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Abstract: This article investigates the limiting behavior of a diffusion in a half
space with a complicated boundary condition. The boundary condition implements
a reflection condition everywhere except a number of small sets or “holes” that meet
Dirichlet or mixed boundary conditions. Probabilistic methods associated with the
Feynman-Kac formula are used to find the limiting behavior of the diffusion equations
as the number of holes gets large and the size of each hole is reduced. With particular
scaling homogenization occurs, and we see that the complicated boundary condition
is replaced by a simple mixed boundary condition depending on the capacitance and
distribution of the holes.

1. Problem Formulation

Our model problem investigates diffusions in the half space R x R x R* with a fine-
grained boundary condition. Our boundary implements Neumann boundary conditions,
Ou/0x4(x,,x,,0) = 0, everywhere on {z : x; = 0} except at a number of small sets.
These exceptional sets are scaled, rotated, and translated copies of a nominal set H.
On these exceptional sets, Dirichlet conditions, u(z,, z,,0) = 0, or mixed conditions,
O0u/0z4(x,,,,0) — Au(z,,x,,0) = 0, occur. We refer to these exceptional sets as
“holes,” and the number of holes is scaled by N while the size of each hole is
scaled by 1/N. Figure 1 shows an example of a nominal hole H, and Fig. 2 shows a
possible boundary configuration with N = 5. Our goal is to study averaging effects
as N — oo.
The properties of these collections of small sets are first formally described.

Hole Assumption L. Let H C R3 be a bounded closed set contained in the plane
P ={(z,2,,23) : z; = 0}
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Fig. 1. Fig. 2.

with C? boundary in P. Assume (0,0,0) € H and H C {x : |z| < 1}. Define, for all
Nandi=1,2,...,N, the collection

H" = {(z1,2,,0): N(B{ (2, = 4i™), (22~ 5")], () € H}

for given rotation matrices REM and hole origins (yif\,) , yﬁ;v) )

These collections represent the sets of perturbation to the Neumann boundary
condition. Each collection (HZ(N ) § = ,2,...,N ) is a set of scaled, rotated, and
translated copies of H, located on the boundary plane P. The holes are scaled in size
by 1/N as the number of holes is increased to V. Clearly the assumption of the size
and location of H are purely for convenience. The proofs below also show that the
results are independent of the orientation of the holes. Any set of rotations REN) may
be used.

We now set up the probability framework. Let P, be the measure on continuous

trajectories on R x R x R* induced by

letl Wla;l
XP=< X2 = Wyt o, (1)
X3, W3,

with Wﬁ L Wza; 2, Wft ® independent Wiener processes shifted to initial conditions .
Note the reflection at the boundary with z; = 0. The following definitions are also

useful: )
1 —(zy —yy)
p1(t751717y1): mexp{ 12t L }7
1 —(z, — 1)*
pz(t, :1"27 yz) = \/% eXp { 22t 2 ) (2)
1 —(z3 —yp)°
p3(t’$3’y3) = \/2_’/T—texp{ 32t < }>
o, z,y) = pi(t, 1, Y, Ty, Yp)P3(E, X3, Y3)-
The local time on the boundary is defined as
t
™ fim I X)) d 3
o) =limo- [ I e (X5)) ds. 3

0
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The concept of local time on the holes proves useful. For a single hole H; M et

¢
ict(N),z3 = / IaH§N> ( Xf) d¢ss, 4)
0
and for the N™ collection,

¢ = /hz(m 5) e &)

Our first goal is to find asymptotic properties of the sequence u'™)(z, t) of solutions
to

(N 1
61;% = EAU(N)(:c,t) for t>0, e RXRXR",
uN(z,0) = f(z),
N
(g, t)=0 for z€ U HfN) (holes of radius 1/N), ©)
i=1
Ouv)

(z,t)=0 for z€ P — UH (V) (insulation),
i=1

Oz,

for f continuously differentiable with compact support. We set by definition the
solution to problem (6),

uN(z,t) = B { f(X) v } M

with

N
oM = {inft . GS U@HQN)}.

i=1

We then study the asymptotic limit of

31:;:) = %Au(N)(m,t) for t >0,
TERXR xR
u™M(z,0) = f(x),
Su™ ®

(z,t) = AN"uN(z,t) =0 for z€ U H™  (holes),

i=1

0z

HutV)

o, —(x,t)=0 for z€ P - UH(N) (insulation),

1=1

with A > 0, v > 0 and f continuously differentiable with compact support. We set
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by definition the solution to problem (8),

t
WMz, t) = Em{f(Xt)exp (- )\N”/ dggM) }
0

The requirements on initial condition f can be easily relaxed, but are convenient
in the proof.

Partial differential equations with boundaries with holes have been widely studied.
Most research has been directed towards a Stokes equation called the Neumann Sieve,
which describes fluid flow across perforated boundaries with periodic holes. Poisson
equations have also been considered. Del Vechio [1], Murat [2] and many others
address these problems.

Diffusion equations have also attracted attention. For diffusion equations, most
results address holes distributed in three-dimensional regions instead of along bound-
aries. Kac’s paper [3] used the Wiener sausage to establish the limiting effect of
spherical, randomly distributed holes with Dirichlet conditions. This was followed
by Taylor and Rauch [4] analysis of a similar problem using the same approach.
Papanicolaou and Varadhan [5] extended the result to non-spherical holes with both
random and nonrandom distributions by use of a semigroup expansion based on the
Feynman-Kac formulas. This method is also used in this paper. Figari et al. [6] applied
a Green’s function approach to achieve similar results. Problems with fine grained
boundary conditions are discussed in Khruslov and Marchenko [7], which contains
useful discussions on requirements for hole placements.

Our problems are somewhat different. We use probabilistic methods to study how
containers “leak,” the phenomena by which heat and other processes move from areas
of high concentration to areas of zero concentration. We also consider the effects of
scaling associated with mixed boundary conditions. Our methods of proof, which
provide a strong form of convergence, are motivated by Papanicolaou and Varadhan’s
paper [5] on diffusions in regions with holes. Although the details here are often quite
different, the overall approach and several lemmas from [5] are used. Rauch and Taylor
also briefly describe, using analytical methods, diffusions when small spherical holes
with Dirichlet conditions are distributed on a smooth surface. Weinryb [8] applied a
Wiener sausage approach to circular holes randomly distributed on a boundary.

We will study the behavior of u'™)(z,t), making various assumptions on the
distribution of holes. These conditions will be used for both Egs. (6) and (8).

