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Abstract. The totality of all Zakharov-Shabat equations (ZS), i.e., the zero-curvature
equations with rational dependence on a spectral parameter, if properly defined, can
be considered as a hierarchy. The latter means a collection of commuting vector
fields in the same phase space. Further properties of the hierarchy are discussed, such
as additional symmetries, an analogue to the string equation, a Grassmannian
related to the ZS hierarchy, and a Grassmannian definition of soliton solutions.

0. Introduction.

We are accustomed to the fact that integrable systems appear not one at a time but
in big families called hierarchies. So, first of all, the KdV (n=2) hierarchy was
invented (Gardner, Green, Kruskal, and Miura made the first and the most
important discovery, the KdV equation in the proper sense; later on all the higher
KdV were found by Gardner). Then this was generalized to every n (Gelfand and
Dickey, who used fractional powers of operators). Thus, infinitely many general-
ized KdV hierarchies were found. They were unified to a single one large KP
hierarchy (Kyoto school: Sato et al. [1]). Another line of developments was
connected with equations generated by a linear first order differential operator
with matrix coefficients linearly dependent on a spectral parameter (Albowitz,
Kaup, Newell and Segur for matrices 2 x 2 and Dubrovin in a general case, let us
call this hierarchy AKNS-D). Later this was generalized to operators with a poly-
nomial dependence on the spectral parameter. Thus, for every degree of a poly-
nomial, m, there is a hierarchy, a generalized AKNS-D.*

More than that, there is a very general type of equations proposed by Zakharov
and Shabat (see [2]): the equation of zero curvature, where matrices depend on
some spectral parameter as rational functions. (The above mentioned hierarchies
where operators depend on a parameter as polynomials, i.e., have a single pole at
infinity, represent special case of these equations). The ZS equations usually have
been treated individually, not as a hierarchy.

! More detail can be found, e.g., in [3].
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Which property permits to consider a hierarchy as a single whole, as an entity?
Geometrically speaking, a differential equation is a flow in a phase space. We call
a family of differential equations a hierarchy if they act in the same phase space and
commute. Then each of equations determines a symmetry for each other. Let us
consider this as a characteristic property of a hierarchy.

We see our goal in this paper in the construction of a theory where all the
Zakharov—Shabat (ZS) equations can be considered as one hierarchy, in the above
sense.

We discuss also problems such as a Grassmannian approach to the ZS hier-
archy, the existence of additional symmetries and a definition of an analogue to the
string equation.

The study of integrable systems is interesting in several aspects. One is a desire
to expand the class of exactly solvable equations or to find new solutions to already
known integrable equations. This can be important in applications, though one
must realize that there are rather few integrable systems among all equations
significant for physics or engineering. The other aspect is that this area of mathe-
matics provides very rich algebraic structures which more and more find their way
to modern physical theories. The fact that there are large hierarchies of commuting
equations is of great importance just from this point of view.

1. Definition of the ZS Hierarchy.

Let ai, k=1,...,m be a given set of complex numbers. Let, for every k,

(o0
Wi =ZWki(Z—ak)' 5
)

be a formal series. The entries of nxn matrices wy;, Wy 45 are just letters. We
consider the algebra o7, of polynomials of all these entries and (det wyo)~'. The
formal series W, can be inverted within this algebra. Let

= A1, _ -1
Riy=WiEW *; Ri=Run(z—a)™",

where E, is a matrix with only one non-vanishing element, equal to 1, on the («, &)
place.

We have two kinds of objects. Such quantities as w, and R,,; are formal series,
or jets, at the points a,. The algebra of all such jets will be called J, and J = @J,. If
Jk€Jy is a jet then j, symbolizes principal part, i.e., a sum of negative powers of
z—ay, and j; the rest of the series. Correspondingly, the jet algebras split into two
parts, J,=J @ Ji . If the principal part contains a finite number of terms (and we
tacitly assume this unless the opposite is said or is evident from a context) it can be
considered as a global meromorphic function; the algebra of global meromorphic
functions is G. Global functions are objects of the second kind. A global function
gives rise to a jet at every a;. In particular, j, can be considered as a jet at a point
ay,, different from a,, more precisely, as an element of J k-

Definitions. (i) A hierarchy corresponding to a fixed set {a} is the totality of
equations

+ A
—Rkalwkla k=k,

: s 6 =8 at . 1
RiyWy,,  otherwise kot =0/ 0t 1)

akaaV?’k1 ={
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In the second case Ry is considered as an element of Ji, see above; tyy; are some
variables.

