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Abstract: Consider the nonlinear Schrodinger equation u; — idu = f(u). For f(u) =
+|u|'*P, Lilu|"*P, LululP (p > 0), and the Dirichlet boundary or nonlinear bound-
ary (including the Neumann boundary and the Robin boundary) conditions, we
establish the local estimates for the time ¢ to the solutions of the initial-boundary
value problems. Being based up on these estimates, we investigate the blowing-up
properties of the solutions.

1. Introduction

In this paper, we deal with nonlinear Schrodinger equations
u —idu=f(u). (1.1)

Equations of the form (1.1) arise in several areas of applied physics. In particular,
they appear in nonrelativistic quantum mechanics, in the theory of superconductivity,
and in the theory of laser beam propagation.

The initial value problems of (1.1) have been extensively studied. In particular,
the blowing-up properties in finite time of the initial value problems and the be-
haviour near the blowing-up time of the solutions are given sufficient attention (see
[1-4, 6]). This is because blowing-up corresponds to the self-trapping and intense
focusing of beams and mass concentration in laser beam propagation (see [5, 7]). In
the theory of superconductivity and nonrelativistic quantum mechanics, blowing-up
also corresponds to the relevant physics properties.

For the initial-boundary value problems of (1.1), however, much is unknown.
The purpose of this paper is to investigate the initial-boundary value problems of
(1.1). Corresponding to the investigation of finite-time blowing-up properties and
behaviour of the solutions near the blowing-up time to the initial value problems
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of (1.1), for the initial-boundary value problems of (1.1), the questions which we
consider are under which conditions, solutions of the problems blow-up in finite
time, and give a description of the behaviour of the solutions in blowing-up time.

For the most elementary and important six situations of the nonlinear term f(u)
which are f(u) = %|u|'?, f(u) = ilu|'*?, f(u) = Fulul? (p > 0), we respectively
establish the local estimates of L? norms of the solutions of the initial-boundary
value problems of (1.1). By these local estimates, we can easily obtain the blowing-
up properties of the solutions. At the same time, these local estimates also describe
the behaviour of the solutions near blowing-up time. It may be shown that these
results are natural, simple and complete. In addition, these results can be easily
generalized.

In what follows, we will first give an illustration of signs in this paper and some
preparatory work. We next establish the local estimates of L? norms of the Dirichlet
boundary value problems. Based upon these estimates, the blowing-up properties of
the solutions are obtained. Finally we give remarks on the nonlinear boundary value
problems (including the Neumann and Robin boundary value problems). The results
for the nonlinear boundary value cases are similar to and correspond to the results
for the Dirichlet boundary value cases.

In addition, for the situations of the nonlinear term f(1) = Liu|ulf (p > 0), we
can refer to the discussion of Kavian [9].

2. Notation and Preparatory Work

Now we illustrate the signs in this paper as follows:

o, = %, i=+/—1. Q is a bounded domain in R" with smooth boundary 0Q.
v=1v(x) 1s the outer normal vector at x€0Q. 4 is the Laplace operator on
Q CR" u=u(t, x) is a complex valued function defined on [0, T") x Q for some
T>0.f:C— C is a complex valued function. V is the gradient operator.

In the domain @2, we introduce the linear eigenvalue problem of the Laplace
operator :

{A(p—lwlgo—o, xeQ, @1

ox)=0, x€0Q.

It is well known that problem (2.1) exists for the first eigenvalue 4 > 0 and
the corresponding first eigenfunction @(x) > 0 (x € Q), moreover [, p(x)dx = 1. It
is obvious that A and ¢ only relate to Q.

3. Local Estimates

Consider the initial-boundary value problems for nonlinear Schrédinger equation
with the Dirichlet boundary value.

ou—idu=fu), t>0, xe€, 3.1
u(0,x) = up(x), x€Q, (3.2)
ut,x)=0, t>0, x€dQ. 3.3)

We do not study the local existence and uniqueness of problems (3.1), (3.2),
(3.3). We suppose that a local solution is given.
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Let T > 0,p > 0, and consider a solution u of the problems (3.1), (3.2), (3.3)
such that

u = u(t,x) € C'([0,T),LX(2)) N C(0,T), H* N H} N [P (Q)) . (3.4)

Then we have the following results:

Theorem 3.1. Suppose that f(u) = ilu|' ™.
1. When uy = ug(x) satisfies

J(0) = ;— [e@Reugdx < 0,
Q

for T<%, t €0, T], we have

-

14
lulz@2Ci / [1 = ZVOPQ - cosin)]”

-

IVl @2/ [1 = ZVOPQ - cos ],

where Cy and Cj are some constants.
2. When ug = ug(x) satisfies

J(0) = —%f(p(x)lmuodx <0,
Q

Jor TS5, t €0, T], we have

-

w22 Co/ [1 = Z1a)Psin ]

-

-

1
p . »
IIVuHLz(Q);Cé/ [1 - 27]J(O)I”sm At]
where C, and C} are some constants.

Theorem 3.2. Suppose that f(u) =|u|'*?.
1. When uy = ug(x) satisfies

1
J(0) = 5 [pxReuydx > 0,
Q

Jor T35, t €0, T], we have

1
ez 2C2/ [1 ~ ZC@sin)

-

IVl 24y 2 C / [1 - %(J(O))psin lt] ,

where C, and C} are some constants.
2. When ug = up(x) satisfies

J(0) = —% [o@)Imupds < 0,
Q
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Jor T<%,t €0, T], we have

-

ez 2Ci / [1 = 2P —cosio]”

-

p
IVullpa €1/ [1 = ZVOPA - cos i),
where C and C| are some constants.

Theorem 3.3. Suppose that f(u) = —i |u|'*P
1. When uy = ug(x) satisfies

J(0) = %fqo(x)Reuodx >0,
Q

Jor T<73,t €0, T], we have

-

lulz@2Ci/ [1 = 20Oy - cosin)]”

-

IVl p@2Ci / [1 - 2001 —cos o]

where C, C| are some constants.
2. When uy = uo(x) satisfies

1
J(O)=—§f(p(x)lmuodx >0,
Q
Jor T<33, t €0, T], we have

1
Iwm@za/ﬁ—%uwymur,

-

p .
HV””LZ(Q)écé/ [1 - ﬁ(J(O))"sm lt} ,
where C,, C} are some constants.

Theorem 3.4. Suppose that f(u) = — |u|'*? .
1. When uy = ug(x) satisfies

J(0) = %fgo(x)Reuodx <0,
Q

Jor T <33, t €[0, T], we have

-

p .
““HLZ(Q)écz/ [1 - ﬁlJ(O)F’smAt] ,

-

IVullza 263/ [1 = LU ©Psin ],

where C, and C} are some constants.
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2. When uy = up(x) satisfies
J(0) = —%f(p(x)lmuodx >0,
Q

Sfor T<72,t €0, T], we have

-

ez 2C1 / [1 = Zo©)?a - cosan)]”

-

p
Vil 2€1/ [1 = 20y —cos 1),
where Cy and C{ are some constants.

Theorem 3.5. Suppose that f(u) = u|ulP or f(u) = —ululP. When uy = uo(x) sat-
isfies

[luo@)Pdx +0,

Q

for t € [0, T], we have
1l 20y 2 Co/l To — 117
IVl 20 2 Co/lT0 — 117
where Cy and Cj are some constants, To = [p(fodx)™2(/, |uo|2dx) 3]~

Obviously, the above theorems give a description of behaviour of the solutions
in finite time for problems (3.1), (3.2), (3.3). In what follows, we prove these
theorems.

Proof of Theorem 3.1. We first prove 1. For the solution u(¢, x) of problems (3.1),
(3.2), (3.3) satisfying (3.4), let

J(@) = % g [eu+ e Hil) p(x)dx,

where A and ¢(x) are the eigenvalue and the eigenfunction respectively on the
domain £ such that (2.1), and ¢ € [0, T], T<%. Thus

J'(t) = %f [eu — e~ p(x)dx + %f [0 + et p(x)dx . (3.5)
2 Q

Because
Jomo(x)dx = [[idu + fW)]e(x)dx = i [udpdx + [f(W)e(x)d x
Q Q Q Q
= —ild[ugdx +i[|u|'" P p(x)dx (3.6)
Q Q
it follows that

[oap(x)dx = iA[ap(x)dx — i[|ul'*? p(x)dx . 3.7
Q Q Q
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Therefore, inserting (3.6), (3.7) into (3.5) and computing, we have
1
J'() = —Esin (it)flul””q)(x)dx . (3.8)
Q