Hole Assumption II. There exists a bounded, continuous function V(z) > 0, x € R?,
with support contained in a compact set S. For all continuous ¢,

Jim —Zqﬁ v ) = / @)V (z) dz. ©)
2
(N) (N) 0

Here (yl1 Yy s ) is the center of the it hole of the N coliection. For

convenience, we further require HEN) C S for all i and N, and that S contains
the origin.

Hole Assumption III.
N

1 V(ai)V(y)
. 10
dmow 2 RN —y3| // oy W (10

1,9=1 i)
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Hole Assumption III implies a more general relationship. See Lemma 4 of [5]. For
any bounded, continuous function ¢,

lim

AR (PARTAY Pz, YV (@)V ()
Jim < z J —/ el e 2 dedy. (11)

ij=1 idj AR A |z —yl
This relationship will be used later.

In [5] we see that both these conditions are met if the holes are located periodically.
Theorems I and II below deal with cases in which the hole distributions are
deterministic. If the hole centers are independently drawn from a random distribution
with density V, then Hole Assumption III holds in probability, and Theorems III and
IV apply.

The main theorems require several definitions. We first identify the set D,.
Consider a circle C in the plane P = {2 : z; = 0} with

HéN) Cc C forall ¢ and N, (12)

and
distance(P — C,S) > 1.

Hole Assumption II describes S and implies the existence of such a circle. For fixed
€, choose 6 at least small enough that the set

‘DE = {(331,332,933) . :El (S m,xz S fR;
xy > 6 if (z),x,) € C and x; > 0 otherwise} (13)

meets
volume(R x R x K" — D,) <e.

Thus D, is just R x R x R with a thin disk removed. This set D, is fixed, after
choice of ¢, for the remainder of this paper.
We also define two useful parameters. First, associated with the Dirichlet problem
(6),
o= / w(z)dA

half sphere
of radius 1

with
Aw=0 zeRXRAXR,
w— 0 as |z| — oo,
w(x) |gepy=1 (hole),

ow
5;;(55)

= (0 (insulation).
cEP—-H

This « is just one half the Newtonian capacitance of the hole. See [5] among many
other references. For the mixed boundary condition problem, Eq. (8), define

a= / v(x) dA

half sphere
of radius 1
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with
Av=0 z€RXxRXNR",
v—0 as |z] — oo,

ov
8—%(56) = A(2) |zeg= —A (hole),

0
~—’U—(ac) = 0 (insulation).
O0zy lzeP-H

The constant a, determined by both hole shape and A, plays a role similar to
capacitance.
We can now turn to the main theorems.

Theorem 1. Assume Hole Assumptions I, II, and III are met. Let € > 0 and T < oo.
Define

uNM(z,t) = E,{ (X)L, 54} (14)
with

N
oM = {inft (X7 e U@HEN)},

i=1

and assume f is continuously differentiable with compact support. Then there exists
an integer Ny(e,T) and D, (defined above) such that, for all N > Ny(e, T),

sup sup ]u(N)(x,t) —u(z,t)| <e
0<t<T z€De

with

volume(R x R x R* —D,)<¢

t
u(x,t) = Ex{f(Xt)exp (— 2a/V(X15,X25)d§S> }

0

and

u is the solution of

ou 1
o2 > *
5t 2Au(:z:,t) for t>0, e RXRXR,
u(z,0) = f(z), (15)
ou
—(z,t) — 2aV (x|, z,)u(z,t) =0.
Oy z€{z3=0}

This theorem has a transparent interpretation in the probabilistic setting. The
contribution of each trajectory to the expectation is reduced by the local time on
the boundary.

Theorem II illustrates the effect of the constant y on the mixed boundary condition.
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Theorem II. Assume Hole Assumptions 1, 11, and 1Il are met. Let € > 0, v > 0,
A >0, and T < oo. Define

t
uM(z,t) = Ez{ F(X,)exp ( — AN? / dg;N)) }
0
t
¢ = / I
0

2

with

T z3
XD,

3

LCz

and assume [ is continuously differentiable with compact support. Then there exists
an integer Ny(e,T) and D, (defined above) such that, for all N > Ny(e,T),

sup sup |u(N)(x,t) — u(x,t)| <e€

0<t<T z€De
with
volume(R x R x R* —D,)<e¢e
and
t
u(x,t) = Ez{f(Xt)exp (— 2a(7)/V(X18,X25)d§3> } (16)
0
u is the solution of
ou 1
— = > +
5 2Au(x,t) for t>0, teRXRAXR
u(z,t) = f(z) 17)
U (2,8) = 2a(0)V (@, 2z, B = 0.
8’1:3 I€{13=0}
Here
0 for yv<1
a(y)=< a for y=1 (18)
a for v>1.

Again the theorem has a clear interpretation in Eq. (16). We see the critical value
is v = 1. For v < 1, the effect of the holes disappears. For v = 1, the scaling is
appropriate for boundary conditions resulting from a thin layer, in which the layer
thickness scales linearly with the diameter of the hole. For v > 1, the mixed boundary
condition is dominated by the non-derivative term, and the same limiting behavior as
problem (6) occurs.

Theorems I and II apply to deterministic hole distributions meeting Eqs. (9) and
(10). Random hole distributions may also be considered using the viewpoint in [5].
If each y» is an independent draw from a random distribution with density V/, then
Eq. (10) holds in probability. Consider the probability space (2%, N, PN associated
with the N™ hole distribution. In this case, u™(z,t) = uN(z,t,w) for w € 2V
Theorems I and II then become:
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Theorem IIlI. Let the hole centers ygN) be independent and identically distributed
with density V(z). Assume Hole Assumptions I, 1I, and Il are met, with Hole
Assumption Il holding in probability. Let € > 0, 6 > 0 and T < 0. Define

uNM(z,t,w) = B, ,{FX),ns:} (19)
with
N
oM = {inft X[ € U@HZ(N)}
2=1

and assume f is continuously differentiable with compact support. Then there exists
an integer Ny(e,T), sets Qé\fé C OV, and D_ (defined above) such that, for all
N Z N 0(€> T)’

sup  sup 1u(N)(ac,t,w) — u(x,t)| <eg, when we QEIY&,
0<t<T z€De
with
volume(R x R x R* — D,) < ¢
Probability (2% — 2);) < 6
and

t
u(z,t) = Ez{f(Xt)exp (— Za/V(Xls,Xzs)dCS> }

0

u is the solution of

%=%Au($,t) for t>0, z€R xR X R,

ot
u(z, 0) = f(2),

9
L—?%(x, 1) - 2aV(z,, z)u(z, t)} 0.

z€{x3=0}

Theorem 1V. Let the hole centers yiN ) be independent and identically distributed with
density V(x). Assume Hole Assumptions I, II, and IIl are met, with Hole Assumption
II holding in probability. Let€ >0, § >0, v >0, A > 0 and T < o0. Define

