢(M)
defined for h € &°(M) by:

R, : 7°(M) — Z°(M)

o foh (1.2)
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is C*°, but the Lh.s. multiplication defined for h € Z*+t/(M) by

L,:*(M) — (M)
f—hof

is only of class C' so that 27°(M) defines is a semi-Hilbert Lie group in the above
sense.

The basic theorem underlying the subsequent results is the following generalisation
to the case of a semi-Hilbert Lie group acting on a Hilbert manifold of the classical
slice theorem concerning the action of a Hilbert Lie group on a Hilbert manifold
(which one can find for example in [B, Bo, FM, FT, IM]). It can be proved along the
lines of a classical proof used in the finite dimensional case (see e.g. [Br, V]).

(1.2bis)

Lemma 1.1. Let G be a right (resp. left) semi-Hilbert Lie group acting on X by a
right (resp. left) action on a C* Hilbert manifold through a right (resp. left) action
O. Assume that

— The action is smooth, free and proper,
(Ao) { — Forany x € X, the map 8, is an immersion,
(i.e. the tangent map D0 is injective and its image is closed in T X)

Then

1) X/G is a Hilbert manifold.
2) The canonical projection w:X — X/G yields a C* principal fibre bundle
structure with structure group G.

Proof. Since the classical proof for a Hilbert Lie group acting on a Hilbert manifold
extends to the case of a semi-Hilbert Lie group acting on a Hilbert manifold without
any major modification, we leave out the proof for the moment, which is explicitly
done in Appendix A.1. [

When the manifolds X and G are modelled on spaces of sections of vector bundles
with fibres of finite dimension on a compact boudnaryless riemannian surface, the
assumption that 6, be an immersion appears as a natural consequence of some
condition on the principal symbol of the operator D 6@ , namely that it should be
injective.

All along the paper, M denotes a finite dimensional compact boundaryless C°
riemannian manifold. We shall consider C'*° vector bundles on M that have finite
dimensional fibres, chosen in such a way that they naturally inherit a euclidean
structure from the Riemannian structure on M. Typically, we shall choose bundles
such as the trivial bundle M x R, tensor bundles TM* @ T*M', or bundles built
up from an additional principal fibre bundle &” on M with structure group & like
P Xy 8 P x,gRT*M, where ¥ is a finite dimensional compact semi-simple
matrix Lie group and g the Lie algebra of .

Let 77 be a such vector fibre bundle on M and let us denote by H*(7”) the space
of sections of class H® of 7, i.e. the closure of the space of C°° sections for an H*
scalar product induced by the metric on M.

Theorem 1.2. Let &, 7#,.% be C™ vector fibre bundles on M (of dimension n) with
finite dimensional fibres. Let X be a Hilbert manifold modelled on H*(&) for some

s € N. Let k, h be two integers such that g +7r+12>s>r where r = max(h, k).
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Let G be a right (resp. left) semi-Hilbert Lie group which is a semi-direct product
of two groups, G = H® K, H and K being Hilbert manifolds modelled on H**"(7%)
and H*"*( %) respectively. & acts on X through an action ©:

O HOK)xX - X
((a’, a”),x) - Ra/(Rau.’E) .

We shall assume as before, that for a = (a’,a") € G:
D0, =R, DR;". (1.3)

Moreover, we assume X is equipped with a weak L? riemannian structure invariant
under the action of H.
Under the following assumption

~ The action © is smooth, free and proper,
~ Foreachz € X themap 7,:T,G — T, X
(A) S isan injective differential operator of order r with injective symbol

and coefficients of Sobolev class m with m > g + 2r.

Then

1) X/G is a Hilbert manifold.
2) The canonical projection m: X — X/G yields a C* principal fibre bundle
structure with structure group G.

Remark. If G = H, relation (1.3) is of course trivially satisfied.

Proof. In order to apply Lemma 1.1, we only need to check that 4 is an immersion.
For the sake of clarity, we first prove that 6, is an immersion in the simpler case
H = G. The fact that D@, is injective follows from the relation D0, = R}7, DR
since T, is itself injective.

Let us now check that Im D 0, is closed. For this we first check that Im7, is

closed. Since 7, has injective symbol and since m > g + 2r, by Theorem A.2.2,

Appendix A.2, the operator 7, has a closed image w.r.t. the L? topology on T'X
induced by the weak riemannian structure on X and H*(&) = Im7, & Ker7,’. From
this, we deduce that Im D0, is closed in T, , X w.r.t. the L? topology and that there
is an orthogonal splitting T, X = Im D0, ®Ker(D,0,)* since D 60, = R}7,DR;"
and since the metric is GG invariant. From this follows that this image is also closed
w.r.t. the Hilbert manifold topology (see e.g. [KV, Lemma 3.1.6]) on X.

The proof in the general case G # H goes in the same way using relation (1.3)
and the fact that for a € G, Im TRuw is closed.

Examples. 1. We first illustrate this theorem in the case G = H by Yang-Mills theory.

Set n = dim M. Let # = (M, ¥) be a smooth principal fibre bundle on M
with structure group %, a compact semi-simple matrix Lie group. Let B, = 7 X g
be the bundle with the Lie algebra g of & as a standard fibre and with the adjoint
action of & on g. We set B, = & x, &. Take & = E,y © TM*, the bundle of
1-forms on M with values in E,; and ¥ = E,,.

