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Abstract: This note has two purposes. First we establish that the map defined in
[L, Sect. 40.2.5 (a)] is an isomorphism for certain admissible sequences. Second we
show the map gives rise to a convex basis of Poincaré—Birkhoff—-Witt (PBW) type
for U™, an affine untwisted quantized enveloping algebra of Drinfel’d and Jimbo.
The computations in this paper are made possible by extending the braid group
action by certain outer automorphisms of the algebra.

Introduction. One of the basic difficulties in working with the quantized enveloping
algebras is that they are deformations of a given universal enveloping algebra
rather than the underlying Kac—Moody Lie algebra. Since a linear basis is no
longer obtained using the Poincaré—Birkhoff-Witt theorem, a first task is to
construct a basis of the algebra U*. A PBW type basis of U* formed by ordered
monomials in root vectors E,, where each E, specializes at 1 (in the sense of [L3) to
an o-root vector of §.

This paper treats the problem of finding a PBW type basis when the Cartan
datum is the affine extension of a finite Cartan datum. In the case when the
underlying type is sl,, the basis given here is identical to that of [Da, LSS]. This
basis completes the construction proposed in [L Sect. 40.2]. The principal missing
part of that construction is an explicit description of the imaginary root space, and that
is described here. We define a convex basis which is formed by monomials in certain
root vectors of U™ multiplied in a predetermined total order on the root system.

The convexity property, which appeared in the work of [L—S] for the finite type
case, means that the g-commutator of two root vectors, E, and Ej, consists of
monomials formed only from root vectors between o and f in the order. This basis
should be useful for a variety of applications. For example, one can explicitly
construct the universal R-matrix in terms of the braid group action by a direct
extension of the work of [LSS]. This construction uses braid group operators
arising from the lattice of translations in the extended affine Weyl group. In the
works ([K-T], [K-T2]) convex bases are also constructed, although the braid
group is not used and proofs are not given.
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Notation. This notation follows that in [L]. Let U be the quantized enveloping
algebra corresponding to an untwisted affine Cartan datum (I,-). Denote its Weyl
group by W, a Coxeter group on a set of simple reflections S = {so, sy, . . ., 5,}-

Let Q be the normal subgroup of W consisting of all elements with ﬁmtely many
conjugates. Let  be the group of automorphlsms of (W, I) whose restriction to Q is
conjugation by some element of W. Q is a finite group in correspondence with
a certain subgroup of automorphisms of the graph of (I,+) (see [B]) The extended
affine Weyl group is defined as W=Q > W, where the product is given by (t, w)
(T, w)=(z7, 7 Y(w)w’). The length function of W extends to W by setting
I(tw)=1(w) for 1€Q. Fix an index ioel so that the simply connected root datum
(Y, X,{,>,...) of T restricts to a root datum (¥, X, <,>,...) of (T\{io},+), the
underlying finite type Cartan datum of (T,-).

Let W, be the Weyl group of =T\ {i,}. Then W=~ X > W, and X character-
ized as being the subgroup of elements of W with finitely many conjugates. It is
known that X > Q and X/Q~Q. Let {w;};.; = X =Hom(Y, Z) be the dual basis of
Y. Let P** be the semigroup in X generated by w;. Then P* ™ has the properties:

*) Pt ={xeX|l(six)=1(x)+1, 1<i<n},
Ixy)=1(x)+l(y), forx,yeP™* .

The orbit % of I under W consists of the real coroots. Denoting by #Z <Y the
coroot set of (¥, X, <{,>,...) there is a well-known correspondence between the
following sets:

Rt {0, k) |aeR, k>0}L{(& 0)|deR "),
R~ {(@ k) |aeR, k<0}U{(& 0)|deR ™},
such that Z2=#" U % ".