t
u™z, t,w) = Em,w{f(Xt)eXp ( - /\N”’/ d(é"”) }
0

with
t
(N),z3 _ x x
! —/[Gayw)(Xs)dSS’
0

and assume f is continuously differentiable with compact support. Then there exists
an integer Ny(e,T), sets !22/6 c 2V, and D, (defined above) such that, for all
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N Z NO(E)T):
sup sup |u(N)($,t,w) — u(w,t)] <e, when we€e Qé\’%,
0<t<T z€De
with
volume(R x R x R* —D,)<e
Probability (2" — 21) <
and

t
u(z,t) = Ex{f(Xt)exp ( = 2a(’7)/V(Xls,Xzs)dCs> }
0

u is the solution of

ou 1
b > *
Y 2Au(m,t) for t>0, e RXRXR",
u(z,0) = f(z),
ou
. (x, 1) = 2a(MV (2, 2)u(z, 1) =0.
Oz, ze{z3=0}
Here,
0 for y<1
a(y)=¢a for y=1
a for y>1.

The proofs of Theorems III and IV essentially follow from Theorems I and II,
with set .Qg s chosen so that the difference in (10) is sufficiently small. We provide a
detailed proof of Theorem I, starting with a series of lemmas in the next section and
the proof in the section after that. The proof of Theorem II is then summarized by
sketching the differences with the proof of Theorem I.

2. Supporting Lemmas for Theorem I

In this section, only the Dirichlet problem in Eq. (6) is considered.
We first make estimates for the case of a single hole scaled in size by N. The
stopping time for hitting the hole centered at y of size 1/N is
O'LN) = inf [t XY e {(x, 2y, 23)  (N(zy — ), N(@y — y,), Nz3) € H}] (20)
Lemma 1. ForT >0, € > 0, D a compact set not intersecting S,
t
NP, [O‘;N) < t] —+2a/p(s>:c,y)ds as N — o0
o

uniformly for x € D, y € S, and 0 < t < T. This result is independent of the
rotational orientation of the hole.
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Fig. 3.

Proof. Without loss of generality, assume y = 0. Define

. © 1
T(N)Emf[t: |Xt ' = N]’

_ XTW\ if ™ < o0
Xem=00 g = '

Note 7V < o because we have assumed the hole H fits into a ball of radius one.
Then

lim Ez [NIG(()N)StIT(N}StJ

— 00

Jim B, V10, |

- Nh—l—?loo Ea‘ [NIt<UE)N)<ooIT(N)§t:l : 2D

The two terms of Eq. (21) are dealt with separately, with the first term providing the
needed bound, and the second going to zero.

We first describe the proof method heuristically. The approach used here is
illustrated in Fig. 3. A random path is followed until it intersects a sphere of radius
1/N at time 7). We then expect, for large N, that a path hitting the hole will hit the
hole quickly. Thus term one of (21) should provide the needed result, and the second
term in (21) should be zero. For large N, we also expect X (v to almost uniformly
distributed over the sphere of radius 1/N. This convergence to uniform distribution
implies hole rotations Rf’ make no contribution. We now present the details of the
argument.

Note that for large N, the distribution of X, _(v), conditioned on 7V < co,
converges to uniform on the half sphere of radius 1/N. Thus we use for term
one of (21)

i B, [V1go L

XT(N)7 T(N)7 IT(N)<OO>:| '
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The conditional expectation is calculated in the limit by rescaling £ = Nx. Use the
definition of « and, from Lemma 1 of [5],

t

NE, (L] — 4n / p(s,z,0)ds as N — oo (22)
0
with | |2
t = 2% 23
p(t,z,y) a2 CXP{ % } (23)

Straightforward calculation then yields

t

I\}Enm E, [NIO_(()N)<OOIT(N)SJ = Za/p(s,a:,O) ds.
0

To finish the proof of Lemma 1, we need only show that the second term of (21)
goes to zero. Consider a A, to be chosen later, with 0 < A < ¢. Then, conditioning
on the time and location of the first hitting of the sphere of radius 1/N,

nggo E, |:NIt<UéN)<ooIT(N)St}
< Jim B, [NT_acone]

+ Jim B, [NLong, nB(I
N—oo =

t<ai¥) <oo

N
X, 7 ),IT(MSt_A)].

Recalling that 7V is the stopping time for hitting the sphere of radius 1/N, the first
term may be made as small as desired via choice of A and N. This is clear from
Eq. (22). Limiting the second term is accomplished by examining the conditional
expectation. By rescaling { = N? and £ = Nz, as we did above, we immediately
see that the calculation of the limit may be reduced to

lim sup P,{AN? <inf{t: X, € H} < oo} = 0.

N—oco |z|=1

Uniformity in ¢t € [0,T], y € S, and z € D results form compactness and
continuity. QED.

The second lemma is a simple result to bound solution at large |z|.

Lemma 2. For T' > 0 and € > 0, there exists an 7(¢,T) and Ny(e,T) with the
following property. For all

T ERXR xR with |zg|>r, N>N,, and 0<t<T,

NPm{o;J(VA),) < t} <e.

Proof. Recall the holes are located in a bounded set. Without loss of generality,
presume ygN ) = 0. Define again

1
M) = linft: | X% = —|.
T {m | X7 N}
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We can, via a partial differential equation, solve explicitly for

NP{ <N)<oo}=i—>o. (24)
|z|

Note T(N ) < O'(N ), so the result follows when |z| — co. QED.

The third lemma is one side of the convergence for collections of holes.

Lemma 3. Given ¢ > 0, T < 00, and closed D C R x R X R* not intersecting S,
there exists an Ny(e,T) with the following. For all

N2>N,, z€D, and 0<t<T,

t
a/V(X‘ X?)dc,

0

N
oM = {inft (X7 € U@HI(N)}.

2=1

P{c"™) <t} <2E,

with

Proof. Note that
P o™ <t} < ZP { %) <t}

We split D into two portions: a far from the origin subset handled by Lemma 2,
and a compact, close to the origin subset handled by Lemma 1.