(i) A ZS hierarchy is an inductive limit of hierarchies with fixed sets {a,}, with
respect to a natural embedding of a hierarchy corresponding to a subset into
a hierarchy corresponding to a larger set, as a subhierarchy.

Further in this section, for simplicity of writing, we shall unite indices o and
[ into one subscript a=(x, [) and write 0, and R,, instead of 0, and Ry,;.

(It would be possible to take its own spectral family E;,, a=1,. . . , n, for each
point a,, those spectral projectors not necessarily commuting for different k;
however, it is easy to see that this is not a real generalization since it can be reduced
to the same definition by a substitution W, — Wicy *, where ¢, are matrices reducing
E,, to the diagonal form, E;,=c,E,c; )

Lemma. Equalities

SunRin :{ —[—Rz?&z, Rio ], k=ky .

i [Ryat> Rico1,1 5 otherwise
hold.
Proof. 1t easily can be obtained from the definition of Ry,. [
Theorem. All operators 0y, commute.

Proof. One has to prove [0k,q,, Ok,q, ] Wi, =0 in 3 cases: i) all of k; coincide, ii) only
two of them coincide, iii) all are distinct.
1) We have

(Oka, Oka, — Oka,Oka,) Wi = — Oa, Riia, Wi — (12)
=[Ria,> Ria,J& Wit Riia, Riia, Wi — (12)
= Ryia, Riia, Wi+ [Ria, > Rica, Il Wi
—[Reéa,> Ria, J& Wie— Riig, Rila, W
=[Ria> Ria, J& Wi=0,

since Ry, and Ry, commute. A notation 4, means the principal part of an
expansion of 4 in powers of z—a,. Similarly, 4, .
i) First we consider

(Oka, Oka, — Oka,Oka,) Wi, = Oka, Rica, Wk, — Oka, Rica, Wi,
= —[Ria> Ria, I Wi, + R, Rica, Wi, — (1<2)
= —(Ryia,Ria, )i Wi (Rica, Ria Jie Wi, — (12)
= —(Ruq, Ria, 1Wk,

which is zero since Ry,, and Ry,, with the same k commute.
Then we take

A ~ A + oA
(OkaOk,a, — Ok, a,0ka) Wk = OkaRk,a, Wk + Ok, a, Rka Wk
— — A — + A
=[Rya; Rklal]klwk —Ryq, Ry Wy,

+ [R5 Ria1i Wi+ Rt:;sz_la,Wk
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= [Rk_as Rklal]kf_,wk - [Rk_,a‘s lea]wk
+ [Rk—]ap Rl:;z]l:-wk-i_ [Rk_xag Rlc_;z]l:—"{)k
=([Rk—aa R’;a,]l:l - [Rl;;l’ Rl;a,] + [Rk_tu Rk_lal]k_ )Wk .

In the parentheses there is a function [Ry,, Ry, ] minus its principal parts in both
the poles, a, and ay,. Thus, this is a constant. This expression approaches zero when
z— oo which implies that the constant is zero.

iii)
[Ok.a, Orsa, Wk = Ok, Ricua, Wi, — O Ry, Wiy
=[Ry 4> Ria, JigWi, + Ry, Ric.a Wi, — (122)
=([Rka> Riza, Ik, + [Rias Ria, Ji, — [Rica,s Rica, Do, -
The expression in the parentheses vanish by the same reason as in the previous

case. []
2. Gauge.

If we let )= cWy, where ¢ is a matrix depending of variables {t;,} in an arbitrary
way, then 0, satisfy equations

_Rl:alﬁk > kzkl
OOk, = Akt O, + NS . 2
kel Ty = kal Ty { Ridy,, otherwise @
with new Ry, =0E,(z—a,)” 10¢ !, and Ay =0kyc-c~ ! which implies
Okl Akt — Okt Ak oy, + [Akats Ak, 1=0 . (3)

Equations (2) are slightly more general than (1). We say that W, and 0, are
gauge-equivalent. Conversely, if some o, satisfy (2) with the property (3) for A, then,
integrating equations 0y, c= Ayyc (Which are compatible by virtue of this prop-
erty), one can find a gauge-equivalent w, satisfying (1). We can, e.g., normalize
a solution by a condition ) W(a;)=1.