We first describe the Hilbert manifold X. Set for s > g + 1, X to be the

space %, of connections on (M, %) of Sobolev class H* (see for example [KR,
FU] for an explicit description of .#4.). ./, is a closed affine spaces in the space
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Hé(E,y ®T*M) of H® Sobolev sections of the bundle &, i.e. the space of g-valued
H?® 1-forms on & (see e.g. [FU, KR, MV]) and by the Sobolev embedding theorems,
.7, is contained in the space of C' connections on (M, ¥). The subspace .Z_ of
irreducible connections in ..%° (see e.g. [FU], Chap. 3 for a definition of irreducible
connection) is a Hilbert manifold modelled on H*(E,,®T*M). We shall set X = .7Z_.

Let us now describe the group G. Let H°(E.,) be the group formed by the sections
of Sobolev class of the bundle £, or equivalently the group of fibre preserving maps
$:7” — 7 which satisfy m o s = 7 and s(p.g) = s(p)g for p € P, g € ¥ of

dim,
class H* (see e.g. [FU, KR]) with pointwise multiplication. For s > My + 1,

H°(E,) is a Hilbert Lie group modelled on H*(E,;) (the space of H® g-valued
equivariant functions on Z°) and a closed topological subgroup of Z°(%) (see
e.g. [KR]), the group of all H® diffeomorphisms which itself is not a Hilbert Lie
group but only a semi-Hilbert Lie group. Let Z_ be the centre of H*(E.). The
group G, = H*(E,)/Z, is also a Hilbert Lie group modelled on H*(E, ) (see
Theorem 2.18, [MV]). We shall set G = G-

The right action of H**!(E,;) on .Z, induces a right action of G on X:

O:G X Ay — A,
(9,A) = Ryg=A+g 'dyg

where d o : HS"1(E,) — H*(E,y®TM?) is the exterior covariant derivative induced
by the connection A.
There is a weak L? G-invariant metric on .%Z° (see e.g. [KR, par. 2.3]) given by

(a, B) = / (a(p), B(p))dp(p)
7

where 1 is a smooth % -invariant measure on 2, o, 3 are g valued one forms on &
and (-, -) the bundle metric in g ® T*Z.

The action of G = G, on X = .7 is C (see e.g. [MV, p. 465]), free (see e.g.
[MV, p.466]) and proper (see e.g. [KR, Theorem 2.4.9]). For A € Z_, the map 74
tangent at 1 € G to:

0,:G— X
g— R,A

coincides with d 4.

For A € .7, the operator d 4 is a differential operator of order 1 with coefficients
of Sobolev class s — 1. With the notations of Theorem 1.2, we set m = s — 1,
r=h=1

For s > g +3and A € 7Z,, the operator d 4 lies in Inj*~"(E,, E,; ® T*M)

(see Appendix A.2 for a definition), since d%d, = L + D where L is an elliptic
operator with smooth coefficients and D a differential operator of lower order with
coefficients in H*~2 (see e.g. [KR, par. 3.1]). The injectivity of the map 7, follows
from the existence of an exponential map and the freedom of the action as in the
proof of Lemma 1.1.

The assumptions of Theorem 1.2 are therefore satisfied and we conclude that for

5> g +3. .%,/G,,, is a Hilbert manifold and that Ay — Ay|G,,, is a principal

fibre bundle with structure group G_ ;.
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2. We now illustrate Theorem 1.2 in the case G # H by the theory of closed bosonic
strings.

Take n = dimM = 2 and M of genus p > 1. Let us set & = S°T* =
T*M ®, T*M, the symmetric tensor product of the contangent bundle on M with
itself. Let for s > 1, X be the manifold

MM = {g € H¥(S*T™),detg > 0}

of H® riemannian metrics on M, which is a Hilbert manifold modelled on H®(#).
We now define the group G. Let @(f“(M ) be the semi-Hilbert Lie group defined

as the connected component of the identity in &7+!(M) defined in (1.1); it is a Hilbert
manifold modelled on H**'(T' M) [FT). Let 7Z'(M) = {e®,¢ € H*(M,R)} and let
the group G be semi-direct product of these two groups,

G =I5 (M) 75(M). (1.4)

G is of the form H © K, where H = %S“(M), K = 77'5(M) are modelled on
Hs* () and H*(%), respectively, taking 7% = TM and % = M x R.
The group G acts on X = .Z°(M) by a right action:

OGN M) © (M) x . #5(M) — A5(M)
((f,€"),9) = fre’yg.
The action @ is C*°, free and proper (see e.g. [AJPS]). For g € . 7°(M), the operator
7, tangent at point (Id, 1) € G to the map:
0,: 7 (M) © Z7S(M) — #°(M)

(f.e?) — f¥e?yg

is of the form
7, H*H(TM) x H*(M,R) — H*(S*T™)
(u,\) = Vou+Ag,

where (V u),, =V, u, + Vyu,. Furthermore, with the notations of the introduction,
we check that for A\ € H*(A,R), Téqu/\ = e?7)/), since 74X = Mg so that
D5 e6)0,(f* "'u.em?X) = f*7,4,(u.)) and relation (1.3) is satisfied. As we pointed
out in the introduction, this follows from the commutativity of K = Z"*(M).