First the far from the origin subset is handled. Note from Lemma 2 that there
exists an r(e,T) such that, if ]xl >rand t < T, then

ZP { ”(\’,3) < t} (25)

We use this r to define compact D = D N {|z| < 7}.
From Lemma 1,

t
NP, {ULN) < t] — 2a/p(s,x,y)ds
0

uniformly for x € D,y e S, and 0 <t < T.We conclude there exists an N (e, T)
such that

< £
2

N t
1
NZNP{U(VN)) }—NZZQ/ s:cyiN))ds
2=1 0

forall N > N, z € D and 0 <t < T. Using Assumption II on hole spacing, we
see there exists an IV,(g,T") such

t
{ (1(\’13) gt} /2a</p(s,x,y)ds) V(1) dy, dy,| <
0

R2

&

2
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foral N > N,, z € Dand 0 < ¢t < T. We now examine the integral by using
expression (23) for p and Fubini’s theorem. Identify

By VO X001 = [ 3105221 0082(5,22,0V 01,10 s i
S

< —
2
=1

N t
Z { (I(V]\}) < t} - 20‘/ x1:c2[v(Xls Xzs)]p3(5 x3,0)ds
0

The integral now may be evaluated using a simple result on local time on the boundary,
whose proof is deferred to Lemma 4. We have

N t
z { (](VJ\}) < t} - 2Ez (a/ z xz[V(Xls X2s ]dC )
0

I 7/

I\)I(‘f)

and use independence of X , X, , and X;_ to see

N t
Z { U < t} —-2E, (O‘/V(XIS,Xzs)dCs>
0

=1 'L

(26)

Only Lemma 4 remains to be shown. QED.
Lemma 4 is a simple result on integrals with respect to local time.
Lemma 4. For one-dimensional Brownian motion with reflection at 0 and continuous

function F,

E$

t ¢
/F(s) dcs} = /F(s)p3(s,:v,0) ds.
0

0

Proof. Note that E_(, is the solution to

ou 1

— =—A f > *

5% " 2 u(x,t) for t>0, z€R",
u(z,0)=0

ou
%(1’7@ |m=0: —1.

Direct substitution establishes
t

/p3(s,x,0) ds

0

is a solution. The lemma follows by considering simple functions Fi(s) T F(s).
QED.
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Lemma 5. Given ¢ > 0, T' < 00, and closed D C R x R x R* not intersecting S,
there exists an Ny(e,T) with the following. Let

d = ; distance(D, ).
Forall N> Ny, x€D,and0<t<T,

t

a/V(Xsl’Xg) dCs:l —€-g(t),

0

P {o™M <t} >2E,

with J
g(t) = tCexp (%t—) for a constant C,

N
oM Einf{t (XY e U@HEN)}.

i=1
The constant C is independent of N, ¢, D, and T.
Proof. We need only consider compact D since, because of the finite support of V,

sup sup P, {c™ <t}

|z|>R 0<t<T
and
¢
1 w2
sup sup 2E, a/V(Xs,XS)dCS}
|z|>R 0<t<T 5

are small for large enough R.
Let ¢ > 0. We first consider the contributions from holes that are adequately
far apart. We sum over all holes whose centers are at least 3/N from their nearest

neighbor. Let ) be the minimum of o (13) for {i: [yi" — S| > 3/N vj #i}.

Using inclusion/exclusion, and noting the first summation is over ¢ and the second
over i and j,

P {o™ <t} > P{e™ <t}

> > P{ ;1(\2)<t}

[P vs]
~ > P {a“(\jv)) <t o“("N’, < t} @7)
wit[|uN =V |23/ vigs]
The first term of (27) is handled first. Note

(N)
> af{dmedd

i [y -y M| 23/N V]

S fo <t} - )3 P ot <1},

Hy(N) (N)l<3/N for some ]7/1']
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1
o) —_\
0 | |
Y
}._
0d(s) /—
Fig. 4. 0 L

The first summation is handled as in the proof of Lemma 3. The second summation
takes a moment of consideration. Since the choice of regions specifically separates
the starting point & from the holes, we can call the minimum separation d. Now we
consider v > 3/N, to be chosen later, and two smooth functions ¢,(s) > 0 and
¥, (s) = 0 with ¢7(s) =1 for s < v, and 9, (s) = 0 for s > 2. We also require
$q(8) > I, 4 with ¢,(s) = 1 for s > d, and ¢d(3) = 0 for s < d/2. Figure 4 shows
two candidate functions. Consider some 7 and 7 such that ly(N ) (.N)I < 3/N. Then
obviously

(N) (N)
L < 3 3¢, (lv; =) 28)
- (N) (N)| — (N) (N)
Nly; -y | lej -y
Again define
1
Ny _ . . (N
T((N) = 1nf{t : ]Xx —yz )| = N}
and note O'(I(V]\),) > T(f\,{;) The relation in Eq. (24) leads immediately to
dallz —v™l)
P oM < t} —’ 29
{ M Ne—y™]

We then know from Eqgs. (28) and (29), going to a double summation by adding many
extra non-negative terms to a summation, that

Z Pm{a(l(\x) < t}
[ly(N) (N)'<3/N for some gs/z]

¢ T — N)) (1y(N) y(N)l)
22 d I 5 ] 2

159 N | | ;N) - y7(lN)|

(30)

for large enough N. Using Hole Assumption III and Eq. (11), we see the term
converges uniformly in z to

3/ ¢q(|z — 2 ¥, (1= - 2D V(z)V(2)dzd2 as N — oo. (31)
|z — 2| |z — 2|
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The double integral is then analyzed using polar coordinates. Choosing < small
controls this term for all ¢ and x by choosing N large enough. This is independent
of d.

The second term of (27) is handled now. Again following the argument in [5],

) (V) () (V)
P, {aym sto ™ sto ) Y <N>}

t
=/ / P{ N € ds, X_) edz}Pz{ (](\2)<t—s}
Yi (N) Y;
0

(N)
BHJ

<P Lo <ty sup P,Joly <t (32)
Y zeaH(N) Ys

Note the bound
t
/ p(s, 2,y) ds < el — y| " exp{~|z — y[>/4t}
0

for a constant ¢. Using Lemma 1, we see there is a constant ¢ independent of z, yiN )
and N with

P <tf < N o=l expl-la — ol /40

(N) _

for all ¢. Since ly (4N )| > 3/N, there is a constant C' with

P{oy <t <00t <o}
C e~y Pjar) e~ o) - 5 jat)
= N2 Iz — 5™ W™ — ™|

Now, using the definition of ¢, above,

) )
Z P{ y<N)<th<N><t}

N N ¢ J
M _yM|>3/N, visy |

i,]:[ Y,

2
) 2_0 e~[z“y;N)| 2t (N)| /2t¢d(($— o)
=\ e - ol ly(m (N)|
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This summation converges according to Hole Assumption IIT and Eq. (11),
N

2 2
A (IN) (N)_, (N)
o L e I

N? a(lz =yt
Nzw |x_y§1v)l lyEN)_ygN)l a( 1)

. e—l@i—zP @y~ +adl/2t  o—ly—2|2/2t
~ae [ f
\/ 2 ly—~

(@) — 2% + (x, — 2p)* + 25

X ¢g(le = yDV )V (2) dy dz.