The following lemma can be useful:

Lemma. Given solutions of (2) with some Ay not depending on z for any (kal), being
Y. ;0i(a;)=1. Then there is some ¢ such that A= 0iyc-c”* and, therefore, 6={0;} is
gauge equivalent to a solution of (1) .

Proof. First of all from the assumption we get

At =Ri(a) Ola)— Y. Rialax, )0, (ax,)
ky+k
thus, A,y is a differential polynomial in elements of #;’s. A new differentiation can
be defined in .of,: 0,0 = (Or— Akx)0;. The quantities i, satisfy the system (1) with
respect to new variables t; and, therefore, 87, commute, i.e., 0y, — Axy cOMmute
which is equivalent to Eq. (3). The rest is clear. []

Functions w, admit also the following transformations: multiplication on the
right by series in (z —a;) ™~ * with constant diagonal coefficients. This does not affect
the equations (1) (or (2)) at all.
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3. Differential Operators.

The following proposition readily can be proven by a simple straightforward
computation:

Proposition 1. A dressing formula
Wk, (akal - Ea(Z - ak) N lékk‘ )Wk_, 1= aka{ — B, Bru=Ryu (4)
is equivalent to Eq. (1).
The operator 0y, — By, is assumed to act in Ji . However, it does not depend

on k; at all and can be considered as a global function of z with the only pole of
the I'* order at a,. Let

e

Wy = Wiexp&y, where &= Z Z tawEo(z—a) ™"

1=0a=1
Definition. The collection w={w} is the formal Baker function of the hierarchy.
Equation (4) can be written in terms of the Baker function as
Wi, OaWi, ' = Ot — B - %)
Proposition 2. All the operators 0y, — By, commute.
Proof. This is a corollary of the theorem in Sect. 1. and Eq. (5). [

One can consider arbitrary linear combinations of the above constructed
operators,

L= Z Akt (Okt— B) =0+ U, (6)
kya,l

where 0=y o140k and U= =) ;1 A4yBry. TWO such operators commute
which yields equations of the Zakharov—Shabat type

5U1—51U=[U1,U] .

Functions U and U, are rational functions of the parameter z.

Operators ¢ and 0, can be interpreted as derivatives with respect to new
variables x and ¢, i.e., we have a change of variables t,;= AyuX + et +. . ., Where
dots stand for the rest of the new variables. It is also possible to prove that if for
some k coefficients A, with the biggest | are non-vanishing and distinct for all
o then all elements of all Ryg,, can be expressed as polynomials in elements of U and
their derivatives with respect to x. A similar statement is true for U;.

Remark 1. 1t is possible to give a group theory interpretation to these equations
considering a Lie algebra of jets J and, as the dual space, global meromorphic
functions with poles at {a;}. (See also [8]).

Remark 2. Here we have a special case of the ZS equation: the functions U and
U, vanishing at infinity. If we make a gauge transformation w;>cw; then
0+Urc(0+U)c '=0+cUc™ ' —(dc)c?, the last term does not vanish at infin-
ity. This yields the general case.
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4. Additional Symmetry and the String Equation.

It is well-known ([5]) that the KP hierarchy has infinitely many symmetries
that are not contained in the hierarchy itself; their characteristic feature is an
explicit dependence on the variables t. They are called “additional symmetries.”
The so-called “string” equation is nothing but a condition that our operators do
not depend on a parameter of an additonal symmetry ([6]). We are going to
suggest an additional symmetry and the corresponding string equation for the ZS
hierarchy.
Let

0, —Mi=w;0,w;i ' =0,—0,w;-w; '=0,—0,W;- Wi ' =Wl
where &, =0¢/0z=—) > tuEl(z—a;)"""' The quantity M;=0d,; W, '+
W€, W ! is a jet at the point a;.