There is a weak L? Riemannian metric on . 7°(M) induced at point g € .Z°(M)
by the scalar product

(hk) = | Jgh-k
/

(where, for two tensor fields ¢ and ¢’ the product ¢ - t' denotes the contracted product
using the metric g). It is clearly H = @OSH(M ) invariant. For any metric g, there is an
orthogonal splitting w.r.t. the L* scalar product induced on T,,.7*(M) ~ H*(S*T*)
by this riemannian structure:

H(S*T*) = H*(M,R)g ® H*(S3T*)
through which one can identify T,.72°(M) to H*(M,R) x HS(S(%T*), where

H*(S2T*) is the space of H® traceless two symmetric tensors on M and where
for a symmetric two tensor ¢, the trace w.r.t. the metric g is given by tr ¢ = g% ;-
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Define for g € .#°(M) the operator
P,:C®(TM) — H*"'(5;T")
U — Vgu — %trg(Vgu)g.
It is a differential operator with injective symbol as can be seen going over to local
coordinates (see e.g. [AJPS], Chap. 4). It is easy to check that for any integer s > 3,

P, € Inj*~ (T M, S;T*) since P, is of order 1.
The operator 7, interpreted as a matrix operator from H*(T'M) x H*(M,R) to

H*(S3T*) x H3(M,R) reads

Tg—

P, OJ
1
str,(Dg g

since 7, (u, A) = Pgu+% tr,(V,u)+Ag. One can show that the operator P, is injective
checking on one hand that its kernel is given by holomorphic vector fields and on the
other hand, using the Riemann Roch theorem, that there are no non-zero holomorphic
vector fields on a Riemann surface of genus p > 1. The fact that it has injective
symbol follows from the injective of the symbol of F,. Setting m =s—1, k=1, so

that for any integer s > 3 (recall that n = 2), 7, € Inj*— (7, &).
The assumptions of Theorem 1.2 are hence all satisfied and for s > 3,

MM Ze (M)
%"*(M) is therefore a C'> Hilbert manifold and the projection
M) — (M) DT (M) © 77(M),
a principal fibre bundle with structure group 7+ (M) ® 2°%(M).

II. Differential Operators with Injective Symbol
and the Slice Theorem in the I.LL.H. Case

In this section, we want to extend the results of Sect. I to the case when X and G
are I.L.H. manifolds. We refer the reader to Appendix A.3 for the relevant definitions
concerning I.L.H. structures, in particular I.L.H. manifolds, I.L.H. Lie groups and
I.L.H. fibre bundles. We define here I.L.H. actions.
Definition. Let X be a C*° L.L.H. manifold, G = (\ G, and L.L.H. Lie group acting
on X = ) X, by: neN
ieN
O:Gx X —-X
(a,2) — 6(a, ).

For k > 0, is said to be C°* 1LL.H. if
(1) © induces a C action:

0,:G . xX, = X,.
() ©:Gx X — X isa C>* LL.H. map.



Elliptic Operators in the Functional Quantisation for Gauge Field Theories 443

Notice that if the action of G on X is C°* LL.H., then for any a € G, the map
z — R,z on X is C*° LL.H. of order < 0.

We shall say that an LL.H. action is free (resp. proper) if the ©, are free (resp.
proper). We easily check that if the action © is free, we have for (a,z) € G x X,
O(a,x) = x = a = e. Let us check that if the action is proper, then for sequences
(a,,x,) € Gx X such that x, — = € X and O(a,,z,) — y € X, there is a
subsequence (a,,)) of (a,,) that converges in G. The actions ©; being proper, for
each 7 € N, there is a subsequence (a,, () of (a,,) converging in G, ;.. Starting from
1 = 1, we can iterate the extraction of a subsequence up to a certain j, thus obtaining

J
a subsequence (%J(n)) of (a,) converging to a; € (] G- Using the diagonal

=1
principle, we can thus extract a subsequence (a ) from (a,,) which converges to an
element a € G.

Lemma 2.1. Let G be an L.L.H. Lie group acting on the right (resp. left) through an
action © on a C* LLH. variety X = (| X, such that G = [,cy G; where G, is a
€N
right (resp. left) semi-Hilbert Lie group. Under the assumption that
— The action is C** 1.L.H., free and proper,
— Forall x € X, the map
0,:G = X,
a — O(a,x)
(%o) | is an immersion,
— For every x € X, there is a local slice S, for the action of G on X
which is an inductive limit of slices for the action of G, on X,
and the corresponding projection X — X G is an inductive limit

of the projections X; — X, G, ;.
Then

1) X/G is a C* LL.H. manifold.
2) X — X/G is a principal fibre bundle with structure group G.

Proof. Since the action © is C°* L.L.H. free and proper, for any i the induced action
0,:G; ., x X, — X, is C*°, free and proper (see the above definition). Since 0, is
an immersion, from Lemma 1.1 follows that X, /G, is a C'*° Hilbert manifold and
that m,: X; — X,/G,,, is a C'™° principal fibre bundle. In particular, for z,y € X,
setting S, = (1S, ,;, S, =[S, the inductive families of local homeomorphisms

7 1
vi Sz — X, /Gy and 9, 1S, . — X, /G, induce a family of C'° transition
mappings ¥, lo ¥, ,» the inductive limit of which yields a C*° 1.L.H. transition
mapping for the quotient X /G. The quotient X /G is therefore a C°° 1.L.H. manifold.
In the same way, since the canonical projection 7 is an inductive limit of a family
of canonical projections 7; local trivialisations ¢: 7~ '(U) C X — U C X/G x G,
o(x) = (w(x),q?z(a:) of the bundle X — X/G can be obtained as inductive limits
of families of local trivialisations ¢,:7, '(U,) C X; — U; C X;/G, .y X Goppor
¢;(x) = (m(x), §; ,(x)). Taking two open subsets U = (U;, V =V, of X/G, and

w

? K3
two families of local trivialisations ¢,,1;, ¢ € N associated to these, the corresponding
transition functions z — ¢, , o ¢, + from U, NV, to G, yield an inductive family
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of C* maps, the inductive limit of which is a C° L.L.H. transition function for the
bundle X — X/G. The canonical projection map 7:X — X/G therefore yields a
principal LL.H. fibre bundle. O

We now apply this lemma to the case of infinite dimensional manifolds modelled
on spaces of sections of some vector bundle on a compact surface.