R e—l@i—2)?+(@p—2+23)/2t  o—ly—2I*/2t
< 20// \/ . Vy)V(z)dydz

(T, — 22+ (zy, — )2 + 23 ly — 2

o e—l@i—2) +@y—2)?+a31/2t o —ly—2I*/2t
< 20e 3/ / / V)V (2)dydz. (33)
V@, =22+ (@, —2)?  ly—72
The lemma then follows by transforming the double integrals to polar coordinates,

using the finite support of V, and using the Gaussian density formula with variance
t. QED.

3. Proof of Theorem I

The tools are available now for a straightforward proof of Theorem I. This proof
follows the general approach of [5], but the details are much more complicated.
Proof. The proof will be based on picking five values: C|, 3, A, C,, and N. The

value of C| may be chosen first, then 5, then A, then C,, and finally N. The order
of these choices is critical in the following results.

Let T}, T, t<N>, and Ttv be the semigroups associated with Egs. (6) and (15),
T,f(@) = B, {f(Xp},
Tt(N)f(x) = Eaz{f(Xt)I(t<o(N))}’

t
TtVf(w) = Ex{f(Xt)exp ( — ZQ/V(X137X25)dCs> }
0
Define the error as
1M = sup sup {|TV f@) - TY f()]}-
0<t<T z€De¢

We use a value 0 < A < T, to be chosen later, and the integer part function | | to
see that

[t/A]
I < sup su TN N vy @)
) 0§th mege ; te-na(Ta A (Lt/a1-walf

+ sup  sup

TN f(@) = TS 4 (@)
0<t<T z€De A AWAJf

+ sup sup

Ttvf(:t) - TXU/AJ f(@)
0<t<T z€De

. 34)
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4x
3 D Dj
5
CiAl2 < >
Dy Dy
CrA D4 Dy
D3 D3
» X2
Fig.5 S

We use an indicator function to split the summation in (34). Several different sets are
used to partition R x R x R*. First identify a set slightly larger than D,. Consider

a circle C' in the plane P with
H"Y c {(,25,23): (z},2,) € C, z3=0} forall i and N,

and
dist(P — C, S) = 1/2.

C is a strict subset of C in Eq. (12), implying P — C is separated from C' by some
positive distance. Choose a thickness & with §/2 > 8 > 0 for § described in the
definition of D, in Eq. (13). This § is also chosen small enough that the set

D, ={(®,,zy2) 12, ER, 2, €R, 3, >4
if (z,z,)€C and z;>0 otherwise}

contains D, and

sup sup B {(1~Ip (X))} < e/llf]|40. (39)
0<t<T z€De

This again is just the half space minus a thin disk. Now consider, for constants A,
C,, and C,, with C;A'/? > C,A and C;AY? < §,
D, = {(z),2y,25) ERXR xR, 1 33> C AY2},
D,=RxRxR —D,)
N{(@;,zy,23) ERXRXR, : CA< 25 < c,A'?},
Dy=RxRxR - D)
n {(x,,a:z,x3) ERXAXR, : 0<x; < CZA},
Dy=D . n{(z),2,25) ERx R xR, : 0< 2y <C AV

(36)

Figure 5 shows a section of the different volumes in the (z,, z5) plane. We can choose
C| > 2 large enough that

E¢, ()

and
C1Eq, (G 37)
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are as small as needed, independent of 4, A, C,, and N. The associated processes
are described in Egs. (1) through (3). Splitting the sum,

[t/Al

N < sup sup [TV I, [T — TXITY, 41— onf (@)
PRI kz=1: ogth xegel (k—1)A Dl[ A A] (|t/A] walf '

[t/A]

+ sup sup [TV I [T —TXITY. o\ oA f(@)
Zl: OStET xe;:il (k=DA DZ[ A A] (1t/4] waf [
Lt/A]

+ sup sup [TV I, [T —TXITY, A )
; 0§t£T we&‘ (k=1A D3[ A A (Lt/A)-maf( ‘

[t/A]
(V) (N) VgV
+ kzﬂ: O;‘:ET zseuge T2 yalp, [Ta = TAlT 1 a)-kaf @)
+ su sup |T™ T) — ™ T
ogth zelgel t f( Al_i/AJf( )I
+ sup sup |T) f(z) = T,/ f@)|- (38)
0<t<T z€D;

Each of the six terms in (38) is handled separately. The first term may be estimated
as

N N
sup - sup [TG0) A Tp, [T = TX] T a) -1 af@)]

0<t<T z€De
< sup sup Ty_yyalp [T — TX]TY, a)—iyaf (@)
ogth megg te-valp,|[Ta AT a)-waf@)
< sup sup [[T5" — TX|TY f()]. (39)
0<t<T zeD)

Terms two through four of (38) follow similarly, although more attention is paid to
the indicator term. For term two,

sup sup [TV, I, [T —TY1TY, T
ogth xegel tnalp, [Ta AT A —pal @)

< su sup T yal ™™ _rvVTv _ T
"ogth xegg w-nalp,|[Ta AT {e)a)-al @)

< | sup sup T,Ip,| sup sup |18 — TX1T) f(@)|. (40)
0<t<T w€De 0<t<T €D,

For term three of Eq. (38),

N N
sup sup |42y Al p, [T = TX) Ty a)-1af @)

0<t<T z€De
< sup  sup Ty yyalp, | [Th” = TX]T a)—paf @)
0<t<T zegs k-DA D3|[ A A] (1t/4] waf l

<2|f|| sup sup Tylp,. )

0<t<T z€D,
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The fourth term of Eq. (38) may be estimated as

N N
sup  sup |T((k-—)1)AID4 [TZ ' TX]T(‘L/t/AJ—k)Af(mﬂ

0<t<T z€De¢
< sup sup Ty_palp |[TY =TTV, A @)
0<t<T zeD. (k=DA D4|[ A A] (Lt/a]-waf |
< sup sup l[T(AN) _TX]TtVf(x)I~ 42)
0<t<T z€Dy

Applying Egs. (39), (40), (41), and (42), Eq. (38) then becomes

I < sup sup [T f(@) = TY) 0 f @)
0<t<T z€D¢

+ sup sup ]Ttvf(m) - TXLt/AJf(:c)|
0<t<T z€D.

oL s [[190 - T )
0<t<T zeD;

T
+| sup sup TyIp, < Sup  sup ][T(AN ) -TX]|1TY f@)|
0<t<T z€De 0<t<T zeD,

T T
+2—||f|l sup sup T,Ip +— sup sup I[TZN) — TX]TtVf(:c)|. 43)
A" T 0<i<T zeDe A 0<t<T zeD,