Dressing an obvious relation [0,, 0,;] =0 with the help of w; at the point a; we
have

[az“Mis akal—Bkal] =0 P

.., OguM;=0,By— [ M, Bi,;]. Taking negative and positive parts, we get at the
point g;

() i=k  OuMy =0.Biy—[My, Byl
OpuaMi = —[My, Bkal]k+ >
2 ik OuM; = —[M;, By, li
OkuMi" = 0.Biy—[Mi, By 1i" - (7

Definition. The additional symmetry is given by the system of differential equa-
tions

G*Wj-:(—Mf + Z Mf)v?),
i)

The same equation can also be written as
0= —0.W;— 3.3 tialOinr 1 1)W; -
ioa !

Formally, there are infinitely many terms in this series. It is possible to freeze all
tiy as zero, except for a finite number of them.
As it is easy to see, the equation of the additional symmetry implies

a*Rkal=[_‘Mk+ + Z M, Rkal] . (8)
ixk
This is an equality in J,.

Proposition. The additional symmetry commutes with operators of the hierarchy,
[0%, 0ku]1=0, i.e., it is a symmetry, indeed.
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Proof. We have to prove that for all j a relation [0%, d,,,]W;=0 holds. We consider
two cases. (1) k=j.

a*amvf/j—ﬁkal@*vﬁj=a*Bka,Wj—akzl<—Mj+ + Z Mi_ >W]
i%j

=|:—Ml:‘ + Z M, Bkal:l Wj+[Bkal’ —M]~++ZM,-“] W;
itk K i+j j
+ (aszal)Wj— [Mjs Bkal]j Wj
+ ) |:Mi‘, Bkal} W;—(0.Br)Wj+ [Mi, By I W; -
i¥k,j i
First, discuss the terms with i<k, j. These are

¥ [Mf,Bw]h— y [M:,Bka,}u y [M,-‘,Bka,]_ .

i+k,j k  i%k,j ik,j ¢

2

This is a difference between a global function Zi* kLM , Biy] and all its principal
parts, at g, and g;; it has to be constant. Taking into account that it vanishes at
infinity, we can conclude that this is zero. It remains to calculate

(_ [MI:-s Bkal]k_ + [Mj_9 Bkal]k- + [Mjf’ Bkod]j
- [Ml:a Bkod]j_ [Mj“a Bkotl]]:+ + [Mks Bkal]k_)wj .

Notice that in the fourth term the subscript j can be skipped, this is a global term.
The first, the fourth and the sixth terms cancel out. The remaining terms are

[M7, Bude +[M}, Buili—[M;, Biulj
=[M;, B dx +IM}, Biuli —[M;, Bul; -
The middle term vanishes. Now,
[M;, Byl =[M;,Bi1;—[M;, Bil; =[M;, Buls

by the same reason: a global function vanishing at infinity is a sum of its principal
parts. The obtained term cancels with the remaining one.

@ k=j.

O* QWi — O 0¥ Wi = — O* Ry Wk—akod(—M: + Z Mf)‘@k
ik

+
={|:Mlj— Z Mih>Rkal:| +|:R/:;1, Mlj—z Mf]

i*+k k ik
—[My, B, Ji + Y, [M,, Bk]i_}wk .
itk
Three terms cancel:

[Mk+, Rka(l]+ +[R12:<Ia Ml:r]—[Mk, Rl;l]+ =[Mk+, Rkal]+ —[MkJr, Rkal]+ =0.
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The remaining terms are
— M7, Ry 1 —[Rius M 1u+[M, Ry
= _[Mi_a Rk_ocl]I:— - [Rk-:tl’ Mi_ ]k_ + [Mi—’ Rk—al]ih .

The middle term vanishes and [M; ", R, 1{ =[M;, R, ] by the same reason as it
was in the first part, and the whole expression vanishes. []

The variable t* is independent of all ¢,,,. This implies
a*Wk=a*(WkeXPék)z(a*Wk)eXPékz(—Mk+ + ) Mi_>wk .
ik
From the dressing formula 8, — Biy=wi0,wi ! we have that
5*Bka1=|:—Mk+ + Y M7, _akal+Bkal:| .
i*k
Taking into account (7), this yields

a*Bkal=[_az+ZMi_> — O+ Bkaljl .