In view of Holder’s inequality,

1+p

P
Jlul'*Po(x) dx 2 (f(P(X) dX) (fluw(x)ldx)
Q Q Q

1+p
- ( f]ul(p(x)dx) . (3.9)
Q
Since

R I
|u| = /(Reu)z + (Im u)2 > I_e_l_l|_-;|_mu_l
> |[Reu||cos A¢| + |Im u||sin A¢| > l|e""u et (3.10)
2 4
inserting the above inequality into (3.9), we imply that

14+p
Jlul"*? o) dx 2 [f f—tle“’u + e*“’akp(x)dx]
Q Q

1+p

2 =o', 311

%f [e"'{'u + e’”’ﬁ] o(x)dx
Q

For t € [0, T] and T <%, we have sinAz=0. By (3.8) and (3.11), it follows that

J’(t)_S_—%sin(lt)].](t)|1+p, tel0,T], T<=. (3.12)

>

Since : )
J(0) = Zf[uo + uplo(x)dx = Efqo(x)Reuodx <0,
Q Q

it follows by (3.12) that J(¢) < 0, ¢t € [0, T] and T <7. Furthermore, in view of
(3.12), we imply

1

I [1 - %(—J(O))P(l — cos lt)] P (=J(0)), (3.13)

where ¢ € [0, T] and T < 7. By the Schwartz’s inequality, we get

1

1
3 —2
lull 20 = <§{|u]2dx) > (({](p(xnzdx) g|u<p(x)|dx. (3.14)
It follows from (3.10) that
[l = [lulp@) dr 3 [leu + = o) dx
Q Q Q

2

J [eil‘u + e_ml-l] (p(x)dx‘ =JOl=-J@.

1
49
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Hence, combining with (3.14), (3.12), we obtain

1
2

el 20 2 (gi¢<x)|2dx) O/ [t = Z10)71 = cos10)]”

where 7 € [0,T, T< 2. Set C; = [[,(¢(x))2dx]™2|J(0) |, then

Il 2Ci/ [1 = ZVOPQ —cosin]”, refo,1), 75,

Since u(t,x) = 0 when x € 02, it follows from Poincaré’s inequality that

-

T
IVullpo2Ci/ [1 - ZWOP —cos10|”, teor), T,
where C{ is some constant.
This completes the proof of 1.

Now we prove 2. For the solution u(t, x) of the problems (3.1), (3.2), (3.3)
satisfying (3.4), let

J(t) = %g [eiltu —iAt= ] (p(x)dx

where 4 and ¢(x) are the eigenvalue and the eigenfunction respectively on the
domain  such that (2.1), and ¢t € [0, T], T < 7;. Applying a similar argument as
1, we get

J < — %cos GoOlJ@|*?, te[0,T], T< -2—/-1

In view of J(0) < 0, it yields that J(r) < 0, t € [0, T] and T < 5. The rest of the
proof is also analogous to 1.

Proof of Theorem 3.2. 1. For the solution u(t, x) of the problems (3.1), (3.2), (3.3)
satisfying (3.4), let

J(t) = f [e¥u+ e ™) p(x)dx
Q

where ¢ € [0, 7] and T < 53. By a similar argument as 1 in Theorem 3.1, we imply

J'(t)== cos(it)lJ(t)[H" te[0,T], Tsz—i

As J(0) > 0, it follows that J(¢) > 0, ¢ € [0,T] and T < 7;. The rest of the proof
is still analogous to 1 in Theorem 3.1.
2. For the solution u(t, x) of the problem (3.1), (3.2), (3.3) satisfying (3.4), let

J(t) = % S [e”“u —ilty ] o(x)dx ,
Q
where ¢ € [0, T] and T < 7. Using similar argument as 1 in Theorem 3.1, we get

J(O)S - 3sim(OUO], e[0T), T<

>»I?~I
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As J(0) < 0, it follows that J(¥) < 0, ¢ € [0, T], T <. The rest of the proof is
also analogous to 1 in Theorem 3.1.