The first term of (43) is handled using the fact that D, is separated from the holes.

sup sup |T(V f@) - TY)) 0 F@)

0<t<T z€D.
= sup sup [TCV, [TV @) — f(z)
ogth ZGEEI AWAJ[ i-ale/a)f f@]|
< sup sup |TN), I [THY) () — f(o)
—ogth a:eggl Al/a) vl t-al/a)t f@)|
+ sup sup |TN), (1 —1I,)[T™ ) — fx
OSt_I<_)T xegg’ attya) U= Ip ) [T 0 ) F @) = f@)]
< sup sup [TV f(z) — f(2)|
0<t<A zep,
+2|[fll sup - sup Em{(l_IﬁE(Xt))}' (44)
0<t<T z€D¢

The second term of (44) is controlled in the definition of D_. Recalling the use of
in the definition of D_,

sup sup [TV f(2) — f(@)]
0<t<A geD,

<2||f|l sup sup PE{ sup | X5, — z5] > S/z}
0<t<A 4 b, 0<s<t

+ sup sup |T,f(x) — f(z)].
0<t<A :EEDE

From the smoothness of f, both of these terms clearly go to zero for small A.
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The second term of (43) follows from simple continuity.

sup sup [T flx)— TAWAJf(x)|
0<t<T z€Ds

T 0Sior aeb. 721071 [T a1 F@) = f@)]]

< swp  sup [T f(2) - f@)].
0<t<A z€RXRXR*
Again this term is small for small A because of smoothness of f.
The remaining terms in (43) are really the heart of the proof, in which order of
choice of constants is critical. Term three of (43), involving D, is examined first.
Consider, to simplify notation,

9(x) = TY f(x). (45)
Note that [g(z)| — 0 as |z| — oco. Consider for some A,

1
% sup |74 g(@) = TXg(@)|
zeDy

1
= — sup
A €D,

A
— Ez{g(XA)<1 — exp (“2a/V(X1S>X23)dCs>) H
0

1
= sup | T g(x) — T g(@)|
€D

E{gX),ncn}

Then

1
< — sup
Awel

A
E{9X D) ,znen} *EZ{%YQ(XA)/V(Xlstzs)dCs}
0

1
+ — Ssup
€D

A
—9(X,) (1 — exp ( - Za/V(XIS,XZS)d§s>> }l
0

Em {IU(N)SA}

A
_Ex{Za/V(XIS,XZS)dCS}
0
1 A
E${(g(XA)_g(x)){2a/V(X]saXzs)dgs}}‘
0

+— sup
1
+ Z sup |Ex{(g(XA) - g(x))IU(N)SA}!' (46)
z€D,

A
Ex{Zag(XA) / V(X,,, X, )dC,
0

< Ligl sup
- A €D

1
- Lat gl VI sup £, {C3)
z€D

A €Dy
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Lemmas 3 and 5 are then applied to make the first term of (46) small.
The second term of (46) follows from noting

1
Z S“P E {CA} < ECIAI/Z{CA} Ecl{Cl} 47

The choice of large C| above guarantees this is small enough, independently of A
and N.

The third term follows from (47) as well as the properties of the initial function
f. Note Eq. (45) and the smoothness of f(x). There is a constant K with, using the
notation from Eq. (1),

B, (j90X0) - @) < KB, (| Xs - af)
<3KE, (Wi —as["). 48)

Now examining term three,

A
E{ (9(X ») — g(@)) {2a / V(X)) dcs} } '
0

1
<20|Viix swp Bo{lo(Xa) ~ g@Ca}
z 1

lg(X0) — 9@P )" {g )‘/2
o ({55 51)) ()"

Noting Eqgs. (47) and (48), the first factor is bounded while the last is smaller for
large C.
The fourth and final term of (46) requires more care. We follow the general

approach described in Lemmas 1 through 3 above. Note we use au(\x) to indicate the
Yy

1
— Su
A ZEBI

hitting time of the i hole of the N™ collection centered at 3. Then
1
7 sup |E,{9(X 1) — 9@ <4}
r€Dy -

1
< 2 sup E, {|9(X ) — 9@|Lacn}

< sup NZ:A {IQ(XA)— (ac)INI ) <A}

€D,y
N

< (™) E{NI
< sup Z - 9(@)|E, s

xGDl
X —g (N) NI
{ g< a(](vp),)) yl (N) <A

{Q(XA)- <X ™) )'Nf @) <A} (49)

1
+ Sup —
IEEDI N

l>|

+ sup
€D

==
l>l
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The three sums in (49) are handled in a similar way. Using the hole assumptions and
Lemmas 3 and 5, for small enough A and then enough N,

N
sug Z ™) - g(@)|E, {NI ) <A}
zeD) i=1 1
A
/ ( / lg(y) — (x)lp(s,x,y)ds> V(y)dy
|2 0

is small. Due to the smoothness of the initial condition, we again note for some
constant K that |g(x) — g(y)] < K|z — y|. We need only consider

3/2 { IZ y|2

A
1 1 }
sup — —z|{ — e dsd
weglA//ly |(27T8> sdy
®2 0

A
= 1//'l R
_xEuBlA 31\ 2ms € 5y

R =i
+ seul[)) —//|y2—x2|< ) e dsdy
T 1
R 0
4 3/2 2
1 1 { Iw yI }
+xsglglz//|yl—xl|<%> e dsdy. (50
)2 0

Note trivially that
/pl(t,a:pyl)pz(t,xz,yz) dy, dy, = L.
g{Z

Then, by changing order of integration

A
5[ [1ni(55) 0
sup — Tal| — e dsd
meglA/ |3| 271'8 y
®m2 0

A
= su 1 /]xl 1 1/26{_%}
- megl A ; 3 27s

X L/pl(t,xl,yl)pz(t,wz,yz) dy, dyz] ds
2

A
1 1\ {lay
= . - 2s
mseugl A.O/|x3|<2775> e ds. 51
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Note for 0 < s < A,

[ sup m](%m)‘”e{—'%“}] c A1/2<2m)1/2 -4

EEDI

and also
1
AL/ Eq a2{Cat = Ec {G}- (52)

Applying this and change of variables, s = A3, and using Lemma 4 and (37), the
term is small.