We define the braid group of W on generators T,,, weW with relations
T,T, =T, when [(ww')=I(w)+I(w'). Write 7 for T,. We extend the symmetries on
U to correspond to the braid group of W. For 7eQ this is done by defining
TEi=Et(i)) TFi=Ft(i), and TKi=K1(i)’ IGT

Let weW. Given a reduced presentation w=s; s;, . . . s;, define the initial set of
w to be:

Iw={ﬂklﬁk=si1siz e S 1(0(11), 1 <k<N}

and the terminal set to be:

Ew___Iw_I:{ﬂklﬂk:SiNsiN_l s Sik“(ai;,)y lékéN} .

1,, is independent of the choice of reduced expression of w and is characterized as
the set of xe %" such that w™(&)e .

1. Convex PBW Bases

Let xeQ such that i, x) >0 for iel. Fix a reduced presentation of x=s;,s;, . . . §;
By property (*) the following sequence is admissible. For keZ let i, =iy moa)>

h=(...i_1,io,i1,i2...). (O)

N

Lemma 1. Let r>0.

(@) Lo={(—&k)|&e®", 1Sk<rd3 X},
(b) Ey={( k)|aeR*,0<k<rd{& xy—1} .
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Proof. The terminal set of an element weW is the set of positive coroots w maps to
negative coroots. x acts on the set of positive real coroots by x(&, k) = (&, k— <&, x>).
This establishes (b). (a) is similar. []

Let P be the set of elements yeU™ for which T;'T;'...T; 'yeU",
T,T,,, ...Tiy'yeU" for s>0,r<0.

Let yeP. For any sequence ¢=(...c-3,¢-1,Co,Cy, - . - ), c;EN, where almost
all ¢;=0 define

L(h, ¢, y)=(EQT "(ES) Ty ' T HES D) ) xyx (L. TL(EE)ES) .

Let U (>) (resp U (<)) be the subspace of U* spanned by the elements
ECTHES ) T T NES?) .. . (resp. . . Ty, (ESP)ELY) for various e. Notice
that by [L 40.2.1] U (>) and U*( <) are independent of the reduced expression
for x chosen.

By [L 40.2.5 (a)] we have the map:

Ut (>)®@P®U*(<)—>U" 1)

given by multiplication is an injective map. We describe P for the admissible
sequence (0). Define the imaginary root vectors E;s, 1 <i<n, keN by:

k=qi E; T4 (K F)—T4& (K7 'F)E; .
Lemma 2. Let 1<i<n, k>0. Then Ei;eP.

Proof. We demonstrate this for a particular reduced expression of x, from which
the lemma will follow independently of the reduced presentation. Write
x=wiw% ... % and fix a reduced presentation of x which is a concatenation of
reduced presentations of the w; in the given order. Note that w;eQ><W, 1<i<n,
but since xeQ we can collect all elements 1€ on the left and they will cancel,
leaving an element of Q which has a reduced expression in terms of simple
reflections. Since for teQ, t1(w)eU* «<»ueU™, we can work with reduced presenta-
tions of w;.
Since T,(Ei;)=EL; (see [Be], [Da]) (1 <i<n) it is sufficient to check that:

T,T;., ...T,(Ei;)eU",
T; ! T; 't YEi;)eU", 1=<r=<d, )
where ts;, ... 5;

PR
. 1s a reduced presentation of some w;. Further, since
T, (E,“;) Eka, the second expression equals the first and it is suﬁic1ent to check the
first.
If j=i then necessarily j,=i and

T(Eis)=Tiqi *E:Ts (K ' Fi)—T45 (K 'F)E;)
=q; T (E)T,Ta YK ' F)—TT5 " H(Ki 'F) Ty, (E)
where T, =T, T; '

The calculation of the last equality is found in [Be]. The lemma now follows by
[L 40.1.2] and the consideration that I(w;s;w;) =2l(w;)—1 [L2, Lemma 2.3]. If j i
the lemma is clear using [ L 40.1.2] since l(w;s;) = [(w;) + 1 and l(wj;) = l(w;) + ().