Take a linear combination with coefficients 4,, of these equations. Then (see
Eq. (6))

a*U=[—aZ+ZM7,6+U]. 9)
Definition. A string equation is condition that U does not depend on t*. This yields
[ZM},@%—U]:@U. (10
In terms of W;, the string equation has the form

0= il Riza s yW— ) Y titl Rz 4 ;5 (11)

ol i%j ol

and in terms of w;:

0wj=— tilRizqsyw; . (12)

iol
We have found here an additional symmetry. A problem arises: are there other

symmetries, as it is the case with K P, where there is an infinite series of them labeled
with two integer indices? We have no answer to this question yet.

5. Grassmannian

We use the following notations: C, are disjoint circles around fixed points
a, k=1,...,m, and Q is the part of the Riemann sphere outside all the circles;
H, are Hilbert spaces of vector-functions f,(z)eC" on the circles, subspaces
Hj} consist of functions on C* which can be expanded in non-negative powers of
z—ay, and H, contain expansions in negative powers. Now, H =€|—)kH wand HY
consists of {f;} such that fye H,” under an additional constraint )’ fi(a;)=0.
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Finally, let H* consist of f={f,}eH such that f; are boundary values on the
circles C;, of a holomorphic vector-function in the domain €; this function will be
denoted by the same letter f. It is easy to see that H=H* ® H*. Indeed, let
f={f,}eH be an arbitrary element. Then each f, can be decomposed into
f,=1f; +1;. Elements f; are holomorphic outside the coresponding circles Cy, and
elements f;” are holomorphic inside the corresponding circles. Now,

fk=<zfi_ +c>+(gk_c) 5

where go=f—) ;. f7 and c=m~ ') g(ax) . We have, {) f +cjeH* and
{g.—c}eH". The decomposition is unique. Let P* be the projector P*: H—H* .

Definition. An element of the Grassmannian, W €Gr, is a subspace of H with the
following properties: i) the projection P*: H— H* restricted to W is a bijection, and 1i)
(z—a) " W=(z—a,) "W=. . .=(z—a,) ‘WcW.

We think about vectors as vector-rows. A matrix is said to belong to W if all its
rows do also.

One can consider the following transformation of the Grassmannian. If
f={f,}eW, then fexp&={fyexp&,}, where &= 7_ Y " tiEu(z—ar) ™, E={& ).
The set of all fexpé is called Wexpé. For almost all t;,, the subspace W expé is
a new element of the Grassmannian.

Definition. A Grassmannian pre-Baker function, corresponding to an element of the
Grassmannian W, is a matrix-function we W such that

P*wexp(—¢)=c,
where ¢ is a constant in z (however, it can depend on variables t).

An element W eGr is invariant with respect to multiplication on the left by
a matrix constant in z, since this leads to linear combinations of rows. The
projector P* commutes with this multiplication. Therefore, if w is a pre-Baker
function then so is a gauge-equivalent function ew, where e is any matrix indepen-
dent of z. All pre-Baker functions can be expressed in this way in terms of one of
them, e.g., corresponding to ¢=1 (the normalized pre-Baker function).

Let w={w,} be a pre-Baker function and W, =w;exp(—¢&,). This means that
Wy has a form ¢ 4wy o+ wy 1(z—a,)+. . . and Zwk,o =0. For a normalized function
c¢=1. Thus, the normalized pre-Baker function has expansions

wi=(I+wiotwe1z—a)+. . )exp&eW, k=1,...,m Y w, 0=0.
k

These equalities are equivalent to the definition of the normalized pre-Baker
function. Let w be a pre-Baker function. We have

—_ - A A —1 — A
OkaWi — RiyW; = (O Wi + 81 WiE (2 — ) ™' — Ry ) exp &

_ {(@mwz —Riuwi)expé;, i%k

1
(OruWi+ RWi)expé;, i=k. (13)

Definition. A pre-Baker function is called a Baker function if for every (kol) a relation
{Oiwi}E(z—a;)™" W holds (in fact, this subspace does not depend on j, see the
definition of the Grassmannian).
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Proposition. A Grassmannian Baker function is a formal Baker function of the
hierarchy, in the sense of Sect. 3. Thus, a solution of the hierarchy equations is related
to any Grassmannian Baker function.