Proof of Theorem 3.3. 1. For the solution u(z, x) of the problems (3.1), (3.2), (3.3)
satisfying (3.4), let

J@) = ‘1_‘ [{ [e¥u+ e~ ™u] p(x)dx ,

where ¢ € [0, T] and T'<%. By a similar argument as 1 in Theorem 3.1, we imply

J(O)2 gsinGOU O, te0.7), TT.

As J(0) > 0, it follows that J(t) > 0, t € [0, T'] and T <Z. The rest of the proof
is still analogous to 1 in Theorem 3.1.
2. For the solution u(¢, x) of the problem (3.1), (3.2), (3.3) satisfying (3.4), let

J(t) = ‘i; [ ey — e~ 7] p(x)dx ,

where ¢ € [0, T] and T < 3;. Applying the similar argument as 1 in Theorem 3.1,
we get

JO2 300V, 1€[0.T], TS

As J(0) > 0, it follows that J(¢) > 0, t € [0, T], T < 5;. The rest of the proof is
also analogous to 1 in Theorem 3.1.

Proof of Theorem 3.4. 1. For the solution u(z, x) of the problems (3.1), (3.2), (3.3)
satisfying (3.4), let

J() = % ;{ [e*u + e~ a] p(x)dx

where ¢ € [0, T] and T < 35. By a similar argument as 1 in Theorem 3.1, we get
i

22

In view of J(0) < 0, it yields that J(t) < 0, t € [0, T] and T <. The rest of the

=27
proof is still analogous to 1 in Theorem 3.1.
2. For the solution u(f,x) of the problem (3.1), (3.2), (3.3) satisfying (3.4), let

JOS - seos GOV, tef0r, T<

J(t) = %g [e™u — e=a] p(x)dx

where ¢ € [0, T] and T <7%. Using the similar argument as 1 in Theorem 3.1, we
get

1
SOz 5sin (VO] 1€ 0.T) ng.

As J(0) > 0, it follows that J(¢) > 0, ¢ € [0, T] and T <7. The rest of the proof
is also analogous to 1 in Theorem 3.1.
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Proof of Theorem 3.5. When f satisfies f(u) = u|ulfP(p > 0), for the solution u(z ,x)
of the problem (3.1), (3.2), (3.3) satisfying (3.4), we put

J@®) = [|ufPdx = fuindx .
Q Q

Thus
J'() = fuatﬂdx + fﬁatudx . (3.15)
Q Q

As )
dx + [|uf*dx .
Q

"\ | Ou
u0idx = [u(—idu + u|ulP)dx =i —
Juis - i s = 3|

Inserting the above into (3.15), we imply that
J'(t) =2 [|ufP*2dx .
Q

In view of Holder’s inequality, it follows that

5 0
J'(H)=2 ( fdx> oItz .
Q
Therefore )
JOZIOTZ [ (To 07
where Ty = [p(f, dx)~5 ([}, |uo[? dx)5]7", and J(0) = [, |uo|? dx+0. Hence

1 1
lull 2@y = V(|2 2Co/ [To — 117 .
Moreover we imply
1
Vull 20 = Co/ [To — 217,

where Cy and Cj are some constants. ,
When f satisfies f(u) = —u|ulP (p > 0), for the solution u(z, x) of the problem
(3.1), (3.2), (3.3) satisfying (3.4), we put

J@t) = [ — |ufdx = — [uidx .
Q Q

The rest of the proof is analogous to the above.

4. Blowing-up Properties
Based upon the local estimates in the former part, the blowing-up properties of the
solutions of problems (3.1), (3.2), (3.3) may be obtained as follows.

Theorem 4.1. Suppose that f(u) = i|u|'*?,p > 0.
1. When uy satisfies

J(0) = %s{q’(x)Reuo dxs — (g) ,
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the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T* <Ty =
%arccos(l — W). And the solution on [0, T*) satisfies the estimates of 1 in
Theorem 3.1.

2. When ug satisfies

J(0) = ——fqo(x)lmuodx< - (?) ,
the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T*<Ty =
%arcsin bTJ%W‘ And the solution on [0, T*) satisfies the estimates of 2 in
Theorem 3.1.