Theorem 2.2. Let &, 7, .7 be C™ vector fibre bundles on M (of dimension n) with
finite dimensional fibres built up from tensor bundles on M. Let X = (X, be a C™

K3

LL.H. variety modelled on C*®(¥) such that each X, is modelled on H*(%) and is
equipped with a smooth L? riemannian structure which yields a C™ exponential map
with the usual properties (in particular, it should induce a C* local diffeomorphism
fromTX to X).

Let G = () G, be an LL.H. Lie group which is a semi-direct product of two groups,

ieN
where G = H® K, H = (| H, and K = (| K, are LL.H. manifolds modelled on
ieN 1EN

C®(F) and C°(F) respectively. G acts on X through a right action ©, such that for
(a=(d,d"),z) € Gx X, Oa,x) = R, (R,nx), H acting on X through isometries.
We shall assume as before that condition (1.3) is fulfilled, namely for a = (a’,a") € G:

D0, =Rry, , oDR;'.

We furthermore assume that the L* weak riemannian structure on X, is H-invariant

and that the map

Gie = ToGigy,

a— (D,0,)*

is smooth. Here (D ,0,)* denotes the adjoint of D ,0,, w.r.t. to an L* weak riemannian
structure on G. Under the following assumption:

— The action © is C°* LL.H. free and proper,
(%) § = Forany z € X, the map 7,,: C®(F) — C®(&)
is an injective differential operator with injective symbol.
Then
1) X/G is a C* LL.H. manifold.
2) The projection w: X — X /G induces a C* 1L.L.H. principal fibre bundle structure.

Remarks. 1) In applications, the assumption on the existence of an exponential map
associated to the weak L? riemannian structure with the usual properties arises as a
consequence of the general features of the manifold X and the way such a riemannian
metric is built on X. Indeed, taking for example & to be a tensor bundle on M, then
each X, modelled on H*(%) can be equipped with a natural smooth L? riemannian
structure (-, -);» induced at point x € X, by a bilinear form:

HY(&) x H(%) = R
(t,t") — / V9, (@), 1), (a)do,
M

where g, is a riemannian metric on M of class H “and (-, -),, a scalar product on the
fibre of the bundle & induced by the metric g,, by contraction of tensors. Applying to
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this weak riemannian metric the usual construction of a riemannian connection, one
obtains for U,V € H%(&) an L? field V V. Using the fact that V; V' is characterised
by
VgV =V, U=[U,V],
WU, V)2 = (DyU, V)2 + (U, Dy V)2,

one can show that since the riemannian metric is built up from tensors on M of class
H* (arising from the riemannian metric g,), V,V is in fact an H® field so that V
is a riemannian connection in the usual sense and the smoothness of the riemannian
metric on X, induces the smoothness of the connection. From this smooth connection
one can build an exponential map with the usual properties.

2) The smoothness of the map a — D, 6 also appears in the applications as a
natural consequence of the general features of the manifold X and the group G and
the associated riemannian structures on them. Indeed, if the vector bundles involved in
the structure of X and G are tensor bundles, the smoothness of the map a — (Daﬂm)*
then appears as a consequence of the smoothness of the map a — D_6, and the
features of the scalar products involved in the construction of the adjoint operator.

Proof of Theorem 2.2. We shall do the proof in the simpler case G = H, for which
assumption (1.3) is of course trivially satisfied, pointing out the required modifications
for the general case G # H. Indeed, the general case can be proved in a similar way,
using assumption (1.3) and the H-invariance of the metric.

As in the proof of Theorem 1.2, using the relation between D 0, and 7, we
easily check that the second condition in (.7;) is satisfied since 7, is injective and
has injective symbol. Since the group G acts on each X (because G C G, and
G,y acts on X; since the action is C°**), the canonical projection m: X — X/G is
an inductive limit of canonical projections 7;: X, — X, /G, .. The only thing left to
be checked in order to apply Lemma 2.1 is the existence, at each point z € X of a
local slice S, obtained as inductive limit of a family of local slices .S, , for the action
of G, on X;.

We shall build the slice along the lines of the construction which can be found in
[E] in the case of the group of diffeomorphisms acting on the manifold of riemannian
metrics. We shall closely follow the scheme of the construction of a slice done
in the proof of Lemma 1.1, replacing here the strong riemannian structure on the
Hilbert manifold X, underlying that construction by the weak L? riemannian structure
common to all the X, ¢ € N. Indeed, if for x € X, one builds a slice S“ for the
action of G, on each X using the strong riemannian structure on X, as in the
proof of Lemma 1.1, the inductive limit (1S, , might well reduce to the point z.

K2
Replacing here the strong riemannian structure on the Hilbert manifold X, underlying
that construction by a weak L? riemannian structure common to all the X1 €N,
we shall obtain a family of “comparable slices,” the inductive limit of which will be
a slice for the action of G on X.
Setforx € X,1€N:

N@©,,) ={veTX,/O,,, such that (v,w);> =0, Vw € TO, , },

where O, ; is the orbit of z under the action of G, and (-, -) 2 is the scalar product

on T'X; induced by the L? riemannian structure on X,. Since this L? riemannian
structure is weak, this bundle is not an ordinary normal subbundle to 70O, ;/0O,, , in
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TX,/O,,. To see that it is all the same a C*° subbundle of T'X, /O, ,, we shall
identify it to the kernel of a surjective C*° fibre bundle map.