Proof. The left-hand side of (13), {0,w;— Rizw;}, belongs to (z—a,)” ' W. There-
fore, the expression in parentheses in the right-hand side, let it be g;, is in
(z—a)” "W exp(—¢&). Then {(z—a;)gi(z)}e W exp(—¢) for every j. On the other
hand, this is an element of H™ plus, maybe a constant. Let y; be arbitrary matrices.
Then {Z yi(z—a;)gi(z) }e W exp(—&). It is easy to see that choosing matrices y; one
can achieve that i vilai—a;)gia;)=0. Then {} ;y(z—a;)gi(z)} is in H* and,
therefore, in W exp(— é)mH *. This implies that {Z yi(z—a;)gi(z)} =0 and g;=0.
The latter means that W; satisfy the equations of the hierarchy. [

6. An Example: Soliton-Type Solution.

First the soliton solution were found in the original paper by Zakharov and Shabat
[2]. Here a different construction is presented. This approach is known for a long
time: Manin [9], Date [10], maybe even earlier, since Manin refers to Drinfeld. We
just tried here to do this in the possibly most general form and connect it to the
Grassmannian and to a t-function. In frameworks of the Grassmanian theory this
construction looks very natural.

One starts with a specification of an element W eGr. Consider a linear space
H*(D) of meromorphic vector-functions f in the domain Q with a fixed divisor D of
simple poles b;, where j=1,...,N. Collections of boundary values of these
functions, {f, }, on the circles C, will be denoted by the same letter f, and the linear
space of them by the same symbol H*(D). This will not lead to any ambiguity.

Now, let W = H*(D) be a subset of meromorphic functions in H*(D) satisfying
Nn conditions v(y;)-n;=0, where i=1,. .., Nn, y;€Q are arbitrary points, and
n; are given vector columns. Collections of their boundary values are symbolized by
the same letter #, and this, generically, is an element of the Grassmannian. The
property ii) of the definition of the Grassmannian is self-evident. Notice that
(z—a;)” ' W consists of those elements which are boundary values of meromorphic
functions vanishing at infinity.

Let us prove that the property i) is also satisfied. We have to prove that if there
is an element f={f,}e H*, then a unique element g={g,}€W can be found such
thath=f—g={f,—g,}={h,} isin H", ie, its analytical prolongation inside every
circle C, exists, being Zk h,(a,)=0. leen fk are boundary values of a holomorphic
in Q function f. Let g=f+b, +Z i=1bj(z—b;)™ ", where b; are vectors that have to
be found, in all (N + 1)n unknown components First of all we require that gelW
which is equivalent to Nn scalar equations g(y;)-#;=0. Then we impose one more
constraint ) ,_, (bo +Zl bj(a,—b;)~")=0 which gives n more equations for the
unknown coefficients, in all (N + 1)n equations. Generically, this system can be
solved umquely After that, boundary values of by+) ;b;(z— b;)~*, call them hy,
belong to H*, and g, =f,+h, that implies P*g=f{, as requlred

We are looking for a Baker function in the form

w= di(z)epoEk—(H— Y. Bijz—b)) >exp2(§k

ji=1

Here B; are matrices. Then v, =(I+).}_, Bj(z—b;) ")exp}_,, &. We have the
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following equations for elements of the matrices B;,
D(p)expy. &) n:=0, i=1,...,Nn
k

or, in coordinates,

Y ®op(p)ypi=0, a=1,...,n, i=1,...,Nn,
f=1

where
—exp[ Z Z tipr( i — ay) ]'11'13-
k=11=

Matrices B; are determined by this equation uniquely. We have chosen a gauge
in which w; are boundary values of a function constant at infinity, therefore 0,,w;
are boundary values of a function vanishing at infinity and {0,,,w;}e(z—a;)”'W,
i.e. this is a Baker function.

Proposition. The solution to the system (14) is given by the formula

5<1ﬂ | yal L ya,Nn
(Z“b1)_151ﬁ 1 (1 —b1) 'y1s (uNn_bl)‘lyl.Nn
(Z—"bl)_lénﬂ | (#1"‘[)1)%1%1 (:uNn—bl)_lyn,Nn
1
Qzﬁ—z
(Z—bN)klélﬁ | (#1—bN)_1J’11 (,uNn_—bN)_lyl,Nn
. l . .
(z—=by) 0w | (1—=bN)"'Ym N T L N

Here A is the cofactor of the element J,p.