It remains to show the lemma for any reduced presentation of x. Such a pre-
sentation can be transformed to the above one by braid relations alone. Since the
braid relations preserve the length of a reduced expression, the result follows from
[L 40.1.2].
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It is convenient to renormalize the imaginary root vectors by the functional
equation:

o0
1+( 1) Z Ek&“ =CXp (qt Ql Z E;c
k=0 k=

Index the Ei; by S={1,2,...,n} x Nand for s=(i, k)eS write E, for E};. Fix an
order on S and consider the subset of P,

X:{H E%| c,eN, ¢,=0 for almost all s} ,

seS

where the product is taken in a fixed order. Then X < P. By [Be, Prop. 6.1] we have:

Proposition 3. Let y, y'eX, c=(c;), ¢'=(c;j), almost all ¢;, ¢;=0. Let t=]]
m;eZ.

m
Ki ‘

iel

(@) The expressions L (h, ¢, y) form a linear basis of the Q(q)-vector space U™.
(b) The expressions L(h,c, y)xtx Q(h, ¢, y')) form a linear basis of the Q(q)-
vector space U,

where Q is the standard anti-involution of U.
Further, since U*(>)® P ® U* (<) imbeds into U* we conclude:

Corollary 4.
(@) X is a basis of the subalgebra P of U™.
b)) Ur=U'(>)@PR U (<)
© U=U'(>)®@PR®U()®@U’®@Q((U'(<)®QP)®2((U"(>)).

We recall some facts about the quantum affine algebras (see [Be]). Let
xik =T ;ME;), for k=0, xj =Tk (—K;'F;) for k>0. Note that x;;eU" for k=0,
x7eU" for k>0.
The following commutation relations hold in U*:

[Eis, Els1=0,1<i,j<n,k1>0,
Sgn(aij))k [kaij]i +

[ELs, ,t]— K X4k 120,

~ - (sgn(ay))lka;li _

(B, x5 = e Thayle -y 3)
k

Define x; _ = Q(x;) for k=0, x;"_, = Q(xz ), k>0. Let Fi;=Q(E};) for k>0.
We now consider the following subalgebras of U:

As ={ueU|(T,)*ueU"U% k>»0} ,
A ={ueU|(T,)*ueU"U° k«0} .
Note that Ut (<)c 4., UM (>)c 4.
Lemma 5.

(@) Ut (>)=A>nU" .
(b) Ut (<)=A.AU" .
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Proof. UT(>)c A.nU" is clear. Now wuse Proposition 3. Let ue
(A> "U")\U"(>). By Proposition 3, u=» ¢, »4.91+P g2, where g;eU"(>),
PeP, g,eU" (<). By assumption some ¢,, , ., +0 for p or g, not equal 1. Fix k>0
so that (T,)*(u)e U~ U°. By definition

k ( ch1,p,gzg1 *p- g2)=ZCgI,P-92(Tx)k(g1)' (Tx)k(p' 92) .

The last expression is a sum in PBW monomials for U (coming from Corollary
4 (c)). However, (T,)*(p- g;)eU ™. It follows A, "U* =U" =U"(>). (b) is similar.
Note that Lemma 5 implies that Ut (>), U* (<) are subalgebras of U.

Lemma 6.
() [P,U"(>)]cU"(>),
(b) [P, U (<)]<cU"(<).