Since for a € G, we have T O, = ImD,0,, the fibre of N(O, ;) at
point R, x, is ImD,0,)* = Ker(D,0,)*. Let us introduce a fibre bundle map
P:TX,/O,, — TO,, defined on the fibre at R,z by D,0,0(D,050D,0,)"'oD,0
and let us describe its image. Since 7, has injective principal symbol, there is an
orthogonal splitting for the L? scalar product 7, X, = Im7, & Ker7*. But since
D0, = Rft,DR;! (resp. D0, = R:,TRGHIDR;‘ if G=HO®OK, H #G), using
the G-invariance (resp. H invariance if H # G) of the L? riemannian structure, we see
that T, X, also splits into an orthogonal direct sum T, , X; = Im D 0, ®Ker D, 07.
From this easily follows that Im D6, = Im D6, o (D0 o D,0,)~! o D,6% (the
inclusion from right to left is of course trivial), so that P is a surjective operator since
the fibre of T'O,, ; at point R,z is Im D,6,. In the same way, the above orthogonal
splitting yields Ker(D,0,)* = Ker D,0,0(D,0%0D_0,) oD, 6% (here the inclusion
from left to right is of course trivial), so that the kernel of P at the fibre above R,z
is indeed Ker(D,6,)* which coincides with the fibre of N(O, ,) at point R,x.

Let us now check that this fibre bundle map is smooth. Since the right action
of G, on X, is smooth, this boils down to checking the smoothness of the maps
a— D,0, and a — (D,0,)*. Again by the smoothness of the action of G, ; on
X, the first of these two is smooth. Using the assumption made on the latter, we
conclude that the map P is a smooth fibre bundle map. Hence its kernel N(O, ;) is
a smooth fibre bundle.

Using the exponential map associated to this weak riemannian structure, we

can build as in the proof of Lemmal.l a family of slices S,, = exp{v €
N, (O, ), |lvll; < e} for the action of G, on X, with £ chosen small enough.
Here || - ||, is the norm associated to the Hilbert structure on X .

Let us check that the inductive limit of these slices S, = NS, , yields a slice for the
action of G on X. It is clear that for a € G, R, S, C S, since R’aSs)i C S, ; forall
Assume R, S, NS, # ¢, then, by construction of S, for every i, R, S, ,NS, , # ¢
so that a = e since the S, , are slices. Since for every ¢, U, x S, ; ~ V,_, for
some U; € G, open neighborhood of e, V, ; open neighbourhood of = in X,
the diffeomorphism being C'*, there is a C'*° LL.H. diffeomorphism U x S, ~ V_
in the limit, where U = N,U;, V, = N,V , are open neighborhoods in G' and X

respectively, containing e and x respectivel)}. Thus S, defines a slice for the action
of Gon X. O

Example. On can apply this theorem to the action of G = Z(M) © Z (M) on
X = .#(M), where these spaces are defined as before, the underlying manifold
M being of dimension 2. Here H = Z(M), K = %"(M). Let us check that the
hypotheses of the above theorem are satisfied. The action is C°!, free and proper and
the operator 7, is injective and has injective symbol as can be seen from the example in
Sect. I. Moreover, there is a &7°t!(A) invariant weak L? riemannian metric on .Z*(A)
given by the scalar product at point g defined as (h, k) ¢ = Ik VImh(mk(mdn. It
induces a C'* exponential map which is a local C*° diffeomorphism T.#° — .#°
([E] par. 4). Furthermore, it can be shown that the map (f,e?) — (D(f7€¢)0g)* is
smooth; this follows from the fact shown in [E] (p. 31) that the map f — (D fHQ)*
is smooth and the fact that Ds .40, = D0 4,. Hence all the assumptions of the
theorem are satisfied and Z(M)/ 2 (M) © 7' (M) is a C* LL.H. manifold and the
canonical projection of .Z(M) onto this quotient yields a principal fibre bundle.
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III. The Faddeev Popov Determinant for Gauge Theories

Let G = H ® K be a right semi-Hilbert (resp. I.L.H.) Lie group acting on the
right on a C* Hilbert (resp. I.L.H.) manifold, where H and K are semi-Hilbert
(resp. I.LL.H.) Lie goups. Let us assume that H, K and X are modelled on spaces of
Sobolev (resp. C°) sections of smooth vector bundles 7%, % and & respectively
with finite dimensional fibres on a fixed smooth compact Riemannian manifold M
without boundary.

X is equipped with an H-invariant L? riemannian structure induced by the
riemannian metric on M (resp. which induces an exponential map with the usual
properties). As before, we shall identify for a = (a’,a”), the tangent spaces
T.G = T,H x T,,K and shall furthermore assume (see formula (1.3)) that for
a=(d,a")e G, v e H,u' € K, we have:

Daaz = R:’TRQ//DRJI .

In the former sections, we showed that if the action © of G on X is smooth (resp.
Ok I.L.H.), free and proper and if moreover, for all x € X, the operator

7. T,.G—=T,X

is an injective differential operator with injective symbol (resp. and if the map
a — (D,0,)* is smooth), then X/G has a smooth manifold structure (possibly
infinite dimensional) and X — X/G a smooth principal fibre bundle structure.

In this present section, we show that these same hypotheses yield the existence of
the Faddeev-Popov determinant.