Treatment of the second and third terms of Eq. (50) is identical, so only the
second term is described. Note, since E(|X|) < E(|X|»)!/?, again carrying through
integrations,

A
1 3/2 ,Z yI2
//'yz_%[(ivr—s) 6{ }dsdy
w2 0
7 1 {~le—u 2 2
-y Izl
=//|?/2_552|(E;) } { }[/pl(t,xl,yl)dyl} ds dy,
®m2 0
A 1\ /2 3,_2} 1/2{ o ylz}
J) S [ ]
0
4 12 [ el
< far( L) 5
- 2ms

0

Because of the definition of D, in Eq. (36) and the requirement | > 2, we know
for s € [0, A] and z € D that s'/2 < 0, A2 < |z,|. Finally,

w3 / -wd(5) e  asay

2 e

1 1 _L

< sup — 31/2<—> A1 g
0

- z€D; 21s

7 1\? Izl
< sup —/|x3|(—> e{ }ds
zeD, A ) 27s

This term is the same as the one handled immediately above in Eq. (51).
The second term in (49) follows easily by noting

— (g™
() o0

= KI"“(VKU sa’

k3
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and following through the hole assumptions and lemmas again. For small enough A
and then large enough N,

Kl1g
— = E NI
P NA|N 2 A }
A
- [2a( [ p(s,x,wds) Vi) dy
n2 0
is small. Again carrying through the integrals,
A
su K /2a / (s,z,y)ds | V(y)d
megl NA pis, x,y y)ay
0
a 2
2a||V||EK 1\"? (=
< RESELL N 2s d
= b T NA 2ns) € y
0
_ 2V2a|V|IK

NvVrA

For fixed A, this term is small for large enough N.

The third term in (49) also follows easily by using the Markov property and
conditioning on the hitting time of the hole. The hole assumptions and Lemmas are
then applied, along with standard inequalities and the argument in Eq. (48),

11
sup NZ—A_Ez{
=1

x€D|

1
=sup —E . {F XA)—gl X I
2 e oo o )' o

g(XA)_g<XU(1(V]\>])> NI o) <A}
Yi

(N)
I o <a, (N)vXO(N) }
7,00 )

y‘l«
x NI o)
(N )<A
y’L
< K sup Z
CE€D1 i-1 ]\]-Al/2
IXA .X (N) |
(N) o)
xFE < FE —I (N) I v o X
’ Al? TN SAT O Ny SAT YN e )
Yi Yy Y3
x NT (N)
o (N)gA

< K sup Z AI/Z {NIU(I(V]\)])SA}.
Y

D
zeDy N
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Again the hole assumptions and Lemmas 3 and 5 are used to show that we need to
show, for small enough A and large enough NV,

N

1
— ESNI
P { a;m)sa}

sup

reD, A2
A
—/2a</p(s,z,y)d5> V(y)dy
R2 0

is small. Again switching the order of integration and carrying through integration of
the density function,

A
1
—= su 2a / (s,z,y)ds |V(y)d
Al/zzegl./ ( p Y ) y)ay
®? 0
. A
< —— sup 2a||V ps(s,z5,0)ds
R EXCE

0
1 A
< A1/220‘||VH/P3(S,CIAI/2,0) ds.
0

Using Lemma 4 and Eq. (52),

A

1
a7 s [ 2a< s, ds) Vidy
z 1
Rr2

0
<2a||V[[Eg, {¢}-

Consideration of Eq. (37) establishes the needed result.
We now can return to the fourth term of (43) and observe that D, C (R x R x
R — f)e). Then, from Eq. (35), the leading coefficient

[ sup sup TIDZ}
0<t<T z€De

may be made as small as needed. The rest of the term goes to a constant, completing
consideration of this term. The argument is identical to the one for term three, with
the expectation that we use

m SUP E {¢a} < Al/on{CA} Eo{¢,}

and 1
= sup E {C4} < EO{CA} Eo{¢t}

z€D,

Term five of (43) is handled by noting that, for a fixed A, we may control the
term’s size by choice of C,.
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Term six of (43) is easily controlled by recalling for the Wiener process W,

P{ max W > a} =2P{W, > a}

0<s<

and

1
ZP{|WA| >a} —0 forall a as A]O.

The definition of D, explicitly separates z € D, from the support of V' and the hole
locations {y{""’}. Then

1 sup P{o™ < A} -0 (53)
A :E€D4
and
) A
— sup P{/V(X1 , X, )dC, > 0} — 0. (54)
A zeDy s s
0
Then
T

= sup sup [[T5" = TXTY f(=)
0<t<T $€D4

< 2Ilf||— o s E {Iocna}
xT

A
Ex{ (1 — €Xp (“‘ 2o /V(X1S»X23)d§s>> Ttvf(XA)}
0

< 2”f“_ sup  sup Ea:{Ia'(N)SA}

T
+ = sup sup
0<t<T z€Dy

O<t<T €Dy
A
+2]|f”— sup sup P{/V(X]s,Xzs)dCS >0}.
A 9<t<T zeD, J

The first term is managed by Eq. (53). The second follows from (54).
This finishes the proof of Theorem I. QED.

4. Discussion of Theorem II

Theorem II is proved using the same general approach as Theorem I. Lemma 6
provides the critical single hole limit and is discussed in the some detail. Proofs for
the many hole limits as well as Theorem II are only outlined, with emphasis on
differences from earlier results.
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Lemma 6. Let T > 0, € > 0, D be a compact set not intersecting S, and ngN ) be
the local time on the boundary of a hole of size 1/N located at y € S. Then

E(E

t t
N — Nexp (—/\NV/dyCEN)>} —>2a(fy)/p(s,a:,y)ds as N — o
0 0

uniformly for x € D, y € S, and 0 < t < T. This result is independent of the
rotational orientation of the hole.

Proof. Without loss of generality, assume y = 0. Define

1
M) =inf |¢: | X7 = —
T in [t | X7 N]’

Yo = X if 7™ < oo}
(N) = .
4 0 if ™W=00

N — Nexp < — ANv/d"ggN))]
0

t

(N — Nexp ( — ANY / d"ggN)) ) If(mst}

0

(N — Nexp ( — AN? / d‘)c;N)))IT(mSt}

0

N(exp ( ~ ANW/d"ggM)
0
t
—exp ( ZANY / doggzv))) IHN)St} . (55)

0

Then

lim E,
N—o0

= lim E,
N—oo

- lim E,
N—oo

+ lim E,
N —oco

We follow the general pattern of the proof of Lemma One. Again the approach is
illustrated in Fig. 3. A random path is followed until it (possibly) intersects a sphere
of radius 1/n. For term one of (55),

(N — Nexp ( — AN7 / doggm) ) L(N)gt}

0

lim E
Nooo %

= Nh_r)noo E, NIT(N)StE<1 —exp ( — ANY

o

X /dOQN)I.,(N)gt>

X, o0, ™™, 1, N><oo>] ) (56)
0
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For large N, the distribution X (), conditioned on 7~ < 0o, converges to uniform
on the half sphere of radius 1/N. The conditional expectation is examined closely by
considering an equivalent representation. Consider the solution w of the equation

N
3L = 1Au)N(x,t) t>0, zeRXRARXR,
ot 2
wN(z,0) = 1,
ow
an (Z’,t) - 07 (57)
for z€dP—H", and n the outward normal

N
%Ln(a:, ) = ANTwN (z,8) = 0

for =€ dHY, and n the outward normal,

or
t
wN(x,t)zEz{exp(—)\N'*/docgN))}.
0
Define
N =1 -wh.