Theorem 4.2. Suppose that f(u) = |u|'*?, p > 0.
1. When uy satisfies

J(0) = %gw(x)Reuodxé (3}) ,

the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T* <Ty =
%arcsinﬁf(—ﬁ)ﬁ. And the solution on [0, T*) satisfies the estimates of 1 in

Theorem 3.2.
2. When uq satisfies

J(0) = —%S{q’(xﬂmuo des (g) ,

the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T* <Ty =
%arccos(l — W). And the solution on [0, T*) satisfies the estimates of 2 in
Theorem 3.2.

Theorem 4.3. Suppose that f(u) = —i |u|'*?, p > 0.
1. When ug satisfies

J(0) = 1/<p<x)Reuodx> (l) :
A p

the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T*<Ty =
%arccos(l - I#é))p). And the solution on [0, T*) satisfies the estimates of 1 in
Theorem 3.3.

2. When uy satisfies

90 =~ fowimudsz (%)

the solutzons of problems (3.1), (3.2), (3.3) blow up in some finite time T*<Ty =
larcsm 7] J(O)lp And the solution on [0, T*) satisfies the estimates of 2 in

Theorem 3.3.
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Theorem 4.4. Suppose that f(u) = — |u|'*?.
1. When uy satisfies

J0) = %K{qo(xmeuodxg - (%) ,

the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T* STy =
%arcsinw. And the solution on [0, T*) satisfies the estimates of 1 in Theorem

2. .When ug satisfies

50 = =3 fowmudz (4)

the solutions of problems (3.1), (3.2), (3.3) blow up in some finite time T* <Ty =
%arccos(l — ﬁ)—ﬁ). And the solution on [0, T*) satisfies the estimates of 2 in
Theorem 3.4.

Theorem 4.5. Suppose that f(u) = ulul? or f(u) = —u|ulP,p > 0. When uqy sat-
isfies [, |uol*dx =0, the solutions of problems (3.1), (3.2), (3.3) blow up in some
finite time T* < Ty = [p(f, 1dx)"3(f, |uo2dx)51~". And the solution on [0, T*)
satisfies the estimates in Theorem 3.5.

Now we prove the above theorems.

Proof of Theorem 4.1. 1. In view of the condition which uq satisfies, for Ty =
%arccos(l - pl%é)ll’)’ it follows that Ty < 7. Therefore, if T)<T <%, by 1 in Theo-
rem 3.1, it follows that

lim_||“||L2(Q) =00,

t-—wo

hm_ “VMHLZ(Q) =00.
t—m:O

Hence we see that T < Tj. That is, the solutions of problems (3.1), (3.2), (3.3) blow
up in some finite time 7* <T,. And the solution on [0, T*) satisfies the estimates
of 1 in Theorem 3.1.

The proof of 2 is similar to 1.

Proofs of Theorems 4.2, 4.3, 44 and 4.5 are analogous to the proof of
Theorem 4.1.

5. Remarks on the Nonlinear Boundary Value Problems

Consider the initial boundary value problems for nonlinear Schrédinger equations
with the nonlinear boundary:

ou—idu=f(u), t>0 x€Q, - .1
u(0,x) = ug(x), x€Q, (5.2)
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g—: =g(t,xu), t=0, x€oQ, (5.3)
where g(t, x, u) is a complex valued function of n + 2 variables.

When g¢(¢, x, u) =0, the problems (5.1), (5.2), (5.3) are the initial boundary
value problems with the Neumann boundary.

For some o(x) = 0 (x € 0Q2), when g(¢, x, u) = —o(x)u, the problems (5.1),
(5.2), (5.3) are the initial boundary value problem with Robin boundary.

In the domain Q, we introduce the linear eigenvalue problems of the Laplace
operator:

A +wp=0, x€Q,

54
W@ | sy =0, xeoQ, ©4
where o(x) is an arbitrary nonnegative function of x€dQ. It is well known
that problem (5.4) exists for the first eigenvalue pu > 0 and the correspond-
ing first eigenfunction Y(x) > 0 (x € 2); moreover [, ¥(x)dx = 1. If and only if
ox) =0 (x € 0Q2), n = 0. It is obvious that u and ¥ only relate to 2 and o(x).
Based upon the above, using a similar argument as we research the Dirichlet
boundary value problems, we investigate the problems (5.1), (5.2), (5.3). Thus the
results which are completely analogous to the results of the Dirichlet boundary value
problems may be obtained. And the discussion on g(t, x, u) includes the Neumann
boundary and the Robin boundary cases.
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