Proof. We prove (a). By the previous Lemma it'is sufficient to demonstrate that
[P,A.]< A..Let N* (resp. N ™) be the subalgebra of U generated over €C(q) by
X, k€Z (resp. xz, keZ). Let H™ (resp. H ™) be the subalgebra generated by the
Ei, (resp. Fis). We show that A. is generated as a subalgebra over C(q) by N*, H™
and U° Certainly these are subalgebras of A.. It is known that U,=
N* ®H“ QU°®H" ® N™. Let yeA.. Write y=) _sanS xhy xtxh' xng,
where nt, hi, t are elements of given bases of N*, HT and UP° respectively. Here
each a eQ(q) and S is some finite index set for the summatlon Fix k' so that for
k>k, T¥(y)eU U° Now by the definitions of the X itis poss1ble to fix k" large
enough so that for k>k” we have T, )eU U° Tkn;)eU*U°. Note that
T.(h)y=hfor all he H. By considering k> k', k" and using triangular decomposition
it follows that n; =1, h) =1 for all seS.
Consider the basis of U™ consisting of the elements

L(h,c,y), yeX,

h,c as above. Let ;=i'e X, 1<i<n For k=0let fy=s;,...s; (), and for k>0
let By=s;, . . . s;,_, (). Let 6 be the image in X of the umque element of N[I] with
relatively prime coordinates such that |5|-|i|=0, for iel. In other words, let
0=0+u,, where 0 is the highest root of Wy - {o;};.;. Consider the total order on
the affine root system:

Po<P-1<P_r< " <20<d- " <P3<Pfa<Py . 4
We introduce real root vectors by defining
Ep=T;," ... T;\(Ex), k=0,
Ep=T.T;,... T, (E,), k>0.

For the imaginary root kd, order the imaginary root vectors Ei;, (1<i<n)
arbitrarily. Then together with (4) we have introduced a total ordering on a set of
root vectors of U™,

Proposition 7. Let E;>E,.
E E,—q"* "I EEy= Y c;ES .. EY

n 3
a<y;<---<w<p

where ¢z ©(q) for T=(y1, 72, - - > V)-
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Proof. The proofis a case by case analysis as in [L-S]. Consider the case where E,
and E, are real root vectors. Using the PBW basis, write

EpEp, =), c(qsESES: . . ES:, )
where the order on y;,7,,. .., 7, 1s as in (4).
Case (I). k'<k<0. Assume y; = f,~ where k" <k'. Apply T;,.T,,.,, .. .T; to both
sides of (5). One obtains an expression of the form
Tt T (BT T LED e dg)ys FRKE(UT)+UT .

aiy

This implies (using triangular decomposition) that for each ay, ¢(q),:5=0,
which contradicts the assumption that k" <k’. One argues similarly if y; = f;~ for
k" > k. Therefore,

EﬂkEk’—aEﬂk'Eﬂk= Z C(q)yEg:E?,; e Et)]’: . (6)

a<y; <<y <p
Applying T, T;, .. .T;, to both sides of (5) we obtain

—F, K, T;!

[P

_( q‘al Iﬂl[Flka lk+1‘ t lk+1(Elk)]+(a q‘al lBI)[T st lk_+1( )K

=Y ¢(q)yELES . . E%eU*,

T, ! (E,)+al;’

LS lkl

(B ) FL K

Since the left-hand side is also in U™ it follows that a=g/*!" 1?1,
Case (2). k' <0<k. This is similar.

Case (3). Assume f=rd, o= f, k'<0. By Lemma 6 we have

EgEy —Ep Ey=) c(Q)ER ER, . - . Ef,

where for 1 £i<n, k;<0. The convexity is checked by verifying k <k; for 1 <i<n.
This follows from triangular decomposition as before.
If B=r6, o= P4, k' >0, the situation is similar to the previous case.

Remark. For Uq(gl:) there are two admissible sequences, either i, =k(mod 2) or
ir=k+ 1(mod 2). Both of these are of the form above and obtained by considering
the affine Cartan datum {0, 1},-) together with an underlying finite Cartan datum
of the same type. In the first case one obtains the above description of P when
I= 7\{0} and in the second case when I =T\ {1} (see [Da]). In the cases other than
sl, not all admissible sequences are of the type considered here. For example, one
can pick an arbitrary concatenation of the fundamental weights w;e W. In this case
the results here hold without modification if each w; (1 £i=<n) appears an infinite
number of times to the left and right of i,.
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