(The structure of the determinant is the following. It has Nn+ 1 rows and
columns. All the rows except the first one can be parted into N groups, n rows in
each of them. The rows, except the first one, can be labeled by j,y, where
j=1,...,N and y=1,...,n The columns, except the first one are labeled by
i=1,..., Nn. The non-zero entries of the first column are on the (j, f§) places, i.e.,
on the fth place in each group, and also the upper left element if a=p.)

Proof. Left-hand side of Eq. (14) is represented by a determinant where the first
column coincides with i'®, hence it vanlshes Taking mto account the division by 4,
we sce that @ has a desired form I+Y L Biz—b)™' O

7. Expression of the Baker Function in Terms of z-functions for Solitons.
The next very natural topic in this context would be a z-function. According to the

comon definition of that, introduced by Sato et al, see [1], we could expect
a relation between the Baker and the 7 functions something like
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The o (L 1 — Okk, Oyl (2 — )
T(t)

We do not give here a general definition of a 7-function and restrict ourselves to the
soliton-type solutions. We show that in this case the formula (15) can be written for
some 1’s, indeed.

In order to obtain v, one has to multiply ® by exp) ", ., &k, (z) and expand it in
powers of z—a,. There are two cases 1) o= and ii) o+ f.

i) Let us transform the determinant adding the first row multiplied by
—(z—b;)" ' toall jf™ rows,j=1,. .., N, ie., annul all elements of the first column
except the first one. Expanding along the first column, we get that
=[], (z— b ;)" ! multiplied by an Nnx Nn determinant with the entries:

(2 ;) (ju—b;)™ "y on the (), i) place and (i —b;) ™", on the (3, ) place for y .

An obvious identity
©1/z—a \
ui—z=(ui—a)e><p[— -( )]
‘ 12‘1 I\pi—ay

k _
Wk = l_[ (z— b ) 4~ 1det( wﬁfi exp Z IZ tk,p, (z—akl) ! s
Jj= ki#k

where (Tkﬂ'g ) with fixed k and f is an Nn x Nn matrix, yj is a number of a row and
i that of column,

XPZf (). (15)

Wi ap =

implies

Bk yﬁ
Fpp _ | Hi—b; if y=p
7 1 .
— Wi otherwise .
Hi— J

We denoted

W= CXP[ Y 2 (teyi— 5k1,k5~,ﬁ%(2 —a ) ) (pi—a,)” l] Niy -
ki=1i=
The factor ]_[ j=1z—Dbj)” ! does not play any role in the dressing formula (4), it just
cancels out, Thus, except for the factor exp) , > /2 tx p(z—ay, ) the whole
dependence on z is in modified time variables ¢; y,Html Ok, k0ypl Mz — a,). This
is just what we need in order to obtain (15). Thus, a 7 function for a matrix element
Wk, B is Tk, BB =det Tkﬁﬁ, where

B "akJ7 .
Fhop _ | Hi—bi v y=p
Wi 1 .
——y,i, otherwise.
wi—b;

i) Now the element @, with % . The (1) row multiplied by (z—b,)(z—b;)~ !
must be subtracted from the (jf) row, for all j=1,..., N. We have

Wkﬂl? H(Z bj) 1A~ ldet(Tfjafi )exp Z Ztklpl(z—akl)_’,
ky*xkl=1

where
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J’m’, lf.l:la y=ﬁ
(ﬂi—ak)(bj—b1)~kﬂ e
- = J g5 if j>1, y=
Tl= (,ui_bj)(lui_bl)yﬂ g v=F
Ly otherwise
wi—b; " .

The determinant det 7**/ is a t-function for wy .4, i.€., T 45 Where

yoti, lfJ=17 ')’=ﬁ
(.u'i_ak)(bj—bl)

o N VB lf]>1’ y:ﬁ
TP ={ (—b) (—b1)""
1

— Vi, otherwise.
wi—b; "

In this particular example we obtained the following fact. There are matrix-
functions 1,(t) such that Eq. (15) holds, being ()= A.

It would be interesting to give a general definition of the t-function in terms of
the Grassmannian similar to that given in a single-pole case in [4].
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