Let us assume conditions (A) of Theorem 1.2 (resp. (%) of Theorem 2.2) are
satisfied. Theorem 1.2 (resp. Theorem 2.2) tell us that the canonical projection 7: X —
X/G is a principal fibre bundle. For x € X, let X be a local slice of this bundle.
For a = (a’,a") € G, the Faddeev-Popov operator Ff; reads:

Flz:T,Gx T, %, — Tg, X
(W', u"),h) — D0 (DR, u' + DR, u") + RIh
=RY7p ,u+Rrh, 3.1)
where u = v +u" € T,H x T K.
By assumption (A) (resp. (.#4)), the operator 7, has injective symbol, hence since

the manifold M is compact, we have an orthogonal splitting w.r.t. the scalar product
induced by the riemannian structure on X:

Ty . X =Ry(mr, . ®Kerry ). (3.2)

Thus, if 7, denotes the orthogonal projection onto Im 7,, which is well defined since
the image is closed, the operator F,z seen as an operator from T,G x T, to

Ry, (m7p ) x Ry, Kery ,, can be written as a matrix operator:
*
TRa//CD 7TRU‘//E(RO/’ )
0 (M-mp )R]
Notice that if 3/ is an orthogonal slice to the orbits, this matrix operator takes the

0
simple diagonal form R, [TRS"QC IIJ’ since 7, (T, %,) = {0}.

F;z =R}, (3.3)
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We now define the determinant of Fz in two cases, namely first when the slice
is orthogonal to the orbit (which is the case for Yang-Mills theory) the quotient
X/G being possibly infinite dimensional, and then when the slice is arbitrary but
the quotient is finite dimensional. For this we shall use the notion of heat-kernel
regularised determinants for strictly positive elliptic operators on smooth boundaryless
compact manifolds. As pointed out in Appendix A.2, the heat-kernel regularising
methods discussed for example in [AJPS] and [Pa] in the context of string theory,
extend to elliptic operators with H* coefficients, for k large enough, since these
operators have the same spectral properties as the ones with C'> coefficients.

When A is a strictly positive elliptic operator on a vector fibre bundle 7 on the
smooth compact boundaryless surface M, this vector bundle being equipped with
a scalar product, we denote by det A its regularised determinant. We can extend
this notion of determinant to injective differential operators from a vector bundle
& to a vector bundle n with injective symbol, setting for such an operator B,
det B = /det(B*B), where B* is the formal adjoint to B. Under assumption (%)
of Theorem 2.2, we can therefore define det7, as the determinant of the injective
differential operator 7, with injective symbol.

In the first case, i.e. when the slice is orthogonal to the orbit, it is clear from the
shape of the matrix in (3.3) that the determinant of the Faddeev-Popov operator (3.1)
can be defined as the regularised determinant of the injective differential operator
with injective symbol TR - The pull-back R, in front of the matrix does not have

any influence since the L?-Riemannian structure on X is H invariant.

The second case, i.e. when the quotient X/G is finite dimensional and the
slice arbitrary, has been studied in a former paper [Pa] in which it was shown
(see Proposition 3.1) that the determinant of the Faddeev-Popov operator is up to
a multiplicative factor (the determinant of a finite dimensional matrix which depends
on the choice of the slice), the regularised determinant of TR o

Let us summarise the above discussion in the following theorem which concerns
both the Hilbert and the I.LL.H. case.

Theorem 3.1. Let G = H © K be a semi-Hilbert (resp. LL.H.) Lie group acting on
the right on a C* Hilbert (resp. LL.H.) manifold, where H and K are semi-Hilbert
(resp. I.LL.H.) Lie groups. Let us assume that H, K and X are modelled on spaces of
Sobolev (resp. C™) sections of smooth vector bundles 7%, 7% and & respectively with
finite dimensional fibres on a fixed smooth compact Riemannian manifold M without
boundary. X (resp. X,, where X = N, X,) is (resp. are) equipped with an H-invariant
L?* Riemannian structure induced by the riemannian metric on M (resp. and we shall
assume that there is an exponential map induced by this L* structure with the usual
properties, namely such that it induces a local C* diffeomorphism exp :TX,; — X,
for each i). Under the assumption that

— The action of X on G is C™ (resp. C°* 1.L.H.), free and proper,

— Vx € X, the operator

7, T,G — T, X
is an injective differential operator with injective symbol (resp. and the map a — D 0
is smooth).
Then

1) The quotient X /G has a smooth manifold structure (possibly an infinite dimensional
Hilbert (resp. L.L.H.) structure) and the canonical projection w: X — X/G yields a
principal fibre bundle structure.
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2) Let X, be a local slice for this bundle at point x € X. If either this slice is
orthogonal to the orbit of x, or — when the quotient X /G is finite dimensional — for
an arbitrary local slice X, the Faddeev-Popov operator F. fgg (where a € G) has a
well defined determinant:

det Fz = det(rg ) det(l — 7 . /T, 5,),

where this last determinant is defined as 1 when the slice X, is orthogonal to the orbit
at x and as the determinant of a finite dimensional operator when the quotient X /G
(and hence when ) is finite dimensional.

Applications

Application to Yang-Mills Theory. This corresponds to the first case when the local
slice is chosen orthogonal to the orbit. The quotient space here is infinite dimensional.
On the other hand, we saw that in the case of Yang-Mills theory, G = H.

We recall that in the case of Yang-Mills theory, X = .4,,G =G, ,.For A € .7,
we can choose a local slice contained in X'y = {A+h,h € HS(EyQT*M),dh =
0} orthogonal to the orbit A. For g € G A € .#,, the Faddeev-Popov operator
reads (see e.g. [Ja])

s+1°

Fo il =8y [o 11]’

where the operator 74 is given for A € .4, by d 4, the covariant derivative associated
to the connection A. In the example concerning Yang-Mills theory of Sect.I, we
saw that 7, = d4 is an injective differential operator with injective symbol with

coefficients of Sobolev class, namely for s > g +3,d, €ji* N(E,, By ®T*M).