Using Eq. (57), we see

oV 1 N
T -2 ~ > +
5 2Aw (x,t) t>0, zERXRXxR,
&N (x,0) = 0,
ol
t)=0
o, @1 =0,
for =€ d®P—HY, and n the outward normal

AN
%”n—(x, ) = ANYDN (z, 1) = AN

for e ®HY, and n the outward normal,

Now we use the definition of a(y). This is accomplished by rescaling with £ = N2t
and £ = Nz. Then, using Eq. (56) and letting ¢t — oo,

(N — Nexp ( — AN7 / d"ggm»[r(mgt}
0

t
= 2a(7)/p(s,x,0)ds.
0

lim E,
N—oo

Again we have used Lemma 1 in [5], whose result is described in Eq. (22).
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The second term of Eq. (55) follows from the discussion relating to Eq. (57) by
noting, for some A > 0 to be chosen later,

t
Jim B, [N (exp < — AN7 / d"g;N))
0
— exp ( — AN7 / doggN))>IT(N>St}
0

< Nh—I>nC>O E, [NIt—A<‘r(N)St]

+ lim E,[NLaye, sE
N—oo -

t
exp ( — AN” dogm)
(oo
— exp (— AN / doggM))
0

Equation (22) is used for the first term, which is made small by choice of A and N.
To address the second term, again use the representation in Eq. (57) and then rescale
with £ = N2t and & = Nz. This completes the proof of Lemma 6. QED.

N
X, v, 7 ), I,,,(N)<t_AjH .

Lemma 7 provides a bound for the many hole situation, and is similar to Lemma
5 for the Dirichlet condition.

Lemma 7. Given € > 0, T < oo, and closed D C R X R X R* not intersecting S,
there exists an Ny(e,T) with the following. Let

d= % distance(D, S)

Forall N> Ny, z€D,and 0<t<T,

t
Ex{l — exp < ~ )\N’Y/ dggm)} >2E,

0

t
a() / V(xL,x?) dcs] e g,
0

with

g(t) =tCexp <;—j) for a constant C.

The constant C' is independent of N, ¢, D, and T.

Outline of Proof. Let € > 0 and fix 6, to be chosen later. First consider contributions
from holes that are adequately far apart. We sum over all holes that are at least 3/N
from their nearest neighbor. Recall the local time notation in Egs. (4) and (5). Again
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use U(I(V,\),) as the hole hitting time. Then
Y;

t
Ex{l — exp (—AN”/ dCiN)>}
0

> Z

- Ei{ Ia"("]\’,)gt,a(’(",z,)>t Vi
. N N . Y Yy
z:lyg )—yg )|23/N V35 o J

<1—exp<—/\N70/tdC§N)>>}.

Because the indicator restricts contributions to trajectories interacting with only one

hole,
¢
Em{l — exp ( - /\NW/ d(gN)> }
0
N
Z Ex{ Z ]a(f&)gt,o“(\%)» Vi
iy -y V23N via Y
¢
<1 — exp ( — ANY / dig;M)) }
0
Then

t
Ez{l —exp (- )\NV/ dg?”) }
0

.

. N
isfy N~y V[ 23/N Vi

(oo )

N
- F E 1-1 v (N) L
T o (N)St’oy(_N)>t Vi#i
i J

. Y
i| g™ -y M| 23/N Vi :

t
<1 — exp (— )\N'Y/ d’(éN))> } (58)
0
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We address the first term in (58) first.

A £ (o o)

. N N ..
ztlyﬁ )—yg )|23/N Vi

(-l o))
—Ez{ . > <l—exp<-)\N70/di(§N))>}. (59)

i:|y1 y;N)I<3/N Vi

Our first term is handled exactly as discussed in Egs. (25) through (26), by application
of Lemmas 4 and 6 and the Hole Assumptions. This establishes the bound in the
lemma statement.

For the second term of Eq. (59),

t
mfi-on (v [ac )} < nio <o
0

The discussion around Egs. (30) and (31) establish the size of this term.

Proof of the lemma will be complete with examination of the second term in
Eq. (58). This is the step where the function g will be defined. Note we replace a
single summation in ¢ with a double summation in ¢ and 7,

N

Ef’J Z Ia(l(vj\),)gt,au(vj\),)gt for some j#i
N N .. Y Y

vy |23/ Vi

1 —exp < — AN? diggm)) }
( /

N
<E E I vy (N)
= Mg o (.N)gt,ay(.N)St
J

.. Y
z,azlyiN)—ygN)lﬁ/N Vi

)

N
<F E I (v () .
= Mg o (N)St’oy(N)St
P

. .. )
Z,J:'yEN)—y;N)IZWN Vit

IS

2

This is the same term we have in Eqs. (32) through (33). QED
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Lemma 8 provides the bound in the other direction, and its proof closely resembles
the proof of Lemma 3.

Lemma 8. Given ¢ > 0, T < oo, and closed D C R x R X R* not intersecting S,
there exists an Ny(e,T') with the following. For all

N>Ny,, z€D, and 0<t<T,

t
Ex{l — exp (- ANY /dggM) } <2E,

0

¢
a(fy)/V(X;,Xf) dgs] +e,
0

with

N
oV = {inft L X7 € U0H§N>}.

i=1
Outline of Proof. Note for constants a > 0 and b > 0,
l—e @ P <Q—-e+1-eD.

Recalling the definition of the local times,

t
Ex{l—exp<—)\N7/ngN))}
0
N t

SEI{l—exp(—)\NWZ/d%gN)>}

N Ot
5ZEx{l—exp(—/\N”’/szN)>}.

‘ 0

Again this term is handled in Eq. (5§9). QED.

Lemmas 7 and 8 provide the tools for proving Theorem II. For a(y) > 0, the
proof is identical to that of Theorem I, with the expression (1 —exp ( — AN7¢Y"))
replacing I ~_ , in the equations. For a(7y) = 0, the argument is even simpler and
all the required terms are examined above.
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