From the results of Appendix A.2, we can define the regularised determinant of d 4
and we have for g € G |

det Fiy 4 = detd,, .

Application to Bosonic Closed Strings. This corresponds to the second case, when
the quotient is finite dimensional and the local slice arbitrary. We recall that here, the
group H corresponds to Z(M), the group G to Zy(M) - 7' (M).

If the genus p of M is strictly larger than 1, one can show the existence of a global
section X of the bundle .Z(M) — #(M)/Zy(M)® %' (M) given by the harmonic
gauge (see e.g. [AHKPS]). This section is of the form X = {g,,t € .7 (M)}, where
7 (M) is the Teichmiiller space on M and where g, varies in the riemannian metrics
of curvature —1. One finds for the Faddeev-Popov determinant (see [Pa]):

det((Z, x3));
det F%, , =detF> =detP, — 2979
frets g T det((¥305),)g

where § = e?g and 9%, i = 1,...,6p — 6 is a basis of Ker Py, !, i=1,...,6p—6
being a basis of TgZ, whenever g € .
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Appendix A.1: Proof of Theorem 1.2

Step 1. The action being proper, for x € X, 6, is a closed mapping and hence a
homeomorphism onto its image. Being both an injective immersion and a homeomor-
phism onto its image, it is a diffeomorphism onto its image (by the inverse mapping
theorem). Hence G' ~ O, the orbit of x is a closed submanifold of X.

Step 2. Since X is a Hilbert manifold, there is a C'*° strong riemannian structure on
X and a corresponding C'*™ exponential map exp :7X — Y X. Let us define

N@©,) ={veTX/O,, such that (v,w) =0, Vw € TO,},
which is a C* subbundle of TX/O,. Set N_(O,) = N(O,)NT, X and
N, , ={v e N, (O,), lv]] < e}.

For € small enough, the exponential map exp is a diffeomorphism on NN, , and we

set
SE’Z = exp(NE’z),

which is a C*° submanifold of X with tangent space (T,0,)".

Step 3. S, , has the properties of a slice, namely
@ R,S.,NS.,#¢d=>a=e,

b) Va:ae 65? , there is a neighbourhood U of e in G, a neighbourhood V of = in X
such that

UxS,,~=V,.
The assertion a) follows from the fact that the action is continuous, proper and free.

. . . 1 .

Assuming the assertion a) does not hold, letting ¢ take the values —, one can build
n
sequences (a,,), a,, € G and (z,), z, € X such thatz,, € S, and R, z, € S, ,.
By construction, we have that z,, — x and R, x, — z. The properness of the action
yields the existence of a subsequence (a ) of (a,) converging to some a € G, from
which would follow, by the smoothness of the action that Ra¢(n)x¢(n) tends to R, x.
But then, in the limit we would have R,z = z, which yields a = e since the action
is free.

The assertion b) follows from the fact that the action is C'° and that 6, is an
immersion combined with the local inversion theorem. The tangent map at point
(e,x) to

F:GxX—-X
(a,7) = R,x

reads
D, ,F:T,GXT,S, ,— Tg X
(,w) — T,v+w,
where 7, = D0, is the tangent map to ¢, at point e € G. The injectivity of D, ,F

is a consequence of that of 7, and of the equality 7,5, , = (Im 7)1 The fact that
its range is closed follows from the fact that the range of 7, is closed. The local
inverse function theorem then yields the existence of a neighborhood U of e € G, a
real number € > 0 and a neighborhood V,  of = small enough such that

F:UxS,,—V,,
be a C*° diffeomorphism.
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Appendix A.2: Differential Operators with Coefficients in H™

This Appendix is a review of some properties of elliptic operators and of differential
operators with injective symbol that have coefficients in a Sobolev space H™, for m
large enough.

Let M be a smooth compact Riemannian manifold without boundary of finite
dimension. Let £ and 1 be two vector bundles on M with finite dimensional fibres,
chosen in such a way that they naturally inherit a euclidean structure from the
Riemannian structure on M. Typically, we shall choose bundles such as the trivial
bundle M x R, tensor bundles TM* @ T* M!, or bundles built up from an additional
principal fibre bundle 2” on M with structure group & like 7’ x . g, 7’ X, g@T* M,
where & is a compact semi-simple matrix Lie group and g the Lie algebra of ¥

Let C*(€) (resp. C*(n)) denote the space of sections of ¢ (resp. 77) of classes C*
and C(£) (resp. C™(n)), the space of C'™ sections of & (resp. 7). Let L*(£) and
HF(€) (resp. L*(n) and H*(n)) be the closure of C*(¢) (resp. C*°(n)) w.r.t. the L2
and the H* Riemannian structures induced on ¢ (resp. 7)) by the Riemannian structure
on M. The corresponding norms will be denoted by || - ||,2 and || - |[4.

Let now D:C°°(§) — H™(n) be a differential operator of order k with injective

symbol, locally expressed as
D= Z a,0, ,
lor|<k

where each a, € H™, m > sup —g, k} For 0 < s < m+ k, D extends uniquely to

a continuous linear operator D : H%(§) — H s=k(n) (see e.g. [KR] p. 57).
Let us introduce a class of elliptic operators

EI™(¢, ) = { D:0%(€) — H™(@), st. D= a,D* is elliptic
and with a, € H™, s.t. m > g + 1}.

Garding’s inequality extends to this class of elliptic operators (see e.g. [C] Theo-
rem 3.6):

Theorem A.2. For D € EN" (&, 1) of order k,

If e < CUD Sl + 11 fllz2)

for all f € L*(€), such that Df € L*(n).

For D:C>(£) — H™(n), we can define the formal adjoint D* defined on a subspace
of L?(n). Let us introduce a class of differential operators with injective symbol

Inj™(&,m) = {D:C®(¢) — H™(n), s.t. D*D € EI™ (&, ),
where k is the order of D} .

The Hodge Kodaira like decomposition theorem extends to these classes of elliptic op-
erators and of differential operators with injective symbol (see e.g. [C] Theorem 3.12
and Theorem 3.13):
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Theorem A.2.2. If D € ElI(£,n) (resp. D € Inj"™" (&, 7)) is an operator of order k
with m > g-i—k (resp.m > g+2kz>, then for k < s < g—i—k—i—l (resp.

2k <s< g + 2k + 1), we have the following decomposition:

H* %) =ImD, ® Ker D*.

The range Im D, is closed and the sum is orthogonal w.r.t. the L? scalar product,
furthermore, the range is closed in H**(n).

As in the case of self adjoint elliptic operators with smooth coefficients, from self
adjoint elliptic operators, with coefficients in H™, one can build Fredholm operators.

Corollary A.2.3. Let D be a self adjoint operator, D € EI"™(&,€) of order k, with
m > g + k. Fork < s < Z— + k + 1, the operator D : H*(€) — H* k() is a
Fredholm operator.

Proof. From Theorem A.2.2, we know that Im D, is closed. On the other hand, one
can check that the kernel Ker D, is finite dimensional (see e.g. [C], Theorem 3.8) and
hence D, is a Fredholm operator (see e.g. [G] Chap. I, Par. 4 for a definition of a
Fredholm operator).

Self adjoint elliptic operators with H™ coefficients and m large enough have the
same spectral properties as the ones with smooth coefficients as shown in this theorem.

Theorem A.2.4. A self adjoint operator D € EII"'(€, ) of order k£ with m > g +k

has purely discrete spectrum {\,,,n € N} and that there exists a constant C' > 0 and
an exponent § > 0 with |\, | > Cn?® for large enough n.

Proof. We can apply exactly the same proof as in Lemma 1.6.3 [G] since it is based
on the previous results of this appendix.

Since the spectral properties for self adjoint elliptic operators with H™ coefficients
are the same as that of self adjoint elliptic operators with smooth coefficients, we can
apply the procedure described in [AJPS] to define regularised determinants of self
adjoint elliptic operators with coefficients in H™ (m chosen large enough), so that
following [AJPS] Chap. L.5, for a positive self adjoint operator A € EIl"*(£), we can
define det A and for an operator B € Inj™ (€, n), we can define det B = (det B*B)!/2.

Appendix A.3: LL.H. Structures

The following definitions can be found in [B, FT, O] for example.
Recall that a topological linear space E is an L.L.H. space if E = (| H,, where
ieN
H,, i € N are Hilbert spaces such that H, C H P for j < 4, and the inclusion is a
bounded linear operator.

Definition A.3.1. A ropological space X is an LLH. C* manifold modelled on an
LL.H. space F' if it satisfies conditions 1), 2), 3):

1) X is a projective limit of Hilbert manifolds X, modelled on H; such that X, C X,
Sfor © < j and such that for all x € X, there is a neighborhood U,(x) € X,, a
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neighborhood V; of 0 in H, and a map ,:U,(x) C X, — V, C H, such that
U,p1(@) CU,(@) and ¢, /U, () =, .
2) ¢, 0 wj_l 2V, = U, is CF between Hilbert spaces.
3) The inductive limit of U,(x), © € N is a neighborhood of x in X.

If it is C* for all k, then it is a C™ 1L.H. manifold.
Remark. We have included condition 3) in the definition of an I.L.H. manifold which
makes it a strong I.L.H. manifold, according to the usual convention, so that all I.L.H.

manifolds considered here are in fact strong [.L.H. manifolds.
A typical example of such a C*° I.L.H. manifold is the manifold

MM = {g € C(S*T*),detg > 0} = (). 7 (M),

1EN
where M is as before a C'*° riemannian boundaryless manifold. In order to define
the notion of I.L.H. Lie group, we need that of I.L.H. map.
Definition A.3.2. a) A map ¢: X — Y between LL.H. manifolds of class C* is an
LL.H. map of class C* if it is an inductive limit of C* maps ¢, : X5 — Y, fora
certain j(1) such that ¢i/Xj(z+l) = ¢, Itis C ifitis C* for all k. It is of order
smaller or equal to k if 7(i) can be chosen smaller or equal to i + k for all 1.

b) An LL.H. Lie group is a C*° 1LL.H. manifolds such that all operations are C*
LL.H. maps.

¢) Let X be a C* LL.H. manifold, G an LL.H. Lie group acting on X and X/G
an LL.H. manifold. Let m: X — X/G denote the canonical projection. The triple
(7, X, X/G) defines an LL.H. fibre bundle if and only if the transition functions are
C* ILL.H.

A typical example of an I.LL.H. Lie group is (with the same notations as above):
(M) = {f € C°(M x M), such that f has an inverse and e oW xM)}
= (2.
seN

It is indeed a C*° L.L.H. manifold modelled on C*°(T'M) (see e.g. [O]). Moreover
for each k, there is an s(k) > k such that the left multiplication defined for h € by:

7O — 7*M),
f—=hof,
and such that the inversion:
7By — D*1)
f=r
are of class C*. Furthermore, the right multiplication defined for h € Z7*(M) by:
DR — DFM)
f—foh
is C°°.
Another similar example is the group given by the semi-direct product 7 (M) ®

W' (M), where 7" (M) = {e?, ¢ € C°(M,R)} = (| #*(M).
seN
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